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ABSTRACT

TIME ALIASING METHODS OF SPECTRUM ESTIMATION

Jason F Dahl
Department of Mechanical Engineering
Doctor of Philosophy

Time aliasing methods of spectrum estimation alter the time representation of a signal for
the purpose of improving its frequency domain representation.

Time aliasing allows

characteristics of longer time window functions to be used with shorter DFT length. Windows
designed specifically for use with time aliasing have improved properties compared to
conventional windows.
Many previous uses of time aliasing, including overlap-and-add methods of digital
filtering, have focused on the elimination of time aliasing effects in the frequency domain in order
to improve the representation of reconstructed signals in the time domain and have not addressed
the issues associated with spectrum analysis. Proper use of time aliasing methods of spectrum
analysis requires understanding of time and frequency scaling effects resulting from using a
longer effective time window with a given DFT length and the effects of spectral averaging on
the time aliased spectral estimate.
Time aliasing has been shown to reduce bias error in spectral estimates by reducing
spectral leakage and improving effective frequency resolution, particularly in regions of high
dynamic range in the spectrum, yielding improved measurements of spectra containing
narrowband phenomena such as those encountered in the applications of system identification and
rotating machinery signature analysis.
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Chapter 1 - Introduction and Background
Improved techniques of processing signals for spectrum analysis have been explored in
recent years. These techniques, based on methods of time aliasing processing of signals, have
been shown to yield improved measurements of spectra while remaining computationally
efficient.
In order to improve upon existing knowledge and practice in this area, research was
conducted to establish a better theoretical understanding of time aliasing methods of spectrum
analysis and how best to apply them. The results of this research have the potential to extend the
application of time aliasing methods and to improve on current practice in areas such as rotating
machinery signature analysis and system identification.

1.1 Quality of Spectral Measurements
The spectrum of a signal is a representation of the magnitude of a signal as a function of
frequency. Spectra are useful for many purposes in engineering and related fields because they
represent the information contained in the signal in a way which is conducive to modeling and
analyzing the phenomena which generated the signal.
Many uses for spectrum analysis have to do with mechanical systems. Some examples of
the uses for spectrum analysis of mechanical phenomena include system identification in terms of
properties such as natural frequencies and damping; measurement of structural stiffness and
vibration mode shapes; condition monitoring and assessment of rotating machinery.
Because signals encountered in practice are usually sampled versions of the original
signal, spectra are most often discrete functions of frequency that have been calculated by
methods employing the use of a Discrete Fourier Transform (DFT) or an optimized version, the
Fast Fourier Transform (FFT). Among other factors, the resolution and accuracy of the discrete
spectrum depends on the amount of data included in the DFT. Because the amount of data is
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necessarily finite it is not possible to calculate the exact spectral representation of the signal and
so it must therefore be estimated.
The quality of spectral estimates is influenced by many factors. Some factors have to do
with the nature and quality of the signal itself and other factors are introduced by the discrete
representation and finite length of the signal in time and frequency. The finite length of a signal
can introduce statistical uncertainty if the signal has been truncated and is not known for all time.
Uncertainty in spectral estimates can be expressed in terms of random uncertainty and
bias uncertainty. Random uncertainty can be dependent both on the nature of the signal itself as
well as the quality of transmission and measurement of the signal. The quality of the original
signal may be impacted in the measurement process by such elements as quantization error, the
ratio of signal to noise, and quality of the sampling process.
Bias uncertainty is generally a result of the process of measuring and transforming the
signal from the time into the frequency domain. At any particular value of frequency, bias error
describes how much the mean value of the spectral estimate differs from the true spectrum of the
signal because of finite resolution in the dimensions of magnitude and frequency. Bias error is
significantly influenced by truncation in the time domain, which results in reduced resolution in
frequency and reduced accuracy in magnitude.
Time aliasing methods were developed in order to help reduce bias error in the frequency
domain representation of signals. Because of the reduction of bias error, improved spectral
estimates can be achieved in appropriate applications. The next two sections will introduce time
aliasing methods and explain how they can be used to reduce bias error in spectral estimates.

1.2 Introduction to Time Aliasing Methods
Time aliasing methods are so named because they actively impose a condition of aliasing
on a time domain signal in order to change the properties of the transformation to the frequency
domain. This can be done to reduce the size of DFT required for a certain size data set. It can
also be done to improve the quality of the frequency domain representation of the signal, which
will be the primary focus for this discussion.
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Figure 1.1 - Time aliasing process

The process of time aliasing creates a new, periodic time domain signal from the original
signal, which may or may not be periodic already. This is done by a process of overlapping and
summing contiguous blocks of time domain data. One period of the resulting periodic signal can
then be transformed using a DFT to provide an alternate frequency domain representation of the
original time signal.
Figure 1.1 shows a graphical representation of a time aliasing process with x(t), a
representation of a signal that has been sampled to become the discrete time signal x[n], and a
representation of the time aliased signal, x(a)(t), or in its discrete time form, x(a)[n]. The figure
illustrates that the time aliased signal is a repeating signal with period N samples that has been
created by summing together sample points from M successive, N point blocks of the original
sampled signal, x[n]. Each point, x(a)[n], results from the summation of M points of x[n+mN],
each located N samples apart in the M contiguous blocks of x[n]. After the time aliased signal is
formed, it can be transformed into the frequency domain using a DFT.
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Aliasing in the time domain can be understood by comparison with the more commonly
known concept of frequency domain aliasing. It is important here to distinguish the mathematical
concept of an aliasing process from its more familiar, negative connotation, formally defined as
aliasing distortion (Oppenheim 1999 and Jenkins 1968).
Mathematically speaking, and as shown in Figure 1.1, aliasing is the periodic summation
of points of a signal, whether in time or frequency, to create a different, though related,
periodically repeating signal (Crochiere 1983). Because the new signal is periodic, it is discretely
represented, or sampled, in the other domain.

The processes of sampling and aliasing are

therefore coupled between the two domains, one being the result of the other and vice versa.
In the commonly considered case of frequency aliasing, resulting from a time sampling
process, aliasing distortion may be the result if a signal is not band-limited below the Nyquist
sampling frequency and the resulting frequency aliased signal is inverse transformed and
represented as the original signal; however, the confounding between the original and frequency
aliased signals is a result of the implementation, not the mathematical process. The inverse
transform is a correct representation of the frequency aliased signal, but if it is intended to
represent the original signal, then it is clear that an aliasing distortion has occurred.
As explained in Smith 1994a, the usual procedure of low-pass filtering to avoid
frequency aliasing is a truncation process in the frequency domain and itself represents a
modification of the original signal. The low-pass filter introduces a phase change that causes
signal values to be shifted to later times and changes the values of the original time signal at the
sample points. On the other hand, if frequency aliasing is allowed to occur, then the original
signal values are correct at the time sample points, although the frequency domain representation
has been changed.
Therefore the processes of aliasing and truncation have dual effects. Allowing one of
these to occur in one domain, reduces the influence of its dual effect in the other domain. Time
aliasing methods allow the effects of truncation in time to be reduced by improving representation
of the signal at the sample points in frequency.
Because the time aliased signal is a frequency sampled version of the original signal, its
transform equals the transform of the original signal at the sample point spacing in the frequency
domain. In view of the fact that the size of DFT is reduced by a factor of M compared to a DFT
of the original signal, time aliasing can be a useful tool for compressing the amount of time data
that is required for computing a DFT.
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An important feature of this compression is that the transform of one period of the time
aliased signal maintains certain characteristics of the original signal; most importantly, it
preserves the attributes of the window applied to the original signal. As explained in Section 1.1,
time signals are necessarily truncated before being transformed into the frequency domain and so
the window is an important concept that defines the process of truncation in the time domain.
The characteristics of the window strongly influence the resulting frequency domain bias
resulting from this truncation in the time domain.

Figure 1.2 - Windowing process

The process of truncation can be modeled as a multiplication of the original signal by a
window function to become the windowed signal. Figure 1.2 shows three functions: a window
function, w(t), a signal, x(t) and a windowed signal, v(t) = x(t)w(t) along with their discrete time
representations, w[n], MN points long, x[n], and v[n], also MN points long.
If the window is a function equaling a value of one for 0 ≤ n < MN and zero elsewhere,
then x[n] is simply truncated. Because the effect of simple truncation introduces discontinuities
at the ends of the signal, the transform of the windowed signal will differ from the transform of
the original signal. Another option is to multiply the truncated signal by a window that tapers to
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zero at the ends, as shown in the figure, to smooth the ends of the windowed signal and eliminate
the discontinuities and reduce the effects of truncation on transform of the windowed signal.
If a single block of N samples of x[n] is transformed using a DFT, then the window
function is only N points long. If M blocks of N samples of x[n] are transformed using a DFT,
then the window function is a multiple block window, MN points long, but a higher cost of
computation is incurred because of the use of the MN point DFT.
If the signal is first windowed to become v[n], MN points long, and then time aliased to
become v(a)[n], an N point periodic signal, then an N point DFT can be used to transform one
period of v(a)[n] and the effects of using the multiple block, MN point window will be preserved
in the frequency domain representation of the windowed signal. This can provide an improved
ability to reduce uncertainty in the frequency domain representation of the signal, as will be
explained in the next section.

1.3 Capabilities of Time Aliasing Methods
Time aliasing methods introduce a unique flexibility when transforming signals to the
frequency domain. As shown in Section 1.2, the length of the window function used with the
DFT can be many times longer than one period of the time aliased signal. This relationship allows
the use of window functions which have improved frequency domain characteristics without
increasing the size of the DFT.
The effect of different window functions on the bias of the spectral estimate depends on
two factors: the length of the window function in the time domain and the shape of the transform
of the window in the frequency domain. With time aliasing, the bias error can be reduced by
manipulation of both of these characteristics of the window function in ways not available in
conventional spectrum analysis methods.
For a time domain window function of a given shape, a longer time window function will
generally provide reduced bias error relative to a shorter one because it improves resolution in the
frequency domain signal. Time aliasing provides the ability to use the longer, multiple block
window functions with a DFT one block long and so the bias error of the N point transform can
be more like that of the MN point transform.
Simply using a longer window function is not the whole answer, however. Time aliasing
allows the use of new windows with more optimally-shaped window transforms. As will be
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described later in Chapter Three, time aliasing allows the use of ssinc window functions, based on
a smoothed sinc, or decaying sine, time function (Smith 1994a). The shape of ssinc-based
window transforms improve as more and more blocks of time data are time aliased, approaching
an ideal uniform window. This window has a square transform shape of width matching the DFT
frequency resolution, is uniform across the interval between sample points in the frequency
domain and exhibits very substantially reduced bias error with certain types of signals.
Another window transform shape availed through the use of time aliasing is a sampling
window. The shape of this window approaches an ideal sampling window, or impulse function,
in the frequency domain, as it extends over more and more blocks of time aliased data. In later
chapters, this type of window will be shown to improve the estimation of the spectra which have
large variations in magnitude in narrow frequency bands.

1.4 Current Practice in Spectrum Analysis
With the goal of further investigating time aliasing methods, it is necessary to understand
how they relate to current practice in spectrum analysis. Of necessity, it is assumed throughout
the remainder of this document that the reader has some knowledge of Fourier transforms and
stochastic processes (For further information on these subjects, please refer to the references in
the appendix, particularly Oppenheim 1999; Bendat 2000; and Harris 1996).

This section

reviews general background information on spectrum analysis methods, focusing particularly on
those areas pertaining to time aliasing methods.
Signals and their associated spectra are generally categorized as deterministic or random.
Signals can be treated as deterministic if the generating phenomena can be conveniently modeled
analytically. All other types of signals are usually handled as random signals either because
analytical models are not available or because the underlying phenomena are too complex.
Most of the concepts and practice in spectrum analysis came about from a statistical
analysis of random signals. This is because truly deterministic time signals are equivalently
represented, completely and accurately, by transformation into the Fourier domain shown in
Figure 1.3. Random signals, on the other hand, are best represented in the correlation domain
and spectral domain shown in Figure 1.3, even though the Fourier domain is also used for
calculation of spectral estimates as will be discussed (Jenkins 1968; Newland 1993).
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Deterministic signals can be expressed as mathematical functions of time. Because truly
deterministic signals can be calculated exactly, their Fourier transforms can also be computed
exactly, subject only to numerical errors and measurement uncertainties.

Distortion of

deterministic spectra may also exist in the form of leakage, or aliasing if a discrete function is
undersampled in time.
Because all practical signals of interest possess a certain amount of random signal
behavior, even if it is simply the random noise resulting from measurement error, the spectral
domain is also useful for frequency domain representation of deterministic signals and the
consideration of uncertainty dictates that the signal be considered as a random signal.

Figure 1.3 - Signal representation in four domains of time and frequency

Random signals in the time domain are expressed in terms of statistical descriptors such
as mean and variance which can be used to describe the probability density function (pdf) for the
underlying random process. Because the entire set of random functions which could define a
random signal is not usually available (assumed to be an infinite number of possible realizations),
these statistical descriptors cannot be computed exactly, but rather are estimated from a finite
length data record.
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Estimation is usually done by assuming the signal is ergodic. This means that values
produced by averaging over a signal known for all time will be equal to those of the actual pdf of
the random process. If the entire signal is not available then estimates of the true values, such as
the mean and variance, are made using the available portion of the random signal.
Correlation and spectral domain analysis of random signals is likewise based on the
estimation of the “true” correlation function and spectrum of the random process. Spectral
estimates are realized either from the magnitude of Fourier transforms applied to the finite length,
time signal or from transforming the correlation function estimate.
Random signal spectrum estimation methods are compared based on criteria such as bias
error and variance of the estimator, to determine the efficiency and suitability of the method.
Bias error is the difference between the mean value of the estimator and the “true” value for the
random process. A consistent estimator is one which produces improved estimates, having
reduced variance as the length of the data record increases.
Random signals can be subjected to the effects of leakage and aliasing when dealing with
truncated and/or discretized signals. These effects are generally seen as bias distortions in the
estimated spectra. In addition, when dealing with some random signals, variance reduction of the
spectral estimate may be a significant factor.
Time aliasing methods belong to a class of random signal spectrum estimation methods
known as non-parametric methods, also known as classical methods. Another important class of
methods, not addressed here, is known as parametric methods, some examples of which are autoregressive methods and the maximum-entropy method. Parametric methods can be useful for
studying signals arising from phenomena modeled by a set of specific parametric functions of
random variables. Because of the amount of a priori information required, however, they are not
generally applicable to all signals as are non-parametric methods.
Non-parametric methods are generally based on the mathematically equivalent paths of
estimating spectra by either the indirect or the direct methods (Oppenheim 1999). Referring to
Figure 1.3, the indirect method computes the spectral estimate by Fourier transforming an
estimate of the autocorrelation function of the input signal (time domain Æ correlation domain Æ
spectral domain). This is also known as the Blackman-Tukey method (Blackman 1959). It was
used first in preference to the direct method because of the lack of an efficient Fourier transform
at that time and because it produces a consistent estimator without requiring spectral averaging.
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It is more computationally intensive, however, and can suffer from bias errors which are
introduced in the lag domain while windowing the autocorrelation function (Oppenheim 1999).
The direct method (Welch 1961), is so-named because the time signal is first Fouriertransformed directly and then the spectral estimate is computed by multiplication of the Fourier
transform with its own complex conjugate. (time domain Æ Fourier domain Æ spectral domain).
This method, which produces a periodogram estimate, became popular after introduction of the
Fast Fourier Transform (FFT).
The periodogram estimate produced by the direct method is not generally a consistent
estimator (Oppenheim 1999; Jenkins 1968; Priestley 1981) in the sense that the variance of the
estimate does not decrease as longer and longer lengths of time data are transformed although it
still produces a useful estimate of random signals if the variance is reduced through spectral
averaging.
Averaging spectra computed from several shorter segments of a time domain signal
rather than computing the spectra of the whole signal can reduce the variance of a periodogram
estimate (Bartlett 1966). For a fixed-length signal, however, there is a tradeoff between the bias
errors and leakage introduced by Fourier transforming shorter segments and the variance
reduction achieved by averaging more and more spectra.
Most spectrum estimation methods apply window functions to reduce bias errors from
leakage that are incurred by the use of a finite data record. Windowing can be implemented in
the time or correlation domains through multiplication with a tapering function (linear
windowing) or through convolution in the spectral domain with the window transform (quadratic
windowing).
windows.

A paper by Harris (1978) is generally regarded as a definitive reference on
This paper presents relative comparisons between commonly used windows and

defines window metrics which describe characteristics such as leakage, sidelobe decay, and
effective bandwidth for different windows and discusses implications of each.
If windowed segments from a data record are sufficiently uncorrelated (Welch 1967) then
spectra computed from overlapped segments can be averaged together if the variance reduction
and degrees of freedom assumed in the final estimate are adjusted accordingly. This procedure
has also come to be known as the Weighted Overlapped Segment Averaging (WOSA) method
and is the most commonly applied method for computing averaged spectra in use.
Some periodogram-based techniques average in the spectral domain only, like the WOSA
method. Others, such as the Short-Time, Unbiased Spectrum Estimation (STUSE) method, also
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average in the Fourier Domain. Time aliasing methods are equivalent to a form of Fourier
domain averaging and therefore serve to reduce leakage errors, but because time aliasing can also
be implemented by pre-processing time data before transforming, it is computationally more
efficient than actual Fourier domain averaging.

1.5 Previous Work in Time Aliasing Methods
This section surveys the development of time aliasing methods, presenting results of a
literature search regarding methods of time aliasing as applied to signal processing and the related
field of spectrum analysis. Related topics such as synchronous time averaging were also included
in the literature search.
Time aliasing has long been understood, but most often has been presented as a
consequence of manipulation of the signal in the frequency domain, rather than actively imposed
in the time domain. Like frequency aliasing, it is most often regarded simply as a phenomenon to
be avoided.

An example is the zero-padding of time data when indirectly computing

autocorrelation functions by transforming to and from the frequency domain in order to avoid
time aliasing in the autocorrelation function estimate (Naidu 1996).
Nevertheless, constructive use of time aliasing has been presented in some contexts.
Aliasing of segments of time data was shown as a computationally efficient method for
calculating the Short-Time Fourier Transform (STFT) in conjunction with methods used for
digital coding of speech through Fourier coefficients. Allen and Rabiner (1977) and Schafer
(1973) showed time-shifted DFT of a block averaged time sequence as a computationally
efficient way of sampling the STFT. A window was applied to multiple blocks in the form of an
exponential weighting to truncate the infinite summation to a finite sum. Frequency domain
characteristics of the window were not discussed and its main purpose was to emphasize recent
data versus older data in real time processing.
Portnoff (1976, 1980) discussed a filter-bank equivalent to the STFT for digital filtering
by back-to-back analysis/synthesis methods using an FFT and an inverse FFT to process signals.
He identified a block averaged time sequence as a time aliased short-time function. He used a
window function extending over multiple blocks as the prototype low-pass filter characteristic
and applied a smoothing window to prototype filter coefficients. The window length is left
general, however, and characteristics of analysis windows are analyzed only with regard to
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synthesis of the signal where it is recommended to have a window of short time duration relative
to the synthesis window associated with the inverse FFT if the signal varies rapidly in time.
Crochiere (1980) introduced a weighted, overlap and add method for STFT analysis and
synthesis and also presented an equivalent representation of time aliased windows as filter banks.
Additionally, he showed that time aliasing is a decimation in frequency process (Crochiere,
1983). He furthermore showed that time aliasing can be implemented using multiple block
windows in analysis/synthesis digital filtering applications, but only a rectangular window is used
and the frequency domain width of the analysis window transform is restricted to be very narrow,
relative to the synthesis window. Crochiere also discussed overlap-and-add methods of spectrum
analysis using methods derived from the STFT, but multiple block windows were not used and
the time domain window length was restricted to less than or equal to a single block of data, or
the DFT length.
More recent papers on overlap-and-add methods of digital filtering deal with frequency
domain synthesis of digital filters from analysis functions wherein the time domain coefficients
are the result of a frequency domain process which introduces overlap between adjacent time
domain functions, and hence time domain aliasing (Princen 1986, 1987; Smart 1994). These
methods use certain choices of coefficients and cosine and sine transforms in such a way as to
cancel the effect of the time domain aliasing. The amount of overlap appears to always be less
than the duration of the time domain function (i.e., less than one block). The time domain
functions are windowed after being synthesized by inverse transformation from the frequency
domain.
In these references, time aliasing, or overlap-and-add methods, are almost exclusively
discussed with regard to analysis/synthesis (filtering) operations or analysis of time varying
signals and not used for spectral analysis. Statistical properties of a spectral estimate computed
by STFT transforms are not considered. The STFT of time segments has often been used to
generate a spectrogram, or two-dimensional representation of the spectral content of a timevarying signal, but no references have been found where this is done using a transformed, time
aliased signal.
Based on work with the STFT, a method of spectrum estimation was developed which
was derived from the overlap-and-add method, called the Short-Time Unbiased Spectrum
Estimation (STUSE) method and was presented by Allen and Rabiner (1977b, 1979).
Theoretically, this method can provide an unbiased spectral estimate and in practice shows a
reduced spectral bias with broadband random signals. This method results in spectral estimates
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with some similar characteristics to spectra estimated using time aliasing methods, including
improved frequency resolution and reduced spectral leakage in certain cases, but there remain a
number of open theoretical issues including the possibility of negative values in the spectrum and
power loss in spectral estimates, as will be discussed in Chapter Six. In none of the references
examined on the STUSE method does the window function extend over multiple segments before
being transformed and frequency domain averaging of cross-spectra of time-shifted segments
(filter-bank summing) is used exclusively instead of time averaging.
The STUSE method was applied to system identification, power spectrum estimation and
FIR filter coefficient identification by Allen and Rabiner (1979, 1980). The bias and variance of
the STUSE spectral estimate were given in Mathews 1985 and a general framework for
comparison between the STUSE and other methods of spectrum estimation was presented by
Mathews and Youn (1987). The effective window obtained using the STUSE and a comparison
between it and the WOSA methods of spectral averaging, especially with regard to effective
frequency resolution, are presented by Baxa (1988, 1989).
A method that can be computationally similar to time aliasing under certain conditions,
but is generally different in application, is the method of synchronous time averaging. This
technique is used to enhance repetitive signals, while suppressing uncorrelated random
components of the signal, which are assumed to be noise. Time blocks of data, synchronized to
some point of the repeating signal are acquired and then averaged together point by point in the
same manner as time aliasing blocks of data together, but blocks are not necessarily required to
be contiguous as they are in time aliasing.
Signal enhancement through synchronous time averaging is discussed in terms of
contiguous time segments and the equivalent window transform for a multiple-block rectangular
window shown by Braun (1975). The improvement of signal to noise ratio is presented in this
paper and in Harris 1996 and Wismer n.d. In an earlier paper, the effects of different types of
noise spectra were considered by Ernst (1965). The similarities and differences of synchronous
time averaging to time aliasing methods are considered in Chapter Six. It is shown to be
equivalent to time aliasing only in the case when the blocks are contiguous and only if a
rectangular window function is used.
More recently, spectrum analysis using time aliased signals with multiple block windows
for the purpose of reducing spectral leakage has been presented by Smith and Thornhill. They
established the duality of aliasing and leakage in the time and frequency domains and identified
several situations in current practice where either aliasing or leakage is made to occur in one
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domain to reduce the impact of the dual effect of leakage or aliasing, respectively, in the other
domain (1994a). Based on this analysis, time aliasing spectrum analysis methods using windows
specifically designed for time aliasing, such as the ssinc-window were presented and illustrated
initially with reducing spectral leakage (Smith 1994a).

The methods were shown to be

computationally efficient and capable of operating in real-time (Dahl 1994). The methods were
also shown to produce favorable results in the spectra of random signals and improvements in the
coherence functions associated with transfer function measurements (Smith 1996b).

1.6 Motivation for This Work
As explained in Section 1.5, the topic of using time aliasing to compute transforms,
especially short-time transforms, has been considered previously, but in all the references
considering the specific problem of spectrum analysis previous to (Smith 1994a), including the
STUSE method, the length of the time domain window function used with any single transform
was only allowed to extend over a single block of time data and so, in effect, the spectrum
analysis was not using time aliasing.
While it is certainly pointed out by Portnoff, Crochiere and others that multiple block
windows can be used with time aliasing to compute transforms of signals, the theory and practice
of spectrum analysis with multiple block, time aliased windows have not been addressed in the
literature and the analysis has been largely limited to the time and Fourier domains and not
extended to the spectral domain.
Because the focus in current applications is primarily on back-to-back, analysis/synthesis
methods for filtering signals, the effects of time aliasing are dealt with in a fashion to minimize
their effect on the reconstructed signal received after transforming to and from the frequency
domain, rather than to optimize the frequency domain representation of the signal for purposes
such as system identification or vibration analysis of systems.
Spectra with reduced leakage have been computed using time aliased signals with
multiple block window functions, but there has been no analysis from a statistical point of view
and the mean and variance of the spectral estimate and the issues regarding methods of spectral
averaging have not been covered. Although the ssinc window has been used, there has been no
analysis of the implications of different types of time aliased window functions on the spectral
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estimate or consideration of the influence of time aliasing on spectra computed from differing
types of signals, such as power spectra compared to energy spectra.
Analyzing the use of multiple block windows and time aliasing for the purpose of
spectrum analysis is therefore a distinguishing characteristic of this work. As shown in following
chapters, the use of multiple block windows influences the frequency domain representation of
time aliased signals significantly and there are important issues regarding signal power and the
averaging of spectral estimates that must be addressed with time aliasing so that an accurate
spectral estimate may be produced.
If time aliasing methods of spectrum estimation are correctly understood and applied,
then they can become a powerful tool for reducing bias error in certain spectral estimates and
their use can result in better measurements of the spectrum in such areas as system identification,
rotating machinery analysis and condition monitoring.
This research effort was initiated with the objective of providing tools and understanding
in order for time aliasing methods to be properly employed, resulting in improved methods for
spectrum analysis. It is also meant to relate and compare time aliasing methods to other related
signal processing techniques, especially conventional methods of spectrum analysis. It is hoped
that this work will facilitate further research and will help practitioners in the field of spectrum
analysis to see and explore potential benefits which may be derived from using time aliasing
methods in spectral analysis applications.

1.7 Contributions of This Work
This work treats the time aliased periodogram as a spectral estimator and investigates the
applicability of time aliasing methods to different types of spectra in terms of bias and variance
error reduction. The results of this investigation are extended to show improvements in spectral
measurements, especially those associated with narrowband phenomena often found in such
applications as system identification and signature analysis of rotating machinery.
Analysis of the scaling relationships which are introduced in time and frequency by the
use of multiple block continuous windows with single block discrete transforms is necessary in
order to properly account for the energy associated with signals in both time and frequency. This
work addresses this and the issues of averaging and shows the effect of both on statistical
descriptors in both time and frequency.
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A proper understanding of the behavior of multiple block windows is useful in designing
windows that have optimized characteristics for different types of signals. This work examines
conventional windows and windows designed specifically for time aliasing such as the ssinc
window and presents important conclusions regarding window transform shape when used with
periodic and aperiodic types of time signals.

1.8 Chapter Summary
Time aliasing methods have the potential to improve on current practice in spectrum
analysis, especially in areas such as rotating machinery signature analysis and system
identification, if they are used correctly in situations where they are indicated. Previous work in
this area has not considered the use of time aliasing for the purpose of spectrum estimation and so
the current level of knowledge has not been sufficient for these methods to find application in the
areas where they can be of benefit.
In following chapters will be presented the results of an investigation for the purpose of
better understanding time aliasing methods of spectrum analysis. This investigation comprises a
theoretical treatment of time aliasing that is backed up by experimentation. The conclusions from
this investigation are illustrated in a series of experiments where time aliasing methods are
applied to practical spectrum analysis situations.

16

Chapter 2 - Time Aliasing Processes
Time aliasing changes signal representation in both time and frequency and it is
necessary to understand its influence in both domains. This chapter presents a framework for
expressing time aliasing processes in terms of Fourier transforms in both time and frequency.
This can be combined with an understanding of time aliased window functions and statistical
analysis in later chapters to understand the performance of time aliased spectral estimates.
Time aliasing results in a periodic signal representation in time that is a frequency
sampled version of the original signal. In practice, time aliasing methods of spectrum estimation
are usually applied to signals that are already discrete in both time and frequency and therefore
become decimated in frequency, but it is also helpful theoretically to understand the effect of time
aliasing on continuous signals as well.

2.1 Signal Representation in Time and Frequency
Before discussing time aliasing processes we will briefly review signal representation in
time and frequency. This will be helpful in this and subsequent chapters. In Figure 2.1 are two
different types of continuous time domain signals. In the top plot is an aperiodic signal which
begins and ends at zero and so it has finite length in the time domain. In the bottom plot is a
periodic signal which repeats for all time.
Because aperiodic signals are absolutely integrable, the time domain signal in the top plot
of Figure 2.1 can be transformed into the frequency domain using a continuous Fourier (Integral)
transform. Its frequency domain representation is therefore a continuous function of frequency.
The periodic signal continues for all time and so it is not absolutely integrable, but it can be
expressed as a discrete function of frequency by transforming it using a Fourier series
representation which is obtained by integrating over a single period.
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Figure 2.1 - Aperiodic and periodic time signals

The periodic signal can be made absolutely integrable by applying a window function, or
in other words, by truncating it in time. The effect of this truncation can introduce uncertainty
into the frequency domain representation of the signal. The character of this uncertainty depends
on the length and type of the window function.
The relationship between periodic and discrete functions is symmetric between the two
domains. Aperiodic and continuous functions in time are also aperiodic and continuous in
frequency. A discrete, or sampled function in time is therefore periodic in frequency and vice
versa. Fourier transform representations used throughout are contained in Table 2.1.

2.2 Discrete Fourier Transform
The Discrete Fourier Transform (DFT) provides a way of representing signals which are
discrete in both domains. Because signals represented using the DFT are discrete in both time
and frequency, they are periodic in both domains. The spacing between the discrete components,
or frequency lines, in the frequency domain, is the inverse of the segment length used in the time
domain, scaled by the sample frequency. The number of sample points in each period of the time
domain equals the number of discrete frequency components, or DFT length, in each period in the
frequency domain.
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Table 2.1 – Transform Representations

x(t ) =

Time

Frequency

Continuous

Continuous

1
2π

∞

jωt
∫ X c (ω )e dω

X c (ω ) =

−∞

x(t ) =

∑ X [k ]e

1
X [k ] =
T0

jω k t

Discrete
1
2π

− jωt

dt

Discrete

k = −∞

x[n] =

∫ x(t )e

−∞

Continuous
∞

∞

T0

∫ x(t )e

− jω k t

dt

0

Continuous

π

jω
j ωn
∫ X ( e ) e dω

X ( e jω ) = T

∞

∑ x[n]e

− j ωn

n = −∞

−π

Discrete

Discrete

X [k ] =
N −1

x[n] = ∑ X [k ]e jω k n

1
N

N −1

∑ x[n]e

− jω k n

n =0
N −1

X c [k ] = T ∑ x[n]e − jω k n

k =0

n =0

T0=NT, where T is sample period in time ω=rad/sec
Note: X(ejω) as expressed in Oppenheim 1999 has units of rad/Sample so T has been included
as in Shiavi 1999 in order maintain units of rad/sec among all transforms

The DFT can be used to transform both periodic and aperiodic discrete time signals, but
there are some relevant differences between the two. For periodic discrete signals, the DFT can
be used to represent the signal in much the same way as the Fourier series. Whether or not the
DFT provides an accurate frequency domain representation of a discrete time, periodic signal
depends on whether or not the period of the signal corresponds to the DFT length; if the period
does not correspond to the DFT length, then uncertainty is introduced.
For an aperiodic signal, the DFT provides a discrete frequency domain representation that
samples the continuous-valued frequency domain signal at the DFT resolution by assuming that
the aperiodic signal is one period of a periodic sequence. Accurate representation of the original
aperiodic signal at the frequency sample points requires that the segment length of the DFT be
equal to or greater than the length of the aperiodic signal.
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2.2.1 DFT Normalization
When using the DFT to represent the original continuous functions of time, the DFT
magnitude must be normalized properly to account for an aperiodic or a periodic representation in
time. By comparing the equations for a DFT and a Fourier series in Table 2.1, X[k] is normalized
as a Fourier series in order that the magnitude of the signal is correctly represented in both time
and frequency for a periodic signal with period N. This magnitude normalization factor is equal
to the inverse of the DFT length, or 1/N.

When the DFT is used to represent the sampled

transform of a continuous aperiodic signal Xc[k] it is not normalized by the window length, N, as
shown in Table 2.1 and must be scaled by the sample rate T, in order to have the same units as the
continuous Fourier transform.
For conventional DFT analysis, the length of the window is the same as the DFT length,
but with time aliasing, the length of the window is longer than the DFT length and so the DFT
normalization must be adjusted to reflect the increased window length. This normalization has
different consequences depending on the type of signal, as will be discussed in Chapter Three.

2.2.2 Signal Types Used in the Analysis
Certain specific signals which will be used during the analysis need to be described.
Because some conclusions in this and subsequent chapters are possible only for the types of
signals assumed in the given analysis, in all cases where the conclusions depend on the type of
signal, these assumptions will be clearly stated.
Integer Periodic Sinusoid: A single sinusoid in continuous time is a periodic signal for
all time and is not absolutely integrable.

It is represented by a Fourier series as discrete

component, or an impulse in the frequency domain. It will be called integer periodic if its
frequency corresponds exactly with a DFT frequency line, or in other words an integer number of
periods of the sinusoid will appear in a segment of time data which is equal to the DFT length.
Fractionally Periodic Sinusoid:

A discrete sinusoidal component in the frequency

domain will be called fractional periodic if its frequency does not correspond exactly with a DFT
frequency line.
Transient: A transient signal is an aperiodic signal that is absolutely integrable if it is
continuous in time and absolutely summable if it is discrete. If the DFT length is sufficient to
capture an entire discrete transient signal, then it can be transformed using a DFT, yielding a
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discrete frequency representation of the transient. If the length in time of a transient approaches
zero, but it has finite magnitude, then it can be approximated as an impulse, which has a
frequency domain representation which is a constant at all frequencies.
Purely Random signal: A purely random signal is defined as one in which each of the
sample points, x[n] is statistically independent from all the others (Jenkins 1968).

In the

correlation domain, a purely random signal is an impulse at zero lag. Purely random signals have
a Gaussian, or Normal pdf and are often called white noise.
In the frequency domain, a purely random process is a constant for all frequencies. A
purely random process cannot exist in real life because it implies finite power over an infinite
frequency range, but close approximations over finite frequency bands exist for practical systems.
Broadband Random signal: A broadband signal will be assumed to be the output of a
linear filter of relatively wide bandwidth, having a flat magnitude response in the frequency
domain, which has been excited by a purely random process; also called band-limited noise.
Narrowband Random signal: A narrowband signal will be assumed to be one which is
the output of a linear filter of relatively narrow bandwidth in the frequency domain, which has
been excited by a purely random process.

Narrowband random signals can be used to

approximate sinusoidal processes.

2.3 Structures and Processes for Analysis of Time Aliasing
A conventional DFT analyzer is illustrated Figure 2.2, adapted from Oppenheim 1999,
showing a block diagram of the various steps of the analysis including lowpass (anti-aliasing)
filtering, continuous to discrete conversion (A/D), windowing (tapering) and the DFT itself. A
time aliasing DFT analyzer has been implemented as shown in Figure 2.3, where it can be seen
that the time aliasing step is inserted ahead of the DFT. This implementation has proven to be
useful and practical (Smith 1994b; Dahl 1994).
For analysis of time aliasing processes, it is sometimes convenient to rearrange pre-DFT
steps shown in Figure 2.3 to those shown in Figure 2.4. It can be seen readily that such
rearrangement is equivalent theoretically and that the revised structures yield the same net result
in terms of the modified signal and its spectral estimate, though they may be difficult to
implement outside of the mathematics because of physical limitations in the use of a continuous-

21

time window function or the inherent frequency domain discretization involved in time aliasing a
continuous-time signal.
The structures shown in Figure 2.4 are convenient for analysis because they allow us to
derive functions for the time aliased signal in continuous form, x(a)(t) and in discrete form, x(a)[n]
as well as the windowed, time aliased signal, v(a)(t). A rearranged structure is not needed for the
windowed, discrete time aliased signal, v(a)[n], shown in Figure 2.3.
An important note when using these structures is the fact that the windowing process
must occur prior to the time aliasing process when analyzing a windowed, time aliased signal;
there is not an equivalent block-diagram form involving a “post-time aliased” window. In other
words:

v [ n] =
(a)

≠

M −1

M −1

m =0

m =0

∑ v[n + mN ] = ∑ x[n + mN ]w[n + mN ]
x ( a ) [n]w ( a ) [n] =

M −1

M −1

m =0

m =0

∑ x[n + mN ]∑ w[n + mN ]

All of these signal modifications really involve either one of two processes, discretization
(sampling) or truncation of the signal in either the time or frequency domain as shown in Table
2.2. The nature of these discretization and truncation processes is rarely ideal and so assumptions
must be made about the type of filtering, windowing, or sampling functions actually applied to
the signal. Modifications of the signal in one domain are not without their effects in the other
domain and these modifications influence the expressions for the signal and the type of Fourier
transform that can be used. Furthermore, these signal modifications can introduce uncertainty in
the form of bias error into the spectral estimate as will be seen in following chapters.

Table 2.2 – Description of Processes and Their Associated Domains
Operation
Type of Process
Domain
Anti-alias filtering
Truncation
Frequency
Windowing (tapering)
Truncation
Time
Continuous to Discrete Conversion
Discretization
Time
Time Aliasing
Discretization
Frequency
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Figure 2.2 - A DFT spectral analyzer

Figure 2.3 - A DFT spectral analyzer with time aliasing

Figure 2.4 - Time aliasing processes
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2.4 Mathematical Framework For Analysis of Time Aliasing Processes
Mathematical expressions presented in this section are useful for the analysis of a time
aliasing spectral analyzer. The expressions are given in the four time and frequency domains
discussed previously in Chapter One. These expressions are intended as a reference to be used in
subsequent sections of this chapter and in following chapters to analyze the effect of time aliasing
on a signal and associated spectral estimates and are shown on the next several pages as
Equations 2.0 – 2.8 with sub-equations. In Figures 2.3 and 2.4, a small parenthetical number
above the modified signal at each point in the block diagram references the corresponding
equation in this section.
The starting point is an expression for the unmodified signal, s(t), which is assumed to be
a stationary, continuous signal. This signal is anti-alias filtered to receive x(t), then modified by
various combinations of time aliasing, windowing and time domain discretization. For each step
in the framework, a figure shows a possible example of a modified signal in the time domain and
the frequency domain. Expressions for the spectrum and spectral density are given in the math
framework as the Fourier transform of the autocovariance function (acvf). The periodogram
estimate, or autospectrum is not presented here, but in Chapter Five.
Certain conventions will be followed throughout the remainder of this document. As will
be presented in the framework, a windowed, discrete time signal will be expressed as v[n] =
x[n]w[n], where x is the original signal and w is the window function. In some situations, it may
be appropriate to consider the procedure and/or effects of time aliasing separately from any
window functions which may be applied to the signal and so the signal z[n] with transform Z[k]
will be used. This can then be taken as either x[n] or v[n] depending upon the given situation.
Because time aliasing is implemented as a summation or averaging process, it will be
convenient to express signals as sequences of contiguous segments. Therefore an MN point
signal will be also considered as M segments, or blocks of N point samples each. Because the
Discrete Fourier Transform (DFT) of an N point signal yields different frequency line spacing
than the DFT of an MN point signal, in certain circumstances the N point transform of z[n] may
be denoted as Z[k]N to distinguish it from the MN point transform, Z[k]MN.
For convenience in derivations, the sample period will be assumed to be unity (1),
yielding a sample frequency of 2π rad/sec. The frequency line spacing of an N point DFT is
therefore ∆fN = 2π/N rad/sec and the MN point frequency line spacing ∆fMN= 2π/MN rad/sec.
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2.4.1 Original Signal
Given: Stationary, Continuous Function, s(t) existing -∞ < t < ∞

Mean: µ = E{s(t)}
Variance: σ2 = E{ |s(t)- µ| 2} = γ(0)
MS: φ(0) = E{ |s(t)|2 }

(2.0a)
(2.0b)
(2.0c)

If s(t) is absolutely integrable over -∞ < t < ∞ then its transforms exists and is:

S (ω ) =

∞

∫ s(t )e

− jωt

dt

(2.0d)

−∞

The autocovariance function, acvf, autocorrelation function, acf, and their transforms, the spectrum and
spectral density functions, are:

acvf:
acf:

γ (τ ) = E{( s(t ) − µ )( s (t + τ ) − µ )} = φ (τ ) − µ 2
φ (τ ) = E{s (t ) s (t + τ )}

(2.0e)
(2.0f)

∞

Spectrum:

Γ(ω ) = ∫ γ (τ )e − jωτ dτ

(2.0g)

Φ (ω ) = ∫ φ (τ )e − jωτ dτ

(2.0h)

−∞
∞

Spectral Density:

−∞
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2.4.2 Band-Limited, Continuous Signal
Define x(t), a bandlimited version of s(t), filtered by anti-aliasing filter Haa(ω) which is zero outside of - π
<ω≤ π

Mean: µx = E{x(t)}
Variance:σx2 = E{ |x(t)- µx| 2} = γxx(0)
MS: φxx(0) = E{ |x(t)| 2}

(2.1a)
(2.1b)
(2.1c)

If s(t) is absolutely integrable, then x(t) is also absolutely integrable, so its Fourier Integral transform exists
and is:

X c (ω ) =

∞

∫ x(t )e

− jωt

dt

(2.1d)

−∞

The autocovariance function, acvf, autocorrelation function, acf, and their transforms, the spectrum and
spectral density functions, are:

acvf:
acf:

γ xx (τ ) = E{( x(t ) − µ x )( x(t + τ ) − µ x )} = φ xx (τ ) − µ x 2
φ xx (τ ) = E{x(t ) x(t + τ )}

(2.1e)
(2.1f)

∞

Spectrum:

Γxx (ω ) = ∫ γ xx (τ )e − jωτ dτ

(2.1g)

−∞

∞

Spectral Density: Φ xx (ω ) = ∫ φ xx (τ )e − jωτ dτ
−∞
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(2.1h)

2.4.3 Continuous Time Aliased Signal
Define the Time Aliased Signal, x(a)(t), a periodic time averaged version of x(t):

x ( a ) (t + sT0 ) =

∞

∑ x((t + sT ) + qT )
0

q = −∞

T0 is aliasing period

0

Mean: µ(a)x = E{x(a)(t)}
Variance:σ(a)x2 = E{ |x(a)(t)- µ(a)x| 2} = φ(a)xx(0) – (µx(a) )2 = γ(a)xx(0)
MS: φ(a)xx(0) = E{ |x(a)(t)| 2 }

(2.2a)
(2.2b)
(2.2c)

Because it is a periodic function over -∞ < t < ∞, x(a)(t) is not absolutely integrable, but its Fourier integral
over one period, T0 , produces Fourier coefficients at harmonic frequencies, ωk , i.e., a Fourier series:

X ( a ) (ω k ) =

1
T0

T0

∫x

(a)

(t )e − jω k t dt

ωk =

0

2πk
T0

(2.2d)

The autocovariance function, acvf, and autocorrelation function, acf, are:

acvf:
acf:

γ xx( a ) (τ ) = E {( x ( a ) (t ) − µ x( a ) )( x ( a ) (t + τ ) − µ x( a ) )} = φ xx( a ) (τ ) − (µ x( a ) )
φ xx( a ) (τ ) = E {x ( a ) (t ) x ( a ) (t + τ )}

2

(2.2e)

(2.2f)

The acvf and acf are also periodic functions and therefore not absolutely integrable on -∞ < t < ∞ , but
integrating over one period produces Fourier coefficients at harmonics of ωk:

Spectrum:
Spectral Density:

Γ

(a)
xx

1
(ω k ) =
T0

Φ (xxa ) (ω k ) =

1
T0

T0

∫γ

(a)
xx

(τ )e − jω kτ dτ

(2.2g)

(τ )e − jω kτ dτ

(2.2h)

−T0

T0

∫φ

−T0
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(a)
xx

2.4.4 Windowed Continuous Signal
Form the windowed time function v(t) = x(t)w(t) where w(t) is a continuous representation of an aperiodic
window function of length MT0 and zero outside of 0 < t ≤ MT0 :

Mean: µv = E{v(t)}
Variance:σv2 = E{ |v(t)- µv| 2} = γvv(0)
MS: φvv(0) = E{ |v(t)| 2}

(2.3a)
(2.3b)
(2.3c)

v(t) is absolutely integrable over -∞ < t < ∞ its Fourier Integral Transform exists and is:

Vc (ω ) =

MT0

∫ v(t )e

− jωt

(2.3d)

dt

0

The autocovariance function, acvf, autocorrelation function, acf, and their transforms, the spectrum and
spectral density functions, are:

acvf:
acf:

γ vv (τ ) = E{(v(t ) − µ v )(v(t + τ ) − µ v )} = φ vv (τ ) − µ v 2
φ vv (τ ) = E{v(t )v(t + τ )}

Spectrum:

Γvv (ω ) =

MT0

∫γ

vv

(τ )e − jωτ dτ

(2.3e)
(2.3f)
(2.3g)

− MT0

Spectral Density:

Φ vv (ω ) =

MT0

∫φ

vv

(τ )e − jωτ dτ

− MT0
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(2.3h)

2.4.5 Windowed, Continuous Time Aliased Signal
Define the windowed, time aliased signal v(a)(t) as:

v ( a ) (t + sT0 ) =

M − s −1

∑ v((t + sT ) + mT )
0

m=− s

M≥1

0

Mean: µ(a)v = E{v(a)(t)}
Variance:σ (a)v2 = E{ |v(a) (t)- µ(a)v| 2} = γ(a)vv(0)
MS: φ(a)vv(0) = E{ |v(a) (t)| 2}

(2.4a)
(2.4b)
(2.4c)

The windowed, time aliased signal is a periodic function with period T0. Since the window is zero outside
of 0 < t ≤ MT0, it is absolutely integrable over -∞ < t < ∞, and its Fourier Integral Transform exists at all ω:
(Note that this means that the frequency sampling function is not a train of impulses since the window
length, MT0 is finite.)

V

(a)
c

(ω ) =

MT0

∫v

(a)

(t )e − jωt dt

(2.4d)

0

The autocovariance function, acvf, autocorrelation function, acf, and their transforms, the spectrum and
spectral density functions, are:

acvf:
acf:

γ vv( a ) (τ ) = E {(v ( a ) (t ) − µ v( a ) )(v ( a ) (t + τ ) − µ v( a ) )} = φ vv( a ) (τ ) − (µ v( a ) )
φ vv( a ) (τ ) = E {v ( a ) (t )v ( a ) (t + τ )}

Spectrum:

2

Γvv( a ) (ω ) =

MT0

∫γ

vv

(2.4e)
(2.4f)

(τ )e − jωτ dτ

(2.4g)

(τ )e − jωτ dτ

(2.4h)

− MT0

Spectral Density:

Φ

(a)
vv

(ω ) =

MT0

∫φ

vv

− MT0
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2.4.6 Discrete Time Signal
Form the discrete time function x[n], from x(t), sampled at sampling period, T:

x[n] = x(t ) t = nT

Mean: mx = E{x[n]}
Variance: sx2 = E{ |x[n]- mx| 2} = cxx[0]
MS: rxx[0] = E{ |x[n]| 2}

(2.5a)
(2.5b)
(2.5c)

If x[n] is absolutely summable over -∞ < t < ∞ then its Fourier Integral Transform exists and is a periodic
function:

X ( e jω ) = T

∞

∑ x[n]e − jωn =

n = −∞

∞

∑X

r = −∞

c

(ω + 2πr )

X c [ k ] = X ( e jω k )

ωk =

(2.5d)

2πk
T0

The autocovariance function, acvf, autocorrelation function, acf, and their transforms, the spectrum and
spectral density functions, are:

acvf:
acf:

c xx [l ] = E{( x[n] − m x )( x[n + l ] − m x )} = rxx [l ] − m x

Spectrum:

C xx (e jω ) =

Spectral Density:

rxx [l ] = E{x[n]x[n + l ]}

R xx (e jω ) =

∞

∑c

l = −∞
∞
l = −∞

xx
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(2.5e)
(2.5f)

[l ]e − jωl

(2.5g)

[l ]e − jωl

(2.5h)

xx

∑r

2

2.4.7 Discrete Time Aliased Signal
Define the Discrete Time Aliased signal x(a)[n] as:

x ( a ) [n + sN ] =

∞

∑ x[(n + sN ) + qN ]

N is aliasing period in samples

q = −∞

Mean: m(a)x = E{x(a)[n]}
Variance: s(a)x2 = E{ |x(a) [n]- m(a)x| 2} = c(a)xx[0]
MS: r(a)xx[0] = E{ |x(a)[n]| 2}

(2.6a)
(2.6b)
(2.6c)

Because it is a periodic function over -∞ < n < ∞, x(a)[n] is not absolutely summable, but the Fourier
transform of one period, N , of x(a)[n] produces periodically repeated Fourier coefficients at harmonic
frequencies, ωk. In other words, a Discrete Fourier Series.

X ( a ) ( e jω k ) =

1
N

N −1

∑x

(a)

X ( a ) [ k ] = X ( a ) ( e jω k )

[ n]e − jω k n ,

n =0

ωk =

(2.6d)

2πk
T0

The acvf and acf are also periodic functions and therefore not absolutely summable, but summing over one
period produces Fourier coefficients at harmonics of ωk:

acvf:
acf:

{
[l ] = E {x

}

c xx( a ) [l ] = E ( x ( a ) [n] − m x( a ) )( x ( a ) [n + l ] − m x( a ) ) = r ( a ) xx [l ] − m x( a )
(a)
xx

r

Spectrum:

(a)

}

[ n] x [ n + l ]
(a)

(2.6e)
(2.6f)

1 L (a)
∑ c xx [l ]e − jωk l
L l =− L
1 L
R xx( a ) (e jω k ) = ∑ rxx( a ) [l ]e − jω k l
L l =− L

C xx( a ) (e jω k ) =

Spectral Density:

2
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(2.6g)
(2.6h)

2.4.8 Windowed, Discrete Time Signal
Form the windowed, discrete time function, v[n] = x[n]w[n] where w[n] is the discrete form of an aperiodic
window function of length MN and is zero outside of 0 < n ≤ MN

Mean: mv = E{v[n]}
Variance: sv2 = E{ |v[n]- mv| 2} = cvv[0]
MS: rvv[0] = E{ |v[n]| 2}

(2.7a)
(2.7b)
(2.7c)

v[n] is absolutely summable over -MN / 2 < n ≤MN / 2 and its Fourier Integral Transform exists as a
periodic function of ω:
MN

V (e ) = T ∑ v[n]e
jω

− jωn

=

n =0

∞

∑V (ω + 2πr )

r = −∞

c

, V [ k ] = V ( e jω k )

ωk =

2πk
MNT0

(2.7d)

The autocovariance function, acvf, autocorrelation function, acf, and their transforms, the spectrum and
spectral density functions, are:

acvf:
acf:
Spectrum:

cvv [l ] = E{(v[n] − mv )(v[n + l ] − mv )} = rvv [n] − mv

rvv [l ] = E{v[n]v[n + l ]}

Cvv (e jω ) =

Spectral Density:

MN

∑c

l = − MN

vv

MN

∑r

l = − MN

(2.7e)
(2.7f)

[l ]e − jωl

Rvv (e jω ) =

2

vv
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(2.7g)
[l ]e − jωl

(2.7h)

2.4.9 Windowed Discrete Time Aliased Signal
Define the windowed, discrete time aliased signal as:

v ( a ) [n + sN ] =

M − s −1

∑ v[(n + sN ) + mN ]

M≥1

m=− s

Mean: m(a)v = E{v(a) [n]}
Variance: s(a)v2 = E{ |v(a) [n]- m(a)v| 2} = c(a)vv[0]
MS: r(a)vv[0] = E{ |v(a) [n]| 2}

(2.8a)
(2.8b)
(2.8c)

The windowed, discrete, time aliased function is repeated with period N. Since the window is zero outside
of 0 < n ≤ MN, its Fourier Transform exists at all ω, but is a periodic function because v(a)[n] is discrete:
MN

V ( a ) (e jω ) = T ∑ v ( a ) [n]e − jωn =
n =0

∞

∑V

r = −∞

(a)
c

(ω + 2πr ) , V ( a ) [k ] = V ( a ) (e jω k )

ωk =

2πk
MNT0

(2.8d)

The autocovariance function, acvf, autocorrelation function, acf, and their transforms, the spectrum and
spectral density functions, are:

{
[l ] = E {v

}

acvf:

cvv( a ) [l ] = E (v ( a ) [n] − mv( a ) )(v ( a ) [n + l ] − mv( a ) ) = rvv( a ) [n] − mv( a )

acf:

rvv( a )

Spectrum:

(a)

}

[n]v ( a ) [n + l ]

Cvv( a ) (e jω ) =

Spectral Density:

MN

∑c

l − MN

(a)
vv

(2.8e)
(2.8f)

[l ]e − jωl

Rvv( a ) (e jω ) =

2

MN

∑r

l = − MN
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(a)
vv

(2.8g)
[l ]e − jωl

(2.8h)

2.5 Equivalent Methods to Time Aliasing in Other Domains
A time domain signal can be represented equivalently in other domains while maintaining
the same information present in the time domain representation. Time domain processes such as
time aliasing can usually be represented by equivalent methods in other domains as well.
Examples 2.1 and 2.2 illustrate two methods equivalent to time aliasing, one in the correlation
domain and the other, as presented in Smith 1996a, in the discrete Fourier domain.
Understanding these equivalent methods will prove helpful in later sections.

Example 2.1 - Time Aliasing in the Correlation Domain
Given a signal, x[n], of M successive N point segments, form the time aliased signal, x(a)[n]: form the
discrete autocorrelation function of the time aliased signal according to:

rxx( a ) [l ] =

1 L −l ( a )
∑ x [ n] x ( a ) [ n + l ]
L n =0

(2.9)

Equation 2.9 makes explicit the fact that it is an aperiodic correlation by the L-l term in the summation
limit. In many cases, however, the discrete autocorrelation function is used in conjunction with the discrete
Fourier transform and it is convenient to use an alternate form, the circular discrete autocorrelation function
where x(a)[n] is considered to be an N point periodic (repeating) function. Letting L=MN, the circular
discrete autocorrelation function for M periods of the time aliased signal is:

rxx( a ) [l ]circ =

1
MN

MN −1

∑x

(a)

[ n] x ( a ) [ n + l ]

n =0

Expressing the sum as a sum-of-sums:

=

1
MN

M −1 N −1

∑∑ x

(a)

[n + mN ]x ( a ) [n + mN + l ]

m =0 n =0

Noting that time aliased signal is periodic, i.e. x(a)[n+mN]= x(a)[n]:

=

1
N

N −1

∑x

(a)

[ n] x ( a ) [ n + l ]

n =0

which is the expression for the discrete autocorrelation of one period of x(a)[n]. Substituting for x(a)[n]:

1
=
N

M −1




+
+
+
x
[
n
mN
]
x
[
n
qN
l
]
∑
∑
∑


n =0  m =0
q =0

N −1 M −1
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=

=

N −1 M −1 M −1

1
N

∑ ∑ ∑ x[n + mN ] x[n + qN + l ]

1
N

M −1 M −1 N −1

rxx( a ) [l ]circ =

n =0 m =0 q =0



∑ ∑ ∑ x

m =0 q =0

n =0

M −1 M −1

∑ ∑c

m =0 q =0

xm xq

m


[n] x q [n + l ]


[l ]

(2.10)

The terms in the summation of Equation 2.10 are the correlation coefficients in the MxM correlation matrix
formed by autocorrelating each mth segment of x[n] with all other segments of x[n]. Therefore, the discrete
autocorrelation of one period of x(a)[n] can be calculated alternatively by creating such a correlation matrix
and summing all the terms. Also, since the correlation function at positive lags equals the correlation
function at negative lags, the matrix is Toeplitz in form so it is sufficient to compute only the upper
triangular elements.
Remembering that the circular discrete autocorrelation was used in the derivation, if it is desired to
calculate the time aliased autocorrelation function for an aperiodic original signal x[n], this may be
accomplished by either zero-padding the ends of the signal or by adjusting the limits on the correlation
matrix coefficients involving the first and last segments of x[n]. In other words, the first and last rows and
first and last columns of the correlation matrix.

Example 2.2 - Time Aliasing in the Fourier Domain
Given an MN point rectangularly windowed signal, x[n], form one period of the windowed, time aliased
signal, x(a)[n], and its discrete Fourier transform, X(a)[n], normalizing for a periodic signal by 1/M as will be
discussed in Chapter Three :

1
x [ n] =
M
(a)

M −1

∑ x[n + mN ] and

X

(a)

m =0

1
[k ] =
MN

N −1 M −1

∑ ∑ x[n + mN ]e

−j

2πkn
N

n=0 m =0

Given also M discrete Fourier transforms of M contiguous N point segments of x[n]:
N −1

1
X 1 [k ] =
N

∑ x[n]e

1
X 2 [k ] =
N

N −1

−j

2πkn
N

n =0

∑ x[n + N ]e

−j

2πkn
N

n =0

.
.

X m [k ] =

1
N

X M [k ] =

1
N

N −1

∑ x[n + mN ]e

−j

2πkn
N

n =0

.
.
.
N −1

∑ x[n + MN ]e

−j

2πkn
N

n =0
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k = 0,…,N-1

Compute the linearly averaged transform, Xavg[k] :

1
X avg [k ] =
MN
1
=
MN

M −1 N −1

∑∑ x[n + mN ]e

−j

2πkn
N

m =0 n =0

N −1 M −1

∑ ∑ x[n + mN ]e

−j

2πkn
N

= X ( a ) [k ]

(2.11)

n =0 m =0

2.6 Time Aliasing as a Decimation in Frequency Process
One of the most fundamental things to understand about the time aliased signal is that it
is a frequency sampled version of the original signal. Depending on the representation of the
original signal in the time domain, the frequency domain sampling from time aliasing can be
expressed in different forms.
If the original signal, x(t), is continuous in the time domain, the Fourier transform of
(a)

x (t) over one period, T0 , produces a sampled version of the transform of the original signal,
X(ω). The time aliased signal is a periodic function in the time domain and is necessarily discrete
in the frequency domain. The spacing between sample points in the frequency domain is the
inverse of the period of the time aliased signal. This can be seen as the inverse of the relationship
between frequency domain aliasing and time domain sampling.
Now, if the original signal, x[n], is discrete in the time domain, then it is necessarily
periodic in the frequency domain. If the discrete time domain signal has been truncated, or
windowed, to become v[n] then it can be transformed into the frequency domain using a DFT by
assuming v[n] is one period of a periodic signal. Thus the representation of the windowed,
discrete signal, V[k], is frequency sampled because of the DFT, even though time aliasing has not
occurred.
If the windowed, discrete signal is then time aliased, the periodic relationship between
time and frequency is altered by the time aliasing period. The frequency domain signal is then
“re-sampled”. It can be shown that the N point DFT of one period of the time aliased signal,
Z(a)[k]N, equals the DFT of the original MN point signal Z[k]MN but evaluated at every Mth
sample point (Smith 1996a; Crochiere 1983). The derivation of this relationship will now be
reviewed.
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Given a rectangularly windowed signal, x[n], of M successive N point segments, the N
and MN point transforms from Table 2.1 are shown in Equations 2.12 and 2.13.

X [k ] N =

1
N

N −1

∑ x[n]e

2πnk
N

ωk =

n =0

1
MN

X [ p ] MN =

−j

MN −1

∑

x[q]e

−j

2πpq
MN

2πk
N

ωp =

q =0

(2.12)

2πp
MN

(2.12)

Form one period of the N point time aliased signal, x(a)[n] and its N point transform,
X(a)[k], normalizing the rectangular window by 1/M as will be discussed in Chapter Three:

X ( a ) [k ] =

1
N

N −1

∑ x ( a ) [n]e

−j

2πkn
N

N −1 M −1

1
MN

=

n =0

∑ ∑ x[n + mN ]e

−j

2πkn
N

n =0 m =0

Insert a periodic multiplier, then let q = n+mN:

1
=
MN

M −1 N −1

∑∑ x[n + mN ]e

−j

2πkn
N

e

−j

2πkmN
N

m =0 n =0

1
=
MN

M −1 N + mN −1

∑ ∑

m =0

x[q]e

−j

2πqk
N

q = mN

Recognize the summation of partial sums and rewrite as:

1
=
MN

MN −1

∑ x[q]e

−j

2πqk
N

q =0

= X [ Mp] MN

X ( a ) [k ] N = X [ Mp] MN

ωp =

2πp ω k
=
MN M

(2.14a)

(2.14a)

The N point transform of the time aliased signal is identical to the transform of the MN
point signal evaluated at the frequency intervals of the N point transform, or in other words, it is
resampled every M frequency lines.

Because the original signal already had a discrete

representation in frequency, this resampling, because of time aliasing, decimates the frequency
sample points of the original DFT and so it can also be called a “decimation in frequency”
process.
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Equivalently we could form one period of the N point time aliased signal, x(a)[n] and its N
point transform, X(a)[k], without normalizing the window by 1/M:

N −1

X ( a ) (e jω k ) = T ∑ x ( a ) [n]e

−j

2πkn
N

n =0

M −1 N −1

= T ∑∑ x[n + mN ]e

−j

N −1 M −1

= T ∑ ∑ x[n + mN ]e

=T

∑ x[q]e
q =0

∴

−j

2πqk
N

2πkn
N

e

−j

2πkmN
N
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2πqk
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− jMω p

)

ω p =ω k

ωp =

2πp ω k
=
MN M

(2.15a)

(2.15b)

Equation 2.15 shows that the time aliased signal without normalizing by 1/M is equal at
the N point frequency intervals to the DFT of the original signal, normalized as a sampled version
of a continuous signal transform as discussed in Section 2.2.1. This result will prove helpful in
later chapters.

2.7 Frequency Resolution Using Time Aliasing
Frequency resolution is an important part of representing signals accurately in the
frequency domain. One way of evaluating frequency resolution is the DFT resolution, ∆f, or
distance between sample points in the frequency dimension. This is also called the frequency line
spacing. Another method is the effective frequency resolution, or “Rayleigh” resolution, and
means the ability to distinguish features in the frequency domain signal, such as closely spaced
sinusoids (Naidu 1996).
Regardless of the situation, either because of limitations in maximum signal length,
minimum sample period or both, there is a limiting best case for DFT resolution. This limitation
is a consequence of the time-bandwidth product, a restatement of the well-known uncertainty
priniciple (Oppenheim, 1999, Proakis, 1992). It is made more or less significant by resources
available for computing the spectrum such as computing power, memory, and channel count, but
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may also be defined simply because the signal is not measurable, or is not stationary, for a long
enough time.
Effective frequency resolution depends on window length. For a given length signal, the
DFT resolution is fixed, but the effective frequency resolution is variable relative to the DFT
resolution. An advantage of using a multiple block window with a single block DFT is the ability
to improve the effective frequency resolution without increasing the length of the DFT

2.7.1 DFT Resolution
The DFT resolution of Z[k] is entirely dependent on the length of the time domain signal,
z[n]. The actual scaling of this distance depends on the ratio of DFT length, in samples, to time
domain sample period, or distance between sample points of z[n]. Therefore, the DFT resolution
of an MN point transform Z[k]MN yields a frequency line spacing that is M times more dense than
that of an N point transform Z[k]N. This means that better DFT resolution is possible by
transforming a longer time signal as opposed to a shorter one at the same sampling frequency.
The previous section showed that the N point DFT resolution of one period of the time
aliased signal, Z(a)[k]N, is equivalent to that of the N point DFT Z[k]N because it samples the DFT
of the longer signal, Z[k]MN, at every Mth frequency line. One might ask what happens as more
periods of time aliased signals are included in the transform so that the frequency line spacing of
Z(a)[k] approaches that of the MN point DFT of the time aliased signal, Z(a)[k]MN and also how
this compares to Z[k]MN. This situation is examined in Example 2.3.

Example 2.3 – DFT of Multiple Periods of Time Aliased Signal
In Figure 2.5, MN points of v[n], an exponentially decaying signal, is shown in the upper plot and in the
lower plot are M periods (M=8) of the time aliased signal, v(a)[n]. The signal contains two cosines chosen
so that they are at adjacent frequency lines using N point DFT resolution. In Figure 2.6 the autospectra of
1, 2, 5 and 8 periods of v(a)[n] are overlaid with the MN point autospectrum of v[n].
In all four plots of Figure 2.6, the autospectrum of the time aliased signal, R(a)VV[k]N is equal at the N point
frequency line spacing to the MN point autospectrum, RVV[k]MN. As more periods of v(a)[n] are included
the frequency lines are more densely spaced but the value of the autospectrum at the added points is zero.
This happens because the time aliased signal, v(a)[n], is a frequency sampled version of v[n] and so
RVV[k]MN has been sampled at the N point resolution.
Transforming more and more periods of the time aliased signal does not add any additional information
about the spectrum in between the frequency lines spaced at the N point DFT resolution and so
transforming only one period, or Z(a)[k]N, captures the maximum information possible from the time aliased
signal in terms of DFT resolution.
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Figure 2.5 - MN point original signal and M periods of time aliased signal (M=8)

Figure 2.6 - Autospectra as more periods of time aliased signal are included
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2.7.2 Effective Frequency Resolution
Because the frequency line spacing is equal between the N point transforms of both
Z(a)[k]N and Z[k]N, an appropriate basis for comparisons between time aliasing methods and
methods based on Z[k] is to always use the frequency line spacing of the N point transform. This
is a “real-world” comparison as well because the DFT length is the same between the two. This
is the basis for comparison between methods throughout this document.
Using the N point frequency line spacing, ∆fN, as a basis for comparison, consider the
effective frequency resolution of the transform of a time aliased signal. The effective frequency
resolution depends on the window transform shape as will be discussed in Chapter Three.
Because the spectrum of the signal is smoothed by the shape of the window transform, the
effective frequency resolution of the spectrum is generally not as good as the DFT resolution
whether or not the signal is time aliased, but is a more practical measure of performance. The
effective frequency resolution of time aliased signal transforms is illustrated in Example 2.4.

Example 2.4 – Effective Frequency Resolution Comparison
To compare the effective frequency resolution of an autospectrum computed by two different methods, an
experiment was performed on a signal composed of two sinusoids spaced approximately 1.5∆f apart with
equal amplitudes and random noise added in.
In the first method, the conventional method of averaging the spectra of M successive, N point segments,
known as the Welch method or Weighted-Overlapped Segment Averaging (WOSA) (Naidu 1996; Welch
1967), was used to obtain an average RVV[k]N. The WOSA method is used to reduce variance in the
spectrum and therefore reduces the random noise.
In the second method, the autospectrum of one period of the time aliased signal, R(a)VV[k]N , computed over
the same MN point time signal was used. Only a single transform of one period of the time aliased signal
was used with no spectral averaging. Because an N point transform was used in both methods, the DFT
resolution is the same.
In Figure 2.7, the signal to noise ratio (S/N) was approximately 10 and eight segments were used. For the
WOSA method, each segment was Hanning windowed, while a ssinc window, discussed in Chapter Three,
was applied over the entire signal before time aliasing. By comparing the two autospectra in Figure 2.7, it
can be seen that the two sinusoids are resolved completely in the autospectrum of the time aliased signal,
but not in the WOSA autospectrum using a Hanning window.
The same experiment was performed with results shown in Figure 2.8 where the signal to noise ratio was
approximately one. Four segments were used. For the WOSA method, each segment was rectangularly
windowed, while a ssinc window was again applied over the entire signal before the four segments were
time aliased together.
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In the second experiment, the two sinusoids are again resolved in the autospectrum of the time aliased
signal, but barely resolved by the WOSA method using a rectangular window. From these figures, we
conclude that the spectrum of the time aliased signal has better effective frequency resolution using a ssinc
window than the WOSA method even in the presence of noise and without spectral averaging to reduce the
noise in the time aliased spectrum.
The improved effective frequency resolution from using a time aliased method is largely because the
window transform had controlled width and reduced sidelobe magnitude, as will be discussed in Chapter
Three. This is a direct result of using an MN point window with time aliasing. The time aliased signal is
able to preserve the better effective frequency resolution associated with transforming an MN point signal
using only an N point DFT.

Figure 2.7 - Autospectra of WOSA and TA methods superimposed S/N = 10
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Figure 2.8 - Autospectra of WOSA and TA methods superimposed S/N = 1

2.8 Efficiency of Time Aliasing Methods

In Example 2.4, the time aliased method had better effective frequency resolution even
though it was not spectrally averaged and there was significant random noise. Although the same
amount of data was involved in computing both autospectra, the time aliased version used only
one transform for each autospectrum while the WOSA method used the same number of
transforms as number of segments, M.
Given that each FFT requires approximately N log2 N complex multiplications plus N
complex multiplications to compute the autospectrum and (M-1)N additions to average the
autospectra, while time aliasing the M segments requires (M-1)N additions (the number of
multiplications for windowing is the same in both cases, MN, so we will not include it), we can
compute the difference as:
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num operationsWOSA − num operationsTA =

[M (N log N + N )
− [( N log N + N )
2

complex multiplications

2

+ ( M − 1) N additions

complex multiplications

= ( M − 1) N (log 2 N + 1)complex multiplications

]

+ ( M − 1) N additions

]

(saved)

Time aliasing is more efficient at computing the N point spectrum in Example 2.4
because of the number of transforms saved, while achieving a better effective frequency
resolution of the two sinusoids.
We should note that spectral averaging acts to reduce the broadband noise, but no amount
of spectral averaging would have caused the two sinusoids to be better resolved using either the
rectangular or Hanning windows with the WOSA method.

This is because the effective

frequency resolution is a function of window mainlobe width as will be discussed in Chapter
Three.
The only way to improve the effective frequency resolution of the WOSA method would
be to use a longer DFT to increase the density of the frequency line spacing. Assuming the
WOSA had been used in the case of the Hanning window, with an FFT of length 2N, for 4
spectral averages instead of 8, while the conditions for time aliasing remained the same (the
number of windowing multiplications is again the same for both), we can compare the number of
operations as:

num operationsWOSA − num operationsTA

[

= 4 * (2 N log 2 2 N + 2 N )complex multiplications + 3N additions

[

[

− ( N log 2 N + N )complex multiplications + 7 N additions

]

]

]
]

= 4 * (3N log 2 N + 2 N )complex multiplications + 3N additions

[

− ( N log 2 N + N )complex multiplications + 7 N additions

[

= (11N log 2 N + 7 N )complex multiplications − 4 N additions
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]

(saved)

There is a net savings in this case because the complex multiplications involve both
scalar multiplications and additions. Whether or not the two sinusoids would be able to be
resolved or not using the WOSA method, even with a 2N point FFT, depends on the specific
window used.
Considering one more case, where an MN point FFT is used to compute a single
autospectrum compared to using an N point FFT used to compute a time aliased autospectrum
(again assuming the number of windowing multiplications is the same for both) we have:

num operationsWOSA − num operationsTA

[
− [( N log

= (MN log 2 MN + MN )complex multiplications

[
− [( N log

2

]

N + N )complex multiplications + MN additions

]

= (MN (log 2 M + log 2 N ) + MN )complex multiplications
2

N + N )complex multiplications + MN additions

]

]

= (MN log 2 M + ( M − 1) N log 2 N + ( M − 1) N )complex multiplications − MN additions

This is again a net savings because of the expense of computing the MN point transform
in terms of complex multiplications. The improved effective resolution from time aliasing is
therefore gained while maintaining the lower cost of an N point transform.

2.9 Zero Padding
In order to increase the density of the frequency lines in the transform of a time signal of
given length, zero values are sometimes added (or padded) at the ends of the signal before
applying a DFT. Although this does not improve the effective frequency resolution, zero padding
is a technique that can be used to calculate intermediate values in the transform to add detail for
viewing or for curve fitting purposes.
When dealing with time aliased signals, it is important to remember that they are periodic
and that each period contains the same information about the original signal as all other periods.
Example 2.1 showed that transforming a single period of the time aliased signal z(a)[n] yields all
of the information possible about its transform Z(a)[k].
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One might decide to zero pad one or more periods of z(a)[n] in order to increase the
frequency line density and then apply a DFT, but Example 2.5 shows that this is equivalent to
rectangularly windowing the period(s) of the time aliased signal. Because frequency sampling
has already occurred when the signal is time aliased, values calculated at the more densely spaced
frequency lines are artifacts of the rectangular window transform and not the time aliased signal.
Another possibility that might be considered is to zeropad the windowed signal v[n] prior
to time aliasing, but this is equivalent to averaging in zero values with the periods of the time
aliased function during the time aliasing process and only serves to reduce the amplitude of the
entire time aliased signal.
Efforts to zero pad a time aliased signal result in distortion of the autospectrum of the
time aliased signal. More importantly, it can be seen that zero padding a single period of the time
aliased signal does not add additional information about the frequency sampled transform of the
original, non-time aliased signal.

Example 2.5 – Zero Padding a Time Aliased Signal
In the top plot of Figure 2.9 is shown the zeropadded autospectrum, Rvv[k]MN, of an MN point Hanning
windowed signal consisting of two cosines. Also overlaid is the autospectrum, R(a)vv[k]N, of one period of
the windowed time aliased signal. It can be seen that R(a)vv[k]N equals Rvv[k]MN, at the N point frequency
line spacing as expected.
In the bottom plot of Figure 2.9, the autospectra from the top plot are now shown overlaid by a zeropadded
autospectrum of one period of the time aliased signal. It can be seen that the intermediate values calculated
in the zeropadded autospectrum of one period of the time aliased signal are those of a sin(x)/x, or sinc
function, the transform of the rectangular window effectively applied to the single period of the time
aliased sinusoid and that they are not related to the autospectrum of the original windowed signal, Gvv[k]MN.
Figure 2.10 is the same situation except that the zeropadded autospectrum of all M periods of the time
aliased signal was used in the bottom plot. Again it can be seen that zeropadding only serves to add
artificial detail about the rectangularly windowed periods of the time aliased signal and not about the
original Hanning windowed signal.
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Figure 2.9 - Zeropadding one period of time aliased signal results in distortion

Figure 2.10 - Zeropadding M periods of time aliased signal also results in distortion
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2.10 Phase of the Time Aliased Signal Transform
Section 2.6 showed that the N point transform of the time-aliased signal, Z(a)[k]N, is
identical to the transform of the MN point signal, Z[k]MN, evaluated at the frequency intervals of
the N point transform, or sampled every M frequency lines. Because both the real and imaginary
components of Z[k]MN are sampled, the phase of the MN point DFT is preserved at the frequency
sampling points of the N point time aliased DFT as illustrated in Example 2.6.

Example 2.6 – Phase of N Point Time Aliased Transform Same as MN Point
Transform
In Figure 2.11 are shown the real and imaginary components of zeropadded transform V[k], of a Hanning
windowed signal containing two cosines of arbitrary phase. The plots are overlaid by the real and
imaginary components of the transform, V(a)[k] of M periods of the time aliased signal. The plots show
that both the real and imaginary components of V(a)[k] and V[k] are equal at ∆fN , and therefore the
absolute phase of the original signal is preserved.

Figure 2.11 - Re, Im components of a MN point DFT are preserved at ∆fN using time aliasing
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2.11 Chapter Summary
This chapter described a framework of mathematical relationships needed to understand
and calculate transforms of time aliased signals.

It also discussed relevant issues such as

frequency resolution and phase of time aliased transforms and presented some alternative
methods for calculating transforms of time aliased signals that will be helpful in later sections.
An important result shown in this chapter is that the effective frequency resolution using
time aliasing with closely spaced sinusoids is superior to a conventional method, even in the
presence of significant broadband noise. Time aliasing was also shown to be more efficient
because it required fewer transform operations at the same DFT resolution.
The time aliased signal is a periodic function of time, even if the original signal is not.
The N point DFT of the time aliased signal is equal to the MN point DFT of the original signal at
the frequency line spacing corresponding to the period of the time aliased signal and so it samples
the transform of the original signal at those points. The nature of this sampling and the reasons
for using it are strongly related to the use and type of window functions applied before the time
aliasing process. The subject of window functions will be covered in the next chapter.

49

50

Chapter 3 - Time Aliased Window Functions
An important key to applying time aliasing methods is an understanding of the effect of
the window applied to the signal prior to the DFT.

With time aliasing methods, window

functions span multiple segments of the time signal, meaning that the window function length is
longer than the DFT length.
Window functions are often applied to improve the quality of signals transformed to the
frequency domain using a DFT. With time aliasing, a longer time domain window function can
be used, having better performance in the frequency domain than a window extending only over a
single segment of time data.

Because the multiple blocks of the windowed signal can be

combined into a single block of the time aliased signal, this can be done without incurring the
higher computational cost of a longer DFT.
The shape of time aliased window transforms in the frequency domain need to be
considered because of the differing lengths of the window function and the DFT in the time
domain. Conventional windows used with time aliasing can cause suppression of certain signal
types because of time/frequency scaling effects and so new window types, designed for use with
time aliasing without the suppression effects, have been developed. These new windows have
improved characteristics over conventional windows.

3.1 Window Functions
When using a DFT, truncation effects can cause distortion of the discrete frequency
domain signal in the form of leakage. In order to reduce or control leakage in the frequency
domain, window functions are usually applied by modulation, or multiplication with the signal in
the time domain before transforming. In the top plot of Figure 3.1 is a sinusoid which is
fractionally periodic in the window overlaid with the same signal multiplied by a Hanning
window. The magnitude of the transform of the original and the Hanning windowed signals are
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shown in the bottom plot. Leakage, or spreading of the sinusoid to adjacent frequency bands in
the transform of the original signal, is reduced by the lower sidelobes of the Hanning window.
Window functions in the time domain are also called “taper” functions by some authors
in order to emphasize the fact that applying the function in the time domain has the effect of
tapering the ends of the finite length signal so that it begins and ends at zero in the time domain.
The term “window” is then reserved for describing the function in the frequency domain, where it
is descriptive of the concept of “looking at” the signal in the frequency domain through a
window, or viewport, in the local region between frequency lines.

Figure 3.1 - Frequency domain leakage reduced by applying Hanning window

We will focus mainly on window functions applied in the time domain, but it should be
noted that in the literature, window functions have been applied in all of the four time and
frequency domains. In the correlation domain, the autocorrelation function estimate can be
multiplied by a “lag” window before transforming it to the autospectrum. In the spectral domain,
quadratic windows (magnitude squared window transform) can be applied to the spectrum by
convolving the window transform magnitude with the signal magnitude either for the purposes of
smoothing the spectrum or controlling leakage or both.
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3.2 Window Transforms
Remembering the modulation-windowing property of Fourier transforms (Oppenheim
1999), the magnitude of a discrete frequency domain signal at each frequency line is obtained by
an effective convolution of the transform of the window, centered at that frequency line, with the
transform of the signal. This result is derived in Example 3.1.
The window transform determines the local behavior of the windowed signal about a
particular frequency line and influence how much of the signal magnitude is assigned to that
frequency line as a result of the convolution in Example 3.1. Because the window transform is
non-zero outside the interval between frequency lines, some of the signal magnitude at any
particular frequency line can be “leaked” away from adjacent frequency lines through the
convolution of “sidelobes” of the window with the signal in adjacent frequency intervals.

Example 3.1 – Convolution of N Point Window Transform with N Point Signal
Transform
Given:

∞

X ( e jω ) = T

∑ x[n]e − jωn

w[n] =

n = −∞

1
2π

π

∫πW (e

jω

)e jωn dω

−

Where: w[n] = 0 for n < 0, n ≥ N
Form the transform of the windowed signal at the kth frequency line:
∞

V (e jω k ) = T ∑ w[n]x[n]e − jω k n

ωk =

−∞

2πk
NT

Substitute the inverse transform of the window:

T
=
2π

π

x[n] ∫ W (e jω )e jωn dω  e − jω k n
∑
n = −∞
 −π

∞

Interchanging order of integration and summation and recognizing the finite summation under the window:

=

T
2π

π

N −1

−π

n =0

− j (ω −ω ) n
jω
∫ W (e )∑ x[n]e k dω
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1
=
2π

π

∫πW (e

jω

) X (e j (ω k −ω ) )dω

−

= W (e jω ) ⊗ X (e j (ω k −ω ) )

Leakage causes distortion in the frequency domain representation of signals because it
causes inaccurate representation of the magnitude of the signal at each frequency line. The
effects of leakage can be understood by examining the Fourier transform of the window function
and examining the shape of the mainlobe, or center portion of the transform relative to the
sidelobes.
As an example, the default, or rectangular window arises simply because the signal has
been truncated. It is often called the “boxcar” window and its time domain representation is
equivalent to multiplying the signal by unity over the length of the signal and by zero everywhere
else. Figure 3.2 shows a rectangular window, one segment or N points long, in the time domain
and its corresponding window transform in the frequency domain
As shown in Figure 3.2, the rectangular window is unique because it does not change the
amplitude of the time domain signal, but it suffers from the fact that it has a relatively high
sidelobe magnitude in the frequency domain which can result in significant leakage from one
frequency line to others. Other windows, such as the Hanning or Kaiser windows have lower side
lobes but alter the amplitude of the signal and so the magnitude of the frequency domain signal is
biased. This bias can be corrected for purely random signals as will be discussed in Chapter Five,
but for other types of signals it cannot be eliminated entirely.
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Figure 3.2 – N point rectangular window and transform

Figure 3.3 - N point and MN point windows, scaled in all four domains
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3.3 Time/Frequency Scaling of Windows
Figure 3.3 shows two versions of a window function that have been scaled in time along
with their corresponding scaled versions in the other three domains. By the time/frequency
scaling property of Fourier transforms (Oppenheim 1999), we understand that the mean squared,
or the area under the window will be preserved among the four domains if the window length is
increased. This means that if the amplitude of an N point time window function is held constant,
while its length is increased by a factor of M, then in the frequency domain, the width will be
decreased and the amplitude increased by a corresponding factor of M, as expressed in Equation
3.1. The same relationship holds true between the correlation and spectral domains.

MWN (e jMω ) = WMN (e jω )

(3.1)

The time/frequency scaling property of Fourier transforms can be used to relate the
transforms of multiple block window functions to transforms of single block windows. By
combining the time/frequency scaling property with the convolution/windowing property of
Fourier transforms, we can express the Fourier transform of a multiple block windowed discrete
signal as shown in Example 3.2. where the N point window of Example 3.1 is replaced with an
MN point window of the same amplitude, but expressed as the scaled N point window of
Equation 3.1.

Example 3.2 – Convolution of MN Point Window Transform with MN Point Signal
Transform

Given:

∞

X ( e jω ) = T

∑ x[q]e

− jωq

q = −∞

1
w[q ] =
2π

π

∫ MW

N

(e

jMω

−π

)e

j ωq

π

1
dω =
WMN (e jω )e jωq dω
∫
2π −π

Where: w[q] = 0 for n < 0, n ≥ MN
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Form the transform of the windowed signal at the pth frequency line:

V (e

jω p

∞

∑ w[q]x[q]e

)=T

− jω p q

ωp =

q = −∞

2πp
MNT

Substitute the inverse transform of the MN point window, expressed as a time scaled N point window:

=

T
2π

π
 − jω p q
jMω
jωq
x
[
q
]
 ∫ MWN (e )e dω  e
∑
q = −∞
 −π

∞

Interchanging order of integration and summation and recognizing the finite summation under the window:
π

=

MN −1
MT
− j (ω −ω ) q
jMω
W
(
e
)
x[q ]e p
dω
∑
N
∫
2π −π
q =0

=

M
j (ω −ω )
WN (e jMω ) X (e p )dω
∫
2π −π

π

V (e

jω p

) = MW N (e jMω ) ⊗ X (e

j (ω p −ω )

) = WMN (e jω ) ⊗ X (e

j (ω p −ω )

)

Now consider a windowed periodic signal in view of the convolution shown in Example
3.2. If the length of the window is increased in the time domain, then the amplitude of the
windowed periodic signal will be represented M times higher by an MN point transform than it
was by an N point transform, so it is clear that some sort of adjustment must be made in order to
preserve the amplitude of the discrete sinusoidal component in the frequency domain.
In the top plot of Figure 3.4 are an N point and an MN point rectangular window. In the
bottom plot are their transforms plotted on the ∆fN frequency line spacing with their mainlobe
amplitude normalized to be equal. For the amplitude of the mainlobe center of MN point window
transform to match the amplitude of the N point window transform, the amplitude of the MN
point window transform must be scaled by 1/M to account for its additional length in the time
domain.
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Figure 3.4 - MN and N point rectangular window transforms

As discussed in Crochiere 1983 and Oppenheim 1999, window transforms can be viewed
as a bank of frequency domain filters, each centered at a frequency line. If the window transform
is viewed as a filter, then the width of the mainlobe would be the bandwidth of the filter and the
magnitude of the window transform corresponds to the gain of the filter. Expressed as a filter, a
narrower window transform will have a narrower filter bandwidth. If the gain is held constant
between a narrower and a wider window transform in the frequency domain, less of the
magnitude of the signal will appear at any single frequency line as the bandwidth of the window
transform is reduced. This reduction in magnitude corresponds exactly to the window scaling
factor, 1/M.
When an MN point DFT is used to compute the transform, this is an appropriate
adjustment because there are M times as many frequency lines in the transform and each
represents the magnitude of the signal over a frequency line interval of width ∆fMN rather than
∆fN. Equation 3.2 shows the equivalence for a single discrete component represented as Z[k] in
the N point DFT to the same component in the MN point DFT, represented as Z[p].
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Z [k ] =

1
N

N −1

∑ z[n]e

−

2πk
N

n =0

=

1
MN

MN −1

∑

z[q ]e

−

2πp
MN

= Z [ p]

(3.2)

q =0

Equation 3.2 shows that the time/frequency scaling of the window function is implicit in
the DFT computation when the DFT is normalized by the number of data points included in the
transform. An N point DFT will be normalized by 1/N and an MN point DFT will be normalized
by 1/MN. Therefore the adjusted gain of the window filtering function can be viewed from either
the standpoint of scaling the window or normalizing the DFT computation.
Another consequence of time scaling the window is that it reduces the width of the
window transform in the frequency domain. Example 3.2 shows that this also reduces the
effective width of the convolution between the signal transform and window transform by the
window scaling factor, M. There are some important implications from the reduced effective
width in scaling which will now be reviewed.
The shape of the window transform tends to suppress the signal outside of the mainlobe
of the window transform because the signal is weighted significantly less when convolved with
the sidelobes of the window.

This is the basis for the “viewport” description of window

transforms, because for a discrete transform, the window transform shape controls the portion of
the frequency domain signal magnitude that will be assigned to any single frequency line, the
result depending on the magnitude and width of the window transform.
For conventional windows, if an N point DFT is used with an N point window, then the
magnitude at each frequency line is the result of the effective convolution over an interval ∆fN.
Similarly, if an MN point DFT is used with an MN point window as shown in Equation 3.2, then
the magnitude at each frequency line is the result of the effective convolution over an interval
∆fMN. The width of the effective convolution in each case is appropriate because the length of the
window is the same as the length of the DFT. Furthermore, the magnitude scaling of the window
corresponds to the effective width of the convolution. The next section will show that time
aliasing changes this relationship for conventional windows because of frequency domain
decimation.
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3.4 Time Aliased Multiple Block Windows
By combining an understanding of time/frequency scaling of the window transform with
the concept of time aliasing as a decimation in frequency process that was presented in Section
2.6, we can understand and predict the interaction between the signal and window with time
aliasing.
Consider the convolution representation of the transform of the signal, using multiple
block, MN point conventional windows with a fixed DFT resolution, ∆fN, rather than ∆fMN.
Substituting an MN point window transform in Example 3.1 yielded the result in Example 3.2. In
Example 3.3 the convolution equation now includes the decimation in frequency expression from
Equation 2.14 to show the effect of time aliasing an MN point windowed signal, using an N point
DFT.
In Example 3.3, the expression for V(a)(ejω) is identical to V(ejω) in Example 3.2 except
that it is evaluated at the ωk spacing of the N point DFT or at every Mth frequency line at the ωp
spacing. The window transform, however, has been scaled by 1/M like in Equation 3.2 to
preserve the amplitude of a discrete frequency component. As with the result in Example 3.2, we
can see that time scaling the window function has the effect of reducing the frequency domain
width of the effective convolution. Because of window scaling, a smaller portion of magnitude is
assigned to any frequency line. This portion is defined by the window scaling factor, 1/M.

Example 3.3 – Convolution of MN Point Window Transform with N Point Sampled
Transform

Given:

X ( a ) ( e jω ) = T

∞

∑x

(a)

[q ]e − jωq

q = −∞

π

1
1
w[q ] =
W N (e jMω )e jωq dω =
∫
2π −π
2π

π

1

∫π M W

MN

(e jω )e jωq dω

−

Where: w[q] = 0 for n < 0, n ≥ MN
By equation 2.15b we can form the transform of one period of the windowed, discrete time aliased signal as
the MN point transform sampled at the kth frequency line:
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V ( a ) ( e jω k ) N = V ( e

∞
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∑ w[q]x[q]e

jω p

) MN

(2.15b)

ω p =ω k

− jω k q

ωk =

q = −∞

2πk
NT

Substitute the inverse transform of the MN point window, scaled by 1/M:

=

T
2π

MN −1

∑
q =0

1
x[q]
M

π

∫πW

MN

−


(e jω )e jωq dω  e − jω k q


Interchanging the order of integration and summation and recognizing finite summation under the window:

=

T
2πM

1
=
2πM
V ( a ) ( e jω k ) =

π

MN −1

−π

q =0

− j (ω −ω ) q
jω
∫ WMN (e ) ∑ x[q]e k dω

π

∫πW

MN

(e jω ) X (e j (ω k −ω ) )dω

−

1
WMN (e jω ) ⊗ X (e j (ω k −ω ) )
= W N (e jMω ) ⊗ X (e j (ω k −ω ) )
(3.3a)
ω k = Mω p
M
ω k = Mω p

So the magnitude of the windowed time aliased transform at the kth frequency line will also be reduced by
the factor 1/M if the window is scaled to maintain the amplitude of the discrete component. Expressed in
terms of the DFT:

V
1
=
MN

(a)

1
[k ] N =
N

MN −1

∑ v[q]e
q =0

−j

N −1

∑v
n =0

(a)

[n]e

−j

2πkn
N

1
=
MN

2πqk
N

= V [ Mp]MN = V (e

N −1 M −1

∑ ∑ v[n + mN ]e

−j

2πkn
N

n =0 m =0

− jMω p

) ωp =

2πp ω k
=
MN M

0≤p< MN

(3.3b)

We see from Equation 3.3b that the N point transform of the windowed, time aliased signal, V(a)[k]N
frequency equals the transform of the longer windowed signal, V[k]MN, at every Mth frequency line if the
window is normalized by 1/M to preserve the amplitude of a discrete component, which is the same result
as Equation 2.14.
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In Equation 3.3b, the N point DFT, V(a)[k]N has the same scaling constant 1/M in front of
it as the MN point DFT, V[k]MN. This fact can be viewed either in the time domain as a
normalization in the time aliasing process or in the frequency domain as a normalization of the
window. Because time aliasing decimates the MN point transform at every Mth frequency line,
the value of the transform is equal at these points. This is equivalent to maintaining the 1/M
scaling of the MN point window from the convolution expression, even though the transform is
now evaluated at the ∆fN frequency line spacing instead of at ∆fMN.
Because the window function is applied in the time domain prior to the decimation in
frequency resulting from time aliasing, the effective convolution has already taken place between
the transform of the MN point window function and the MN point signal and the local behavior
of the signal about the frequency lines spaced at ∆fMN is already determined.

When the

windowed signal is time aliased, the result of the effective convolution between the window
transform and signal will now be sampled at the frequency lines spaced at ∆fN, but the magnitude
at each frequency line is the same as it was at ∆fMN.
This normalization factor of 1/M is discussed more fully in Chapter Five where it is
pointed out that the normalization of the spectrum of a time aliased signal is necessarily different
between continuous and discrete spectra for this reason.

However, there is another important

consequence of time/frequency scaling which needs to be discussed now in terms of the window
transform.
As was explained in Section 3.3, the width of the effective convolution between the MN
point window and the signal is 1/M that of an N point window because of time frequency scaling.
If the window is scaled to preserve the amplitude of a discrete component, it results in a smaller
portion, 1/M, of the magnitude being assigned to each frequency line. This is appropriate with
an MN point DFT because the frequency lines are more closely spaced, by a factor M and so the
net result preserves the amplitude of the discrete signal components in the frequency domain
representation between an N and an MN point transform.
Nearly all conventional window transforms, including the rectangular and Hanning
windows, have mainlobe widths greater than or equal to the frequency line spacing for a DFT of
the same length as the window function in the time domain (Harris 1978). We could therefore
say that the mainlobe of the window transform “spans” the interval between frequency lines for
an N point window transform used with an N point DFT or an MN point window transform used
with an MN point DFT. The concept of spanning ∆f is important because it means that even if

62

the signal is leaked as a result of the effective convolution between window and signal in the
frequency domain, the signal magnitude will still be preserved at the nearest frequency line.
With time aliasing these conventional window functions no longer span ∆f because of the
time frequency scaling effect and this happens regardless of the amplitude of the center lobe.
This can be seen by comparing the mainlobe of the MN point window transform vs. ∆fN in
Figures 3.3 and 3.4. By considering the MN point window transform as a filter with reduced
bandwidth and also by the DFT decimation from time aliasing, we can see that portions of a
signal may be suppressed as a result of time aliasing with a conventional window if the transform
is normalized to preserve the amplitude of a discrete component.
Figure 3.5 shows time aliased rectangular window transforms centered at adjacent
frequency lines at ∆fN and overlaid with an example transform of a broadband signal, possibly
random noise, which is flat. The hatched regions show that a portion of the broadband signal is
suppressed because it is outside the mainlobe of the rectangular window.

This type of

phenomenon is sometimes referred to as “comb” filtering because a signal is filtered in the region
of each frequency line because of convolution with the window function and suppressed
elsewhere.
There are certain applications where the comb filtering phenomenon may be desirable.
These will be discussed in more detail in Section 3.7, where it will be shown the window
transform can be used as a sampling function for continuous spectra if enough blocks are time
aliased and in Chapter Six where it is shown that the technique of synchronous time averaging is
a special case of time aliasing.
For broadband signals, the suppression effect leads to bias in the frequency domain
representation, but this phenomenon applies also to discrete components, such as a fractional
periodic sinusoid which may be suppressed because the window function does not span ∆fN.
Suppression of a fractional periodic sinusoid is illustrated in Example 3.4.
Bias in the frequency domain representation can therefore occur when the transforms of
multiple block conventional windows do not span ∆fN when used with time aliasing, regardless of
whether or not the window is normalized by 1/M. Because of the bias which can be introduced
with aperiodic signals and with certain periodic signals, as well, we will now move to investigate
windows which can span the entire interval between frequency lines with time aliasing. In
Section 3.4, we will first consider an idealized window, the ideal uniform window, and then move
on to discuss some practical approximations to this window in following sections.
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These

approximated windows will be shown to have some very desirable characteristics, both in
preserving signal amplitude and especially in suppressing leakage in the transforms of signals.

Figure 3.5 - Regions of signal suppression using MN point rectangular window with N point DFT

Example 3.4 – Suppression of Discrete Sinusoidal Components
Figure 3.6 shows the magnitude of the transform of an MN point windowed signal, V[n] and an N point
windowed time aliased version of the same signal, V(a)[n] for two different windows. In the figure, V[n] is
zeropadded for plotting purposes so that the window transform shape can be seen more easily and the
magnitude of V(a)[n], shown by small circles at each frequency line is a sampled version of V[n]. In the top
plot of Figure 3.6, the MN point rectangular window was used and in the bottom plot, an MN point
Hanning window was used. The signal contains a cosine chosen so that it is exactly periodic in the window
and is located at a frequency line using N point DFT resolution, ∆fN, so there is no leakage in the signal.
Figure 3.6 shows that the magnitude of v(a)[n] equals v[n] for both the rectangular and the Hanning
windows because it samples the center of the window mainlobe. This is true because the cosine was
periodic in the time domain and is true regardless of which window is applied to the MN point signal. The
magnitude of the signal at the N point DFT resolution is determined by the MN point window transform
shape. The difference between the rectangular and the Hanning window transforms is because the Hanning
window changes the amplitude of the cosine in the time domain and therefore changes the magnitude of the
signal in the frequency domain.
Figure 3.7 shows the same situation, but with the frequency of the cosine changed so that it is no longer
centered at a frequency line, or in other words is no longer an integer multiple of ∆fN, and leaks to adjacent
lines. The time aliased version again samples the MN point window transform at the N point DFT
resolution. It can be seen that the magnitude of the cosine is suppressed for both the rectangular and the
Hanning windows.
In Figure 3.8, the frequency of the cosine has been moved to almost exactly halfway in between frequency
lines. The cosine is almost entirely suppressed for both window types.
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Figure 3.6 - Frequency sampling of v(a)[n] different windows for v[n], an integer periodic cosine

Figure 3.7 - Frequency sampling of v(a)[n] for fractionally periodic cosine leaking to adjacent lines
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Figure 3.8 - Frequency sampling of v(a)[n] cosine nearly halfway between frequency lines

3.5 The Ideal Uniform Window
Because practical signals are finite in length, we must often compromise between a finite
length window with its associated DFT frequency resolution, ∆f, and the need to reduce distortion
in the frequency domain. The ideal uniform window transform is an important concept because it
represents an optimal window which could be obtained at any frequency resolution for certain
types of signals. It is useful as a criterion for comparison of practical windows.
An ideal uniform window would have a flat window mainlobe and zero amplitude
sidelobes as shown in Figure 3.9. Because the mainlobe is flat, the magnitude of a single discrete
sinusoidal component will be unbiased across ∆f. Other types of signals will have the average
magnitude over ∆f represented at the nearest frequency line, as illustrated in Example 3.5.
Because there are no sidelobes, there is no leakage from one frequency line to another, regardless
of signal type.
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Figure 3.9 - Ideal uniform window transform

Another important characteristic of the ideal uniform window is that its width is exactly
∆f, so it completely spans the interval between frequency lines. Consequently, there is no
suppression of any signal type. Viewed as a filter, the ideal uniform window transform passes the
signal in the interval ∆f with unity gain and assigns the average magnitude in this band to the
nearest frequency line. It has a perfect cutoff at the edge of the band. Magnitude from frequency
domain signals, whether discrete components and continuous, will always be represented at the
nearest frequency line and no others.
We can recognize the inverse transform of the ideal uniform window as the sinc function
or sin(πt/N)/ (πt/N) function in the time domain extending from minus infinity to positive
infinity. Because the time domain window function must necessarily be of finite length in
practical implementation, the ideal uniform window cannot exist in practice, but the next section
will show that very good approximations to it can be made using the flexibility afforded by time
aliasing methods in using multiple block windows with single block transforms.
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Example 3.5 - Convolution of Ideal Uniform Window Transform with Signal
Transform
Given the ideal uniform window transform:

∆f N
∆f 
≤ ω < ωk + N 
2
2 

otherwise


1
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0

ωk −

jω

We can derive its inverse transform as:
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Form the transform of a windowed signal, using the ideal window transform, at the kth frequency line:
∞

V (e jω k ) = ∑ wideal [n]x[n]e − jω k n

ωk =

−∞

Substitute the inverse transform of the ideal window:

ω k + ∆2f N

1


jωn
=
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∑
2πN n = −∞
ω k − ∆2f N

∞

Interchanging order of integration and summation:
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The convolution integral evaluates to the average of the transform of the signal over ∆fN because the
window transform is constant across this interval and zero outside it. This is equivalent to filtering the
signal with a perfectly ideal bandpass filter of width ∆fN and assigning the mean square of the output of the
filter to the frequency line located at ωk.

3.6 The Smooth Sinc Window
The smoothed sinc, or ssinc window was first presented in Smith 1994a for use with time
aliasing methods. The reasons for using ssinc windows with time aliased signals are threefold:
First, ssinc-based windows have very good side lobe suppression characteristics; secondly, the
amplitude of the mainlobe of the ssinc window transform approaches a constant that is the same,
regardless of the number of time aliased blocks; and third, the mainlobe of the ssinc window can
span the entire interval between frequency lines at spacing ∆fN. This section will discuss these
features of the ssinc window. The ssinc window will be shown to approach the ideal uniform
window as more and more blocks of the signal are time aliased and the implications of this will
be discussed with regard to the bias of the spectrum in Chapters Four and Five.
The shape of the ssinc window is derived from the combination of an inner sinc, or
sin(x)/x function, with sinusoidal frequency, π/N, with another, outer sinc function of sinusoidal
frequency 2π/MN. The ssinc window is computed as shown in Equation 3.4.
The ssinc window function shape is shown in Figure 3.10. It is similar in concept to the
Fejer window, or Bartlett kernel (Harris 1978), except that both the inner and outer sinc functions
in the Fejer window have the same sinusoidal frequency and the application is reversed between
the time and frequency domains. It can be seen that the ssinc window function shape changes
with M, in contrast to conventional windows.
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MN
≤ n < MN − 1
2

Where: M = Number of time aliased blocks of N samples each

The ssinc window transform is shown in Figure 3.11. When used as an MN point
window function before time aliasing the ssinc window is not normalized by 1/M, in contrast to
conventional windows, because the center amplitude of the mainlobe approaches a constant in the
frequency domain. The shape of its transform depends on the number of time aliased blocks, M,
but the window half-power width, or width of the mainlobe at half magnitude, is always ∆fN.
Adding more blocks tends to “square up” the ssinc window transform, making it flatter across the
top of the mainlobe in the magnitude dimension and reducing the sidelobe height.
In contrast to the mainlobe of the rectangular window and other conventional windows
which do not completely span the entire interval between frequency lines when used with time
aliasing, the mainlobe of the ssinc window provides a nearly constant weighting spanning the
whole interval. This means that discrete components will always be assigned to the nearest
frequency line, with the exception being at the very edges, where the magnitude of the signal will
be divided between the two adjacent frequency lines.
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Figure 3.10 - Ssinc window function

Figure 3.11 - Ssinc window transform
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The shape of the ssinc window can become a very close approximation to the ideal
uniform window when the number of time aliased blocks is sufficient. Because it becomes a
good approximation to the ideal uniform window and is constant at unity across ∆fN, aperiodic
signals used with the ssinc window do not suffer from the suppression resulting from the time
scaling of conventional multiple block windows when they are normalized to preserve the
amplitude of discrete components.
The benefits of using the MN point ssinc window with time aliasing and a frequency
resolution of ∆fN can be immediately seen from Example 3.6. The sidelobe amplitude is very low
and so it is extremely effective at reducing leakage between frequency lines, while representing
the magnitude of a discrete sinusoid correctly.

Example 3.6 – Sidelobe Leakage Comparison Between Different Windows
In Figure 3.12 are three different plots of the magnitude of the transform of a windowed cosine. The cosine
had a frequency which was partway between frequency lines and was windowed by a rectangular window
and a Hanning window without time aliasing. A ssinc window with time aliasing was also used with M=8
time aliased blocks.
The plots in Figure 3.12 illustrate the superior characteristics of the time aliased ssinc window at this DFT
resolution. The magnitude of the sinusoid is correct because of the flatness of the ssinc mainlobe which
spans the entire distance between frequency lines and the leakage is very controlled because of the reduced
sidelobe magnitude.

Figure 3.12 - Leakage reduction using ssinc window compared to rectangular and Hanning
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3.7 Ksinc Window and Other Modifications to the Ssinc Window
An ideal uniform window transform would be constant at one across ∆fN and zero
outside. The MN point ssinc window used with time aliasing becomes a close approximation to
the ideal window transform as M increases, but some modifications have been shown to increase
the flatness and smooth ripple across the mainlobe while reducing the amplitude of the sidelobe
ripple.
As presented above, the ssinc window is composed of an inner and an outer window
function. The sinusoidal frequency of the inner sinc function sets the halfpower width of the
mainlobe. The outer sinc function adds “squareness” and smooths the overall window transform.
The outer sinc function smooths the ripple in the inner sinc which arises because of the finite
length of the window function in the time domain.
Changing the outer sinc function to a different function produces the windows in Figures
3.13 - 3.15. In the figures, the ksinc window seems to have the best combination effect of
smoothing the ripple across the mainlobe of the window and making the sidelobes decay more
smoothly; the net result providing a somewhat flatter window mainlobe in this sense. On the
other hand, it can be seen from the figures that any smooth outer function causes the mainlobe
width to be broader and so there is a compromise that must be achieved between maintaining
mainlobe width and reducing ripple.
The ksinc, or Kaiser- Bessel sinc window, is derived by replacing the outer sinc function
of the ssinc window with a Kaiser-Bessel window using α=2. The Kaiser-Bessel window is
calculated according to Equation 3.5 and time shifted by –MN/2 to line up with the inner sinc
window function in Equation 3.4b.
The other windows shown in Figures 3.13 and 3.14 are derived by replacing the outer
window of the ssinc window with other standard window functions, the Hanning window, Nuttall
window, etc. These windows are presented in Harris 1978; Oppenheim 1999 and elsewhere.
Other windows could be used; this is by no means an exhaustive treatment of the possibilities.
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Figure 3.13 – Sidelobe magnitude of ssinc and modified window transforms (M=16)
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Figure 3.14 – Overall shape of ssinc and modified time aliased window transforms (M=16)

Figure 3.15 - Flatness of ksinc window transform compared to ssinc window transform (M=64)
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3.8 Comparisons Based on Window Characteristics
This section provides a comparison between the ssinc and ksinc windows which are
designed specifically for use with time aliasing and some commonly used windows. This will
serve to illustrate the relative degree of leakage suppression and other characteristics that can be
achieved using time aliasing methods with these windows compared to conventional windows
used without time aliasing.
Windows are optimized according to various different criteria to maximize leakage
containment and minimize MS bias effects. When an N point DFT is used with no time aliasing,
the Hanning window and the Kaiser-Bessel windows are popular as good all-around windows.
These windows have good leakage control and are simple to generate. The Hanning window is
particularly convenient in systems where an FFT is used because the window coefficients are
already available as FFT “twiddle factors”. These windows have been chosen for comparison
here because they are familiar and represent general quantitative characteristics, not necessarily
because they are optimum in all cases.
An important point to remember is that the ssinc and related windows are designed to
span the entire distance between frequency lines at ∆fN when used with time aliasing. As
discussed in Section 3.4, MN point conventional windows used with time aliasing will not span
the entire ∆fN , but will generally have much narrower half power widths, closer to ∆fMN , as a
consequence of the time and frequency scaling property of Fourier transforms, so conventional
windows and ssinc-based windows must be compared based on a DFT resolution of ∆fN.
Table 3.1 shows a selection of window metrics, sometimes called “figures of merit”, for
some conventional windows used without time aliasing along with windows designed specifically
for time aliasing. Figure 3.16 contains a graphical representation of the “anatomy” of an example
window transform and quantities in Table 3.1. These quantities are thoroughly described in
Harris 1978. Comparisons in the table are based on an N point DFT frequency line spacing, ∆fN,
or in other words between MN point time aliased windows and N point conventional windows.
This reflects the goal of time aliasing methods to improve the quality of the frequency domain
representation of the signal at a given DFT resolution without increasing computation overhead in
terms of transform length.
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Figure 3.16 – Illustration of quantities used to compare window transforms

Mainlobe width is an indicator of effective frequency resolution. The Equivalent Noise
Bandwidth (ENBW), equals the width of a rectangular filter which would pass the same random
noise power as the mean square of the window function, or cww[0], as given in Appendix A. The
-6dB bandwidth equals the half power width, which at nominally ∆fN, predicts the excellent
effective frequency resolution seen using a ssinc window in Example 2.4.
Figure 3.17 plots maximum sidelobe levels from Table 3.1 for the ssinc and ksinc
windows compared to a time aliased Hanning window, which is constant whether time aliased or
not. The low sidelobe values illustrate the relative leakage suppression of the time aliased ssinc
and ksinc windows versus conventional windows for equivalent length transforms. Sidelobe
rolloff for the ssinc and ksinc windows is comparable to the Hanning window with lower overall
magnitude.
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Table 3.1 – Conventional and Time Aliased Ssinc-based Window Metrics
Mainlobe
Characteristics
ENBW -3dB
-6dB
Window Function
Number
BW
BW
Of Time
Aliased
Blocks,M (∆fN)
(∆fN)
(∆fN)
Rectangular
n/a
1.00
0.89
1.21
Hanning
n/a
1.23
1.2
1.65
n/a
1.49
1.43
1.99
Kaiser-Bessel(α=2)
Ssinc (N=128)
2
0.82
0.78
1.09
4
0.822
0.82
1.00
6
0.9
0.88
1.00
8
0.92
0.91
1.00
16
0.96
0.95
1.00
32
0.98
0.98
1.00
ksinc (N=128)
2
0.9
0.85
1.19
4
0.78
0.78
0.99
6
0.88
0.86
1.00
8
0.9
0.89
1.00
16
0.96
0.95
1.00
32
0.98
0.97
1.00
Sidelobe
Characteristics
Sidelobe
Max
Window Function
Number
Sidelobe Roll-off
Of Time
(dB/Octave)
Height
Aliased
(dB)
Blocks,M
Rectangular
n/a
-13
-6
Hanning
n/a
-32
-18
n/a
-46
-6
Kaiser-Bessel(α=2)
ssinc (N=128)
2
-40.75
-15.73
4
-40.67
-14.49
6
-40.67
-14.37
8
-40.89
-14.99
16
-42.08
-15.42
32
-41.33
-20.64
ksinc (N=128)
2
-44.02
-17.70
4
-45.78
-16.22
6
-46.33
-17.54
8
-47.04
-15.79
16
-47.94
-17.25
32
-45.22
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Figure 3.17 - Maximum sidelobe comparison between time aliased windows and Hanning

Table 3.1 shows that time aliased windows perform very well in suppressing leakage.
Although the non-time aliased Kaiser-Bessel window has a comparable maximum sidelobe height
to the time aliased ssinc and ksinc windows, it has a much wider mainlobe and slower rate of
sidelobe rolloff. The time aliased windows are therefore superior at minimizing frequency
domain distortion of the signal and are closer approximations to the ideal uniform window
transform.

3.9 Decoupling Window Width and DFT Resolution with Time Aliasing
As shown in Section 3.4, time aliasing provides a way to preserve characteristics of the
MN point window, even though it is used with an N point DFT. Using time aliasing, MN point
windows can be used that have some very helpful attributes such as very good leakage control
and a flat center lobe while spanning ∆fN. For some applications, it may be helpful to design a
flat window with low sidelobe magnitude, but have a different mainlobe width than ∆fN.
Equation 3.6 shows a modification of the inner sinc window previously given as 3.5b,
which has a time scaling factor, S. Scaling the inner sinc frequency by S in Equation 3.6 results
in a window transform that is decoupled from the DFT line spacing. This window might be
termed the scaled ssinc, or sssinc, window. Some examples of possible sssinc windows and their
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window transforms are shown in Figures 3.18 - 3.20. (All of the window transforms shown in
Figures 3.19 and 3.20 have been normalized by dividing by an estimated window RMS value in
order to maintain constant amplitude, but this is not a general restriction.)


  n M 
 sin  πS  −  
  N 2 
=

n M
πS  − 

N 2 

winner sin c [n]
1
=



= winner sin c [ MN − n]


0≤n<

n=

MN
2

MN
2

(3.6)

MN
≤ n < MN − 1
2

where: S = Desired mainlobe width as a fraction of ∆fN.

By scaling the inner sinc window function, the degree of localization in the frequency
domain can be changed so the window can have an arbitrary mainlobe width. In the time domain,
scaling the window function prior to time aliasing also lets one choose the degree of time
localization and the influence of the window function on the signal mean squared value.
It is important to realize that although windows may also be time scaled without time
aliasing, the mainlobe width is always relative to the DFT frequency resolution for the length of
the window and so it is not decoupled in the same way as a time aliased window. The mainlobe
width of a time aliased window is relative to a DFT frequency resolution for the length of the time
aliasing period, not the length of the time aliased window. A time aliased window has a flexible
mainlobe width and the ability to choose the desired window transform shape because the number
of time aliasing periods, or blocks, can be varied.
The ability to decouple the scaled ssinc window from the DFT line spacing illustrates the
degree of flexibility afforded with time aliasing. Windows can be designed independent of DFT
frequency resolution. Because the window transform shape is decoupled from the frequency line
spacing, the window width, flatness, sidelobe amplitude, etc. all now become subject to
modification as desired to achieve optimal characteristics.
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Figure 3.18 - Scaled ssinc windows in time domain (M=16 for all windows)

Figure 3.19 - Scaled ssinc window transforms (M=16 for all windows)

81

Figure 3.20 - Scaled ssinc window transform sidelobe detail (M=16 for all windows)

3.10 The Ideal Sampling Window
The ideal uniform window is an optimal window type that is applicable in both situations
where a signal may be represented in frequency as discrete components and as a continuous
function of frequency. It will represent the magnitude of single discrete components correctly at
the nearest frequency line. It will also represent the average of the continuous function at the
nearest frequency line.
Because it is an average across ∆f, the accuracy of the ideal uniform window is a function
of frequency resolution. This can be seen by considering a couple of examples. Considering a
DFT which results in relatively coarse frequency resolution, either because the sample frequency
is relatively high or because the DFT length is relatively low, if a frequency interval is wide
enough to contain two discrete sinusoidal components, then both will be represented in an
average of the two at the nearest frequency line. If both components are to be represented
separately, then the DFT resolution must be improved, even with an ideal uniform window.
Alternatively, if it is desired to preserve one component and reject the other, then a comb filter,
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either in the form of a conventional window normalized by 1/M or a scaled ssinc window from
Section 3.6 could be implemented, possibly with a frequency shift as demonstrated in Chapter
Seven.
Considering the same DFT resolution but this time in the case of a signal that is
represented continuously in frequency, we may have the situation shown in Figure 3.21, where
the amplitude variation of the continuous signal is high relative to the frequency line. In Figure
3.21, the transform of the ideal uniform window is overlaid on an example signal transform. The
magnitude of the signal which will be produced by averaging over ∆f is represented by a point
with a cross, or ‘X’. The point which would be represented by sampling the signal at the
frequency line is represented by a point with a circle or ‘O’.

Figure 3.21 - Ideal uniform and ideal sampling windows

The difference between the average value and the sampled value is a potential bias error.
The magnitude of this bias error can be reduced by improving the frequency line spacing or
reducing the size of ∆f, but for a given DFT size and sample frequency there is always a potential
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for a certain amount of this type of bias error. The size of the bias depends directly on the local
variation in signal amplitude. For broadband signals that are relatively constant with frequency,
the bias error will be low. For narrowband signals, the bias error could be significant if the DFT
resolution is relatively low.
Figure 3.21 introduces the concept of another type of idealized window which would be
useful in this type of situation, the ideal sampling window. This type of window is theoretically
equivalent to an impulse sampler, or dirac delta function. This type of window has unit area but
the dimensions in time and frequency are variable though inversely related. The frequency width
decreases as a sampling window becomes increasingly ideal and so the magnitude approaches
infinity. The effective convolution between this type of idealized window transform and the
signal transform will yield sampled values of the signal transform at the DFT resolution.
For signals that are already discrete in frequency, time aliasing is a decimation process
and having a window transform of decreasing width would not be indicated because it could
increase suppression effect from having a window that does not span ∆f. On the other hand, for
signals which are continuous in frequency, time aliasing is a frequency sampling process and it
can approach the ideal sampler as the number of time aliased blocks increases. By time scaling
the window function, but not normalizing by 1/M in the DFT, we can approach the ideal sampling
window with a conventional window such as a rectangular window if the number of time aliased
blocks is high enough. We can also approximate the ideal sampling window with a scaled ssinc
window by reducing the width of its transform and allowing the amplitude to increase.
In contrast to scaling the window to preserve its amplitude as in the case of the DFT
being normalized by the window length, in this case, the window is not scaled, thereby preserving
the area under the window transform. In this case, the DFT is being used to represent a sampled
version of the continuous signal transform, Xc[n], as noted in Table 2.1. This use of time aliasing
allows the window transform as a sampling function to more closely approximate an ideal
sampler by allowing the window function length to increase in the time domain and the window
transform width to decrease in the frequency domain relative to the DFT resolution.
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3.11 Chapter Summary
Time aliasing allows flexibility to improve window function design by completely
decoupling the window transform shape from the DFT frequency resolution. Mainlobe and
sidelobe characteristics can be chosen to meet specific needs and the superior characteristics of
longer windows can be employed with shorter DFT lengths. This capability is very useful in
reducing bias error in the frequency domain representation of a signal.
This chapter has discussed the time and frequency scaling effects of using an MN point
window with an N point DFT and time aliasing. Window mainlobe width relative to frequency
line spacing is an important consideration when choosing a window function to use with time
aliasing so that continuous and fractional periodic signals are not suppressed if the window
mainlobe does not span the entire interval between frequency lines.
Also important is the difference in normalization between periodic and aperiodic signals
when they are represented using the DFT. Time aliased conventional windows can either be
normalized to preserve the amplitude or the area of the window in the frequency domain.
Amplitude normalization, or dividing by the number of time aliased blocks, M, in the time
aliasing process is used with conventional windows and discrete frequency components.
Otherwise no normalization is used to preserve the window area. The use of these two types of
normalization correspond to the different DFT normalization for periodic and aperiodic signals.
Very close approximations to an ideal uniform window transform can be achieved by
using time aliasing, resulting in improved quality of signals transformed into the frequency
domain, especially in the aspect of reducing leakage between frequency lines. The ssinc and
related windows are designed specifically for use with time aliasing and the shape of these
windows approaches the ideal uniform window transform as the number of time aliased blocks
increases. These windows are composite window functions which span ∆f and are made up of an
inner sinc function and outer, smoothing functions.
mainlobe width can be changed.

By altering the inner sinc period, the

By altering the outer smoothing function, the ripple and

sidelobe magnitude can be influenced.
An ideal sampling window can be approximated by using a non-spanning window and
not normalizing the time aliasing process. With a high enough number of time aliased blocks, the
window mainlobe will approach an optimal frequency domain sampling function. This is useful
when the signal magnitude varies greatly with frequency.
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Chapter 4 - Statistical Analysis of Time Aliasing Processes
The differences between random and deterministic signals were introduced in Chapter
One. For understanding time aliasing with deterministic signals, a mathematical analysis often
can be sufficient, but when random signals are involved, either separately or when combined with
deterministic signals, a statistical analysis is also necessary.
Since “real-life” signals are almost always combined with random noise, a random signal
description is almost always applicable. Also, some concepts such as signal power can be
directly related to statistical quantities such as mean and variance. The behavior of a windowed
time aliased signal is easier to understand in many ways when it is described as a random signal.
This chapter presents statistical descriptors of time aliased random signals and compares
them to statistical descriptors of the original signal.

Statistical descriptors of signals are

applicable in all four domains of analysis. Three of these domains will be discussed in this
chapter; statistical analysis of the spectral domain will be reserved for Chapter Five.
An important subject covered in this chapter is the effect of time aliasing on the power
(or energy, as appropriate) of the signal as represented by the variance of the time domain signal,
or equivalently, the mean of the time aliased signal transform. This discussion will serve two
purposes. First, it will illustrate the combined effects of time/frequency scaling of the window
and the frequency decimation that was shown in Chapter Three to be a significant consideration
as well as the motivation for using ssinc-based windows with time aliasing. It is also preparation
for the discussion of normalization of the spectrum to minimize bias error in Chapter Five.

4.1 Random Signal Descriptors
Random signals must be described in terms of their statistical descriptors, or averages of
various parameters of the signal. Statistical descriptors considered in this chapter are the mean,
mean-squared value (MS), and variance of a signal. Estimates of these quantities for an N point
discrete signal are straightforward to obtain by the formulas given in Equations 4.1 – 4.3.
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Sample mean:

1 N −1
m z = ∑ z[n]
N n =0

Sample MS:

rzz [0] =

Sample variance:
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2
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1 N −1 2
∑ z [ n]
N n =0

n =0

(4.2)

2

N −1

∑ z[n] − m

(4.1)

z

= rzz [0] − (m z ) 2

(4.3)

The value of a discrete random signal, x[n], for any value of n, is assumed to be a sample
from a random variable, x, described by its associated probability density function, or pdf,
denoted as the function P(x). A stationary signal, for the purposes of this chapter, is one where
the pdf of the signal does not change with time.
For an ergodic signal, the time average values for the mean and MS in Equations 4.1 and
4.3 approach the first and second moments, E{x} and E{x2} of P(x) as the number of samples
from the signal included in the estimate, N, increases. All signals considered in this chapter will
be ergodic, at least as described by the mean and MS of their pdfs.
The asymptotic behavior of these estimates applies for the estimate of variance given in
Equation 4.3, even though it is normalized differently here than in standard practice (dividing by
N, rather than N-1), because it is more convenient in this analysis.

Power and Energy of Signals
Because signals are often transmitted through electrical means, the concepts of signal
energy and power are often convenient. These are described by relating to a voltage acting across
a resistance. For a given voltage value, the square of the voltage, integrated over time, is the
energy dissipated through a unit resistance. If the signal is an aperiodic voltage signal, beginning
and ending at zero, then the energy of the signal is finite because it begins and ends at zero. It
can therefore be termed an energy signal. If the signal is periodic for all time, then its energy
cannot be obtained by integrating with finite limits and so the energy content is expressed per unit
time, or power. Periodic signals can therefore be termed power signals.
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The MS of the signal is the expected value of the square of the signal. For energy
signals, the MS of the signal describes the total energy of the signal. If an estimate of the MS of
a periodic signal is normalized by the total period over which it is calculated, it conveniently
describes the total power of the signal.
The mean of a signal arises because of a constant signal offset from zero in the time
domain.

The squared mean can also be termed the DC power component because, in the

frequency domain, it is a discrete component which is assigned to the zero frequency line in the
autospectrum of a signal. The mean is always a discrete component, whether or not the signal is
periodic or aperiodic.
The variance of a signal can also be termed the AC power of a signal. It can be seen from
Equation 4.3 that the variance of the signal is also the total power minus the DC power. In the
frequency domain, the variance of the signal is distributed in frequency across all of the
frequency lines. For a periodic signal, the value at each frequency line in the autospectrum of a
signal is the average AC power in the interval ∆f, centered at that frequency line.
For power signals, the autospectral density of a signal, normalized by time, can also be
termed the power spectrum because it represents how signal power is distributed in frequency.
For energy signals, the autospectral density of a signal can also be termed the energy spectrum.
By Parseval’s theorem (Oppenheim 1999), integrating or summing the values at all frequency
lines in the energy spectrum is equivalent to estimating the MS in the time domain and
demonstrates the conservation of energy in time and frequency. The expressions for Parseval’s
theorem are necessarily different between energy and power spectra, but both can be related in
the discrete spectrum received using a DFT. This is shown in Example 4.1.

Example 4.1 – Parseval’s Theorem for Discrete Energy and Power Spectra
From (Oppenheim 1999) we have the following expression for Parseval’s theorem regarding an energy
density spectrum:
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If we write the equivalent expression using a DFT normalized for an aperiodic time signal (Shiavi 1999):
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By Table 2.1 we have equivalently:
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n→∞

(4.6)

n=0

Windows applied to a signal before transforming to the frequency domain can change the
amplitude of the signal and therefore the MS of the signal, creating a bias in the mean value of the
signal in the frequency domain. As will be discussed in Chapter Five, for purely random signals,
this effect of the window function can be compensated for by normalizing the autospectrum by
the MS of the window function or, in the Fourier domain, by dividing by its square root, the RMS
of the window function. This compensation is affected by both the type of window and the
effects of time aliasing, as further discussed in the following sections.

4.2 Estimates of Statistical Descriptors for Time Aliased Signals
Equations 4.7 through 4.13 give expressions for estimating statistical descriptors for N
samples of a time aliased signal, z(a)[n]. Note that these are the same formulas used for a nontime aliased signal, but are applied to the time aliased signal and will therefore give different
estimates. The behavior of these estimators as N increases and comparison of them to estimates
obtained from the original signal is the subject of remaining sections of this chapter.
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4.3 Desired Characteristics of Statistical Estimators
Because the entire signal for all time is not usually available, statistical descriptors must
be estimated using the expressions like those in Section 4.2. A consequence of the finite limits on
these statistical estimators is that they will differ from the actual quantities that they are
estimating. Good estimators will asymptotically approach the actual value as the amount of data
included in the estimate is increased.
Two important measures of the difference between the estimated quantity and the actual
value are bias of an estimator and consistency of the estimator. The bias error of any statistical
estimator is simply the difference between the expected value of the estimator and the true
statistical quantity. This is defined in Equation 4.14 for an estimator, Θ, of a statistical quantity,
θ. In the case of the sample mean, mx, for example, the bias error is E{mx}– E{x}, where E{x} is
the first moment of the pdf, P(x).

Bias = E {Θ } − θ

(4.14)

The consistency of a statistical estimator is the tendency for its variance to decrease as
more and more data is included in the estimate. In the case of a purely random signal, for
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instance, the MS estimate will fluctuate for different lengths of signals used for the estimate, but
tend toward the true MS of the signal as the length is increased. The variance of the MS estimate
measures this fluctuation and so the variance of the MS estimate will likewise decrease as the
signal length increases. Consistency is often expressed in normalized form as shown in Equation
4.15.

Consistency =

Var{Θ}
E 2 {Θ}

(4.15)

A quantity that is often used to combine the effects of bias and consistency is the MeanSquare Error (MSE) criterion defined in Equation 4.15 for an estimator, Θ of a statistical
quantity, θ.

{

}

MSE = E (Θ − θ ) 2 = Var{Θ} + Bias 2

(4.15)

4.4 Summation vs. Averaging Processes
The effect of summation can have different statistical results which depend upon the
accompanying normalization and the type of data being summed. For example, considering the
mean estimate in Equation 4.1, we can see that the estimate of the mean value is biased unless it
is normalized by dividing by the number of data points considered in the summation.
Time aliasing is a summation process, but it can also be viewed as an averaging process.
As shown in Chapter Three, the time aliased signal must be normalized by 1/M when a
conventional window is used in order to preserve the amplitude of the signal in both time and
frequency. In this case, it is acting as an averaging process in the time and frequency domains.
In contrast, the amplitude of the ssinc window is constant in both domains and so the time
aliasing process is not normalized by M and is simply a summation process.
Any averaging process tends to reduce the variance of a random variable being averaged
if the variable is uncorrelated. When considering the time aliased signal, averaging will be shown
to be an important concept because the mutual correlation of different blocks of the signal can
affect the variance estimate of the time aliased signal in the time domain as shown in Section 4.6
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and the magnitude of the transform of the time aliased signal in the Fourier domain as shown in
Section 4.8 if the signal is normalized by 1/M when using conventional windows.
If the time aliased window is normalized by 1/M, then it can be thought of as an
averaging process in the time or frequency domains. In the time and Fourier domains, this
averaging is linear, meaning that the amplitudes of the signal at data points are summed directly
with one another. Thus a low value of x[n], summed with a high value of x[n + mN] will tend
toward the mean value of the signal, reducing the variance of the signal and therefore the AC
power of the signal.
Likewise a high value of either the real, Re(Xm[k]), or imaginary component, Im(Xm[k])
of the transform at a particular frequency line, averaged with a low value of Re(Xm+1[k]) or
Im(Xm+1[k]), will tend toward zero, reducing the amplitude of the transform at that frequency line
and reducing the variance of the transform.
In contrast to the linear averaging in the time and Fourier domains, averaging in the
correlation domain and spectral domain is quadratic, averaging the magnitude, or the square of
the signal, rather than the amplitude of the signal.
In the spectral domain, quadratic averaging is expressed as the sum of the squares of the
real and imaginary components and so summing Xm[k] Xm[k]* with Xm+1[k] Xm+1[k]* will tend
toward the average of the AC power over ∆f, subject to any existing bias in the spectral estimate,
but the magnitude of the spectrum at that frequency line will not be suppressed by averaging a
high magnitude with a low magnitude. In the case of spectral averaging, as will be discussed in
Chapter Five, the averaging of spectral estimates will reduce the variance of the spectral estimate.
Some authors refer to linear averaging as incoherent averaging and quadratic averaging
as coherent averaging (Harris 1996). This distinction emphasizes the fact that linear averaging in
the Fourier domain tends to suppress components having real and imaginary components that
vary positively and negatively with time and therefore may have an incoherent signal phase from
transform to transform. With quadratic averaging in the spectral domain, the magnitudes of the
real and imaginary components may vary, but are always positively valued, and so this is
equivalent to assuming the signal has at least some degree of phase coherence, as viewed from
spectral estimate to spectral estimate.
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4.5 Mean and Variance of Time Aliased Signal
Because the time aliased signal is periodic, estimates of the statistical descriptors, mean
and variance, of the time aliased signal over one period are equal to the estimates over multiple
periods of z(a)[n], if normalized by the number of periods.

This section illustrates these

relationships. Let the number of total samples = MN:
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For the sample variance of z(a)[n], again let the number of total samples = MN:
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i.e. sample variance is covariance over one period minus the square of the mean.
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4.6 Time Domain Influence of Time Aliasing on Original Signal
Section 4.5 considered the behavior of the mean and variance estimates of the time
aliased signal in the time domain. In order to understand time aliasing processes we need to
compare these time domain mean and variance estimates of the time aliased signal with those
derived from the original signal. Section 4.6.1 shows that the two estimates of the mean are
equal. Section 4.6.2, on the other hand, covers some important differences between the variance
estimate of the time aliased and original signals.

4.6.1 Sample Mean of Time Aliased Signal
The sample mean of the time aliased signal, z(a)[n], equals the sample mean of the
original signal, z[n] if the time aliasing process is normalized by 1/M to preserve the window
amplitude. If we let the total number of samples equal MN:
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1
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Let the number of total samples = MN. Employing Equation 4.16, we then have:
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(a)

[n] = m z( a )

In this case, the sample mean of the time aliased signal can be seen to be equivalent to the
mean of the means, which tends very quickly to the mean value of the pdf, regardless of signal
type, by the Central Limit Theorem (Jenkins 1968) and so the sample mean of the time aliased
signal is also a consistent estimate of the true mean of the original signal.
If the time aliasing process is not normalized by 1/M, then it can be seen that the mean of
the signal will be biased by a factor of M. If we view the mean as a constant value for all time,
then we can see that it is not absolutely integrable and must be transformed using a Fourier series
representation, i.e. it is a discrete component of frequency. In this form, the mean is represented
as the ωk=0, or the DC component and it is the same between z[n] and z(a)[n] at the ωp = ωk
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frequency line spacing as shown in Equation 2.14. Because it is a discrete component, it must be
normalized by 1/M in order to preserve its value.

4.6.2 Sample Variance Of Time Aliased Signal Compared To Original Signal
The variance of the time aliased signal is not always equal to the variance of the original
signal. This fact is anticipated by the consideration that time aliasing can be a linear averaging
process as discussed in Section 4.4, but the sample variance of the time aliased signal is
influenced by both the window magnitude scaling and the frequency domain width of the window
transform and so this topic must be considered in some detail.
First we need to consider factors that also influence the sample variance of the original
signal, such as window functions. The MS of a signal can be reduced by applying window
functions other than the rectangular window function because this changes the amplitude of the
original signal. This effect is also carried through to the time aliased signal.
Second, the variance of the time aliased signal is significantly influenced by the relative
correlation between blocks of the original signal before time aliasing. The relative correlation
between blocks of the signal can also be influenced by window functions applied to the original
signal before time aliasing and so the type of signal and the type of window function applied to
the signal must be considered jointly.
With a rectangularly windowed, time aliased signal, the amplitude of the signal itself is
not changed by applying the window, but if the window is normalized by 1/M, then the variance
of the original signal is preserved after time aliasing only if the original signal is exactly
correlated from block to block and differs otherwise.
Consider the variance estimate of the time aliased signal. To simplify the analysis, we
will let the mean of the signal equal zero, so the variance equals the MS of the signal:
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This expression can be seen to be a special case of the alternate method for computing the
autocorrelation function of a time aliased signal presented in Section 2.5, where the lag value is
zero. If we now separate the diagonal terms of the correlation matrix from the off-diagonal terms
in the summation and simplify, we obtain the result shown in Equation 4.17.
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q≠m

When the time aliased window is normalized by 1/M to preserve amplitude, the variance
estimate of signals is reduced by the first term of Equation 4.17, but is corrected by the second
term for signals that are correlated from block to block. For signals which are uncorrelated from
block to block, the variance estimate is reduced by 1/M in the first term and the second term is
zero or small, so the signal is suppressed.

Examples 4.2 through 4.4 illustrate different cases

where variance of the rectangularly windowed, time aliased signal is dependent on the degree of
correlation between blocks as predicted by Equation 4.17.
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Example 4.2 – Time Aliased Integer Periodic Sinusoid
Let z[n] be samples from a zero mean cosine which has an integer number of periods in
one block of N points (corresponds exactly to a harmonic of ∆f = 2πk/N in frequency domain)

2πkn
z[n] = Z cos(
+ φ)
N

2

Æ s z( a ) =

1 2
1
sz + 2
M
M

Z
s = c zz [0] =
2

2

2
z

(for one block)

M −1 M −1

∑ ∑c

m =0 q =0
q≠m

[0]

zm zq

q≠m

Since all blocks of N samples of z[n] are periodic replicas of each other,

=

1
1
1 Z 2 ( M − 1) Z 2
2
c zz [0] + 2 M ( M − 1)c zz [0] =
+
= sz
M
2
2
M
M
M

(Variance of M blocks so the variance is preserved exactly for a zero mean, integer periodic sinusoid)

Example 4.3 – Time Aliased Fractional Periodic Sinusoid
Let z[n] be samples from a zero mean cosine which has exactly one half extra period in one block of N
points (corresponding to exactly halfway between frequency lines at ∆f = 2πk/N).

2πkn
z[n] = Z cos(
+ φ)
2N

2

Æ s z( a ) =

1 2
1
sz + 2
M
M

Z
s = c zz [0] =
2
2
z

M −1 M −1

∑ ∑c

m =0 q =0
q≠m

zm zq

2

(for one block)

[0] (variance of M blocks of time aliased signal)

q≠m
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From a plot of the signal, it can be seen that when m and q differ by an odd number, z[n] will be exactly
negatively correlated and when they differ by an even number they will be exactly positively correlated
creating a Toeplitz matrix of correlation coefficients (the covariance matrix) of the form:

c z z
2
A  00
c zm zq [0] =
* cz z
2  10


c z0 z1
c z1z1
M

 1 −1 1 −1

− 1 1 − 1 1


2


A
K =
*  1 − 1 1 − 1 L
2 

O
− 1 1 − 1 1


M
O 

When M is an even number of blocks, the number of positively correlated blocks exactly cancels the
number of negatively correlated blocks and the sinusoid is completely suppressed, for example M = 4:

s

(a) 2
z

2

Z 1 1

=
+ 2 (−2(4) + 2(2)) = 0

2 4 4


When M is an odd number of blocks, the variance will be reduced by a factor of 1/M2 , but the sinusoid
will not be completely suppressed, for example, let M=7:

2

s z( a ) =

2

2
2
s
Z 1 1
Z2
 Z 1 6 
=
= z2
(
2
(
12
)
2
(
9
))
=
−
+
−
+
2
2 
2



2 7 7
M
 2  7 7  2(7)

Example 4.4 – Time Aliased Purely Random Signal
Let z[n] be samples from a rectangularly windowed zero mean Gaussian signal with variance sz2.

2

s z( a ) =

1 2
1
sz + 2
M
M

M −1 M −1

∑ ∑c

m =0 q =0
q≠m

zm zq

[ 0] →

q≠m

1 2
sz
M

As N gets larger, each block of z[n] is increasingly less correlated with every other block and so the second
term goes to zero and the variance is reduced by the factor 1/M.
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In Examples 4.2 through 4.4, the variance of the time aliased signal was influenced only
by the relative correlation between blocks of the signal and not by the MS of the window
function, because a rectangular window was implicitly assumed. If we apply a window function
in these cases, it will not only scale the variance of the signal by the MS value of the window, but
it can also influence the relative correlation between blocks of the signal. This is considered in
Examples 4.5 and 4.6, which empirically verify the cases from the previous three examples and
compare them to windowed versions of the same three original signals.

Example 4.5 – Empirical Comparison of Different Amplitude Normalized (1/M)
Time Aliased Window Functions with a Purely Random Signal
Given the same three signals from Examples 4.2 through 4.4, we will now apply different window
functions and compute the variance of the windowed, time aliased signal, v(a)[n] and compare it to the
variance of the original signal, x[n]. The first case is that of a purely random signal, represented by the
output of the Matlab function, randn(), a normally distributed, pseudo-random noise generator with zero
mean. The original variance of the signal was 1.0 with M=16 blocks of N=2048 points of noise.
Figures 4.1 – 4.3 show the results from a rectangular window, Hanning window and ssinc window. The
conventional windows were normalized by 1/M to preserve amplitude of a periodic signal. The ssinc
window was not normalized as discussed in Chapter Three. In each figure, the unwindowed original signal,
x[n] is shown in the top plot, the windowed signal, v[n], in the middle and the windowed, time aliased
signal, v(a)[n], in the bottom plot. The variance of x[n] and v(a)[n] is shown in the title of the top plot.
Comparing the three figures, it can be seen that the ssinc windowed version is the only one to preserve the
variance estimate, which it does very well with M=16 in this case. Figure 4.1 shows the 1/M variance
suppression predicted using the rectangular window predicted by Example 4.4. In Figure 4.2, we can see
that not only do we receive the 1/M suppression factor, but also the suppression factor from the MS of the
window function, Cww[0], which corresponds to the approximately .345 value for the Hanning window
having a center amplitude of unity in the time domain.
The experiment was then repeated over 20 runs with the ssinc window using different numbers of M and
the average ratio of the variance of the time aliased signal to the variance of the original signal computed.
The results are displayed in Table 4.1 and show that the variance of the original signal is increasingly
preserved with the ssinc window as M is increased.
This experiment illustrates an important conclusion regarding the use of windowing with a time aliased
windowed, purely random signal, which is that unless the window transform spans the entire interval
between frequency lines, as the ssinc window does, the time domain variance and therefore the AC power
of the signal will be suppressed. The ssinc window does a better job of preserving the variance of the
original signal as more blocks are used.

Table 4.1 – Average Variance of ssinc-Windowed, Time Aliased Purely Random Signal
M
Variance

2

4
0.65

5
0.84

6
0.86

8
0.90

100

12
0.91

16
0.93

32
0.94

0.96

Figure 4.1 - Rectangularly windowed, time aliased purely random signal, 1/M variance

Figure 4.2 - Hanning windowed, time aliased purely random signal, Cww[0]/M variance
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Figure 4.3 - Ssinc windowed, time aliased purely random signal, variance suppression ~ zero

Example 4.6 - Empirical Comparison of Different Time Aliased Window Functions
with a Fractional Periodic Sinusoid
This example utilizes the same three window functions from Example 4.5, but we will now use a discrete
spectral component, a sinusoid, and compute the variance of the windowed, time aliased signal, v(a)[n] and
compare it to variance of the original signal, x[n] as the frequency of the component is varied across the
interval between frequency lines.
The rectangularly windowed integer periodic cosine is shown in Figure 4.4, having original amplitude of
2.0 and a variance of 2.0. It was time aliased with M=8 blocks of N=256 points. Because the sinusoid was
located exactly at a frequency line and rectangularly windowed, the variance of the time aliased signal and
the windowed, time aliased signal are the same. This result was predicted by Example 4.2.
Figures 4.5 and 4.6 show the same sinusoid with a Hanning and a ssinc window, respectively. The
Hanning window changes the variance of the sinusoid because it suppresses the MS. The ssinc window,
which has been normalized to have a frequency domain magnitude characteristic of 1 across ∆fN, returns
the proper variance estimate for the cosine.
The frequency of the sinusoid was then changed to be 2.2∆fN, 2.4∆fN, and 2.5∆fN and the variance of the
windowed, time aliased signal compared to the original for each of the three windows. The results are
tabulated in Table 4.2. It can be seen that the rectangular and Hanning windows result in suppression of
the fractionally periodic component. Exactly halfway in between frequency lines, it can be seen that the
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variance of the sinusoid was suppressed completely at 2.5∆fN by the rectangular window as predicted by
Example 4.3. It was also suppressed by the Hanning window.
In the case of the ssinc window, the estimated variance was less 2.0 at 2.4∆fN and 2.5∆fN, but it should be
remembered that the ssinc has a half power width of ∆fN and so the mainlobe width of the ssinc window
will cause the sinusoid to appear at the two frequency lines corresponding to 2∆fN and 3∆fN. Therefore, it
will not be suppressed, but rather leaked to these lines. This fact is evident in Figure 4.7, which shows the
ssinc windowed, time aliased sinusoid with frequency 2.5∆fN. The intermodulation of the two frequency
components in this case is clear in the bottom plot. Also of note is the fact that the variance is exactly half
at 2.5∆fN because this is the half-power width of the ssinc window transform.
It can be seen that the suppression of the sinusoid as a function of the distance between frequency lines
follows exactly what is predicted by the window transforms as discussed in Chapter Three. The rectangular
and Hanning window transforms do not span ∆fN when time aliased and so the sinusoid variance is
suppressed. The ssinc window transform does span ∆fN and so the sinusoidal component is not suppressed,
even though the number of time aliased blocks is only M=8, and the ssinc window transform is not
completely flat over ∆fN and so the sinusoid variance is reduced.

Table 4.2 – Variance of Windowed, Time Aliased (M=8) Sinusoid with Variance 2.0
Window
Rectangular

Frequency of Sinusoid
2.0∆fN
2.2∆fN
2.4∆fN
2.5∆fN

Variance v(a)[n]
2.0
.07699
.01185
5.99E-31

Hanning

2.0∆fN
2.2∆fN
2.4∆fN
2.5∆fN

0.5005
0.00732
0.0000218
1.094E-9

Ssinc

2.0∆fN
2.2∆fN
2.4∆fN
2.5∆fN

1.99
1.976
1.629
1.009
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Figure 4.4 - Rectangularly windowed, time aliased, integer periodic sinusoid, M=8

Figure 4.5 - Hanning windowed, time aliased, integer periodic sinusoid, M=8, suppressed variance
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Figure 4.6 - Ssinc windowed, time aliased, integer periodic sinusoid, M=8

Figure 4.7 - Ssinc windowed, time aliased, fractional periodic sinusoid at 2.5∆fN, M=8
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Example 4.5 shows that variance suppression of the fractional periodic sinusoid and the
purely random signal was introduced by the time aliased rectangular and Hanning window, but
virtually eliminated by the ssinc window. Examples 4.4 and 4.5 illustrate an important fact
regarding windows designed for time aliasing, such as the ssinc window, which is that they
preserve the variance estimate of the original signal whether continuous or discrete as M
increases. This is the expected result because they span the entire interval between frequency
lines and because they have transforms approaching constant amplitude in the frequency domain
as M increases.
There are a couple of ways to explain the variance preservation of the time aliased signal
with the ssinc window. The first is to remember the relationship between the variance of the time
domain signal and the MS of the windowed signal in the frequency domain. As discussed in
Chapter Three, the window transform can be viewed as a frequency domain filter. When coupled
with the decimation in frequency from time aliasing, the results of this section illustrate the wider
bandwidth and flat amplitude gain of the ssinc window transform relative to time aliased
conventional windows
Another way to view the variance preservation of the time aliased signal is to consider
the relative amplitudes of the middle of the ssinc window function in the time domain compared
to the decaying amplitude of the window function as additional blocks are time aliased. In Figure
3.10, the ssinc window function has a large amplitude in the center two blocks and relatively
small amplitude in the outer blocks. This means that the center two blocks of the time aliased
signal will be more strongly emphasized in the calculation of Equation 4.17 than the outer blocks.
Another way of stating this is to say that the ssinc window function is strongly localized
in time toward its center and tends to emphasize the signal in the middle of the window. In the
case of signals which are not strongly correlated from block to block, the variance estimate of the
time aliased, ssinc windowed signal is much less influenced by the lack of correlation between
blocks of the signal and so these signals are not suppressed.
Now we will consider the variance estimate of the time aliased signal for a rectangular
window which is not normalized by 1/M in the time aliasing process. Again, we will let the mean
of the signal equal zero, so the variance equals the MS of the signal:

2

s (a)
=
z

1
N

N −1

∑ ( z ( a ) [n]) 2 − (m z ) =
n =0

2

1
N

N −1

∑ (z
n =0
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(a)

[n]) 2

1
=
N
=

=

=

=



 ∑ z[n + mN ]
∑
n =0  m =0

N −1 M −1

2

N −1 M −1

M −1

n =0 m =0

q =0

1
N

∑ ∑ z[n + mN ]∑ z[n + qN ]

1
N

∑ ∑ ∑ z[n + mN ]z[n + qN ]

N −1 M −1 M −1

=

n =0 m =0 q =0
N −1 M −1

M
N

∑ ∑ ( z[n + mN ]) 2 +

M
N

MN −1

n =0 m =0

∑ ( z[n]) 2 +
n =0

1
N

1
N

M −1 M −1

∑ ∑c

m =0 q =0

zm zq

[ 0]

N −1 M −1 M −1

∑ ∑ ∑ z[n + mN ]z[n + qN ]
n =0 m =0 q =0
q≠m

N −1 M −1 M −1

∑ ∑ ∑ z[n + mN ]z[n + qN ]
n =0 m =0 q =0
q≠m

M −1 M −1

s (a)
= Ms z + ∑ ∑ c zm zq [0]
z
2

2

m =0 q =0
q≠m

(4.18)

q≠m

Examples 4.7 – 4.9 consider the variance estimate shown in Equation 4.18 of the time
aliased signal for the cases of the integer periodic sinusoid and purely random signal. These
examples show that the variance of discrete components is inflated, except in the specific case of
a fractional component located halfway in between frequency lines. The variance of the purely
random signal is M times as high.
These inflated values occur because the variance estimate computed according to
Equation 4.18 has been normalized by the length of a single period of the time aliased signal as
was Equation 4.17. This normalization must be adjusted for continuous time aliased signals,
however, as will be discussed in Section 4.7.
Based on the discussion and examples in this section, we can see that the estimated
variance of the time aliased signal can be different from that of the original signal and that this
difference is dependent upon the relative correlation of the signal from block to block and the
window normalization if the time aliased signal is windowed with conventional windows, but the
difference in variance can be corrected by applying a ssinc window function. We now move to
consider the statistical properties of time aliased signal in the correlation domain.
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Example 4.7 – Time Aliased Integer Periodic Sinusoid (No Window Normalization)
Given the same signal as in Example 4.2, we have the revised relationship:

2

s (a)
= Mc zz [0] + M ( M − 1)c zz [0] =
z

mZ 2
Z 2 M 2Z 2
2
+ M ( M − 1)
=
= M 2 sz
2
2
2

This result is a straightforward consequence of the fact that the amplitude of the integer periodic sinusoid is
not preserved in the time aliased signal unless the window is normalized by 1/M. Seen from the point of
view of Parseval’s theorem, the magnitude of the integer periodic sinusoid in the spectrum is the square of
the amplitude in the Fourier domain, i.e. (Msz)2.

Example 4.8 – Time Aliased Fractional Periodic Sinusoid (No Window
Normalization)
Given the same signals as in Example 4.3, when M is an even number of blocks, the number of positively
correlated blocks exactly cancels the number of negatively correlated blocks and the sinusoid is completely
suppressed, for example M = 4:

2

s z( a ) =

Z
2

2

[4 + (−2(4) + 2(2))] = 0

When M is an odd number of blocks, we have a unique case for a sinusoid located exactly halfway between
frequency lines. Because the number of time aliased blocks exactly equals the amplitude suppression rate
in the sidelobe roll-off, the variance of a sinusoidal component at this frequency only will be represented
correctly, for example, let M=7:

s

(a) 2
z

Z
=
2

2

[7 + (−2(12) + 2(9))] = Z
2

2

[7 − 24 + 18] = Z

2

2

= sz

2

Again, let M=11:
2

s z( a ) =

2

2

2
Z
[11 + (−2(30) + 2(25))] = Z [11 − 60 + 50] = Z = s z 2
2
2
2

Sinusoidal components located at other frequencies across ∆f will have greater variance.
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Example 4.9 – Time Aliased Purely Random Signal (No Window Normalization)
Let z[n] be samples from a rectangularly windowed zero mean Gaussian signal with variance sz2.

M −1 M −1

s z( a ) = Ms z + ∑ ∑ c zm zq [0] → Ms z
2

2

m =0 q =0
q≠m

2

q≠m

As N gets larger, each block of z[n] is increasingly less correlated with every other block and so the second
term goes to zero, leaving the time domain variance estimate as M times as great as the variance estimate
from the original MN point signal. This result was empirically verified by the same procedure as in
Example 4.5 with the result in Figure 4.8.

Figure 4.8 – Rectangular windowed, time aliased, purely random signal with inflated variance

109

4.7 Correlation Domain Analysis of Time Aliasing Processes
In the correlation domain, the autocorrelation function limits must be considered in light
of the fact that the time aliased signal is always a periodic function and yet it may represent either
a periodic signal or an aperiodic signal in the time domain. The autocorrelation function and the
autospectral density represent a Fourier pair as illustrated in the mathematical framework in
Section 2.4. As shown in Section 4.6, the variance of the signal is influenced by whether or not
the window is normalized to preserve amplitude or magnitude in the Fourier domain, but it was
shown that the variance is biased by a factor of M if the window is not normalized to preserve
amplitude.
This factor of M becomes significant in the Fourier relationship between the correlation
and spectral domains. Because the transform between these domains is also finite in length, there
is also a window associated with the correlation domain. This was shown in Figure 3.3. Because
Parseval’s theorem relates the time domain MS to the magnitude of the spectrum, the “amplitude”
preservation between the correlation domain and the spectral domain, must be adjusted to
preserve the MS of the signal between these two domains, which introduces another scaling
factor of 1/M, analogous to that relating the time and Fourier domains, but this time it only
applies to aperiodic signals, not to periodic signals, the reverse of the previous relationship.

4.8 Fourier Domain Analysis of Time Aliasing Processes
Sections 4.6 and 4.7 considered the effects of time aliasing on the mean and variance of
the signal in the time and correlation domains. Here we will consider the effect of time aliasing
on the mean and variance of the Fourier transform of the time aliased signal and relate the Fourier
domain representation of a time aliased signal to the original signal.
In Section 4.6 it was shown that the mean of periodic signals is preserved in the time
domain with time aliasing. In the Fourier domain, this is equivalent to showing that the zero
frequency or DC component of the transform of the time aliased signal is the same as the
transform of the original signal.
In Section 4.6 it was shown that the variance of the time aliased signal is influenced by
the type of window function used and that with conventional window functions, the variance of
the time aliased signal can be reduced if the signal is not correlated from block to block. In the
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Fourier domain, this is equivalent to showing that the mean of the transform of the time aliased
signal at all other frequency lines besides zero can be influenced by time aliasing. It was also
shown in Section 4.6 that the use of the ssinc window was effective at preserving the variance of
the time aliased signal in the time domain for both periodic and aperiodic signals. We will now
examine both of these situations by considering the time aliased signal in the Fourier domain.

4.8.1 Mean of the Time Aliased Signal Transform
The effects of time aliasing on the mean of the Fourier transform can be understood by
considering the time aliasing process in the frequency domain as the linear average of transforms
of successive blocks of the time domain signal as discussed in Section 2.5.

This is most

conveniently done for a rectangular window, but the results can be extended to an arbitrary MN
point window by considering the transform as a convolution integral.
In this and the following section, we will exclusively discuss cases where either time
aliased conventional windows are normalized to preserve the amplitude of a periodic signal or a
ssinc window is used without normalization. The case where the conventional window is not
normalized will be considered in Chapter Five.
As shown in Chapter Two, the linearly averaged transform, Zavg[k] is equal to the time
aliased transform Z(a)[k]:

Z avg [k ] =

1
MN

M −1 N −1

∑∑ z[n + mN ]e

−j

2πkn
N

=

m =0 n =0

1
MN

N −1 M −1

∑ ∑ z[n + mN ]e

−j

2πkn
N

= Z ( a ) [k ]

n =0 m =0

If we now consider the mean of Z(a)[k] by taking its expected value:
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[k ] = E 
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}
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1
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M −1 N −1

∑∑ z[n + mN ]e

2πkn
N

m =0 n =0

1
E
∑
m =0  N

M −1

−j

N −1

∑ z[n + mN ]e
n =0

−j

2πkn
N





 1
=
 M

M −1

{

}

∑ E Z m ( e jω k n ) =

m =0

1
M

M −1

∑ E{Z

m =0

Considering each transform, Zm[k] in its complex form we obtain Equation 4.19.
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m

[k ]}

{

}

E Z ( a ) [k ] =

1
M

M −1

∑ E{Re Z

m =0

1
=
M

m

[k ] + j Im Z m [k ]}

M −1

1
E{Re Z m [k ]} + j
∑
M
m =0

M −1

∑ E{Im Z

m =0

m

[k ]}

(4.19)

Equation 4.19 shows that real and imaginary components of the M individual transforms,
Zm[k] become averaged together in a linear average. The implications of linear averaging were
briefly discussed in Section 4.4 where it was stated that linear, block averaging processes in the
time and Fourier domains can influence the AC power of a signal. The AC power of a signal is
represented as the variance of the signal in the time domain, but in the Fourier domain, it is the
mean of the signal at a given frequency line. A signal with modified time domain variance will
have a modified AC power in the frequency domain as a consequence of Parseval’s theorem.
The magnitude of a signal is expressed by the spectrum of the signal and, as will be
discussed in Chapter Five, it can be obtained by multiplying the mean value of real and imaginary
components of the transform by their complex conjugate values at each frequency line. Because
of the linear averaging of transforms which is a result of time aliasing in the Fourier domain, the
mean value of the real and imaginary components can be influenced by time aliasing and with the
same result as obtained in the time domain.
Examples 4.10 and 4.11 reconsider Examples 4.2 and Examples 4.4 in terms of Equation
4.19 and show the effects of linearly averaging the transforms of rectangularly windowed integer
and fractional periodic sinusoids. The case of the purely random signal in Example 4.4 will be
handled separately in Section 5.2.

Example 4.10 – Transform of Time Aliased Integer Periodic Sinusoid
Let z[n] be samples from a zero mean cosine which has an integer number of periods in
one block of N points (corresponds exactly to a harmonic of ∆f = 2πk/N in frequency domain)

z[n] = Z cos(

2πkn
2πkn
2πkn
+ φ ) = A cos(
) + B sin(
)
N
N
N
2

where:

s z2 = c zz [0] =

Z
( A2 + B 2 )
=
2
2
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If successive N point blocks of z[n] are transformed to the frequency domain, then Zm[k]:

Z m [k ] =

A
B
+ j
2
2

The mean of the time aliased transform of the integer periodic sinusoid is therefore:

{

}

1
M

E Z ( a ) [k ] =

M −1

∑ E{Re Z

m =0

m

[k ]} + j

1
M

M −1

∑ E{Im Z

m =0

m

[k ]} =

A
B
+ j
2
2

So the mean of the transform of a rectangularly windowed, integer periodic sinusoid equals the mean of the
transform of the original sinusoid, which agrees with the result in Example 4.2

Example 4.11 – Transform of Time Aliased Fractional Periodic Sinusoid
Now let z[n] be samples from a zero mean cosine which has exactly one half extra period in one block of N
points (corresponding to exactly halfway between frequency lines at ∆f = 2πk/N).

z[n] = Z cos(

2πkn
2πkn
2πkn
+ φ ) = A cos(
) + B sin(
)
2N
2N
2N

From a plot of z[n], it can be seen that the real and imaginary components of transforms of successive
blocks will alternate in sign:

Z m [k ] =

A
B
+ j
2
2

, Z m +1 [ k ] = −

A
B
−j
2
2

, Z m + 2 [k ] =

A
B
+ j
2
2

If an even number of transforms are averaged together, this alternating pattern will result in complete
suppression of the real and imaginary components of the signal, agreeing with Example 4.3:

{

}

E Z ( a ) [k ] =
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m =0
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= 0 − j0
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Examples 4.10 and 4.11 illustrate that the mean of the transform of a rectangularly
windowed, time aliased signal can be biased compared to the mean of the transform of the
original signal, depending on the particular signal. This is a result of the linear averaging in the
Fourier domain and concurs with the conclusions reached regarding the variance of the time
aliased signal in the time domain as illustrated in Section 4.6.
In Section 4.6, it was also shown that the variance of the original signal is preserved by
the time aliased signal if certain types of windows are used, which implies that the mean of the
time aliased transform will also be preserved. Now let us consider these cases by considering the
windowed, time aliased signal as a convolution integral as was done in Chapter Three. In
Chapter Three, the transform of the multiple-block windowed, time aliased signal was shown in
Equation 3.3a to be:

V ( a ) ( e jω k ) =

=

1
2πM

π

∫πW

MN

(e jω ) X (e j (ω k −ω ) )dω

−

1
WMN (e jω ) ⊗ X (e j (ω k −ω ) )
= W N (e jMω ) ⊗ X (e j (ω k −ω ) )
ω k = Mω p
M
ω k = Mω p

Expressing the window transform and the signal transform in terms of real and imaginary parts:

V ( a ) ( e jω k ) =

1
2πM

π

∫π [Re W

MN

][

]

(e jω ) + j Im WMN (e jω ) Re X (e j (ω k −ω ) ) + j Im X (e j (ω k −ω ) ) dω

−

Restricting the window function to be an even function of time and therefore real in frequency,
which applies to all conventional windows such as the rectangular, Hanning, etc., as well as to the
ssinc-based windows, causes the imaginary part of the window transform to go to zero in
Equation 4.20.
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V ( a ) ( e jω k ) =

V

(a)

(e

jω k

1
2πM

π

∫π Re W

MN

[

]

(e jω ) Re X (e j (ω k −ω ) ) + j Im X (e j (ω k −ω ) ) dω

−

π
π

1 
j (ω k −ω )
jω
)=
)WMN (e )dω + j ∫ Im X (e j (ω k −ω ) )WMN (e jω )dω  (4.20)
 ∫ Re X (e
2πM  −π
−π


Now obtain the mean of the time aliased transform by taking the expected value of this
expression and recognizing that the window transform is a deterministic function and therefore a
linear multiplier of the transform of the signal, which is considered a random variable in this case.
This leads to Equation 4.21.

 1
E V ( a ) (e jω k ) = E 
 2πM

{

}

 1
= E
 2πM

{

}

E V ( a ) ( e jω k ) =

π

j (ω −ω )
jω
∫ Re X (e k )WMN (e )dω + j

−π

1
2πM

π


j (ω k −ω )
jω
Im
X
(
e
)
W
(
e
)
d
ω

MN
∫
−π


π


π

1
j (ω k −ω )
j (ω −ω )
jω
jω
Re
X
(
e
)
W
(
e
)
d
ω
j
E
+

 ∫ Im X (e k )WMN (e )dω 
MN
∫−π
2πM −π



1
2πM

π

∫π E{Re X (e

j (ω k −ω )

}

) WMN (e jω )dω

−

+ j

1
2πM

π

∫π E{Im X (e

j (ω k −ω )

}

(4.21)

) WMN (e jω )dω

−

From Equation 4.21 we can see that the expected value of the real and imaginary
components of the original signal is biased by convolution with the transform of the MN point
window function. The transform of the windowed, time aliased signal is simply the transform of
the original MN point, windowed signal, but it is evaluated at the frequency line spacing of the
shorter N point DFT.
As was seen in Chapter Three, bias of the window transform will result in suppression of
certain types of signals with time aliasing because of time frequency scaling of the window
transform relative to the DFT resolution.

The suppression of the rectangularly windowed,

discrete components like the fractional periodic sinusoid occurs because the magnitude of the
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window transform is low except near a frequency line. The suppression of the purely random
signal can also be seen from Equation 4.21 because the width of the MN point window transform
is narrow relative to ∆fN.
In Chapter Three it was shown that the effect of the convolution between the transform of
the ideal uniform window and the signal transform results in the average value of the signal
transform being assigned to the frequency line at ωk. Rewriting Equation 3.5 by assigning the
same limits and scaling as the convolution in Example 4.9 and substituting the ideal uniform
window transform, we extend this result to receive the mean of the time aliased transform of the
uniform windowed signal in Equation 4.22.

{

}

E V ( a ) ( e jω k ) =

{

}

E V ( a ) ( e jω k ) =

1
2πN

1
2πN

ωk +

∆f N
2

∫ E{Re X (e

j (ω k −ω )

}

) (1)dω + j

∆f
ωk − N
2

ωk +

∆f N
2

∫ E{Re X (e

j (ω k −ω )

}

) dω + j

∆f
ωk − N
2

1
2πN

1
2πN

ωk +

∆f N
2

∫ E{Im X (e

j (ω k −ω )

}

) (1)dω

∆f
ωk − N
2

ωk +

∆f N
2

∫ E{Im X (e

j (ω k −ω )

}

) dω

(4.22)

∆f
ωk − N
2

In Equation 4.22, we can see that as a result of using the ideal uniform window with time
aliasing we receive the average value of the signal transform over ∆fN. In Chapter Three, it was
shown that the ssinc window transform approaches the uniform ideal window transform as the
number of time aliased blocks is increased. Now if we consider the ssinc window transform with
a sufficient number of blocks, we see that the mean of the transform of the windowed, time
aliased signal will approach the average of the signal transform over ∆fN.
Because the ssinc window transform spans ∆fN, it does not suppress the signal transform
of a fractional periodic sinusoid or of the purely random signal. This is the same thing as shown
in Equation 4.22, because as the ssinc window transform approaches the ideal uniform window
transform, the average value of the MS of the signal transform over ∆f is assigned to the
frequency line at ωk. This can be related to the variance of the ssinc windowed, time aliased
signal as the number of blocks is increased in Example 4.5.
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We can see that the mean of the transform of the time aliased signal is dependent on the
type of window function in the effective convolution. The rectangular window transform is
selective in that it suppresses a portion of the MS of the signal transform.

As an increasing

number of blocks are time aliased using a ssinc window, however, the window transform
approaches the ideal uniform window transform and the MS of the signal transform is averaged
over ∆fN and so the mean of the time aliased transform approaches the mean of the transform of
the original signal.

4.8.2 Variance of the Time Aliased Signal Transform
The variance of the time aliased signal transform can be obtained by again considering
the time aliasing process in the frequency domain as the linear average of transforms of
successive blocks of the time domain signal as discussed in Section 2.5. Expressing the time
aliasing process as linear averaging of transforms in the Fourier domain as was done previously
in Section 4.8.1, we have the following expression for the variance of the time aliased transform:

1
VAR Z ( a ) [k ] = VAR 
M

{

}


1
Z m (e jω k n ) = VAR 
∑
m =0

M

M −1

M −1

∑Z

m =0

m


[k ]


Considering each transform in its complex form we obtain Equation 4.23.

1
= VAR 
M

=

1
M

M −1

∑ Re Z

m =0

m

M −1

∑VAR{Re Z

m =0

+

1
M

m


[k ] + Im Z m [k ]


[k ]}

M −1

∑VAR{Im Z m [k ]} +

m =0

1
M2

M −1 M −1

∑ ∑ COV {Re Z m [k ], Im Z q [k ]}

(4.23)

m =0 q =0,
m≠q

(This derivation assumes that the covariance between adjacent frequency lines is zero.)

117

The result in Equation 4.23 shows that time aliasing a signal results in a reduction of the
variance of the real and imaginary components of its transform. We will now derive some
conclusions about time aliasing processes for discrete components and for purely random signals
based on this reduction. To consider discrete components, again reconsider the cases of the time
aliased integer and fractional periodic sinusoids from Examples 4.7 and 4.8, now from the
perspective of Equation 4.23.
The frequency domain variance of a truly deterministic integer periodic sinusoid is zero
because the values of the real and imaginary components never change and always equal the
mean value.

Deterministic signals can, of course, be biased by leakage or influenced by

numerical or measurement error, but numerical and measurement error are generally random
phenomena, causing the truly deterministic representation of the signal to be altered thereby
making it a random signal with a non-zero frequency domain variance.
On the other hand, the real and imaginary frequency domain components of a fractional
periodic sinusoid differ in each successive transform as shown in Example 4.8. For each of the
successive transforms used in the derivation of Equation 4.23, the variance represents the
difference in that individual transform from the mean value and so each transform of successive
blocks of the fractional periodic sinusoid has a finite variance. Frequency domain averaging of
the transforms in Equation 4.23 will result in a suppression of the Fourier domain variance of the
fractional periodic sinusoid.
Now we can examine the case of a purely random signal. A purely random signal can be
represented as either random in magnitude or in phase at each frequency line, but in either case,
the variance of the real and imaginary components is non-zero. It will be shown in Section 5.2
that the covariance of the real and imaginary components of a time aliased purely random signal
is zero and so we can see that Equation 4.23 reduces to the linear average of the variance of the
real component, plus the linear average of the imaginary component.
When a time aliased conventional window is used with amplitude normalization, this will
be reduced by 1/M. In Section 5.2 it is further shown that the normalized variance of the random
noise at each frequency line is σz2/2N. If we take the magnitude of the purely random signal at
any frequency line, the linear averaging reduction factor of 1/M becomes 1/M2.

Applying

Parseval’s theorem and summing over all frequency lines yields the variance of the purely
random signal as σz2/ M2 which is the same reduction factor as shown for the time domain
variance of the purely random signal shown previously.
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We can then conclude that time aliasing can suppress the variance of the transform of
some signals when the time aliasing process is normalized to preserve amplitude. For signals that
are uncorrelated in time, the variance of the real and imaginary components of the signal
transform is significant from block to block in the time domain and this variance is suppressed
with time aliasing because of the equivalent linear averaging in the Fourier domain when a
rectangular window transform is used. When other windows are used which do not span ∆fN, it
will be shown in Section 5.2 that the variance is similarly suppressed.

4.9 Chapter Summary
This chapter has considered the statistical descriptors of the signal in the time, correlation
and Fourier domains. The spectral domain is the subject of Chapter Five. These statistical
descriptors relate power and energy of the signal between all four domains. This chapter has
shown that they are influenced by the time aliasing process and that the results are dependent on
the nature of the original time domain signal, whether periodic or aperiodic.
For conventional windows, used with time aliasing, normalization to preserve the
amplitude of discrete components in the Fourier domain results in suppression of aperiodic
signals and fractional periodic sinusoids, but preserves the time variance of integer periodic
sinusoids. Ssinc-based windows preserve all three types of signals as the number of time-aliased
blocks increases.
For conventional windows not normalized to preserve amplitude of discrete components
in the Fourier domain, the time domain variance of aperiodic signals will be inflated by a factor
of M, but the MS will be preserved between the time and spectral domains according to
Parseval’s theorem. Chapter Five will consider spectral bias in this regard.
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Chapter 5 - Spectral Estimates of Time Aliased Signals
The statistical nature of the time aliased signal in the time, correlation and Fourier
domains was covered in Chapter Four. In this chapter, it is covered in the spectral domain. The
goal of this chapter is to investigate the behavior of spectral estimates derived from time aliased
signals, considering different signal types and windows, and compare them to conventional
spectral estimates.
The accuracy of a spectral estimate depends not only on the spectral estimation process,
but on the character of the spectrum itself and so different techniques are indicated for different
types of spectra in order to reduce uncertainty. Time aliasing acts to reduce bias error and it is
important to understand this effect. The variance of the periodogram spectral estimate of a purely
random signal is the same with time aliasing as it is with conventional spectrum estimation
methods. Spectral averaging is a technique that can reduce the variance error and strategies for
averaging time aliased spectral estimates will be discussed.

5.1 Spectrum of the Time Aliased Signal
The spectrum, Γxx(ω), of the bandlimited signal, x(t) is proportional to the spectrum,
Γ(ω), of the original signal, s(t) as shown in Equation 5.1. A reasonable estimate of Γxx(ω) is
considered a reasonable estimate of Γss(ω) over the bandwidth of the antialiasing filter.

Γxx (ω ) =

1 ω 
Γ 
T T 

(5.1)

As discussed in Chapter One, there are generally two approaches that are used to obtain
estimates of Γxx(ω), the so-called “direct” and “indirect” approaches. The direct approach, also
known as a periodogram, is the method commonly implemented in a DFT spectral analyzer.
Using the direct approach requires computing an estimate of the spectrum based on the Fourier
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transform of a segment of the windowed, discrete time signal, v[n], with Fourier transform, V(ejω)
defined in Equation 2.7. A periodogram estimate, also known as the autospectrum, is then
defined in Equation 5.2:

I (ω ) =

1
V (e jω )V (e jω )*
LU

(5.2)

where: L = segment length, samples
U = window bias correction factor
The indirect approach to estimating Γxx(ω) uses a segment of the discrete time signal,
x[n] to compute an estimate of the autocorrelation function, ĉxx[n]. The spectral estimate is then
computed as the Fourier transform of ĉxx[n]. It is certainly possible to use either x[n], or the
windowed, discrete time signal, v[n], but in practice, when computing an indirect estimate,
windows other than the rectangular window are usually reserved for the correlation domain and
applied to ĉxx[n] before transforming to the frequency domain.
A periodogram estimate of the spectrum of the time aliased signal, Γ(a)xx(ω) is defined as
given in Equation 5.3 from the windowed time aliased signal, v(a)[n], and its Fourier transform,
V(a)(ejω) defined in Equation 2.8.

I ( a ) (ω ) =

1 ( a ) jω ( a ) jω *
V (e )V (e )
LU

(5.3)

It can be seen that the direct method based on the periodogram estimate of the spectrum
of the time aliased signal, I(a)(ω) is analogous to the direct method of computing I(ω). Likewise
the indirect method can be defined as the spectral estimate based on the Fourier transform of an
estimate of the time aliased autocorrelation function, ĉ(a)xx[n].
Although an equally valid approach, details on the application of the indirect approach to
computing a time aliased spectral estimate will not be considered here because of the prevalence
of the periodogram approach in DFT spectral analyzers and because the emphasis is on
developing the characteristics of periodogram averaging with the time aliased signal.

The

indirect method will, however, be shown to be helpful in evaluating the mean and variance of the
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periodogram spectral estimate and in explaining window normalization between the correlation
and spectral domains.
Several references, including Oppenheim 1999, cover the issue of comparing the
periodogram estimate, I(ω) to the spectrum of the original signal, Γxx(ω). The question arises
then, as to how a periodogram estimate of the spectrum of the time aliased signal, I(a)(ω)
compares to Γxx(ω). It will be shown that there are important similarities and differences when
the signal has been time aliased.

5.2 Spectral Uncertainty as a Function of Bias and Variance Errors
As introduced by Equation 4.3 in Chapter Four, the mean squared error of the spectral
estimate at any single frequency line, k, is as shown in Equation 5.4. An accurate estimate of the
spectrum requires that both the bias and the variance be reduced. The overall reduction of error
in the spectral estimate depends both on the spectral estimation process and on the type of
spectrum to be estimated.

MSE k = Bias k2 + Vark

(5.4)

In the spectral estimation process, bias error in the spectrum is primarily a function of
two factors: window transform shape and frequency resolution. In Equation 5.4, the window
transform shape influences bias error through the introduction of leakage error. Leakage is
characterized by the flatness of the mainlobe and the magnitude of the sidelobes of the window
transform as discussed in Chapter Three.
Frequency resolution refers both to DFT resolution and to effective frequency resolution,
which is again, a function of window transform shape in terms of mainlobe width. The bias error
of a spectral estimate can generally be reduced by improving the DFT resolution, but this will
incur a higher computational cost and so for this discussion, we will assume that the DFT
resolution has already been chosen and is adequate for the purposes of the analysis, given an
appropriate window transform shape.
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Magnitude

Variance Error Dominates

Bias Error Dominates
Frequency
Figure 5.1 – Significance of uncertainty types for different regions of example spectrum

Variance of the spectrum can be introduced either by the nature of the signal itself as in
the case of broadband signals such as the purely random signal, or by noise or other sources of
uncertainty in the signal representation. As will be shown in following sections of this chapter,
the variance of the spectrum of the time aliased signal is the same as the variance of the original
signal at the ωk frequency lines. Because the primary mechanism for reducing variance in the
spectrum is the averaging of spectra, reduction of variance error is primarily a function of the
number of periodograms included in the average spectrum.
Figure 5.1 shows an example spectrum with a portion having a flatter or more broadband
characteristic and a portion with a steeper or more narrowband characteristic with spectral
“peaks” and “valleys”. Spectral magnitude can also be described in terms of dynamic range,
where the use of the term in this case refers to the range of magnitude found in any localized
region of the spectrum. In the flatter region, the dynamic range of the spectrum is very low and
the spectrum is more constant. In the steeper region, the spectrum varies significantly from one
frequency line to the next and so the dynamic range of the spectrum is high.
In the broadband region of Figure 5.1, uncertainty in the spectral estimate is most
strongly influenced by the variance term in Equation 5.4, rather than the bias term. Because the
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spectrum is nearly constant, magnitude leaked away from one frequency line is replaced by a
nearly equal amount of magnitude from adjacent frequency lines and so as long as the window
transform is normalized correctly, the net result will be nearly correct regardless of window
transform shape. Also, because the spectrum is not varying rapidly from one line to the next, the
frequency resolution requirement is very low and so it makes sense to use a shorter DFT length
with primarily broadband types of spectra in order to increase the number of spectral averages
that can be obtained from a given amount of data in order to maximize the amount of variance
reduction.
In the narrowband region of Figure 5.1, the situation is just the reverse. Sidelobe leakage
can be very significant from one frequency line to the next because the magnitude is not constant.
Frequency resolution requirements are also much higher in order to resolve important features of
the spectrum such as peaks and valleys. Because significant signal energy is concentrated in a
narrow band of frequencies, the signal-to-noise ratio is most likely quite good in this region and
so variance introduced by noise on the signal is low compared to the signal amplitude. In this
case, the spectrum estimation method should be optimized to reduce bias error by improving
frequency resolution and reducing leakage.
The mean and the variance of the time aliased spectral estimate are useful in quantifying
each term of Equation 5.4 and in choosing the correct procedures for obtaining an accurate
spectral estimate using time aliasing.

These will be discussed in subsequent sections and

compared to conventional methods of spectrum estimation.

5.3 Mean and Variance of Time Aliased Periodogram of a Purely
Random Signal
Before considering the mean and variance of the time aliased periodogram more
generally, the specific case of the purely random signal will be considered.

This case is

commonly used in reference subjects on spectrum analysis and so it is an important result. It will
also be helpful in the following sections which will consider the periodogram spectral estimate
with other types of signals.
A procedure used in Jenkins 1968 to calculate the mean and variance of the periodogram
of a purely random signal first derives the mean and variance of the individual real and imaginary
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components, A(ω) and B(ω), of the Fourier transform of the signal.

It then uses these

components to derive the periodogram and estimate the mean and variance of the periodogram.
Examples 5.1 and 5.2 consider the specific case of a time aliased, purely random signal
by modifying the procedure shown in Jenkins 1968 to include the linear transform averaging
method for computing the time aliased signal in the Fourier domain (Section 2.5). The real and
imaginary components of the Fourier transform of the time aliased signal, A(a)(ω) and B(a)(ω), are
calculated and then used to derive the mean and variance of the time aliased periodogram of the
purely random signal. Results of Example 5.1 are then illustrated and empirically verified in
Example 5.2.

Example 5.1 - Mean and Variance of Time Aliased Periodogram of a Purely
Random Process
In order to derive the mean and variance of the time aliased periodogram of a purely random process, first
consider the mean and variance of the transforms of M contiguous data segments found in Jenkins 1968
with elements of the proof which are relevant to the time aliased spectral estimate reproduced here with
intermediate steps inserted for clarity.
Given MN samples, z[n], from a purely random normal process, z, having mean, µz=0 and variance σz2,
create M contiguous segments of N samples (rectangularly windowed).

Mean and Variance of Segment Transforms
The mth transform, of the mth segment of z[n], expressed in terms of its Fourier components, A(ω) and
B(ω):

N −1

Am (ω ) = ∑ z m [n] cos 2πωn
n =0
N −1

Bm (ω ) = ∑ z m [n] sin 2πωn
n =0

Mean and variance of the mth transform, applying eq. 3.2.15 from Jenkins 1968 with λn = cos2πωn:

 N −1

E{Am (ω )} = E ∑ z m [n] cos 2πωn
 n =0

N −1

N −1

n =0

n =0

= ∑ cos 2πωn E{z m [n]} = ∑ cos 2πωn µ = 0
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E{Bm (ω )} = 0

by same

Consider only harmonic frequencies, ωk = k/NT (Periodogram only defined for ωk):

{

}

{

}

Var{Am (ω k )} = E Am2 (ω k ) − (E{Am (ω k )}) = E Am2 (ω k ) − 0 = Cov{Am (ω k )}
2

also:

 N −1

Var{Am (ω k )} = Var ∑ z m [n] cos 2πω k n
 n =0

Recognizing that it is equivalent to treat each segment of zm[n] either as N samples from the same random
process or as single samples from N different random processes, this is a linear combination of random
variables and we can apply eq. 3.2.17 from Jenkins 1968 to obtain the variance of random variable Am(ωk):
N −1 N −1

= ∑∑ cos 2πω k n cos 2πω k q Cov{z m [n]z m [q ]}
n =0 q =0

Or, in the specific case of the purely random process, z, eq. 3.2.18 from Jenkins 1968 can be used to obtain:
N −1

N −1

n =0

n =0

= ∑ cos 2 2πω k n Var{z m [n]} = σ z2 ∑ cos 2 2πω k n
N
N

 2N
σ z 2 , k = 1,2,..., 2 − 1, 2 + 1,..., ( N − 1)
=


σ 2 N , k = 0, N

 z
2
N
N

 2N
σ z 2 , k = 1,2,..., 2 − 1, 2 + 1,..., ( N − 1)
Var{Bm (ω k )} = 
 by same
N

0 , k = 0,


2
It is also shown in Jenkins 1968 that when k ≠ l:

Cov{Am (ω k ) , Am (ω l )} = Cov{Bm (ω k ) , Bm (ω l )} = Cov{Am (ω k ) , Bm (ω l )} = 0
Therefore adjacent harmonic components are independent for both Am(ωk) and Bm(ωk).
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Mean and Variance of Time Aliased Transform of a Purely Random Signal
To derive the mean and variance of the time aliased periodogram, consider the Fourier domain (linear)
average of all M transforms of Zm(ωk):

Z m (ω k ) =

1
M

M −1

∑ Am (ω k ) +

m =0

M −1

1
M

∑B

m =0

m

(ω k )

This is equal to the transform of one period of the time aliased signal, z(a)[n]:

= A ( a ) (ω k ) + B ( a ) (ω k ) = Z ( a ) (ω k )
Mean and Variance of the transform components for the time aliased signal:

 1 M −1
 1
E A ( a ) (ω k ) = E  ∑ Am (ω k ) =
 M m =0
 M
(a)
E B (ω k ) = 0
by same

{
{

}
}

1
Var A ( a ) (ω k ) = Var 
M

{

}

M −1

∑A

m =0

m

M −1

∑ E{A

m =0

m

(ω k )} = 0


(ω k )


Since each Am(ωk) is a random variable, this is the linear combination of random variables. By the central
limit theorem, even if the process z is not Normal, each Am(ωk) will quickly approach Normality (Jenkins
1968, 233) and we can apply equation 3.2.18 of Jenkins 1968 again. (We are really considering the mean
and variance of Z(a) (ωk) as the mean and variance of the means, where the means are the random variables,
Zm(ωk)):

{

}

2

M −1

 1 
Var A (ω k ) = ∑   Var{Am (ω k )}
m =0  M 
(a)

If the process z is purely random we can substitute equation 2 from above for Var{ Am(ωk)}:

Var {A

 1 
)} =  
M

2

M Var{Am (ω k )}
 
N
N

1 2N
 M σ z 2 , k = 1,2,..., 2 − 1, 2 + 1,..., ( N − 1)
=


 1 σ 2 N , k = 0, N

 M z
2
N
N

1 2N
σz
, k = 1,2,..., − 1, + 1,..., ( N − 1)



2
2
2
Var B ( a ) (ω k ) =  M


0 , k = 0, N


2

{

(a)

(ω k

}
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Therefore the Var{ A(a)(ωk) }= 1/M (Var {Am(ωk)}) for a purely random signal.
If the process z is not purely random, we must substitute Equation 1 from above for Var{ Am(ωk)}:

{

}

 1 
Var A (ω k ) ==  
M 
(a)

 1 
= 
M 

2 M −1 N −1 N −1



∑  ∑∑ cos 2πω

m =0

 n =0 q =0

2 N −1

∑ cos

2

n =0

 1 
+ 
M 

k


n cos 2πω k q Cov{z m [n]z m [q ]}


2πω k n Var{z m [n]}





∑
 ∑∑ cos 2πω k n cos 2πω k q Cov{z m [n]z m [q ]}
m =0  n =0 q =0


 q≠n

2 M −1 N −1 N −1

We can see that Cov{zm[n] , zm[q]) = 0 for a purely random signal and so this expression equals the
previous result.

Distribution of the Transform Components
Consider the normalized random variables

(A (ω ))
Var {A (ω )}

(B

2

(a)

k

(a)

)

2

(ω k )
Var B ( a ) (ω k )

and

k

(a)

{

}

Since each A(a)(ωk) and B(a)(ωk) is the linear combination of Normal random variables, then in normalized
form they are distributed as χ12 random variables. This is strictly true for the case of the purely random
process, z, but approximately true for other types of random processes (Jenkins 1968).
In the case of the purely random process, z, the normalized random variables become:

(

2M A ( a ) (ω k )
Nσ z2

)

(

2

2M B ( a ) (ω k )
Nσ z2

and

)

2

Time Aliased Periodogram of a Purely Random Signal
The time aliased periodogram spectral estimate in terms of these components is:

(

) (
2

I ( a ) (ω k ) = A ( a ) (ω k ) + B ( a ) (ω k )

)

2

=

1 (a)
C zz (ω k )
N
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(5.5)

Distribution of the Time Aliased Periodogram Spectral Estimate
A normalized periodogram spectral estimate can be written as a sum of the normalized transform
components. In the case of the purely random process, z:

[(

) (

(

)

I ( a ) (ω k ) =

2
2M
A ( a ) (ω k ) + B ( a ) (ω k )
2
Nσ z

I ( a ) (ω k ) =

M
A ( a ) (ω k )
2
Nσ z

2

=

) ] = 2MCσ

(a)
zz
2
z

2

MC zz( a ) (ω k )

(ω k )

k=1,2,…,N/2-1,N/2+1,…,N-1

k=0,N/2

σ z2

It can be seen that for k=1,2,…,N/2-1,N/2+1,…,N-1, the normalized periodogram estimate is distributed as
χ22 and for k=0,N/2 it is distributed as χ12 . Considering the first two moments of the χν2 random variable:
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For the χ22, we can write the mean of the normalized time aliased periodogram:
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Therefore, time aliasing a rectangularly windowed, purely random process results in a periodogram
estimate with power reduced by a factor 1/M.
The variance of the normalized time aliased periodogram for the rectangularly windowed, purely random
signal:

 2 MC zz( a ) (ω k ) 
σ z4
(a)
Var 
 = 4 → Var {C zz (ω k )} = 2
M
σ z2



(5.7)

Comparing this result to the variance of the non-time aliased periodogram, σz4, the variance of the time
aliased periodogram reduces by a factor of 1/M2 in the case of a rectangularly windowed purely random
process.
Effect of a Non-Rectangular Window on the Time Aliased Periodogram of a Purely Random Signal
Given MN samples, z[n], from a purely random normal process, z, having mean, µz=0 and variance σz2,
apply a time window, w[n], MN points long and segment the result, v[n], into M contiguous segments of N
samples.
Mean and Variance of Windowed Segment Transforms
The mth transform, of the mth segment of v[n], expressed in terms of its Fourier components, A(ω) and
B(ω):
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N −1

Am (ω ) = ∑ wm [n]x m [n] cos 2πωn
n =0
N −1

Bm (ω ) = ∑ wm [n]x m [n] sin 2πωn
n =0

Mean and variance of the mth transform:

 N −1

E{Am (ω )} = E ∑ wm [n]x m [n] cos 2πωn 
 n =0

N −1

N −1

n =0

n =0

= ∑ wm [n] cos 2πωn E{x m [n]} = ∑ cos 2πωn µ = 0
E{Bm (ω )} = 0

by same

Consider only harmonic frequencies, ωk = k/NT

 N −1

Var{Am (ω k )} = Var ∑ wm [n]x m [n] cos 2πω k n
 n =0

N −1 N −1

= ∑∑ wm [n]wm [q ] cos 2πω k n cos 2πω k q Cov{x m [n]x m [q ]}
n =0 q =0

In the specific case of the purely random process:
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N
N
 2 N N −1

2
2 N
σ z 2 ∑ (wm [n]) = σ z 2 c ww [0] , k = 1,2,..., 2 − 1, 2 + 1,..., ( N − 1)
n =0
Var{Bm (ω k )} = 

0 , k = 0, N



2
Since cww[0] is a scalar multiplier, it is also true that, as above, when k ≠ l:

Cov{Am (ω k ) , Am (ω l )} = Cov{Bm (ω k ) , Bm (ω l )} = Cov{Am (ω k ) , Bm (ω l )} = 0
Therefore adjacent harmonic components are independent for both Am(ωk) and Bm(ωk).
Considering the transform of the windowed, time aliased signal as the linear average of the M transforms of
the segmented signal:
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The variance for both Am(ωk) and Bm(ωk) for all k are derived by the same procedure.
Using these results we can obtain modified versions of the previous results.

{

}

E C vv( a ) (ω k ) =

{

Var C

(a)
vv

}

σ z2

(5.8)

(a)
Mc ww
[0]

(ω k ) =

(

σ z4

(5.9)

)

(a)
M 2 c ww
[0]

2

The net effect of the non-rectangular window on the periodogram of the windowed, time aliased signal is to
divide the mean of the periodogram by the MS of the window and the variance of the periodogram by the
square of the MS of the window as shown in Equations 5.8 and 5.9.
Therefore the non-rectangular window has the same effect on the mean and variance of the time aliased
periodogram estimate as it would have on the periodogram estimate of the non-time aliased signal, i.e.
scalar multiplication by 1/MS of the window.

Example 5.2 - Empirical Verification of Mean and Variance of the Time Aliased
Periodogram of a Purely Random Process Using Conventional Windows
In order to verify the mean and variance of the time aliased periodogram of a purely random signal using
conventional windows, an experiment was created to numerically simulate the procedures using Matlab®.
For each run of the program, M segments of N points of Normally distributed noise were created and the
periodograms (autospectrum of FFT components) of all M segments computed. A window was then
applied over all the same M segments, which were then time aliased using 1/M normalization, and the
windowed, time aliased periodogram computed. A rectangular window was used with M=4, M=5 and a
Hanning window with M=8.
Estimates of the mean and variance were created at each frequency line for all (M per run) non-time
aliased, rectangularly windowed periodograms over all test runs and at each frequency line for the (one per
run) windowed, time aliased periodogram over all test runs. The ratios of the spectral mean and variance
for the non-time aliased and time aliased cases are shown in the bottom two plots. The values MWRatio
AVG and VarWRatio AVG are the average values of the bottom two plots, corrected by the MS estimate of
the window. These values can then be compared directly to mean and variance suppression predicted by
the number of time aliased blocks, M, regardless of window type used.
The results of the experiment are shown in Figures 5.2 through 5.4. Comparing the mean ratios to the
number of time aliased periods shows that the mean of the random noise is suppressed by the 1/M factor
predicted and that the variance of the random noise is suppressed by the 1/M2 factor predicted for a
conventional window normalized by 1/M in the time aliasing process.
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Figure 5.2 - Mean and variance purely random signal, rectangular window, M = 4

Figure 5.3 - Mean and variance purely random signal, rectangular window, M=5
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Figure 5.4 - Mean and variance purely random signal, Hanning window, M = 8

5.4 Mean of Time Aliased Periodogram
The periodogram estimate of the spectrum of a signal is defined in Equation 5.10 as:

I (ω ) =

1
V (e jω )V (e jω )*
LU

(5.10)

In Chapter Three, the transform of the windowed time aliased signal was defined to be:

V ( a ) ( e jω k ) =

=

1
2πM

π

∫πW

MN

(e jω ) X (e j (ω k −ω ) )dω

−

1
WMN (e jω ) ⊗ X (e j (ω k −ω ) )
= W N (e jMω ) ⊗ X (e j (ω k −ω ) )
ω k = Mω p
M
ω k = Mω p

Where: ωk=2πk/N and ωp = 2πp/MN
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If we substitute this expression into Equation 5.10 and recognize that the window is an even
function of time and therefore a real function in frequency, we can obtain an expression for the
windowed, time aliased spectral estimate in terms of the product of the convolution integrals:
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ω k = Mω p

Taking the expected value of this expression yields a result for the mean of the windowed, time
aliased periodogram spectral estimate.
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(5.11)

ω k = Mω p

The expression in Equation 5.11 is somewhat difficult to evaluate analytically because it
is the expectation of the sum of squares. In the literature, this complication is often handled in
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ω k = Mω p

one of two ways: either an approximating distribution is used to combine the squared terms or an
alternate definition for the spectrum is employed.
In the first method for evaluating Equation 5.11, X (e

j (ω k −ω )

) is assumed to be a purely

random variable and therefore the real and imaginary parts of V ( a ) (e

jω k

) are assumed to be

statistically independent and the sum of their squares are assumed to fit a χ2 distribution. They
can be combined and the mean and variance are found by evaluating the mean and variance of the
approximating χ2 distribution. This is the approach used in Example 5.1 and it is useful for
estimating the mean and variance of the periodogram of purely random and broadband signals.
In the second method, the mean and variance of the periodogram spectral estimate is
related to the definition of the spectrum as the transform of the aperiodic autocorrelation function
estimate. A simplified proof of the equivalence of these two functions known as the WeinerKhintchin theorem (Shiavi 1999), is given in Appendix B. We will now investigate the mean of
the spectral estimate on this basis in order to consider discrete spectra and spectra where the
dynamic range of the spectrum is significant.
In Chapter Three the transform of the windowed, time aliased signal in the Fourier
domain was shown as the effective convolution of the window transform with the transform of
the signal. In the spectral domain, the spectrum of a signal is defined as the Fourier transform of
the autocorrelation function of the windowed, time aliased signal (Jenkins 1968; Oppenheim
1999). This can also be represented as a convolution having the form shown in Equation 5.12.
∞

I (ω k ) = Cvv (ω k ) = ∫ C ww (ω k )C xx (ω k − ω )dω

(5.12)

−∞

where:

C ww (ω ) =

L

∑c

l =− L

ww

[l ]e − jωl

The bias of periodogram spectral estimate, as defined in Chapter Four, is the difference
between the spectrum of the original signal and the expected value of the time aliased
periodogram estimate:

Bias = E{I (ω )} − Γxx (ω )
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By taking the expected value of Equation 5.12 we can obtain the mean of the spectral
estimate of the time aliased signal.

∞

E{Cvv (ω k )} = E  ∫ C ww (ω k )C xx (ω k − ω )dω  = E{I (ω k )}
− ∞


(5.13)

Recognizing the transform of the autocorrelation function of the window as a
deterministic function and therefore a linear multiplier of the random variable:

∞

= ∫ C ww (ω k ) E{C xx (ω k − ω )}dω
−∞

∞

E{I (ω k )} = ∫ C ww (ω k )Γxx (ω k − ω )dω

(5.14)

−∞

The convolution integral in Equation 5.14 shows that the true spectrum of the signal is
biased by the transform of the window autocorrelation function with the only exceptions being
the case of the rectangular window convolved with either a purely random signal or an integer
periodic sinusoid. This means that under conventional methods, all other signals will be biased.
Now we need to introduce the effects of time aliasing and multiple block windows into
Equation 5.14. In Chapter Three it was shown that the effect of time aliasing the signal is to
decimate the transform by a factor of 1/M frequency lines after the effective convolution between
the transforms of the signal and window function had taken place. The two effects of the window
function and time aliasing can therefore be considered separately.
The time aliased periodogram spectral estimate is defined in terms of the transform of the
time aliased signal.

Because the periodogram spectral estimate is only defined at discrete

frequency lines based on the resolution at which the transform was calculated in the Fourier
domain, the decimation from time aliasing has already taken place and so the frequency line
spacing has already been determined at ∆fN.
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Although there are spectral domain implications which arise from the time aliasing
process and the associated decimation in frequency, these effects arise because of the use of MN
point window functions with an N point DFT and so we now move to consider spectral bias
resulting from the window function. We will first review conventional spectral estimates and
then investigate the time aliased spectral estimate.

5.4.1 Bias Effects of Window Transforms: Conventional Spectral Estimates
By remembering the fact that the window function is a real function of frequency, we can
see from the relationship shown in Equation 5.15 that the transform of the window
autocorrelation equals the square of the Fourier domain window transform.

(

C ww (ω k ) = W (e jω k )W * (e jω k ) = W (e jω k )

)

2

(5.15)

If we substitute the result from Equation 5.15 into Equation 5.14, we can express the
spectral estimate as a convolution of the magnitude of the window transform with the true
spectrum as a function of frequency and arrive at some conclusions regarding the influence of the
window on spectral estimates of various signals.
Obviously, there are a myriad of possible combinations which could be considered if we
consider an arbitrary window with an arbitrary signal. Many of these cases can be very difficult
to solve for analytically. Some standard cases will now be considered which will serve to
illustrate important signal types and can lead to some general conclusions regarding spectral bias
arising from the window function in a conventional spectral estimate.

Window Normalization with Purely Random Signals: Conventional Case
First we will consider the purely random signal in terms of the convolution in Equation
5.14 without time aliasing. This means that we are considering either N point windows with an N
point DFT with frequency lines spaced at ∆fN, or MN point windows with an MN point DFT with
frequency lines spaced at ∆fMN.
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The spectrum of the purely random signal, Γzz(ω), is a constant, σz2, for all ω ≠ 0. The
expected value of each frequency line of the discrete representation of the spectrum, Czz[k]
approaches σz2/∆f. By the Parseval’s theorem, it can be seen that the area under a rectangular
window transform will be 1/∆f so a rectangularly windowed, purely random signal can be shown
to be unbiased for a purely random signal according to Equation 5.14 because the value at any
frequency line is σz2/∆f.
If a window other than the rectangular window is applied to the purely random signal, the
spectral estimate will be biased as a result of the MS reduction from applying the window in the
time domain. This bias factor will reduce the mean of the periodogram of all types of signals,
whether broad or narrow band and regardless of whether the signal is deterministic or random. In
the definition of the periodogram spectral estimate, Equation 5.2, a normalizing factor, U, is
included to correct for the bias of the window and it can be shown that this factor is the MS of the
window, cww[0], for a purely random signal (Oppenheim 1999).
It is important to understand that even though the value of the spectrum of a purely
random signal is unbiased at each frequency line with a rectangular window and can be
normalized so that it is also unbiased with other windows, leakage is still occurring because the
sidelobes of the window transform have non-zero magnitude. Because of the flat spectrum of the
purely random signal, the leakage at any frequency line is equal to the leakage at adjacent lines
and so the net effect of the leakage is cancelled. This will not be the case with any other type of
signal.

Window Normalization with Sinusoids: Conventional Case
The true spectrum of sinusoidal signals is discrete valued, with impulses located at the
frequencies of the sinusoids present in the signal. Discrete spectra can be viewed as combinations
of integer and fractional periodic sinusoidal components. Each discrete spectral component in the
spectrum of a sinusoidal signal modulates the window transform in magnitude and shifts it in
frequency to be centered at the frequency of the component. The frequency lines then sample the
window transform.
A rectangularly windowed, integer periodic sinusoid will have the correct magnitude in
the conventional spectrum because the rectangular window transform is centered at the frequency
line with correct magnitude at the center of the mainlobe.

Because the sidelobe width

corresponds to the frequency line spacing and the window transform is centered at a frequency
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line, each adjacent frequency line corresponds in frequency to a null value of the window
transform and so there is no leakage. We can therefore say that the rectangularly windowed,
integer periodic sinusoid will be unbiased.
For a fractional periodic sinusoid, the window transform is not centered at a frequency
line and so the sinusoid will not be represented with the correct magnitude because the window
mainlobe is not flat. Also, adjacent frequency lines do not correspond to the null values in
between sidelobes and so the sinusoid will be leaked to adjacent frequency lines. A fractional
periodic sinusoid is therefore biased with a rectangular window.
For windows other than the rectangular window, normalization by the mean square of the
window does not return the correct magnitude for either an integer periodic or a fractional
periodic sinusoid because it has already been leaked to adjacent frequency lines so a bias has
already been incurred, the exact amount depending on the window transform shape.
The effects of window bias on discrete spectra are to cause inaccurate representation of
the magnitude of the spectral components because of leakage in the form of mainlobe bias. The
effects of leakage in the form of sidelobe bias can cause distortion between closely spaced
components, or a small component may be completely obscured by a larger, neighboring
component.

Window Normalization with Transient Signals: Conventional Case
Spectra of transient signals differ from other types of continuous spectra because the
length of the transient is finite and so it must be considered as an energy signal. Transient signals
therefore produce energy spectra, rather than power spectra, but many of the same conclusions
about window bias also apply to transient signals in the conventional case.
Because a transient signal begins and ends at zero, it can be conceptualized as one period
of a periodic signal.

With transient signals, the DFT samples the transient signal with an

impulsive component in the frequency domain. As long as the DFT segment length corresponds
to the length of the entire transient, then each of the impulsive components is a rectangularly
windowed integer periodic sinusoid, having magnitude equal to the value of the transient signal
transform at that frequency line.
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An alternative viewpoint is that the transient is, in effect, its own window function, but is
centered at zero and not frequency shifted and the DFT samples the window function, the
transient, at the DFT frequency line spacing.
It is obvious that applying any window function will change the MS of the transient
signal. In the case of a transient, however, the spectrum is not flat as was the case with the purely
random signal and so normalization by the MS of the window will not yield the correct value.

Window Normalization with Arbitrary Continuous Spectra: Conventional Case
The previous two sections have shown that conventional power spectra are either
unbiased or can be normalized to the unbiased value in the specific case of a purely random
signal. In practical situations, real signals differ from these assumptions and therefore a bias will
exist in the spectral estimate.
For an arbitrary continuous spectrum, the magnitude of the bias will depend on the
window and the dynamic range of the signal. Purely random signals have a constant valued
signal and so by definition, the dynamic range is zero. Other types of signals with continuous
spectra, such as a narrowband signal, are not constant over wide frequency bands and can have a
high dynamic range in the spectrum. If the dynamic range of the signal is significant, window
sidelobes can cause a distortion of the signal by leaking in energy from adjacent frequency
intervals.
Because the dynamic range of the spectrum of a purely random signal is negligible, any
portion leaking to adjacent frequency lines is replaced by a corresponding amount of magnitude
from adjacent frequency intervals, the net effect canceling the leakage. This may not be true with
other types of signals because the magnitude of the spectrum in adjacent frequency line intervals
may differ significantly and so leakage is therefore an important component of the bias error for
signals having high dynamic range.
The effect of leakage on these types of signals is to obscure spectral detail, particularly in
the vicinity of spectral peaks or valleys. These regions are often of interest in spectral analysis
because they often contain information about systems being studied, such as eigenvalues, or
poles, and zeros. Leakage can cause inaccuracies in the measurement of natural frequencies and
damping in such systems. For these reasons, there is a strong motivation for reducing spectral
bias, especially in the form of sidelobe leakage.
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5.4.2 Bias Effects of Window Transforms: Time Aliased Spectral Estimates
Now we will consider the effect of the window on the mean of a time aliased spectral
estimate, so we are now considering MN point windows used with an N point DFT and frequency
lines spaced at ∆fN.
The first thing to understand about using an MN point window with an N point spectral
estimate is that the window bias effects shown in Section 5.4.1 are still present with the same
conclusions if conventional windows are used with the time aliasing.

If the window is

normalized by 1/M, bias error is even more of a factor with fractionally periodic and random
signals. On the other hand, the decimation in frequency effect of time aliasing, coupled with the
time/frequency scaling effects of the MN point window transform introduce both a new source
for bias in the spectral estimate but at the same time introduce a new capability for removing bias
because the window transform can be changed to meet the needs of the given situation.
First we will consider spectral bias resulting from the use of MN point conventional
windows with time aliased N point transforms and then move to consider windows designed for
use with time aliasing, such as the ssinc window, to reduce this bias. We will also consider the
use of windows as spectral sampling functions for use with continuous spectra.

Window Normalization and Time/Frequency Scaling Suppression
In Chapter Three, the time/frequency scaling effect of using amplitude normalized MN
point windows with N point transforms was seen to divide the effective width of the convolution
between signal transform and window transform by the scaling factor, M. Viewed as a filter,
scaling the window transform has the effect of reducing the bandwidth of the filter assigning a
fraction of the magnitude of the spectrum to any frequency line and that this portion is defined by
the window scaling factor, 1/M.
We are now in a position to explain the variance reduction for a conventionally
windowed, time aliased signal shown previously in Section 4.6, but now in terms of the spectral
estimate. In Section 4.6, it was shown that the variance or AC power of the time aliased signal in
the time domain is reduced by a factor 1/M, if the signal is not correlated from block to block, as
in the case of random noise with a rectangular window.
In Section 5.2, it was shown that the mean of the spectrum of a windowed, time aliased,
purely random signal was reduced by a factor, 1/M as a result of normalizing the window
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transform in the Fourier domain. The factor, 1/M of the variance reduction shown in Section 4.6
is exactly the same factor as the magnitude reduction factor in the spectral estimate of the
rectangularly windowed, time aliased spectral estimate demonstrated in Section 5.2. Considering
the window transform as a filter again, it can then be seen that the two effects are representation
of the same phenomena; that of filtering out a portion of the signal, illustrated in two different
domains.
We then conclude that the use of multiple block, conventional windows with time
aliasing can cause suppression and therefore bias in the magnitude of the spectrum because of the
time/frequency scaling effects on the window transform. This bias factor will differ depending
on the type of signal and window because the convolution is a function of frequency in Equation
5.14.
In the case of conventional spectrum estimation, we can correct for spectral bias arising
from the window by a normalization factor equal to the MS of the window function in the case of
the purely random signal. Because the spectrum of the purely random signal is flat and therefore
is a constant in the convolution integral of Equation 5.14, scaling the window function by M will
likewise return an unbiased value for the spectrum of a time aliased purely random signal, but it is
not possible to correct for this bias with other types of spectra. Just as with normalization by the
window MS in the conventional case, the convolution between the window transform and the
signal transform is a function of frequency and so a correction by M will not yield the desired
result.
There is a case with time aliasing, however, that will yield correct values for the purely
random signal, integer periodic sinusoids and fractional periodic sinusoids and that is for the
ideal, uniform window. If the ideal, uniform window is normalized so that its transform is unity
across ∆fN, the spectrum of these signals will always have the correct value because the window
transform in the convolution in Equation 5.14 is replaced by a constant. This time instead of
considering the spectrum to be a constant in the integral, we consider the window to be a
constant.
In the case of an arbitrary spectrum, Example 4.9 showed that the effective convolution
between the signal and the ideal, uniform window will be the average magnitude of the signal
over ∆fN. This means that the spectral estimate will be an average value over ∆fN. This is an
appropriate value when we consider the DFT as sampling the power spectrum of the signal and
returning the average value of the spectrum in each frequency interval.
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The ideal, uniform window is not realizable for finite length signals, but it can be
approximated by ssinc-based window functions, because these windows span ∆fN, and their shape
approaches the ideal, uniform window as the number of time aliasing blocks increases. Using the
ssinc window to correct for spectral bias will be the topic of the next section where is will be seen
that time aliasing allows us to correct for spectral bias in a new and useful way because of the
availability of new window shapes with time aliasing.

Window Normalization and Time/Frequency Scaling Inflation

We also need to consider the other approach to window normalization discussed in
Chapter Four, window normalization to preserve area. In Chapter Four, it was shown that if the
time aliased signal is not normalized to preserve amplitude in the Fourier domain, then the
variance of the time signal will be inflated by a factor of M for a purely random signal and by a
factor of M2 for a discrete signal. We are now in a position to discuss this apparent variance
inflation and how we it should be corrected in order to receive an unbiased result for continuous
spectra.
As discussed in Chapter Four, a Fourier transform pair exists between the correlation and
spectral domains and that there is an effective window scaling between these two domains, just as
between the time and Fourier domains. If our goal is to preserve the MS of continuous spectra,
then the window in the correlation domain must be normalized by a factor of 1/M in order to
preserve the magnitude in the spectral domain (this is equivalent to normalizing the time aliasing
process by 1/√M). This factor of 1/M normalization in the correlation domain will correct for the
apparent variance inflation shown in Chapter Four for a continuous time domain signal.
This correction by 1/M is equivalent to normalizing the variance estimate of the time
signal by the length of the MN point window, instead of the period of the time aliased signal. We
can see that if we choose this form of normalization for the time signal, then the variance of a
periodic sinusoid will not be preserved, but will still be inflated by M.
In order to scale the spectrum for a periodic sinusoid to have the correct magnitude, we
must remember that the sinusoid is originally a periodic signal in both the time and correlation
domains.

Its transform only exists, therefore in a Fourier series representation which is

normalized by the period length. If we include the 1/M normalization for the Fourier series
representation, we can see that the window normalization between the correlation and spectral
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domains will be effectively 1/M2. This is the same exact factor that would be received by
amplitude scaling the window between the time and Fourier domains and then computing the
periodogram estimate.
We can see therefore that using time aliased conventional windows with a DFT forces a
choice: either the discrete spectrum will be normalized according to a periodic signal in time and
a discrete spectrum; or the discrete spectrum will be normalized according to an aperiodic signal
in time and continuous in frequency.
This relationship is unique to the situation of time aliasing and is not encountered in
conventional spectrum analysis because the window length and the DFT length under
conventional spectrum analysis are always the same.

On the other hand, we can see by

comparison with frequency aliasing, that a similar choice that must be made in the DFT
normalization if we remember that, in Table 2.1, the DFT can be normalized in one of two forms:
according to a Fourier series representation or a continuous Fourier integral transform.
The ideal uniform window, and the ssinc window as an approximation to it, present a
desirable capability, that of a single normalization for both aperiodic and periodic signals. This
situation is not shared by conventional windows under time aliasing and was the motivation for
the creation of windows that are optimized for this type of spectrum analysis.

5.4.3 Using Time Aliased Ssinc Window Transforms to Minimize Bias
As demonstrated in Chapter Three, the use of conventional windows with time aliasing
results in suppression of certain types of signals because the conventional window transforms did
not span the entire interval between frequency lines and so this was a motivation for designing
windows specifically for use with time aliasing which could span the entire interval. It was
further shown that windows such as the ssinc window could be designed which approach the
ideal, uniform window function as more and more blocks are time aliased.
The frequency domain amplitude of the center lobe of the ssinc window is always
constant as the number of time aliased blocks increases and so it does not require normalization
by 1/M, in contrast to conventional windows. The use of a window that approaches a constant
over ∆fN presents a unique situation compared to conventional spectral estimates, because it
applies to all discrete spectra, not just integer periodic sinusoids and at the same time applies to
broadband signals as well.
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The performance of the ssinc window depends on the number of time aliased blocks. If
the number of time aliased blocks is sufficient that the ssinc window can be assumed as an
approximation to the ideal, uniform window, then time aliasing methods have the advantages
pointed out in the previous section. This is an important result when coupled with the leakage
suppression of ssinc-based windows that has already been demonstrated. It implies that time
aliased spectral estimate has the capability of being a very accurate estimator for certain signal
types.
If the number of time aliased blocks of time data is not sufficient for the ssinc window to
be treated as an approximation to the ideal, uniform window, then it can be treated as a non-ideal
window which spans ∆fN and has a very good sidelobe reduction relative to conventional
windows. In either situation, the ssinc window can be seen to yield improved leakage reduction
relative to conventional spectral estimates because of the reduced sidelobes.
Now consider the same cases as in Section 5.2.1 for the ssinc windowed, time aliased
signal. For the purely random signal, as the magnitude of the ssinc window approaches the
average value over ∆fN, it becomes the normalized variance of the random process, σz2/∆f. This
is illustrated in Example 5.3 where the procedure in Example 5.2 is repeated, but this time a ssinc
window is used without normalizing by 1/M.
Because it is a constant times a constant, the spectral estimate of a purely random signal,
using an ideal uniform window is unbiased. If M is not sufficient for the ssinc window to
approximate an ideal uniform window, the bias in the spectrum of a purely random signal can still
be corrected by dividing the spectrum by the normalized MS of the ssinc window as in the
conventional case without time aliasing. It is important to remember that this is not a general bias
correction because it will not work unless the spectrum is flat.
Now consider the case of a discrete component. The magnitude of an integer periodic
sinusoid will be correctly represented over the center of the ssinc window transform because it is
the convolution of an impulse with a constant value. The magnitude of a fractional periodic
component will depend somewhat on the exact frequency of the signal, but is still the convolution
of an impulse with a constant over most of ∆fN, depending, of course on the “idealness” of the
ssinc window transform as defined by the number of blocks, M. As shown in Chapter Four, the
magnitude of the discrete spectral component will be represented either correctly at one
frequency line or will be divided between two adjacent frequency lines if in the region midway
between frequency lines.
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In the case of a transient signal, the ssinc window transform should not be used because it
will simply suppress the MS of the transient signal and cause distortion. In the case of transients,
the conventional spectral estimate is already unbiased with no window function and so time
aliasing in this case is simply a resampling of an already unbiased spectrum.
In the more general case of an arbitrary signal, Example 5.4 shows that the magnitude of
the ssinc windowed, time aliased spectrum will approach the average value of the signal
transform across ∆fN as the number of time aliased blocks increases. This is not the same thing as
saying the spectrum is unbiased and depends on the dynamic range of the spectrum, but for
broadband spectra approaching a purely random signal, the time aliased spectrum will approach
an unbiased condition using a ssinc window as M increases. For spectra with high dynamic
range, a method will be discussed in Section 5.3.4 for reducing spectral bias employing
approximations to the ideal sampling window introduced in Chapter Three.
We can conclude in all of these cases except the energy signal case, or transient, that the
ssinc windowed, time aliased spectrum can approach an ideal uniform window if the number of
blocks, M, is chosen appropriately compared to the accuracy requirements of the given situation.
Therefore a ssinc windowed, time aliased spectral estimate can approach an unbiased value for
discrete spectra and broadband continuous spectra if they are well estimated by an average value
across the interval between frequency lines.

Example 5.3 - Empirical Verification of Mean and Variance of Time Aliased
Periodogram of a Purely Random Process Using ssinc Window
In order to verify the mean and variance of the time aliased periodogram of a purely random signal using a
ssinc window, the procedure of Example 5.2 was repeated but this time a ssinc window was applied over
all the same M segments, which were then time aliased without 1/M normalization and the windowed, time
aliased periodogram computed.
Estimates of the mean and variance were created at each frequency line for all (M per run) non-time
aliased, rectangularly windowed periodograms over all test runs and at each frequency line the (one per
run) windowed, time aliased periodogram over all test runs. The ratios of the spectral mean and variance
for the non-time aliased and time aliased cases are shown in the bottom two plots. The values MRatioAVG
and VarRatioAVG are the average values of the bottom two plots; in this procedure they were not corrected
by the MS estimate of the window.
The results of the experiment are shown in Figure 5.5. The MRatioAVG and VarRatioAVG shows that the
mean of the random noise is not suppressed and that the variance of the random noise is the square of the
variance predicted for a conventional spectral estimate of a purely random signal.

148

Figure 5.5 - Mean and variance of periodogram of TA ssinc windowed purely random signal

Example 5.4 - Accuracy of Ssinc-Based Windows Compared to Ideal Uniform
Window
We need to consider the accuracy of using a ssinc-based window as an approximation to the ideal uniform
window. Two possible ways to examine this question would be to compare the flatness of the two
transforms over ∆f and to compare the ratio of the areas under the two window transforms. The flatness of
the window transform will be most useful when dealing with discrete spectra, while the area ratio will be
helpful in dealing with continuous spectra.
In Figure 5.6 is a representation of the transform of the ideal uniform window, showing that it spans the
interval between frequency lines with a value of 1. It is overlaid by the ssinc window transforms for
different values of M. The mainlobe of the ssinc window transform also spans the distance between
frequency lines, but differs from the ideal uniform window in flatness and in area under the window
transform.
Regarding the flatness of the ssinc window transform, it is important to remember that the half power width
is always ∆fN. This means that in the region between frequency lines, discrete frequency components will
be leaked to adjacent frequency lines with the magnitude more or less divided equally. This is a reasonable
result, since there is a certain amount of uncertainty about the actual frequency because the signal is finite
in the time domain.
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Figure 5.6 - Ideal Uniform and ssinc Window Transforms

Now consider the area ratio of a ssinc window as compared to the area of an ideal uniform window over
∆fN. The area ratios between a ssinc window and an ideal uniform window over ∆fN were determined
numerically by summing frequency lines of the DFT of a zeropadded ssinc window over the interval 0.5∆fN to 0.5∆fN and dividing this sum by the same number of frequency lines having been assigned a
value of one.
A zeropadding factor of 32 was used for M=32 and the segment length, N, was 1024; these values were
increased as more computer memory was available for smaller M. Because the window transform shape is
not affected by time aliasing, but is a function of the length in the time domain, the window was not time
aliased prior to applying the DFT, but the DFT resolution was scaled by the value of M to correspond with
a frequency line spacing for ∆fN that would have been received using time aliasing.
The results are shown in Table 5.1 where it can be seen that the area ratio improves as M increases as
expected. The value for the equivalent noise bandwidth (ENBW), presented previously in Table 3.1 was
recalculated during this experiment and is also shown for comparison. Because the ideal uniform window
has an ENBW of 1, this is also a useful comparison between the two windows. There is a similar trend
between the area ratio and the ENBW as M increases for the ssinc window.
For comparison, a rectangular window transform over any ∆f has an area ratio of about 0.87 compared to
the ideal uniform window transform which is equivalent to a ssinc window with M=4.
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Table 5.1 – Area Ratios of Ssinc Window to Ideal Uniform Window over ∆fN
M

2

4

5

Area Ratio

0.759

0.8794

0.903

ENBW

0.816

0.817

.883

6
0.919
.894

8

12

16

32

0.939

0.96

0.97

0.985

.914

.944

.959

0.98

Table 5.2 shows numerically computed MS values for the ssinc window as a function of blocks. These
were created by calculating the amplitude squared of the ssinc window function and normalizing by the
effective length of a ssinc window of N samples, rather than MN samples to account for not normalizing
the window in the time aliasing process. If we compare the normalized MS values to the results for the
variance ratios between the ssinc-windowed, time aliased purely random signal and the original signal in
Example 4.5 we can see that the values are very comparable.

Table 5.2 – Unit Normalized MS of Ssinc Window
M
MS

2
0.66

4
0.83

5
0.87

6
0.89

8
0.92

12
0.94

16
0.96

32
0.98

5.4.4 Time Aliased Frequency Sampling Windows and Spectral Bias
In Section 5.4.3, it was shown that for discrete spectra and for relatively flat, broadband
spectra, that the ssinc window could be used to approximate an ideal, uniform window and
therefore approach an unbiased spectral estimate within given accuracy requirements.
An important case remains to be covered which is the case of a continuous spectrum
which is not well approximated by the flat spectrum of a purely random signal, such as in the
vicinity of a spectral peak or valley. Remembering that the ideal uniform window yields the
average of the spectrum over ∆f as the value assigned to the frequency line, we need to consider
cases where the average value of the signal may differ from a the value obtained by sampling the
spectrum as was presented in Section 3.10.
This situation occurs in regions of narrowband phenomena in the spectrum. Such regions
can be approximated in some cases as discrete components and, if this is the case, then we are
considering the practice of harmonic analysis, rather than spectrum analysis. Harmonic analysis,
which treats the spectrum as a deterministic function, is not well adapted to the measurement
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scenarios often found in such areas as system identification and signature analysis. If we treat the
signal as a random function, which is a more flexible approach, then we can accommodate
spectra with features such as peaks and valleys that are often found in these situations.
When the signal has high dynamic range, the sampling window approach is a way of
reducing the bias which results from averaging a spectrum over ∆f versus sampling it at the
frequency line. This opportunity comes with a couple of caveats: first there is the risk of
suppressing discrete phenomena, or in other words, signals that are better handled using harmonic
analysis at the particular DFT resolution; second there is an inherent assumption that variance
error is not the primary source of uncertainty.
As discussed in the next section, this second caveat occurs because the window functions
associated with frequency sampling window transforms tend to be very broad in time and are
therefore not well adapted to overlap processing to reduce variance error. On the other hand if
data is inexpensive and the signal has high dynamic range, then a frequency sampling window is
an advantage.

5.5 Variance of the Time Aliased Periodogram
Having considered the mean of the time aliased spectral estimate and effects of bias error
arising from the window function and spectral leakage, we will now consider the time aliased
periodogram estimate from the standpoint of variance error, with a focus on improving the
consistency of the spectral estimate. We will first consider the variance of a single periodogram
estimate in this section and then consider the effect of averaging periodograms in following
sections.
Remembering that the primary focus of time aliasing methods of spectrum estimation is
on the reduction of bias, not variance error and that these methods find primary application where
bias error is most significant, we nonetheless would like to reduce both components of the MSE if
possible in order to achieve the best spectral estimate.
In order to examine the consistency of the spectral estimate we will need to know its
variance. The variance of the periodogram spectral estimate has been shown in Welch 1967;
Jenkins 1968 and elsewhere to be related to the magnitude of the spectrum itself as shown in
Equation 5.16:
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Var{I (ω k )} ≈ E{I (ω k )} = Γzz2 ( w)
2

(5.16)

For most types of spectra, this is an approximate equality, but it has been shown that for
the purely random signal, as N increases, the relationship in Equation 5.16 approaches equality.
The variance of the spectral estimate is therefore constant, regardless of the amount of data that is
included in the estimate.
Equation 5.16 shows that because the expected value of the spectrum can be influenced
by the time aliasing process itself and by the time/frequency scaling effects of the multiple block
window as shown in Section 5.3, we should reasonably expect that the variance of the spectral
estimate will be influenced by these effects as well.
In Section 5.2, we see that the variance of the periodogram estimate for a purely random
signal is reduced by a factor of 1/M2, which is the square of the reduction factor, 1/M, for the
mean of the periodogram estimate. This relationship has also been empirically verified as shown
in Example 5.2.
If the variance of the spectrum at any spectral line depends on the mean value of the
spectrum, then the reduction in the variance of the spectral estimate shown for the purely random
signal in Example 5.1 is not an actual reduction in variance, but rather it is the mean value of the
spectrum which has been reduced by time aliasing with a conventional window, normalized to
preserve the amplitude of the signal.
If we consider the case of the ssinc windowed, time aliased purely random signal, it was
shown in Section 5.3 that the spectrum of the signal can approach an unbiased mean value of the
spectrum as M increases and therefore the 1/M factor of suppression is not present. This would
therefore imply that the variance of the spectral estimate is not reduced by 1/M2.

This

relationship has also been empirically verified as shown in Example 5.3.
Considering these cases, we can therefore conclude that time aliasing has no independent
effect on the variance of the periodogram estimate, only an indirect effect of influencing the mean
of the spectrum itself.
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5.6 Averaging Time Aliased Periodograms to Reduce Spectral Variance
Section 5.3 showed that the variance of the time aliased periodogram spectral estimate is
related to the mean of the spectrum. This is the same result as for a non-time aliased spectral
estimate. Just as in the conventional case, the time aliased periodogram spectral estimate is
therefore an inconsistent estimator because the variance of the spectral estimate is not reduced as
more data is included in the DFT.
This issue has been previously dealt with in the literature and indicates the need for
spectral averaging in order to reduce the variance of the spectral estimate and therefore improve
its consistency.

A commonly known method of spectral averaging is the Bartlett average,

whereby spectral estimates of non-overlapping segments of data are computed and then averaged
by frequency line to reduce variance. The Bartlett average is discussed in numerous references
including Oppenheim 1999; Proakis 1992 and Bartlett 1966. For a purely random signal, the
variance reduction from averaging Q periodograms is expressed by the relationship given in
Equation 5.17, which shows that the variance of the averaged spectral estimate is reduced by the
number of spectra averaged together.

 1 Q −1
 1
Q −1

Var {I (ω k )} = Var  ∑ I q (ω k ) = Var ∑ I q (ω k )
 Q q =0
 Q
 q =0


(5.17)

An important point to remember is that averaging of periodograms requires that the
signal be stationary. This is an assumption that may not fit all signals well. For example, a small
time variation in spectra arising from changes in the rotational speed of a machine may not be
noticed from one spectrum in the average to the next, but may be significant from the first
periodogram in the average to the last. The significance of such a shift would depend on
magnitude of the shift relative to the mainlobe width of the window, scaled by the DFT
resolution.
Another commonly implemented technique for reducing spectral variance, is the
Weighted Overlap Segment Averaging (WOSA) method, also commonly known as the Welch
method of spectral averaging (Welch 1967; Proakis 1992). It is a generalization of the Bartlett
average which allows for overlapping, windowed data segments.

Because overlapped data

segments are correlated to some degree, the full reduction of variance in Equation 5.17 is not
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realized with overlapping, and so Equation 5.17 must be adjusted by a correlation factor, Rv, as
shown in Equation 5.18. The overall reduction of variance from averaging the overlapped
segments can be accelerated even though Rv may be greater than one because segment
overlapping allows a greater number of spectra to be averaged together from a given total amount
of data.

Var {I (ω k )}overlapped =

Q −1

RV
Var ∑ I q (ω k )
Q
 q =0


(5.18)

The Welch method can be used to compute the optimal overlap for variance reduction
using a time aliased ssinc window for a purely random signal by incorporating a modification of
the procedure to include the number of blocks in the computation of the window shape. Results
for ssinc windows from two to 32 blocks are presented in Section 5.6.1. Before presenting the
results, Welch’s procedure will be reviewed briefly here.
We are given Q transforms, formed by applying a window to segments of time data
where the center of the window is shifted in time by D samples from one periodogram to the next
and computing the qth periodogram as in Equation 5.19. We can compute the Correlation Factor,
Rv by knowing the correlation between periodograms (this expression must be doubled at ω0 and
ωK/2).

Q −1


Q− j
Rv = 1 + 2∑
ρ ( j )
Q
j =1



(5.19)

where: ρ(j) is the correlation between the qth and the q+jth periodogram, Iq(ωk).

Assuming the window is applied to a purely random signal, which is uncorrelated from
segment to segment, then any correlation between adjacent segments is only that which is
introduced by the window overlap.

Correlation between periodograms can be related to

correlation in the time domain, so we can compute the correlation ρ(j) as given in Equation 5.20.
We recognize Equation 5.20 as the MS normalized, autocorrelation function of the window
function evaluated at a lag of jD samples.
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 N −1
∑ w(n) w(n + jD )

ρ ( j ) =  n =0
2
 N −1 2 
∑ w ( n) 

 n =0

2

(5.20)

If we consider consistency as defined in Equation 4.15 for the periodogram, we have the
relationship in Equation 5.20. For the purely random signal, as the segment length increases,

E 2 {I (ω k )} approaches Γ(ωk) (Proakis 1992; Welch 1967) and so, remembering Equation 5.17
for the variance of the periodogram, we can alternatively express the consistency as RV/Q.

Consistency =

Var {I (ω k )} RV
→
Q
E 2 {I (ω k )}

N↑

(5.21)

The relationship in Equation 5.21 deserves some discussion. For a given total length of
data, and a given segment length, the correlation factor, RV, increases as window overlap
increases as shown by Equation 5.20 and inflates the variance of the average periodogram, but
overlapping allows for more periodograms to be averaged and so there can be a net improvement
in variance reduction.
For a window extending over only a single block of N samples, if there are P total data
points, then the total number of periodograms is given by truncating to an integer the result of
Equation 5.22, where the window shift, D, is expressed as a fraction of N.

Q=

(1 − D)
P − N (1 − D)
P
P
=
−
≈
ND
ND
D
ND
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(Integer part only)

(5.22)

5.6.1 Optimizing Variance Reduction of Overlapping, Time Aliased Ssinc Windows
With time aliasing, as in the conventional case, the spectral variance is also reduced by a
factor 1/Q from averaging Q periodograms and so we can apply Equation 5.19 to determine the
correlation between time aliased periodograms according to Welch’s procedure.

We can

therefore determine the optimal window shift for a time aliased, ssinc windowed, purely random
signal. It should be emphasized here, that this procedure is considering only taking into account
ssinc-based windowed signals, and not rectangularly windowed signals. The correlation factor
between overlapping rectangular windows is too significant to allow any significant overlapping
without incurring significant variance inflation.
Because the window can extend over multiple segments, we need a revised relationship
for the number of periodograms included in the average. In the case of a multiple block window,
we must adjust Equation 5.21 for the number of time aliased blocks, M, as given in Equation
5.22.

Q=

P − MN (1 −
ND

D
)
M = P − MN + 1 ≈ P − MN
ND
ND

(Integer part only)

(5.22)

For a given window shift, ND, and number of time aliased blocks, M, we can determine
the number of overlapping ssinc windows, J, on either side of the qth window as given in Equation
5.23.

J=

M
−1
D

(5.23)

With these values in hand, we can employ Equations 5.19 – 5.21 to generate theoretical
variance curves for overlapping ssinc windows assuming the theoretical variance for a time
aliased spectrum of unity variance (Var{I(a)(ωk)} = E2{I(a)(ωk)} = 1). These can then be plotted as
a function of the window shift fraction, D, to determine the optimal window shift for variance
reduction while minimizing Q, and therefore the computational cost in terms of number of
transforms required.
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Example 5.6 describes the results of an alternate procedure using experimental simulation
to determine the optimal window shift criteria by processing a pseudorandom signal using time
aliased ssinc windows with different overlaps. The results are compared to the theoretical
calculation just described. The results from this experiment agree very well with the predicted
theoretical values.
From Example 5.6, we can see that the variance decreases as Q increases until the
window shift, D*N, is less than one segment, N. Because the amplitude of the outer lobes of the
ssinc window is relatively small compared to the center lobe, RV is relatively small, but then
increases significantly as the center lobes begin to overlap.
Although an increased number of periodograms, Q, is being included in the spectral
estimate as the window shift, D*N, decreases, these periodograms are being wasted to counter the
variance inflation from the increasing RV as shown by Equation 5.21. The optimal shift for
overlapping ssinc windows is therefore about one segment according to this criterion.

Example 5.6
In order to determine the variance reduction as a function of window shift, a simulation was done using
Matlab®. Multiple simulation runs were conducted using segments of pseudorandom noise generated
using the randn() function. For each run, the data segments were then ssinc-windowed and time aliased to
create Q periodogram estimates which were combined to create one periodogram estimate, or autospectrum
for that run. The results of 20 runs were overlaid and the mean and variance of these overlaid results
computed to obtain an estimate of the spectral mean and variance.
The experiment was conducted using different numbers of time aliasing blocks, M, and different window
shifts, D (where D is a fraction of the time aliasing block length, N). The variance of the pseudorandom
noise was 1.0. The DFT length was 512 (equal to N) and the total length of data was 80*N samples long.
In all cases the spectral mean was equal to 1.0, the variance of the pseudorandom noise, but the spectral
variance differed according to the change in M and D, as expected. The spectral variance is plotted in
Figure 5.7 as a function of D, with one curve for each value of M. It can be seen that the spectral variance
is reduced as D gets smaller until D = 1.0 and then flattens out, showing an optimal overlap of N samples.
These results are compared to theoretically predicted curves in Figures 5.8 and 5.9 for overlapping ssinc
windows with M = 4 and M = 32. For reference, the value for 1/Q is also plotted, representing the
predicted variance reduction for RV = 1 (i.e. no overlap). In Figure 5.8, where M = 4, it can be seen that the
theoretical curve agrees with 1/Q when D >= 2, which is a non-overlapping condition for this case and the
experimental trend follows 1/Q.
For comparison and control, the procedure was repeated for conventional, Hanning windowed spectra (nontime aliased) with results shown in Figure 5.10. The experimental results agree with the predicted optimal
overlap of 0.5N (Harris 1996) for the Hanning window under conventional processing.
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Figure 5.7 - Variance of TA spectrum as function of window overlap

Figure 5.8 Theoretical vs. experimental variance: time aliased, ssinc windowed spectra (M=4)
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Figure 5.9 – Theoretical vs. experimental variance: time aliased, ssinc windowed spectra (M=32)
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Figure 5.10 - Variance of overlapped Hanning windowed WOSA spectrum for comparison
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5.6.2 Optimizing Data Utilization With Overlapping, Time Aliased Ssinc Windows

An alternative method for evaluating the optimal overlap is given in (Harris 1996) where
a Power Weighting factor is computed as a function of n for overlapping windows as given in
Equation 5.24. Equation 5.24 can be recognized as summing the numerator of Equation 5.19,
before the square, over all J for each value of n before computing RV. This could also be termed
the gain product sum of all J overlapping windows.

J −1

Power Weighting (n) = ∑ w(n) w(n + jD )

(5.24)

j =0

Power Weighting is used in the literature as an indicator of the degree of data utilization
and a higher average value of the power weighting signifies a higher level of data utilization. For
conventional spectrum analysis, the optimal overlap for a single segment Hanning window is
usually considered 0.5N (Harris 1996; Oppenheim 1999). This situation is shown in Figure 5.11
where adjacent, overlapping Hanning window functions are shown with the Power Weighting
superimposed. In comparison, optimally overlapping (window shift = N) ssinc (M=4) windows
are shown in Figure 5.12 where it can be seen that the Power Weighting value is similar to that of
the optimally overlapping Hanning window in the conventional case.
Although it is true that the power weighting factor will increase with a smaller window
shift, Example 5.6 shows that for overlapping, time aliased ssinc windows, the consistency of the
spectral estimate is not improved for a window shift less than N samples and so even though the
data utilization might be higher according to this criterion, the efficiency of that utilization is
lower because more transforms must be computed to counter the variance inflation because the
overlapping windows are increasingly more correlated.
The optimal window shift for overlapping, time aliased ssinc windows is therefore N
samples or a single time aliased block, according to both criteria of variance reduction and data
utilization. As it happens, this is also a convenient number for processing data in real time
because the raw data can simply be buffered in an array of M by N samples (prior to windowing
and time aliasing) and then the oldest vector of N samples can be overwritten as a new vector of
N samples becomes available.
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Figure 5.11 – Power weighting and optimally overlapping Hanning windows (conventional case)

Figure 5.12 - Power weighting and optimally overlapping TA ssinc windows (M=4)
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5.6.3 Reducing Variance of Time Aliased Spectra for Finite Length Data Records
While there are only small computational differences between procedures for spectrally
averaging conventional periodograms and spectrally averaging time aliased periodograms, there
are some differences in application that must be considered. These differences are primarily a
result of the longer window length employed when time aliasing and they tend to change the
balance between bias error reduction and variance error reduction in the spectrum.
Equation 5.17 shows that the variance is reduced as the number of spectral averages, Q,
or in the case of overlapped spectra, the variance is reduced by the variance reduction factor in
Equation 5.18. In order to obtain the maximum variance reduction from averaging a spectrum, it
is advantageous to average as many spectra as possible. If a signal is available for an unlimited
number of spectral averages, then its variance can be reduced to any arbitrary level desired simply
by increasing Q. This situation might occur with many types of rotating machinery analysis
where the data acquisition time is very short compared to the running time of the machinery.
On the other hand, if the overall amount of time data is limited, then there will
necessarily be a finite number of spectra that can be calculated, given a window length and
desired DFT resolution. This tradeoff is a well-known consequence of the time-bandwidth
relationship of spectral averaging (Jenkins 1968; Oppenheim 1999). This type of situation might
be encountered in the analysis of aircraft flight data or some other situation where data
acquisition time is relatively short compared to the reciprocal of the desired frequency resolution
in the spectrum. This would also be a factor when the phenomena generating the signal are
pseudo-stationary, or can be considered stationary only for a limited amount of time.
When considering time aliased spectra, the use of a multiple block window changes the
balance in the tradeoff between bias error and variance error reduction. In order to obtain the best
approximations to the ideal, uniform window, a ssinc-based window with a sufficient number of
time aliased blocks of data, M, must be used. With a multiple block window length of MN
samples, the number of spectral averages available depends on the DFT resolution and is reduced
by a factor related to M according to Equation 5.23.
For a rectangularly windowed, time aliased signal, M is usually quite high and so the
tradeoff between bias and variance error reduction can be quite significant. For this reason, this
type of processing is generally reserved either for situations where data is relatively inexpensive
or when the bias error reduction requirements are much higher than the variance error reduction
requirements as will be illustrated in Chapter Seven.
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The error reduction tradeoff is not as extreme as it might seem when the signal is
windowed using a ssinc window, however. In the first place, the reduction is not a factor of M,
only a factor related to M. The optimal window shift for overlapping, ssinc-based windows was
shown to be nominally N samples of time data. This means that the reduction in Q over the
center portion of the signal (P-MN data points long) is a factor of two compared to the optimal
overlap of N/2 for a Hanning window under conventional processing (Harris 1996).
If the number of time aliased blocks required for a ssinc-based window transform to
achieve an ideal line shape is still too high for a required level of spectral variance, then the
requirements on the window transform shape can be relaxed while still yielding an improvement
in bias error reduction. Referencing the data in Table 3.1, the ssinc window with even as few as
M=2 or M=4 is still an excellent performing window compared to the conventional Hanning or
Kaiser windows in terms of sidelobe magnitude and roll-off, and is definitely superior to both of
them in terms of mainlobe width. Therefore a ssinc-based window can still hold the advantage in
effective frequency resolution, while not sacrificing in leakage reduction, with as few as two time
aliased blocks.

5.6.4 Circular Processing of Ssinc Windowed, Time Aliased Signals
When using ssinc-based windows, another possibility for increasing the number of
spectral averages from a fixed length set of data is circular processing of the data segment. If the
signal is stationary, it could be reasonably assumed that the spectrum of the signal is the same
from beginning of the data record to the end. Under this assumption the number of periodogram
averages, Q, can be increased and any blocks of the ssinc window which “spill over” the end of
the data record could be wrapped around to the beginning of the signal as shown in Figure 5.13 so
windowed data from the beginning of the signal is time aliased with windowed data from the end
of the signal.
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Figure 5.13 - Circular processing by wrapping a ssinc window to beginning of data record

When circularly processing signals, there may be some end effects because of the
effective assumption that the time data record is followed by a “copy” of itself. These end effects
can distort the spectrum by adding leakage, particularly, and will be worse with deterministic and
narrowband type signals. End effects will be worst if they occur under the center lobes of the
ssinc window because of the relative amplitude of this lobe compared to the outer lobes. In order
to reduce end effects, it may be advantageous to wrap fewer blocks of the ssinc window or skip
certain overlaps so that the ends of signal are not under the mainlobe of the ssinc window
function.
Circular processing may not be indicated with certain signals because of end effects or
time varying behavior. There are situations, however, when the signal can be assumed to be
stationary and the data at the ends are relatively uncorrelated with each other so end effects are
minimal. This is particularly true for signals that are more broadband in character thereby
requiring improved variance reduction. Because of this, circular processing can be a helpful
technique in improving a noisy spectral estimate when the data itself is difficult to obtain.
Because correlations involving the outer lobes of the ssinc window are relatively low
relative to the center lobes, this means that potentially up to M/D-1 additional averaged
periodograms could be gained by wrapping the ssinc window around to the beginning of the
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signal, while incurring only a small inflation in spectral variance for those averages and an overall
reduction because of the increase in the number of spectral averages.
Example 5.7 shows a revision of Example 5.6 where a broadband signal was circularly
processed as just described. In Example 5.7, the overall length of data is relatively short, while a
relatively long ssinc window function (M=32) was used. The window was wrapped around to the
beginning of the data segment, resulting in an increase of more than four times as many
periodograms in the spectral average, in this case, with a corresponding reduction of spectral
variance that approaches the non-overlapped WOSA spectral estimate.

Example 5.7
In order to investigate variance reduction with a circularly processed data record, the simulation of
Example 5.6 was repeated using Matlab®. Multiple simulation runs were again conducted, but this time
they were done using shorter segments of pseudorandom noise. For each run, the data segments were then
ssinc-windowed and time aliased to create Q periodogram estimates which were combined to create one
periodogram estimate, or autospectrum for that run. The results of 20 runs were overlaid and the mean and
variance of these overlaid results computed to obtain an estimate of the spectral mean and variance.
The experiment was conducted both using circular processing and without, for comparison, using M=32
time aliasing blocks and different window shifts, D (where D is a fraction of the time aliasing block length,
N). The variance of the pseudorandom noise was 1.0. The DFT length was 512 (equal to N) and the total
length of data was 40*N samples long.
In all cases the spectral mean was equal to 1.0, the variance of the pseudorandom noise, but the spectral
variance differed between the circular processed and non-circular processed, as expected. The spectral
variance is plotted in Figure 5.14 as a function of D, with one curve for circular and non-circular processed
data. It can be seen that the spectral variance is significantly reduced for the circular processed data.
For comparison and control, the procedure was repeated for a conventional, WOSA spectral estimate, this
time using a Kaiser-Bessel window which has a similar RV and optimal overlap to a Hanning window. The
results are shown in Figure 5.15. It can be seen that variance of the circularly processed, time aliased and
WOSA spectral estimates is very comparable for non overlapping WOSA windows, especially considering
the difference in RV between the overlapping 32 block ssinc windows and the single block Kaiser-Bessel
window.
For optimal window shifts, the variance differs by less than a factor of two at the optimal window shifts of
N and 0.5N for the time aliased and WOSA, respectively. The difference is very good since there are
nearly twice as many WOSA spectral estimates when the Kaiser-Bessel windows are optimally overlapped.
The number of averaged periodograms, Q, for all three cases is shown in Figure 5.16 as a function of
window shift. The improved variance reduction of the circularly processed, time aliased spectra is quite
clearly a result of the increased value of Q, which is over four times that of the non-circular processed for
each value of window shift. This figure shows that using circular processing, the value of Q for optimally
overlapped ssinc windows can approach the value expected from non-overlapped WOSA windows.
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Variance of TA Spectrum for Overlapped ssinc
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Figure 5.14 - Variance of circular and non-circularly overlapped, ssinc windowed TA spectra

Variance of WOSA Spectrum for Overlapped
Kaiser-Bessel Windows
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Figure 5.15 - Variance of overlapped Kaiser-Bessel windowed WOSA spectrum for comparison
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Number of Spectral Averages as Function of
Window Overlap
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Figure 5.16 – Number of spectral averages for each method (TA M=32)

5.7 Chapter Summary
This chapter has investigated the performance of the time aliased periodogram as a
spectrum estimator in terms of bias and variance uncertainty. Because of the unique capabilities
of time aliasing methods in reducing bias error, they find particular applicability in regions of
high dynamic range in the spectrum where the need to reduce bias error is usually highest.
The mean and variance of the time aliased periodogram of a purely random signal is an
important result derived in this chapter.

The mean of the spectrum is influenced by the

normalization of conventional windows, whether they are normalized for discrete or continuous
signals. The variance of the spectrum is proportional to the mean of the spectrum and so it can be
influenced by this process as well.
For ssinc-based windows, which approach the ideal uniform window as the number of
time aliased blocks increases, the mean of the spectral estimate approaches an average of the
spectrum across each frequency interval. For discrete spectra and for broadband spectra well
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approximated by a purely random signal, this can approach an unbiased value. For windows
approximating the ideal sampling window, it was shown that the mean of the spectral estimate
can approach a sampled value of the spectrum if the number of time aliased blocks is high
enough. Sampling the spectrum, instead of averaging it across ∆f, can yield significant reduction
in bias errors in regions where the dynamic range of the spectrum is highest.
The accentuated tradeoff between bias and variance reduction in the time aliased
spectrum is an important issue to understand for finite length data records. In many cases where
time aliased spectrum estimation finds application, however, the main detractors from spectral
accuracy are not related to spectral variance error, but rather come about because of bias error.
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Chapter 6 - Techniques Related to Time Aliasing Methods of
Spectrum Estimation
As briefly covered in Chapter One, time aliasing methods of spectrum estimation are
related to other techniques used when analyzing signals in the frequency domain. This chapter
will review three such methods, comparing their similarities and differences to the time aliasing
methods described here. This discussion serves two purposes: first, to further explain time
aliasing methods of spectrum estimation and their relationship to existing techniques and second,
to distinguish the time aliasing methods of spectrum estimation from the other methods and
demonstrate their relative advantages.
The methods discussed in this chapter are: first, the use of time aliasing to compute the
Short-Time Fourier Transform (STFT), especially in digital filtering applications; second, a
method of spectrum analysis derived from this application, the Short-Time Unbiased Spectrum
Estimation (STUSE) method; and third, the method of synchronous time averaging, which is
commonly used to enhance periodic components in noisy signals.
All three of these methods involve segmenting time data into blocks and can be
implemented by time aliasing these blocks together given certain specified conditions and given
certain parameter selections. These conditions are often outside of the customary operating
envelope for each method, however.

This fact is related to the differing assumptions and

motivations for developing these methods versus those for developing time aliasing methods for
use in spectrum analysis.
One important similarity between the STUSE and synchronous time averaging methods,
as will be shown in Sections 6.2 and 6.3, is that either a rectangular window is used when they are
implemented using time aliasing or else the window function must be applied over each block
individually in the time domain. Time aliasing methods of spectrum estimation are therefore
distinguished from these by the use of a non-rectangular, MN point window function in the time
domain in conjunction with an N point DFT.
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6.1 Short Time Fourier Transform, STFT
Time aliasing is used in analysis/synthesis digital filtering operations as a convenient and
efficient implementation of the (STFT), as an alternative to a filter bank sum, or in other words,
Fourier domain summation as described in Section 2.6. Computing the STFT by time aliasing is
also called the Overlap and Add method (Crochiere 1983; Openheim 1999), emphasizing the
overlapping of the time segments in the time aliasing process used with the forward transform
and also to the overlapping and adding of data segments returned from the inverse transform.
This application, as shown in Example 6.1, is really a generalization of the fact that time
aliasing can be used to compute an N point DFT at ∆fN resolution which equals the MN point
DFT at the same frequency line spacing. With the STFT, the origin of the windowed, MN point
data segment is shifted in time and so the resulting transform reflects a frequency domain
“snapshot” of the time domain signal over that interval. Because it is a way to express a signal in
time and frequency, the STFT is often used with non-stationary signals whose frequency content
is time-varying.

Example 6.1 - STFT Computed Using Time Aliasing
Equation 6.1 shows the STFT of the signal applied at the sth segment where segments are overlapped by R
samples and frequency variable, ω , is continuous (Oppenheim 1999, eq. 10.18). For generality and to
concur with references, the length of the window function, w, is not specified at this point and the
summation is infinite over the entire signal.

x ( S ) [ sR, ω ) =

∞

∑ x[sR + n]w[n]e

− jωq

(6.1)

q = −∞

(Note: some references sum over x(n) from -inf to q and replace w with a causal window, w(sR - n), for real-time application)

If we re-write Equation 6.1 as the infinite sum of finite sums as in (Schafer 1973, eq. 13), we obtain the
expression in Equation 6.2

x ( S ) [ sR,ω ) =

∞

N −1

∑ ∑ x[sR + n + mN ]w[n + mN ]e

− jω ( n + mN )

m = −∞ n =0

Choose ωk = 2π/N and interchange order of summation, then write in exponential time shift form:
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(6.2)

N −1

x ( S ) [ sR, k ] = ∑

∞

∑ x[n + mN ]w[n + mN ]e

−j

2πk
( n + mN )
N

e

j

2πksR
N

n = 0 m = −∞

N −1

−j
x [ sR, k ] = ∑ ~
x [n]e
(S )

2πkn
N

e

j

2πk
sR
N

(6.3a)

n =0

where :

~
x [ n] =

∞

∑ x[n + mN ]w[n + mN ]

(6.3b)

m = −∞

Recognize Equation 6.3b as the time aliased and windowed signal without normalization by 1/M and an
infinite summation. If the window function is WNM, an MN point window function, the infinite summation
in Equation 6.3b can be replaced with a summation over M segments (this conclusion is valid as long as
x(n+mN) wMN (n+mN) is zero 0 > n, n ≥ MN) so we can write the result given in Equation 6.4

x [ sR, k ] = V
(S )

(a)

[k ] e

−j

2πk
sR
N

(6.4)

The complex exponential in Equation 6.4 represents a shift of sR samples in time, simply meaning that the
transform of the windowed, time aliased signal with time referenced to s=0 must be time-shifted by sR
samples to coincide with the sth STFT transform if s≠ 0.

As discussed in Chapter One, no applications of the overlap and add method have been
found in the literature for computing spectral estimates using multiple-block windows. Instead,
time aliasing has been used primarily with attention to the use of the STFT in digital filtering
applications where the filter is implemented as a back-to-back analysis and synthesis process of
transforming a signal into the frequency domain and then back to the time domain. In these
applications, the output of the filter is realized by a synthesis procedure where one period of the
synthesized time aliased signal is realized as the inverse DFT of X(a)(k), applying an MN point
synthesis window function to M replicated periods of the synthesized, time aliased signal, and
summing the result with the contents of an MN point shift buffer from which N samples are
shifted out for every transform.
The rectangular window has been used primarily as an analysis window in this
application, but there is no general restriction. The focus is on removing time aliasing effects
arising from the multiple block window in the analysis procedure. Therefore the relative lengths
of the analysis and synthesis windows are different (Crochiere 1983). The synthesis window is
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broad in frequency and narrow in time in order to involve several frequency lines in the effective
convolution of the synthesis procedure and therefore cancel the effects of time aliasing. The
analysis window is the reverse, being relatively localized in frequency about each frequency line
in order to minimize cross talk between bands of the filter bank.
Comparing these relative window lengths, we can see that for the analysis window, this is
the situation corresponding to the ideal sampling window, where a broad time window function is
employed, having relatively narrow frequency localization about any single frequency line. It is
the reverse of the situation corresponding to the ideal uniform window. In real-time operation,
these digital filters must necessarily operate with a finite time lag in order to be causally
realizable (nominally MN samples), so it is unlikely that the number of time aliased blocks, M, is
very high or the delay will be significant.

It is highly unlikely that the analysis window

approaches the ideal sampling window in practice, for this reason.
Based on the relative lengths of the window functions in time and frequency, we can see
that these procedures are not optimized for time aliasing methods of spectral analysis, where the
focus is on reproducing the signal accurately in the frequency domain at the expense of the time
domain representation. A related method, the STUSE method, was developed based on the STFT
for the purpose of spectrum estimation. We will now consider this method and its similarities and
differences relative to time aliasing methods of spectrum estimation.

6.2 Short Time Unbiased Spectrum Estimation, STUSE
The STUSE has been shown to be theoretically unbiased under certain conditions using
broadband spectra such as the purely random signal (Mathews 1985). It is derived from the
STFT when the window length is restricted to a single segment of time data but the time shift is
retained. The basis for using the STUSE is that the transforms of several different segments of
time data are averaged together in order to increase the length of the effective time domain
window and therefore reduce bias error in the spectrum. It is therefore similar to time aliasing
methods in the motivation of using a multiple block effective window with a single segment DFT,
but different in technique.
The STUSE method is shown in Equation 6.5 (Baxa 1989). In Equation 6.5, we can
recognize the spectral averaging of P total spectra where each spectrum is the frequency domain
summation of the cross-spectrum of the mth and the (m+qR)th segments which are N points long.
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The time shift factor is used to adjust for the window shift and make the segments coherent in
phase.

P −1 q 2

I ( s ) (ω k ) = ∑ ∑ X m (e jω k ) X m*+ qR (e jω k )e jω k qR

(6.5)

m = 0 q = q1

If the segments in Equation 6.5 overlap, then the STUSE must be computed using the
transform sum as in Equation 6.5. If the time shift is made equal to the segment length, however,
then the STUSE periodogram estimate can be shown to be equal to a time aliased periodogram
estimate if rectangularly windowed segments are used. This is done in Example 6.2. In practice,
however, time shifts of less than one segment are used in order to retain the bias suppression
properties of the STUSE and so the windowed segments overlap.

Example 6.2 - STUSE equivalency to Time Aliasing
P −1 q 2

I ( s ) (ω k ) = ∑ ∑ X m (e jω k ) X m*+ qR (e jω k )e jω k qR

STUSE from Baxa 1989:

m = 0 q = q1

Let:

Baxa

TA

P, Total # segments
=
M, # TA Blocks
L, segment length
=
N, TA period
R, segment shift
= L
=N
=
2πk/N
ωk
Rectangularly windowed segments assumed

I ( s ) (ω k ) =

1
67
8

M −1 q 2

∑

∑ X m (e jω k ) X m*+ qN (e jω k )e

jω k qN
N

m = 0 q = q1

N −1

[r ]e − jω k r ∑ xm + qN [ s ]e jω k s 
m = 0 q = q1 r = 0
s =0

M −1 q 2
N −1 N −1


= ∑ ∑ ∑∑ xm [r ]xm + qN [ s ]e − jω k ( r − s )
m = 0 q = q1  r = 0 s = 0


=

M −1 q 2

 N −1

∑ ∑ ∑ x

m

let l = r-s, n=s →l=r-n, r=n+l with limits adjusted:

=

 N −1 N −1
 − jω k l
 ∑ ∑ xm [n + l ]xm + qN [n]e
∑
∑
m = 0 q = q1 l = − ( N −1) n = 0


M −1 q 2
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 N −1 N −1
 − jω k l
 ∑ ∑ x[n + mN + l ]x[n + mN + qN ]e
∑
∑
m = 0 q = q1 l = − ( N −1) n = 0

q
N −1 N −1  M −1
2

= ∑ ∑  ∑ x[n + mN + l ] ∑ x[n + mN + qN ]e − jω k l
l = − ( N −1) n = 0  m = 0
q = q1


=

M −1 q 2

let q2 = M-1 q1 = -(M-1) and note that x[n] = 0 for n ≥ MN and n < 0 ⇒ q2 = M-m-1 q1 = -m:

=

M − m −1


+
+
x
[
n
mN
l
]
x[n + mN + qN ]e − jω k l
∑
∑
∑
∑
l = − ( N −1) n = 0  m = 0
q=−m

N −1

N −1 M −1

N −1

N −1 M −1



∑ ∑  ∑ v[n + mN + l ]v

=

l = − ( N −1) n = 0

(a)

m =0


[n + mN ]e − jω k l


since v(a)[n] = v(a)[n+mN]:

N −1



N −1 M −1

∑ ∑  ∑ v[n + mN + l ]v

=

l = − ( N −1) n = 0

=

m =0

∑ ∑ [v
N −1

(a)

N −1

(a)


[n]e − jω k l


]

[n + l ]v ( a ) [n] e − jω k l

l = − ( N −1) n = 0

I ( s ) (ω k ) =

N −1

∑c

(a)
vv
l = − ( N −1)

[l ]e − jω k l = I ( a ) (ω k )

In Example 6.2, we see that making R = N is responsible for making the exponential into
a periodic multiple of 2π. As has been discussed previously relative to Equation 2.14, the
important relationship that is introduced by making the exponential periodic is that the N point
DFT of the windowed, time aliased signal is equal to the MN point DFT of the original,
windowed signal, at the frequency line spacing ∆fN. As shown by the convolution expressions in
Chapter Three, the window transform in the time aliased DFT is exactly the same as the MN
point window.
If the segment shift were to be less than N, it would mean that only a portion of each
segment is overlapped and summed with the others, resulting in a condition of “partial time
aliasing”. The implication of only partially overlapping segments is that the effective, multiple
block window function and its associated frequency domain transform will be impacted. Both the
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STUSE and time aliasing methods can be implemented using frequency domain summation of
transforms that are phase coherent, but in the time aliased periodogram, the resulting window
transform is exactly the same as the MN point window transform, whereas in the STUSE, it is
necessarily different. The STUSE effective window transform is discussed in the next section.
Because of its relationship to the STFT and because of the use of frequency domain
summation, the STUSE method has also been called the “overlap and add” method for spectrum
analysis (Naidu 1996). It can be seen that this terminology is actually a misnomer and that it
actually should be termed the “partially overlapping and add” method, because in practice, the
time domain segments never actually overlap all the way and the window function length is
always one segment or less (Crochiere 1983).

6.2.1 Comparison Between STUSE Effective Windows and Time Aliased Windows
Using a procedure given in Baxa 1989 we can derive the effective window for the
STUSE method. The expected value of the STUSE autospectral estimate can be written as given
in Equation 6.6 where W is the window transform of the shifted window applied to each single
segment before transforming to the frequency domain (Mathews 1985).

{

}

(

2

E I ( s ) (ω k ) = Γxx (ω k ) ⊗ W (ω k ) Q ( k )
where:

Q(k ) =

Q2

∑e

)

(6.6)

j 2πkqR / N

q =Q1

If we let Q = -Q1 = Q2 for simplicity, apply a Hanning window to each time domain
segment, and shift by R=L/4 as in Baxa 1989, then we can plot the STUSE effective window for
differing values of Q as shown in Figure 6.1 where the effective window transforms for Q =
1,3,5,7 are shown overlaid by a Hanning window transform as a function of the frequency line
spacing, ∆fN.
Inverse transforming the STUSE effective window transform, we receive the effective
time window function as shown in Figure 6.2, plotted as a multiple of segment length. All
window transforms and functions in both figures have been unity normalized.
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Figure 6.1 - STUSE effective window transform

Figure 6.2 - STUSE effective window function
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In Figure 6.2, we see that the STUSE effective window function is nearly flat across the
top, but incorporates a taper at the ends to suppress end effects, both of which appear to be
important features contributing to minimizing the magnitude bias and hence the theoretically
unbiased nature shown for the STUSE method (Mathews 1985). We also see that the effective
window function of the STUSE extends over multiple segments, and so the effective window is
longer than the DFT length. This is a factor in the reduced leakage reported using the STUSE
(Mathews 1987; Baxa 1989).
From Figure 6.1, we can see that by the time/frequency scaling property of Fourier
transforms, the mainlobe of the effective window transform is correspondingly more and more
narrow as Q increases.

The narrower mainlobe is responsible for the improved effective

frequency resolution reported in Naidu 1996 and Baxa 1989, but it can also be seen that the
mainlobe will not span ∆fN in most cases. Depending on the DFT normalization, certain portions
of the spectrum may be suppressed, which appears to be an explanation for lost power in the
estimate as reported by Baxa (1989).
Example 6.3 illustrates that, because of the narrow mainlobe, the STUSE effective
window can therefore suffer from the same suppression bias effects observed when using
conventional windows and time aliasing methods of spectrum estimation in previous chapters if
the DFT is scaled for discrete components. Another issue, as discussed in Baxa 1989, is the
negative sidelobes visible in Figure 6.1. From Equation 6.6, we can see that this creates the
possibility of negative spectral values which is an issue which has not been explained in any of
the literature surveyed, though the general procedure in these papers has been to plot the absolute
value of the autospectrum.

Example 6.3 – Discrete Sinusoidal Components with STUSE
The performance of the STUSE with discrete spectral components was compared to the WOSA and time
aliased method using a signal consisting of two sinusoids with a small amount of additive, broadband noise.
One sinusoid was integer periodic at 20∆fN and the other was fractional periodic with a frequency 12.3∆fN.
For the WOSA method, a Hanning window was used with 7 spectral averages; for time aliasing, a ssinc
window with M=4 and no spectral averaging; and for the STUSE method a Hanning window with R = N/4,
-Q1 = Q2 = 3 with 2 spectral averages.
The results are plotted in Figure 6.3 where it can be seen that the fractional periodic sinusoids are
suppressed for both the WOSA and the STUSE methods and the integer periodic sinusoids are leaked to
adjacent frequency lines, even though they have been normalized by the MS of the Hanning and Effective
STUSE windows. The noise in the signal is responsible for some variance error in the time aliased, integer
periodic component, but neither sinusoid has been suppressed and the leakage to adjacent frequency lines
has been contained.
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Figure 6.3 - Fractional and integer periodic sinusoids in noise

Although it has been shown by other authors that the STUSE is theoretically unbiased
with regard to broadband, continuous spectra, we can see that, by comparison with the
conventional window transforms yielded using time aliasing methods of spectrum estimation,
there are questions as to whether or not the STUSE method is unbiased with narrowband signals
or signals containing discrete components. It must be recognized, though, that the STUSE
method was developed primarily for use with broadband signals and not for use with discrete
signals even though it has been applied to sinusoidal signals in Naidu 1996 and Baxa 1989.

6.2.2 Other Advantages of Time Aliasing Methods Relative to the STUSE
There are other implications of the partial segment overlapping employed with the
STUSE method. As discussed previously, partial time overlapping of the segments necessitates
frequency domain summation instead of time domain summation which is necessarily more
expensive computationally. For example, the STUSE spectral estimate using Q=7 requires 15
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transforms at a window shift of L/4 samples vs. a single transform for a time aliased spectral
estimate.
Although there is spectral averaging in the STUSE procedure, there has been no evidence
presented in the literature that this spectral averaging reduces the variance error and the
computational cost is significant for the bias error reduction, especially since the primary use of
the STUSE is with broadband signals. Comparing Equations 6.5 and 6.6, we can see that the
effective window is created through the summation over Q partially overlapping windowed
segments. Spectral averaging is introduced through the summation over m. Noting the effective
window shift, qR, in the summation over m, there appears to be a high degree of overlapping of
the effective window functions shown in Figure 6.2. This would lead to the conclusion that there
may be a lack of variance reduction because the overlapping effective windows are highly
correlated.
A practical advantage of time aliasing methods is the simplicity of designing a spectral
analysis procedure with the MN point window function and its transform represented simply by a
Fourier transform pair, defining all the important characteristics of the window transform for the
MN point frequency line spacing, which are then applied to the N point frequency line spacing.
With the STUSE method, the effective window transform must be computed from a cumbersome
composition of overlapping N point windows.

6.3 Synchronous Time Averaging (Signal Enhancement)
A method commonly used in fields using spectrum analysis is that of averaging
successive blocks of time domain data together to reduce the effects of random noise and
therefore enhance a repetitive signal that may otherwise be obscured by uncorrelated phenomena.
An example of this type of application is measurement of the repetitive signal obtained
from an accelerometer placed on a piece of rotating machinery where the vibratory phenomena
being measured are periodic, related to shaft rotation and cluttered by such things as electrical
noise or other uncorrelated vibrations within the machine. If the acquisition of successive blocks
of data is synchronized by triggering off a tachometer pulse, for example, then the repetitive
signal will tend to be enhanced in the time domain as the blocks are averaged together and
everything else reduced because it is not temporally correlated.

181

It can be shown that, for purely uncorrelated, cluttering phenomena, such as broadband
noise, the rate of suppression is approximately proportional to the number of blocks averaged, q,
by the expression, 10 log10(q) dB, i.e., an improvement of 10 dB for averaging 10 blocks, 20dB
for averaging 20 blocks, etc. (Braun 1975; Harris 1996; Wismer n.d.). Other types of cluttering
phenomena can also be suppressed but the rate of suppression is reduced because of the increased
correlation of the signal between successive blocks (Ernst 1965).

6.3.1 Equivalence of Synchronous Time Averaging to Time Aliasing
If we constrain the successive blocks of time data to be contiguous and rectangular
windowed, then we receive the expression for the average of M segments of time data given in
Equation 6.7. This expression is exactly equal to the time aliased signal, normalized by the
window scaling factor 1/M as discussed in Chapter Three to preserve the amplitude of the signal.

x[n] avg =

1
M

M −1

1

∑ x[n + mN ] = M x

(a)

[n]

(6.7)

m =0

If the segments are not contiguous in time, then the periodic relationship of successive
segments will not be preserved and so the synchronous, time averaged data will not be equivalent
to time aliasing. If other than a rectangular window is applied to each individual segment, then
we have the situation shown in Equation 6.8. The window transform in the N point DFT will be
that of the N point window function, not that of a multiple block, MN point window function.

v[n] avg =

1
M

M −1

∑ w[n]x[n + mN ] ≠

m =0

1 (a)
1
v [n] =
M
M

M −1

∑ w[n + mN ]x[n + mN ]

(6.8)

m =0

If a rectangular window function is used, however, the window transform will be that of
the MN point, rectangular window and the conclusions reached regarding suppression of
broadband or continuous spectra because of time/frequency scaling of the window function in
Chapter Three are exactly the same as in Braun 1975.

The window transform has been

normalized to preserve the amplitude of the discrete spectrum resulting from the repetitive signal,
resulting in the suppression of the broadband portion of the spectrum.
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6.4 Chapter Summary
In this chapter, we have related three techniques to time aliasing methods of spectrum
estimation.

The similarities and differences shown in this chapter are a result of different

assumptions and requirements for each of the three techniques, but all three can be shown to be
equivalent to time aliasing given proper circumstances. This comparison can be helpful in
understanding time aliasing methods and their application.
The differences between time aliasing methods and one method in particular, the STUSE,
were shown to yield an advantage to time aliasing methods, particularly with respect to the
reduction of bias error in narrowband spectra, even though the STUSE is similar in motivation to
time aliasing methods.
The equivalence between time aliasing methods of spectrum estimation and the other two
methods, the overlap-and-add method of digital filtering and synchronous time averaging,
provide a basis for those already familiar with these methods to understand the methods presented
here in terms that are already familiar.

This demonstrated similarity can be helpful in

understanding when time aliasing methods of spectrum estimation may be applied to optimize
frequency domain representation of signals.
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Chapter 7 - Time Aliased Spectral Analysis Applications
Using time aliasing methods of spectrum estimation we realize a new capability for
reducing bias error in spectra. As discussed in Chapter Five, bias error in spectral estimates
occurs both in the magnitude representation and in the frequency resolution of the spectrum. If
the magnitude is biased, then the apparent power or energy in the frequency band of interest will
be inaccurate. If frequency resolution is not sufficient, then important features in the spectrum
may be obscured or lumped together with other phenomena. The unique capability afforded by
time aliasing methods allows both of these to be improved, especially with narrowband
phenomena.
The applications considered in this chapter are system Frequency Response Function
(FRF) measurement and rotating machinery signature analysis. In both applications, experiments
were performed to investigate the use of time aliasing methods to improve spectral estimates.
These applications illustrate conclusions reached in previous chapters and demonstrate the
performance of time aliasing spectrum estimation techniques in real world situations. The correct
use of time aliasing in each application is essential both to make sure that it is not misapplied and
to gain the potential benefits that can improve the state of the art in spectrum estimation

7.1 System Frequency Response Function Measurement
Frequency response function measurements are a common application of spectral
analysis. In this application, a system is excited with an input signal of a specific type and the
output is observed. A spectrum analyzer can be used to compare the input and output spectra and
plot the response of the system as a function of frequency, showing gain and phase relationships
between the input and output.

This information can be used for a number of practical

applications such as controller design, system optimization, structural analysis including modal
analysis and other engineering purposes. Methods and procedures are discussed in Harris 1996.
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In this case, an experiment was performed to demonstrate the use of time aliasing
methods of spectrum estimation in the FRF measurement of a filter. This experiment was
performed for two reasons: first, to demonstrate the use of time aliasing methods of spectrum
estimation in a practical application and second, to illustrate concepts and conclusions from
previous chapters.
Important concepts illustrated by this experiment include: the reduction of bias error,
particularly leakage, which can be achieved using time aliasing methods;

the relative

performance of the time aliased ssinc and rectangular windows as used to approximate an ideal
uniform and an ideal sampling window;

the proper application of each type of window

depending on the type of spectral measurement; and performance of time aliased methods to
conventional methods including the WOSA method and to a lesser extent, the STUSE method.

7.1.1 Experimental Procedure
This experiment was done through numerical simulation using a program written and
processed using Matlab® (http://www.mathworks.com). A block diagram illustrating the signal
flow for this experiment is shown in Figure 7.1. In the diagram, the input to the filter x[n], was
generated using a pseudorandom noise generation function, randn(), which had a variance of one
and zero mean. The uncorrelated noise source, noise[n] was generated with the same function,
using a different, randomized seed value and its amplitude was determined by a gain coefficient
in terms of a percentage of the amplitude of x[n]. The noise could be turned on or off as required
in the simulation to add a controlled amount of variance uncertainty to the output of the filter.
For each test run of the simulation, the input and output of the filter, x[n] and y[n], were
collected in windowed segments using identical windows, transformed and used to produce
autospectra of the input and output, XX* and YY* and a cross-spectrum YX*.
(a)

(a)

Their time

aliased counterparts were created from x [n] and y [n] using identical multiple block windows
which were then time aliased without normalizing by 1/M.
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Figure 7.1 - FRF system diagram

The same amount of data was used with the same DFT resolution for both the
conventional and time aliased spectra. Spectral averaging was used in both cases, but the number
of averages was necessarily fewer for the time aliased spectra. The time aliased spectra were
overlapped using a window shift of one block, whereas the non-time aliased spectra were not
overlapped.
For each test run, the FRF, denoted H[k], and the Coherence function,

γ2[k],

were

calculated from the averaged spectra using the relationships shown in Equations 7.1 and 7.2. The
ensemble mean and variance of the FRF magnitude measurement were estimated from an
overlaid plot of the results from all 40 runs and were plotted separately for each method.

H=

γ =
2

*
YX avg

(7.1)

*
XX avg

*
YX avg

2

(7.2)

*
*
XX avg
YYavg

Three different filter types were measured during the experiment: a broadband filter,
H1(z), that was also used for experimental work in Mathews 1985; a narrowband filter H2(z) with
a strong resonant pole, and a narrowband filter, H3(z), derived from H2(z) with a strong zero
located near the resonance. The filter transfer functions are given in Equations 7.3 – 7.5.
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H1 ( z) =

0.367 z −1
1 − z −1 + 0.4 z − 2

(7.3)

H 2 ( z) =

1
1 + 0.03125 z −1 + 0.99 z −2

(7.4)

1 + 0.125 z −1 + 0.9999 z −2
H 3 ( z) =
1 + 0.0156 z −1 + 0.9999 z − 2

(7.5)

The filters were implemented using different equations formed by unit delays, i.e., Xz-1 =
x[n-1]. Multiple blocks of the input were filtered before any data was collected to eliminate the
possibility of transient response. Theoretical FRF plots for all three filters are shown in Figures
7.2 through 7.4. (All frequency domain plots in this experiment assume a sampling frequency of
1 cycle/sample and are plotted from zero to the Nyquist frequency, 0.5).
In all the experiments, time aliasing was used with either one or both of two types of
windows: a ssinc window with M=32 and a rectangular window with M=32. Conventional
methods were implemented using the WOSA method and a Hanning window primarily, but a
Kaiser-Bessel window was used in Section 7.1.3 for comparative purposes. As pointed out in
Chapter Three and as discussed in several references, including Proakis 1992, these windows are
indicative of the results to be expected using the WOSA method in general.
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Figure 7.2 - Theoretical frequency response function of filter H1

Figure 7.3 - Theoretical frequency response function of filter H2
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Figure 7.4 - Theoretical frequency response function of filter H3

7.1.2 Experimental Results: H1
The application of time aliasing methods in this case is more for illustration than for
showing their relative superiority. This filter produces a more broadband spectrum than the other
two and so the spectral measurement is more sensitive to variance error as discussed in section
5.1. The use of a time aliased ssinc window does provide an adequate measurement, however.
Figures 7.5 – 7.7 contain spectrum analysis plots for the WOSA and time aliasing with
ssinc window and rectangular window before the uncorrelated noise was turned on.

The

theoretical FRF is overlaid on the FRF Magnitude and Phase plots and there is little variation
between it and the empirical result. The ensemble variance estimate for all cases was less than
1E-5, which is about the expected numerical uncertainty. The coherence plots are nearly unity
across the entire frequency range, as well. One note on all plots is that the % overlap is relative to
a window shift of N samples, so a 0% overlap is really a window shift of N samples. This means
that the WOSA windows are non-overlapping, while the time aliasing windows are significantly
overlapped.
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As would be expected, there is visible variance in the autospectral plots, reflecting the
pseudorandom input and has been reduced through spectral averaging. For the TA/ssinc window,
the variance is roughly half that of the WOSA Hanning window, which corresponds to the
difference in the number of spectral averages between the two. The TA/rectangular window
autospectrum is the result when no overlap was used and the number of time aliased blocks is
reduced to keep the overall length of data the same as for the WOSA Hanning and TA/ssinc.

Figure 7.5 - WOSA spectral plots (no noise) for H1 filter

Once the noise was turned on, the variance in the measurements increased significantly as
would be expected. The amplitude of the noise was 25%, which corresponds roughly to a S/N
ratio of eight on the filter output. The estimated ensemble means and variances for the FRF
magnitude measurement using all three methods are plotted in Figures 7.8 – 7.10 and a
cumulative overlay of the results from all runs is shown in Figure 7.11. As expected, the variance
of the WOSA/Hanning is the lowest, owing to the higher number of spectral averages and the
TA/ssinc is the next best with about twice the variance. The mean for both of these is correct.
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Figure 7.6 - TA/ssinc spectral plots (no noise) for H1 filter

Figure 7.7 - TA/rect spectral plots (no noise) for H1 filter, no overlap
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The TA/rectangular window was first used with a window shift of N samples, which is a
high degree of overlap for this window. The results in this case are given in Appendix B. The
ensemble mean was biased and the ensemble variance is not reduced when such a high degree of
overlap is used.
The results for the TA/rectangular in Figures 7.10 and 7.11 were received when the
window shift was adjusted for no overlap and the overall length of data increased so that a
significant number of spectral averages could be used. The number of spectral averages is still
only half the number available with an overlapped TA/ssinc window. This is reflected by
variance estimate in the figure, but the mean estimate of the ensemble follows the predicted
value. The TA/rectangular window is sampling the continuously valued theoretical FRF.
Example results from a sample test run are shown in Figures 7.12 – 7.14 for each of the
three methods. It can be seen that the coherence is reduced significantly outside the passband of
the filter because of the reduced signal to noise in that frequency range. Spectral plots for the
TA/rectangular estimate are again shown when the amount of data was increased so that the
windowed segments were not overlapped.
Considering that time aliasing methods are primarily adapted for use with narrowband
spectra, the performance of the ssinc window in this case is quite good. Even though the number
of spectral averages is only half that of the WOSA/Hanning method, it is still capable of a
reasonable measurement with M=32 blocks. Previous results in Chapter Five have shown that
reducing the number of time aliased blocks would lend greater variance reduction. On the other
hand, the performance of time aliasing is sufficient and demonstrates the more “general-purpose”
nature of the ssinc window.
The next section will illustrate time aliasing methods in their primary role of estimating
narrowband spectra and the performance of the time aliased methods relative to conventional
methods will be seen to be vastly improved.

193

Figure 7.8 - Ensemble mean and variance estimates for WOSA/Hanning with H1 filter

Figure 7.9 - Ensemble mean and variance estimates for TA/ssinc with H1 filter
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Figure 7.10 - Ensemble mean and variance estimates for TA/rectangular with H1 filter, no overlap
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Figure 7.11 - Cumulative results of FRF magnitude measurement from all runs: H1 filter
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Figure 7.12 - WOSA spectral plots (noise) for H1 filter

Figure 7.13 - TA/ssinc spectral plots (noise) for H1 filter
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Figure 7.14 - TA/rect spectral plots (noise) for H1 filter, no overlap

7.1.3 Experimental Results: H2

The filter characteristic in this procedure produces spectra with a very high dynamic
range over a relatively small portion of the spectrum where the resonance peak is located. This
type of phenomena is usually responsible for significant bias error in the form of spectral leakage
in conventional measurements. This error is visible in the form of slumping peaks and reduced
coherence in the local region of the peak. This procedure illustrates the particular capabilities of
time aliasing methods in reducing this type of uncertainty.
Plots from this experiment are presented in the same order as in the previous section.
Figures 7.15 – 7.17 contain spectrum analysis plots for the WOSA and time aliasing with ssinc
window and rectangular window before the uncorrelated noise was turned on. In all cases, there
is only uncertainty from numerical error present in all plots and the theoretical FRF agrees
exactly with the empirical result except in the region of the sharp peak where a slight dip in
coherence noted using the WOSA/Hanning and TA/ssinc. This dip in coherence is the result of
leakage error in the transform and is predictably less with the TA/ssinc than the WOSA/Hanning.
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For the TA/rectangular, the spectral plots with no added uncorrelated noise are for the
case where the window was significantly overlapped. The dip in coherence under the peak is not
distinguishable (note the scale change on this plot) relative to the variance across the frequency
range. The measured response agrees with the theoretical plot in this case as well.
Figures 7.18 – 7.20 show the estimated ensemble means and variances for the FRF
magnitude measurement. A cumulative overlay of the results from all runs is shown in Figure
7.21. The most significant thing to note from these plots is that the time aliasing methods are
much better at measuring the correct magnitude of the FRF in the narrowband region. The
TA/rectangular method has an estimated ensemble mean which is indistinguishable from the
theoretical value and the TA/ssinc method is much improved relative to the WOSA/Hanning. It
is important to note that even though the spectral plots were normalized by the window MS in all
cases, this would not affect the FRF magnitude measurement because it is the ratio of two spectra
which received identical windows.
The improved measurements from using time aliasing are because of the reduction of
leakage error in the narrowband region of the filter output. This can be seen by noting that
although the time aliasing methods have one fourth the number of spectral averages (the
WOSA/Hanning windows were optimally overlapped at 50% in this procedure), the variance
error of both is comparable to and less than that of the WOSA/Hanning. The reduction in
variance is therefore not from spectral averaging and can only be attributed to the improved
signal-to-noise ratio in this frequency band which is achieved by reducing bias error measuring
the filter output magnitude.
The ensemble variance estimates from all three methods are overlaid on a zoomed plot in
Figure 7.22. From this plot and the cumulative overlay in Figure 7.21, it can be noted that the
improved variance situation for the time aliasing methods in the narrowband region is reversed in
the broadband region. In the broadband region, the WOSA/Hanning is approximately four times
better than the TA/ssinc, which corresponds approximately to ratio of spectral averages between
the WOSA/Hanning and the TA/ssinc and is the expected result for variance reduction from
spectral averaging. For the TA/rectangular, the broadband variance is not reduced when the
windows were overlapped and is greater than the other two methods when the length of the data
was increased so that no overlap was used because the number of averages is less. The reversed
situation between the narrowband and broadband variance for the time aliased methods illustrates
again the reduction in uncertainty in the narrowband region achieved by minimizing leakage.
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Sample spectral plots from one test run are provided in Figures 7.23 – 7.26. The most
important thing to note is the improved coherence in the narrowband region which occurs from
using time aliasing methods. The coherence in all the plots is reduced in the attenuation band of
the filter where the signal-to-noise ratio is lower, but it is nearly unity in the narrowband region
using the TA/rectangular method.
Additional plots from this FRF measurement are found in Appendix B and include the
WOSA method employing both a rectangular and a Kaiser-Bessel window. The results in those
plots are approximately the same as the results shown here. Also included are the non-overlapped
TA/rectangular ensemble estimates and spectral plots where the length of the data was increased.
With this filter, the TA/rectangular method has a clear advantage in measuring the
narrowband signal with reduced bias error even though it is not particularly good in the
narrowband region. This illustrates the particular intent of using the time aliased rectangular
window in sampling the FRF in a region of high dynamic range. As expected from the window
transform shape, the TA/ssinc combination establishes itself as a very good performer in leakage
reduction because of the controlled mainlobe width and very reduced sidelobes. It is an adequate
performer once again in broadband spectral measurements.
The results from the WOSA/Hanning method are as expected in conventional practice
when dealing with sharp peaks in the spectrum, where leakage error is significant. The results
from the next procedure will show that errors associated with high dynamic range in the regions
of both peaks and valleys in conventional measurements can be reduced through the use of time
aliasing methods.
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Figure 7.15 - WOSA spectral plots (no noise) for H2 filter

Figure 7.16 - TA/ssinc spectral plots (no noise) for H2 filter
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Figure 7.17 - TA/Rect spectral plots (no noise) for H2 filter, overlapped segments

Figure 7.18 - Ensemble mean and variance estimates for WOSA/Hanning with H2 filter
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Figure 7.19 - Ensemble mean and variance estimates for TA/ssinc with H2 filter

Figure 7.20 - Ensemble mean and variance estimates for TA/rectangular with H2 filter
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Figure 7.21 - Cumulative results of FRF magnitude measurement from all runs: H2 filter
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Figure 7.22 - Zoomed overlay of ensemble variance estimates

Figure 7.23 - WOSA/Hann spectral plots (noise) for H2 filter
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Figure 7.24 - TA/ssinc spectral plots (noise) for H2 filter

Figure 7.25 - TA/rect spectral plots (noise) for H2 filter, overlapped segments
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7.1.4 Experimental Results: H3
In order to demonstrate the performance of time aliasing methods in measuring spectra
with regions of high dynamic range resulting from both peaks and valleys in the spectrum, a
significant zero was placed near the resonance of the H2 filter, resulting in the H3 filter.
Figures 7.26 and 7.27 contain spectrum analysis plots (note zoomed magnitude inset) for
the WOSA with Hanning window and time aliasing with rectangular window before the
uncorrelated noise was turned on (time aliasing with a ssinc window will be discussed
separately). In contrast to previous experiments, there is significant uncertainty between the
WOSA/Hanning and the theoretical FRF.

The coherence functions in both figures have

significant drops in the region of the pole – zero cancellation, approaching zero.
A cumulative plot for this situation is provided in Figure 7.28. It can be seen that there is
significant variation in the region of the peak and valley for the WOSA/Hanning window even
though the uncorrelated noise source has not been turned on (as can be verified by looking at the
broadband regions of the spectra in both plots).

This variation causes the mean of the

WOSA/Hanning spectrum to be too high relative to the theoretical FRF magnitude.
It is most likely that this variation is introduced because there is significant phase
uncertainty because of the interaction between the pole and zero. Because the resolution in the
transform is finite, there will be random changes in the real and imaginary parts of the signal
because of the inaccurate phase representation which will introduce magnitude fluctuations as the
spectra are averaged. This presents a significant challenge in spectrum estimation and it is very
common to observe this type of local drop in coherence.
Figures 7.29 and 7.30 show the estimated ensemble means and variances for the FRF
magnitude measurement using both methods after the noise source was turned on. A cumulative
overlay of the results from all runs is shown in Figure 7.31.
The most significant thing to note from these plots is that the time aliasing with the
rectangular window is much better at measuring the correct magnitude of the FRF in the
narrowband region.

The TA/rectangular method has an estimated ensemble mean that is

indistinguishable from the theoretical value. This fact was duplicated again in a second test
ensemble overlaid on the first. The WOSA method was used with both the rectangular and the
Hanning windows, but both suffer from the same problem in overestimating the mean of the FRF.
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Figure 7.26 – WOSA/Hanning spectral plots (no noise) for H3 filter

Figure 7.27 - TA/rect spectral plots (no noise) for H3 filter, overlapped segments
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Figure 7.28 - Cumulative results of FRF magnitude measurement all runs: H3 filter no noise

The time aliasing method is quite certainly suppressing leakage in the region of high
dynamic range, as has been demonstrated in previous experiments, and this is partially
responsible for the improved measurement, but there is apparently another interaction at work as
well.

By examining the spectral plots in Figures 7.32 – 7.34 we can see that the

WOSA/rectangular generally follows the theoretical curve even though there is significant
variation. The TA/rectangular spectrum follow the curve with only variation because of the
uncorrelated noise. The WOSA/Hanning on the other hand does not follow the curve even
though it shows very little noise.
Comparing the magnitude plots in all three cases, the worst in terms of magnitude is the
WOSA/rectangular which, as expected, is subject to significant leakage error. On the other hand
it is better at the phase estimate than the Hanning window which is the better magnitude estimator
of the two. TA/rectangular plots in both cases are very close to the theoretical in the narrowband
even though they differ in the broadband region.
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The fact that more of the data is admitted into each transform because the ends are not
suppressed in the rectangular window suggests that there is less uncertainty in the phase even
though the window transform shape introduces leakage error in magnitude. This fact is common
between the WOSA/rectangular and TA/rectangular spectra and leads to this conclusion: since the
WOSA/rectangular is better than the WOSA/Hanning at phase preservation in the neighborhood
of pole – zero cancellation in the spectrum, the TA/rectangular should be better still because of
the longer window transform length.
This conclusion is borne out in the phase plot of Figure 7.34 where it is seen that the
TA/rectangular method does a good job of estimating the phase, noise notwithstanding. The
TA/rectangular method incorporated a window shift of only N samples, which is a significant
overlap and the broadband variance is not reduced because of this high amount of overlap. Plots
of the case were the overall length of data was increased and the TA/rectangular segments were
not overlapped are given in Appendix B.
We can therefore see that having a longer time window is an advantage again in reducing
spectral error. This is because the longer MN point window of the TA/rectangular spectrum
effectively averages the phase of the signal over a longer time than either of the N point windows
in the WOSA method.
With this tentative conclusion, we will now consider the results from the TA/ssinc
window which have not been shown. Figure 7.35 shows the estimated ensemble means and
variances for the FRF magnitude measurement using the TA/ssinc methods after the noise source
was turned on. Figure 7.36 illustrates the spectral plot. It is clear from these plots that the FRF
function is not measured correctly and also evident that the TA/ssinc FRF estimate is suffering
from the same phase uncertainty problem exhibited by the WOSA/Hanning.
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Figure 7.29 - Ensemble mean and variance estimates for WOSA methods with H3 filter

Figure 7.30 - Ensemble mean and variance estimates for TA/rect with H3 filter, overlap
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Figure 31 - Cumulative results of FRF magnitude measurement all runs: H3 filter noise

Figure 7.32 - WOSA/Hanning spectral plots (noise) for H3 filter
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Figure 7.33 - WOSA/rectangular spectral plots (noise) for H3 filter

Figure 7.34 - TA/rectangular spectral plots (noise) for H3 filter, overlapped segments
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Having received these unexpected results for the TA/ssinc method, a procedure was used
to discover the source of the problem wherein some alternate filters were created having slightly
modified characteristics from H3(z). Theoretical plots of the filters considered are shown in
Figure 7.37. Additionally, next to the legend is an indication of the performance of the TA/ssinc
method with each filter. Also shown in Figure 7.37 is the theoretical plot for the H2(z) filter used
in the previous section as a known “good” performance. Example “good” results of using
TA/ssinc with the H3(z)3 filter in this experiment are shown in Figures 7.38 and 7.39.
The commonality between filters yielding good results is the fact that the phase transition
is not as sharp as those yielding bad results as can be seen in the bottom plot of Figure 7.37. The
filters yielding bad results transition nearly minus 180° from one DFT line to the next, whereas a
couple of frequency lines, at least are involved in the transitions for the filters yielding “good”
results. The conclusion about phase uncertainty is therefore valid in this case as well, but it also
indicates that the amount of pole-zero cancellation in this case is very high for the simulated
experiment in terms of DFT resolution. It is to be expected, however, since H3(z) has z-domain
poles located very close to the unit circle.
Interestingly enough, in order to improve the results for the both the WOSA/Hanning and
the TA/ssinc method with H3(z), more frequency lines should be added by extending the DFT
length, or in other words, extending the window length. This matches the previous conclusion
regarding the TA/rectangular method and better phase estimation in this case.
Remembering the relative weighting of the ssinc window function center lobes compared
to outer lobes, we reach the conclusion that the MN point ssinc window function is highly
localized in time relative to the MN point rectangular window and therefore not as much of the
data is used in determining the phase of the signal, resulting in the phase uncertainty problem.
The significant lessons learned from this experiment are threefold.

First, the

TA/rectangular method was superior at estimating the FRF of a filter having pole-zero
cancellation and therefore both extremes of dynamic range variation, even though the simulation
was run very close to the numerical uncertainty limit and the rectangular windows were
significantly overlapped. Second, the TA/ssinc method performed well with a filter where the
pole-zero cancellation was reduced slightly from H3(z). Finally, it is again advantageous to have
a longer effective window function when estimating spectra with high dynamic range at relatively
low DFT resolution, as provided by time aliasing the windowed signal.
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Figure 7.35 - Estimated ensemble mean and variance estimates for TA/ssinc with H3 filter

Figure 7.36 - - TA/ssinc spectral plots (noise) for H3 filter
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Figure 7.37 – Theoretical FRFs of slightly modified H3 (performance of TA/ssinc shown in legend)

Figure 7.38 - Ensemble mean and variance estimates for TA/ssinc with H3(z)3 filter
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Figure 7.39 - TA/ssinc spectral plots (noise) for H3(z)3 filter
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7.2 Rotating Machinery Signature Analysis
Spectrum analysis is widely used for diagnosing faults and assessing condition of
mechanical machinery. By viewing spectra of signals received from sensors placed at appropriate
locations on a machine, various aspects of machine health can be determined. Faulted conditions
are often indicated by spectra with certain characteristics which are sometimes termed
“signatures”. Signatures often involve different narrowband features of the spectrum such as
peaks or valleys at certain frequency locations and at certain magnitudes, but broadband features
are sometimes important too. Methods and procedures of signature analysis are discussed in
Harris 1996.
An experiment was performed to demonstrate the use of time aliasing methods in
spectrum analysis. Because this application often involves narrowband types of phenomena, it
was anticipated that the reduced bias error from employing time aliasing methods would yield
improvements in spectra and a better capability for detecting certain types of signatures.
Important concepts illustrated by this experiment include: the reduction of bias error,
particularly leakage, which can be achieved using time aliasing methods;

the relative

performance of the time aliased ssinc and rectangular windows as used to approximate an ideal
uniform and an ideal sampling window;

the proper application of each type of window

depending on the type of spectral measurement;

performance of time aliased methods to

conventional methods including the WOSA method and to a lesser extent, the STUSE method.

7.2.1 Experimental Procedure
This experiment was performed in hardware, using computer data acquisition to sample
signals received from the test subject, a Machinery Fault SimulatorTM, provided by SpectraQuest,
Inc. (http://www.spectraquest.com). The computer data acquisition system used a plug-in DSP
card and external analog-to-digital converter with signal conditioning capability from Sheldon
Instruments (http://www.sheldoninst.com). The data acquisition software was programmed using
LabVIEW® (http://www.ni.com).
Initial data and conventional spectra were plotted using programs written in LabVIEW®
and then test data was saved to disk and Matlab® (http://www.mathworks.com) was used for the
actual experimental work involving time aliasing. The same routines used in Section 7.1 were
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used to process the data in this experiment and spectra were again normalized by the MS of the
window so that magnitude comparisons were consistent between different methods.
A picture of the Machinery Fault SimulatorTM (MFS) is shown in Figure 7.40, where it
can be seen that it is a hardware platform consisting of various rotating and reciprocating
elements of the type which would often be found in mechanical machinery, but possibly on a
different scale. The MFS is designed to be configured in a repeatable manner so that signatures
of common machinery faults can be produced and measured for demonstration, teaching and
research. The primary sensors on this particular MFS, and the only ones used in this experiment,
are a set of industrial grade, piezo accelerometers. An LED tachometer was also used to get
speed information from the rotating shaft.

Figure 7.40- Machinery fault simulator

Data for all test runs in this experiment were acquired by placing the accelerometers on
one or both of the inboard (nearest the motor) and outboard bearing mounts of the main rotor
assembly shown in Figure 7.40. The reciprocating mechanism and gearbox shown in the lower
right of the picture were not used and the belt was removed. Here is a description of each test run:
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1.) Run 1: Signals were acquired from the accelerometers on the inboard, channel X, and
outboard, channel Y, bearing mounts in the vertical direction. An imbalance was
imposed by placing small weights on two of the rotors. The motor speed was varied
until the imbalance condition excited structural resonances in the rotor assembly.
2.) Run 2: Signals were acquired from accelerometers in the vertical, channel X, and
horizontal, channel Y, directions on the outboard bearing mount. A purposely faulted
bearing was placed in the outboard mount. The rotor was not unbalanced.
3.) Runs 3a-3e: accelerometers in same position as Run 2. Multiple fault conditions:
a. Faulted bearing, unbalanced rotor
b. Faulted bearing, unbalanced rotor, bearing slip(shaft collar loosened)
c. Unbalanced rotor only (Replaced bearing, no slip, no misalignment)
d. Rotor imbalance lessened
e. Faults removed

Figure 7.41 - MFS with no faults imposed (Fs=2048Hz)

220

An example plot of MFS spectra with no intentional faults introduced is shown in Figure
7.41. There was no gain used on any of the accelerometer channels and most of the actual signal
levels were in the range of 2.0Vp-p. As can be seen in Figure 7.41, the signal-to-noise ratio is
relatively good with a noise floor at approximately -120dB. The last segments of time data
processed for channels X and Y are shown in the left plots and their corresponding autospectra
are plotted in the right plots. The frequency axis is scaled in Hz from 0 to half the sample
frequency, 1024 Hz. Very low amplitude harmonics of the running speed are visible, probably
from a combination of a slight shaft misalignment condition and a slight imbalance.
Initial test results showed that a small amount of spectral averaging was helpful in
distinguishing fault signatures. Test runs using time aliasing with a rectangular window showed
that the length of signal that could be acquired with this particular test setup was not sufficient to
yield enough spectral averaging and enough time aliased blocks to adequately approximate a
good sampling window and so the TA/rectangular method was not able to be used in this
experiment.

7.2.2 Experimental Results: Run 1
For this test run, the motor was running at about 2700 RPM and the imbalance was more
significant than in following runs so it excited significant structural resonances within the MFS.
The results for this test run are plotted in Figure 7.42.

The rotor imbalance produced

accelerations at the bearing mounts which are manifest as a series of harmonics at multiples of the
running speed, or 1X, 2X, etc. as indicated on the plot of channel Y.
The most significant features to note about the spectral plots in Figure 7.42 are the
improved resolution of spectral peaks for both channels and the reduced leakage that is present.
In the case of the 1X peak, the measurement with TA/ssinc is about 6dB or twice the level
measured by the WOSA/Hanning. Another important feature is the ability of the TA/ssinc
spectrum to resolve the structural resonance peaks located near the 4X and 5X harmonics that are
hidden because of the wider mainlobe of the Hanning window.
The data from Run 1 was also processed using a rectangular window for the WOSA
method and the result is overlaid on the spectral plots from Figure 7.42, producing Figure 7.43.
These spectral plots show that the effective resolution of the rectangular window is better for
detecting the structural resonance peaks near the 4X and 5X harmonics of the running speed and
concur with the TA/ssinc spectrum, although the leakage using the rectangular window is much
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more significant and so the actual magnitude of the peaks is not as high as with the TA/ssinc.
Reduction in sidelobe leakage relative to the WOSA/rectangular is very apparent for the
WOSA/Hanning in this plot. The sidelobe leakage reduction using the TA/ssinc is even more
significant, as would be expected.
For comparison, the data was processed again using a Kaiser-Bessel window with the
WOSA and TA/ssinc with M=8. The results are shown in Figure 7.44. The sidelobe leakage
using the Kaiser window is lower, but there is still significant leakage and the structural
resonance peaks are not resolved. Using the TA/ssinc with M=8 results in more spectral averages
and so the time aliased spectrum looks smoother in the more broadband regions and still yields a
significant improvement in magnitude and frequency resolution for lower bias error.

Figure 7.42 - MFS test run 1, 2700RPM, WOSA Hanning, TA ssinc (M=32)
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Figure 7.43 - MFS test run 1, 2700RPM, WOSA rectangular, WOSA Hanning, TA ssinc (M=32)

Figure 7.44 - MFS test run 1, 2700RPM, WOSA Kaiser, WOSA Hanning, TA ssinc (M=8)
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7.2.3 Experimental Results: Run 2
In this procedure, the outboard bearing was substituted by a bearing with known defects.
The particular bearing used had a combination of defects on the inner and outer races as well as a
faulted or worn ball. Defects of these types can be difficult to detect because they generate
harmonics that occur at near integers of the running speed, but their magnitudes are low.
Sidelobe leakage reduction and effective frequency resolution therefore play an important part in
the detection of this phenomenon.
Results from Run 2 are shown in Figure 7.45. The only intentional fault was the worn
bearing, but the relative height of the 2X peak compared to the 1X peak in CHX may indicate a
small amount of vertical misalignment between the rotor shaft and the motor. As with Run 1, the
peaks in the spectrum are more sharply defined and the magnitude is higher because of improved
leakage suppression.
The most important thing to note in Figure 7.45 is the appearance of some harmonics at
the BPFO, or Ball-Pass Frequency for Outer raceway defect for the bearing, which are at the
predicted multiples of the running speed or 3.052X in the time aliased spectrum. These are the
only faults resolvable at this DFT resolution, but the primary components at 3.052X are clearly
resolved by the TA/ssinc spectrum and not by the WOSA/Hanning spectrum in channel X and
likely resolved in channel Y, as well.
The DFT length was doubled in Figure 7.46 to improve the effective frequency resolution
of the WOSA/Hanning. Because only a limited amount of data was available, the number of time
aliased blocks, M, was reduced to eight. The DFT length was doubled again in Figure 7.47. It
can be seen that the bearing fault is detectable in both the WOSA/Hanning and TA/ssinc spectra
of channel X. As the DFT length is increased, the effective frequency resolutions of the two
methods begin to converge and the variance in the time aliased spectrum increases because fewer
averages are taken, but it still holds the advantage in magnitude resolution and sidelobe leakage
reduction.
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Figure 7.45 - MFS test run 2, 1750RPM, K=1024, WOSA Hanning, TA ssinc (M=16)

The bearing fault is increasingly less visible at the 3.052X harmonic in the spectrum of
channel Y as fewer spectral averages are taken among Figures 7.46 to 7.48. The magnitude of the
BPFO harmonics is not strong to begin with and it is not detected through the same transmission
path as channel X. Both accelerometers were placed on a triaxial mounting block at the top of the
bearing mount and so the horizontal accelerometer on channel Y is not pointing at the bearing
radially like the vertical accelerometer on channel X. The bearing fault is possibly visible at
6.104X, though its magnitude is still very small. Other bearing faults were not distinguishable
during this procedure, although the breadth and number of small peaks in the neighborhood of the
2X harmonics could be an indicator of the Ball Speed Frequency, or BSF, of 1.992X the running
speed.
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Figure 7.46 - MFS test run 2, 1750RPM, K=2048, WOSA Hanning, TA ssinc (M=8)

Figure 7.47 - MFS test run 2, 1750RPM, K=4096, WOSA Hanning, TA ssinc (M=4)
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7.2.4 Experimental Results: Runs 3a – 3e
This sequence of experiments illustrates a combination of fault conditions as they are
applied and then removed in Figures 7.48 -7.52. The purpose of this procedure was to generate
multiple, interrelated narrowband phenomena that would result in several opportunities for
viewing bias error reduction using time aliasing methods to calculate the spectrum.

The

accelerometers were kept in their current position from Run 2.
In Run 3a, Figure 7.48, the faulted bearing from Run 2 has been retained and an
imbalance condition created on the rotor. The imbalance is visible from the strongly pronounced
1X harmonic and lower successive harmonics. The magnitude of the running speed harmonics is
much higher than in Run 2 and so the bearing faults are not clearly distinguishable, but structural
resonances and possibly sideband modulation are strongly visible in the regions of the 3X – 5X
running harmonics. These resonances are clearly distinguished by the TA/ssinc spectrum, and
barely distinguished by the WOSA/Hanning spectrum.
In Run 3b, Figure 7.49, an additional fault, bearing slip, was introduced by loosening the
collar of the outboard bearing. In this condition, the shaft rotation inside the ball bearing begins
to act like a loosely rotating journal bearing and several half-harmonics are developed at 0.5X,
1.5X, 2.5X, etc. as shown in the figure. Each of the peaks in this spectrum is clearly less
influenced by leakage in the TA/ssinc spectrum.
In Run 3c, Figure 7.50, the faulted bearing was removed, and the position of the outboard
bearing mount (and the accelerometers) was moved farther away from the motor, back to the
position it had occupied during Run 1. The half-harmonics are gone and the character of some of
the structural resonances has changed. The 1X component and its harmonics are stronger because
of the increased compliance in the rotor assembly from having a longer shaft. Again, the peaks
are more clearly resolved and with higher magnitude and less sidelobe leakage with the TA/ssinc
spectrum.
In Run 3d, Figure 7.51, the rotor imbalance was lessened, causing a decreased running
speed harmonic magnitude. The origin of the peaks surrounding the 1X component is unclear. In
Run 3e, Figure 7.52, the rotor imbalance is removed entirely and a slight, residual misalignment
is evident from the relative heights of the 1X and 2X components in channel X. Improved
resolution in frequency and magnitude is clearly visible in both of these figures with the TA/ssinc
spectrum resulting in reduced bias error.
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Figure 7.48 - MFS test run 3a, 2300RPM, imbalance, bearing fault

Figure 7.49 - MFS test run 3b, 2300RPM, imbalance, bearing fault, bearing slip w/ half-harmonics
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Figure 7.50 - MFS test run 3c, 2300RPM, imbalance, bearing mount moved more outboard

Figure 7.51 - MFS test run 3d, 2300RPM, imbalance lessened
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Figure 7.52 - MFS test run 3e, 2300RPM, intentional faults removed, slight misalignment remains

7.3 Conclusion
This chapter illustrated the use of time aliasing methods of spectrum analysis for
frequency response function measurement and rotating machinery signature analysis.

Time

aliasing methods are uniquely adapted to these applications when they produce spectra with
narrowband phenomena such as spectral peaks and valleys and several such cases were illustrated
where time aliasing produced spectra with improved magnitude and frequency resolution.
This work also illustrated some of the conclusions shown in previous chapters about how
to apply time aliasing methods effectively. The time aliased rectangular window, used as an
approximation to the ideal sampling window, gave best results when the spectrum had high
dynamic range and in situations where the phase was particularly uncertain, such as in the regions
of pole – zero cancellation. The time aliased ssinc window, used as an approximation to the ideal
uniform window, gave good results overall and was particularly useful in discovering features
and improving magnitude measurement for the rotating machinery signature analysis.
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Chapter 8 - Conclusion
The objective of this work has been to establish a better theoretical understanding of time
aliasing methods of spectrum analysis and their application.

In order to accomplish this

objective, theoretical aspects of time aliasing methods were subjected to analysis. Conclusions
from this theoretical analysis were verified by experiment as appropriate. Further experiments
were performed in order to illustrate these conclusions and to demonstrate the use of time aliasing
methods of spectrum estimation in practice. Major results from this work and recommended
practices for implementing time aliasing methods of spectrum estimation will now be reviewed.

8.1 Summary of Results
Time Aliased Periodogram as a Spectral Estimator. Analysis of the tradeoffs between
bias error reduction and variance error reduction showed the particular applicability of time
aliasing methods to spectra having regions of high dynamic range, or narrowband phenomena.
The variance of the time aliased periodogram of a purely random signal was shown
mathematically and verified empirically to be the same as in conventional spectrum estimation.
Methods of improving variance error in time aliased spectra were described and
demonstrated empirically. The optimal overlap for variance reduction of ssinc windowed data
segments was shown to be one segment, N. Circular processing techniques were demonstrated to
further increas the number of spectral averages with ssinc windows.
Demonstration of Improved Capabilities in Practical Measurements.

Simulated

frequency response function measurements showed a reduction of bias error with narrowband
spectra compared to conventional methods. Time aliased narrowband spectra were shown to
have better magnitude measurement capability and effective frequency resolution than
conventional methods at the same DFT resolution.
The concept of the ideal sampling window was introduced and the scaled ssinc window
as well as conventional windows were shown to approximate the ideal sampling window as the
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number of time aliased blocks is increased. The time aliased rectangular window, used as an
approximation to the ideal sampling window, gave better results than conventional techniques
when the spectrum had high dynamic range and in situations where the phase was particularly
uncertain, such as in the regions of pole – zero cancellation.
The time aliased ssinc window, used as an approximation to the ideal uniform window,
gave improved results overall and was particularly useful in discovering features and improving
magnitude measurement for the rotating machinery signature analysis. Machinery faults and
structural resonances were visible in the time aliased estimate that were not visible with
conventional methods at the same DFT resolution.
Improved Understanding Of Time Aliasing Processes. Analysis of time/frequency
scaling relationships involved when using multiple block windows with single block DFTs
showed that additional consideration to the nature of the original signal, whether periodic or
aperiodic is required. Conventional windows do not span ∆f when used with time aliasing and
will cause suppression of discrete sinusoidal components if they are not located within the
reduced mainlobe width of the window transform.
The effect of time aliasing on the statistical descriptors of the original signal was shown
in the time and frequency domains. Implications for both periodic and aperiodic signals were
demonstrated. These two types of signals are normalized differently when conventional windows
are employed; periodic signals are normalized to preserve window transform amplitude, by 1/M,
whereas aperiodic signals are not normalized in order to preserve window transform area.
A method equivalent to time aliasing in the correlation domain was introduced and
various issues such as efficiency, zero padding, phase and transforms of multiple periods of time
aliased signals were examined and explained. Time aliasing an MN point signal is more efficient
computationally than using a longer DFT. Using an N point DFT to transform a single period of
the time aliased signal yields a sampled version of the transform of the original MN point signal.
Analysis of Time Aliased Window Functions. Time aliasing was shown to allow the
use of windows which are decoupled from the DFT resolution. The improved performance of the
ssinc window in terms of mainlobe and sidelobe characteristics was compared to conventional
windows. The unique features of the ssinc window transform in approaching a constant halfpower width and constant amplitude across ∆f as the number of time aliased blocks is increased
allow it to be used with both periodic and aperiodic signals with the same DFT scaling.
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Modifications of the outer and inner functions of the ssinc window result in the ksinc, scaled
ssinc and other windows which can be optimized according to various criteria.
Relationship of Time Aliasing Methods to Similar Techniques. Equivalence between
time aliasing and the STUSE method was shown when the latter used a rectangular window with
a shift of one block. Both of these conditions are not within the ranges described in the literature.
The STUSE effective window transform was shown to not span the frequency line interval which
is the probable cause of lost power in spectral estimates noted by other researchers. Other aspects
of time aliasing methods were shown to be more desirable including efficiency and flexibility in
window design. The method of synchronous time averaging was shown to be a special case of
time aliasing when the time segments are contiguous and the DFT is normalized to preserve the
amplitude of discrete spectral components.

8.2 Recommended Practices
Time aliasing methods are used to the greatest advantage in practical spectrum estimation
problems where the dynamic range of the spectrum is high and bias error reduction is of primary
interest. These situations will occur where signals are narrowband in nature and involve spectral
peaks and valleys or discrete components.
As with conventional spectrum analysis, the DFT resolution must be nominally adequate
for the analysis problem. This constraint will largely determine the segment length and time
aliasing period, N. For resolution of closely spaced discrete sinusoids, these must be located at
least ∆fN apart even with a ssinc window. If frequency resolution is the primary concern, then
increasing N will improve the ability to resolve the sinusoidal components.
The next decision will involve availability of data and whether or not a large amount of
spectral averaging is needed to reduce spectral variance. Because of the assumption that the
signal is more narrowband than broadband, this will generally be less than in the broadband case.
Obviously, however, when a signal is noisy, the number of spectral averages, Q, will be higher.
In such situations, if data is limited, a ssinc-based window will give best results because it can be
significantly overlapped as illustrated in Chapter Five, yielding maximum spectral averaging.
If only a small amount of spectral averaging is required and/or data is plentiful, the
spectrum estimation procedure can be optimized with primary attention to desired window
characteristics.

In this work, two types of optimal windows have been discussed: uniform
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windows and sampling windows. Uniform windows contain leakage to the interval between
frequency lines, yield the most consistent magnitude measurement of discrete sinusoidal
components across ∆f and yield reduced bias with narrowband signals. With narrowband signals,
a sampling window is indicated if the spectrum is continuous and was shown in Chapter Seven to
further reduce bias beyond the uniform window capability when the dynamic range of the
spectrum is very high relative to ∆f.
Ideal uniform windows can be approximated by ssinc-based windows. The value of M
required to obtain a suitable approximation can be determined by considering either the area-ratio
or ENBW statistics given in Chapter Five in light of accuracy requirements for the given
situation. It was shown in Chapter Three that even in cases where M is not high enough for the
ssinc window to suitably approximate an ideal uniform window, a ssinc window will still give
reduced sidelobe and improved mainlobe characteristics compared with conventional techniques
with M as low as two or four.
Ideal sampling windows can be approximated simply by using a rectangular window with
a high enough value for M, such that the time frequency scaling of the window transform results
in an adequate approximation to an impulse sampler. Other conventional window shapes can be
used if normalized by the MS of the window, or a scaled ssinc, or sssinc window can be used.
Because of the use of an MN point window function with an N point DFT, scaling of the
resulting spectrum must be adjusted to reflect the longer window length if the MS is to be
accurately represented between the time and the spectral domains in the sense of Parseval’s
theorm. If a ssinc-based window is used, the DFT is simply normalized, as in the conventional
case, according to the two forms given in Table 1.1 for interpretation as a periodic or aperiodic, as
appropriate. The spectrum may also be normalized by the MS of the ssinc-based window if the
value of M is not very high.
If conventional windows are used to approximate an ideal sampling window, then the
time aliasing process will not be normalized in order to preserve the area of the window, but
calculation of the periodogram from the time aliased transform will yield an MS value that is M
times as high as the original signal and so this can be adjusted either by normalizing the spectrum
by 1/M or by normalizing the time aliasing process by 1/√M.
Because conventional windows do not span ∆f, they are not recommended for use with
discrete spectra unless the technique of synchronous time averaging, which is a special case of
time aliasing, is being employed to pull periodic phenomena out of a noisy signal. The time
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aliasing, or time averaging, process will be normalized by 1/M to preserve the amplitude of the
window between the time and Fourier domains.
Time aliasing provides the flexibility to design window functions that are decoupled from
the DFT length and the potential exists for this flexibility to be extended in ways that have not
been addressed here. Other types of optimal windows may exist for use with certain signal types.

8.3 Contributions to the State of the Art
Previous use of time aliasing methods has been motivated primarily by efficient
representation of transforms, concerned with the elimination of time aliasing effects and centered
on optimizing the representation of time signals which are again synthesized from the transforms
of time aliased signals. Furthermore, previous use of time aliasing has been focused on the time
and Fourier domains and important relationships, including the results of window scaling and the
effects of averaging, have not been established in the spectral domain.
The difference between previous practice and the approach used here is the assumption
that the use of time aliased, multiple-block windows is not only useful for spectrum analysis, but
that, under demonstrated conditions, it can lead to an optimized representation of spectra in terms
of bias error reduction, all without increasing DFT size. This work has validated that assumption
and has added theoretical and practical understanding necessary to properly use time aliasing
methods in spectrum estimation applications.

8.4 Recommendations for Further Research
One of the expected results of research is the answering of questions. Another result is
usually the generation of more questions.

This work has enabled a step forward in the

understanding and practice of spectrum estimation using time aliasing methods and in the
process, has also created some opportunities for gaining more understanding and experience.
A recommendation for further research is to investigate more fully the uses of time
aliased windows as approximations to ideal sampling windows, possibly by experimental
methods similar to those shown here. Simulated results in Section 7.1 were conclusive for the
scope of experimentation, but sampling windows were not used with the MFS in Section 7.2
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because it was not possible to record enough time data to produce a significant amount of spectral
averaging without overlapping windows.

Further investigation will require an improved

hardware capability so that the number of time aliased blocks and the number of spectral
averages can be made larger, without overlapping the windows, thereby sharpening the ability to
distinguish bias error reduction.
Another possibility for further research is the investigation of specific techniques for
using time aliasing methods in the area of modal analysis. The practice of modal analysis relies
heavily on system identification through curve fitting structural resonances exhibited in the
spectrum. The ability to reduce bias in the neighborhood of spectral peaks could lend improved
accuracy to curve fits thereby providing more accurate estimation of mode shapes.
Another recommendation is to explore other possible variations in the techniques of time
aliasing than have been shown here. The flexibility to design windows which have characteristics
that are decoupled from the frequency resolution opens up new avenues for exploration in the
techniques of Fourier analysis. Some of these techniques have been developed as a result of this
and other works, but this by no means is a full treatment of the possibilities and there is quite
likely additional insight and experience to be gained from further work in this area.

8.5 Conclusion
Time aliasing allows the characteristics of a longer time window, including reduced
leakage and improved effective frequency resolution to be used with a shorter DFT length.
Previous practice has either been to avoid time aliasing altogether or, in areas where it has been
used, specific issues in spectrum estimation have not been addressed.
This work has improved theoretical understanding of time aliasing methods of spectrum
analysis and their applications.

Certain theoretical aspects of time aliasing methods were

subjected to analysis and significant conclusions from this theoretical analysis were verified by
experiment. Experiments performed have illustrated these conclusions and demonstrated the use
of time aliasing in practical measurement situations. The results of this research have extended
the potential use of time aliasing methods and have improved on current practice in areas such as
rotating machinery signature analysis and system identification.
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Appendix A – Background Math and Statistics
A.1 Summation Identities
1.) Independent Indices:
N −1

M −1

N −1 M −1

n =0

m =0

n =0 m =0

∑ z[n]∑ z[m] = ∑ ∑ z[n]z[m]
2.) Summation Squared:
2

 M∑−1z[n + mN ] =


 m =0


M −1 M −1

∑ ∑ z[n + mN ]z[n + qN ]

m =0 q =0

3.) Sum of Sums:
MN −1

M −1 N −1

n =0

m =0 n =0

∑ z[n] = ∑∑ z[n + mN ]

4.) Collection of Diagonal Terms:
M −1 M −1

M −1

m =0 q =0

m =0

∑ ∑ z[n + mN ]z[n + qN ] = ∑ ( z[n + mN ])

2

5.) Index Shift:
M −1

M −1− q

r =0

n=− q

∑ z[r ] =

∑ z[n + q]

( n = r-q )

A.2 Statistical Relationships
6.) Expectation of a Sum:
 N −1
 N −1
E ∑ z[n] = ∑ E{z[n]}
 n =0
 n =0
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M −1 M −1

+ ∑ ∑ z[n + mN ]z[n + qN ]
m =0 q =0
q≠m

7.) Linear Combinations of Random Variables Equations from Jenkins 1968.
For the mean of a sum:
n
 n
E ∑ λi X i  = ∑ λi E{X i }
 i =1
 i =1

(equation 3.2.15 page 73)

For the variance of a sum, in general:
n
 n n
Var ∑ λi X i  = ∑∑ λi λ j COVar{X i , X j }
 i =1
 i =1 j =1

(equation 3.2.17 page 73)

When the Xi’s are independent, then this reduces to:
n
 n
Var ∑ λi X i  = ∑ λi2Var{X i }
 i =1
 i =1

(equation 3.2.18 page 73)

8.) Equivalent Noise Bandwidth as given in Harris 1978:
N −1

ENBW =

∑ w [n]
2

n =0

 N −1

∑ w[n]
 n =0


2
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A.3 Autospectrum as Fourier Transform of Autocorrelation Function

Objective: Show that I (ω ) =

1
LU

L −1

∑c

[l ]e − jωl =

vv
l = − ( L −1)

2
1
V ( e jω )
LU

(Oppenheim 1999, HW Problem 10.26 and page 732; also Jenkins 1968 pp. 214-215)

Given: I (ω ) =

I (ω ) =

I (ω ) =

2
1
V ( e jω )
LU
L −1

∑ v[q]e

1
LU

∑∑ v[q]v[n]e

0–0
L-1 –0
L-1 – (L-1)
0 – (L – 1)
L/2 – 1 – 0
L/2 – 1 – (L/2 – 1)
L/2 – 1 – (L – 1)

I (ω ) =

1
LU

j n

n =0

− jω ( q − n )

q =0 n =0

l1
l2
l3
l4
l5
l6
l7

1
LU

∑ v[n]e ω

L −1 L −1

l=q–n

I (ω ) =

− jωq

q =0

Let:
=
=
=
=
=
=
=

L −1

1
LU

L −1

L −1

∑ ∑ v[n]v[n + l ]e

− jωl

l = − ( L −1) n = 0
L −1

∑c

vv
l = − ( L −1)

[l ]e − jωl
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Appendix B – Additional Results From FRF Measurement

Figure B.1 – TA/rect spectral plots H1 filter and no noise, significant overlap

Figure B.2 – Ensemble mean and variance estimates for TA/rectangular with H1 filter
when window function shift is N samples, a high degree of overlap
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Figure B.3 – TA/rect spectral plots H1 filter and 25% noise, significant overlap

Figure B.4 – WOSA Kaiser and TA/rect ensemble overlay for H2 with noise
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Figure B.5 – WOSA Kaiser spectral plots for H2 with noise

Figure B.6 – WOSA rectangular and TA/ssinc ensemble overlay for H2 no noise
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Figure B.7 – WOSA rectangular spectral plots for H2 no noise

Figure B.8 – WOSA rectangular and TA/ssinc ensemble overlay for H2 with noise
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Figure B.9 – WOSA rectangular spectral plots for H2 with noise

Figure B.10 – TA/rectangular spectral plots for H2 with noise no overlap
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Figure B.11 - TA/rectangular spectral plots H2 filter 25% noise no overlap

Figure B.12 – TA/rectangular spectral plots for H3 with noise no overlap
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Figure B.13 – TA/rectangular spectral plots for H3 with noise no overlap
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Appendix C – Simulation Code for FRF System Identification
A listing of simulation code for the FRF System Identification Experiment in Section 7.1:
C. Simulation Control Outer Loop and Ensemple Estimates
%sim1.m
%
%simulation
%flag following if plotting a saved workspace
bPlotsOnly = 0;
%simulation parameters
if(~bPlotsOnly)
clear
disp('Beginning Simulation')
disp('You may want to close open figure windows')
disp('Press Any Key to Continue')
pause
numRuns = 40;
for runNum=1:numRuns
disp(['run: ' num2str(runNum)])
%call sub sim
frf1;
%first run tasks
if(runNum == 1)
%init sums
WOSAMagAVG = zeros(1,K);
WOSAMagCOV = zeros(1,K);
TAMagAVG = zeros(1,K);
TAMagCOV = zeros(1,K);
end
%compute sum of Xfer func results
WOSAMagAVG = WOSAMagAVG + hmagavg;
TAMagAVG = TAMagAVG + hmagTAavg;
%compute covariance of Xfer func results
WOSAMagCOV = WOSAMagCOV + (hmagavg.*hmagavg);
TAMagCOV = TAMagCOV + (hmagTAavg.*hmagTAavg);
%plot overlaid results
currentFigureNum = currentFigureNum + 1;
figure(currentFigureNum)
subplot(211)
hold on
plot(f,hmagavg);
hold off
title(['Transfer Function Mag Cumulative Overlay ' ...
num2str(runNum) ' Runs']);
ylabel('WOSA')
axis([0 0.5 minSpecScaleY maxSpecScaleY])
subplot(212)
hold on
plot(f,hmagTAavg);
hold off
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ylabel('TA')
axis([0 0.5 minSpecScaleY maxSpecScaleY])
end
%compute mean of Xfer func results
WOSAMagAVG = WOSAMagAVG/numRuns;
TAMagAVG = TAMagAVG/numRuns;
%compute variance of Xfer func results
WOSAMagVar = WOSAMagCOV/numRuns - (WOSAMagAVG.*WOSAMagAVG);
TAMagVar = TAMagCOV/numRuns - (TAMagAVG.*TAMagAVG);
end
%plot results
currentFigureNum = currentFigureNum + 1;
figure(currentFigureNum)
subplot(211)
plot(f,WOSAMagAVG,'r',w,mag,'b');
if(bNoiseOn)
title(['WOSA TF Mag ' windowName ' Window '...
num2str(numAvgs) ' Avgs, ' num2str(overlapPercent) '% Overlap, ' ...
num2str(noisePercent) '% Uncorr Noise'])
else
title(['WOSA TF Mag ' windowName ' Window '...
num2str(numAvgs) ' Avgs, ' num2str(overlapPercent) '% Overlap, ' ...
'No Uncorr Noise'])
end
ylabel('Mean');
axis([0 0.5 minSpecScaleY maxSpecScaleY])
subplot(212)
plot(f,WOSAMagVar);
ylabel('Var');
axis([0 0.5 minSpecScaleY maxSpecScaleY])
currentFigureNum = currentFigureNum + 1;
figure(currentFigureNum)
subplot(211)
plot(f,TAMagAVG,'r',w,mag,'b');
if(bNoiseOn)
title(['TA TF Mag ' windowNameTA ' Window M = ' num2str(numBlocks) ', '...
num2str(numAvgsTA) ' Avgs, ' num2str(overlapPercentTA) '% Overlap, ' ...
num2str(noisePercent) '% Uncorr Noise'])
else
title(['TA TF Mag ' windowNameTA ' Window '...
num2str(numAvgsTA) ' Avgs, ' num2str(overlapPercentTA) '% Overlap, ' ...
'No Uncorr Noise'])
end
ylabel('Mean');
axis([0 0.5 minSpecScaleY maxSpecScaleY])
subplot(212)
plot(f,TAMagVar);
ylabel('Var');
axis([0 0.5 minSpecScaleY maxSpecScaleY])
%end m file

C.2 Inner Loop Spectrum Estimation Using WOSA, TA, STUSE
%frf1.m
%
%plots transfer function used in Matthews' paper using
%WOSA, TA and STUSE for comparisons with different forms of
%excitation: noise, pseudorandom noise, impulse
%
%STUSE refs:
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%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

[1] Unified Approach to Nonparametric Spectrum
Estimation Algorithms, Mathews, V John et al,
IEEE Transactions on ASSP, vol ASSP-35,
March, 1987.
[2] Analysis of the Short-Time Unbiased Spectrum
Estimation Algorithm, Mathews, V John and
Youn, Dae-Hee, IEEE Transactions on ASSP,
vol ASSP-33, Feb, 1985
[3] Baxa, E. G., Jr., Resolution of the STUSE Algorithm
Used in Spectrum Estimation, Radar Systems Laboratory,
Technical Report No. 9, Electrical and Computer
Engineering Department Clemson University,
Clemson, SC, December 1988

%
%simulation control block
bSubSim = 1

%Flag if simulation control delegated to calling m file

if(~bSubSim)
clear
end
bDoWOSA = 1;
bDoTA = 1;
bDoSTUSE = 0;
%end sim control
%
%preferences
plotdB = 0
%simulation constants
zeroTOL = 1e-7;

%tolerance for zeroing "almost zero" numerical artifacts

%simulation parameters
numPointsAll = 30*10240;
%numPointsAll = 3*10240;
K=512;
zeroPadFactor=1
%TA Parameters
numBlocks=32;
%STUSE Parameters
Q1=-2
Q2=2
numQs = Q2-Q1+1

%total number of points
%total number of points
%segment length
%how much zero Padding (integer >= 1)
%num segments to TA
%Segment shift limits (must be neg/pos)
%num Qs for STUSE

%Window Parameters
windowName = 'Hanning'
%windowName = 'Rect'
%windowName = 'Kaiser'
%windowNameTA = 'ssinc'
%windowNameTA = 'Hanning'
windowNameTA = 'Rect'
windowNameSTUSE = 'Hanning'
%windowNameSTUSE = 'Rect'
%windowNameSTUSE = 'Kaiser'

%Segment overlapping
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overlapPercent = 0
%percent overlap of consecutive DFTs
%overlapPercentTA = 0
%percent overlap of consecutive TA blocks
overlapPercentTA = -numBlocks*100
%percent overlap of consecutive TA blocks
overlapPercentSTUSE = 0
%percent overlap of consecutive STUSE blocks
R=fix(K*(1 - overlapPercent/100)/zeroPadFactor)
%window overlap Samples
Ra=fix(K*(1 - overlapPercentTA/100)/zeroPadFactor) %window overlap Samples
Rs=fix(K*(1 - overlapPercentSTUSE/100)/zeroPadFactor)
%window overlap Samples
%find number of segments
numAvgs = fix( (numPointsAll-K+R)/R )
numAvgsTA = fix( (numPointsAll-(K*numBlocks)+Ra)/Ra )
numAvgsSTUSE = fix( (numPointsAll-(K*numQs)+Rs)/Rs )
%error check numAvgs
if(numAvgs <= 0); error('numAvgs <=0!'); end
if(numAvgsTA <= 0); error('numAvgsTA <=0!'); end
if(numAvgsSTUSE <= 0); error('numAvgsSTUSE <=0!'); end
%excitation source
excitationNum = 1; bUsePseudoNoise = 0;
%excitationNum = 2; bUsePseudoNoise = 1;

%pseudorandom
%pink pseudorandom

%filter xfer function
%filterNum = 1; num = [.367]; den = [1 -1 .4]; numInits = 4;
%H1(z)
%filterNum = 2; num = [0 0 1]; den = [1 0.03125 .99]; numInits = 4; %H2(z)
filterNum = 2; num = [1 0.125 .9999]; den = [1 0.0156 .9999]; numInits = 4; %H3(z)
%filterNum = 2; num = [1 0.25 .9]; den = [1 0.0156 .9999]; numInits = 4; %H3(z)1
%filterNum = 2; num = [1 0.125 .9]; den = [1 0.03125 .99]; numInits = 4; %H3(z)2
%filterNum = 2; num = [1 0.25 .9]; den = [1 0.03125 .99]; numInits = 4;
%H3(z)3
%filterNum = 2; num = [0 0 1]; den = [1 0.0156 .9999]; numInits = 4;
%H3(z)4
%uncorrelated noise
bNoiseOn = 1
noisePercent = 25
%0 to 100%
%create plotting axes
t=0:1:K-1;
f=0:1/K:1-1/K;
%plot scaling
if(bUsePseudoNoise)
maxTimeScaleY = 50;
minTimeScaleY = -50;
maxSpecScaleY = 1000;
minSpecScaleY = -1;
else
maxTimeScaleY = 10;
minTimeScaleY = -10;
maxSpecScaleY = 100;
minSpecScaleY = -1;
end
%Init figure numbering
currentFigureNum = 0;
%plot theoretical transfer function
[mag,phase,w] = dbode(num,den,2*pi,f(1:K/2));

%use 2 pi so unit sample converts rad to Hz

currentFigureNum = currentFigureNum + 1;
figure(currentFigureNum)
subplot(211)
plot(w,mag)
title('Theoretical FRF of Filter')
ylabel('Mag')
subplot(212)
plot(w,phase)
ylabel('Phase')
%generate uncorrelated noise before resetting randn seed to new value
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if(bNoiseOn)
noiseAmp = noisePercent/100;
noise = noiseAmp*randn(1,numPointsAll);
end
%generate excitation signal
if(excitationNum == 0)
disp('no excitation')
elseif(excitationNum == 1)
q = randn;
randn('seed',sum(q*clock));
x = randn(1,(numPointsAll+numInits*K));
elseif(excitationNum == 2)
q = randn;
randn('seed',sum(q*clock));
phases = pi * (randn(1,K) - 0.5);
j=sqrt(-1);
h(1) = 0;
for i=2:(K/2)
h(i) = cos(phases(i))-j*sin(phases(i));
end
h(K/2+1) = 0;
for i=((K/2)+2):K
h(i) = conj(h(K-i+2));
end
xpink=(K/2)*real(ifft(h));
for i=2:(numPointsAll+(numInits*K))/K
x = [x xpink];
end
else
error('wrong excitation')
end

%randomize prs entry point

%randomize prs entry point

%generate experimental signals
if(filterNum == 0)
disp('no filter')
elseif(filterNum == 1)
y(1)=0;
y(2)=0;
for i=3:numPointsAll+numInits*K
y(i) = 0.367*x(i-2)+y(i-1)-0.4*y(i-2);
end
elseif(filterNum == 2)
y(1)=0;
y(2)=0;
for i=3:numPointsAll+numInits*K
y(i) = num(1)*x(i)+num(2)*x(i-1)+num(3)*x(i-2)-den(2)*y(i-1)-den(3)*y(i-2);
end
else
error('incorrect filter num')
end
%strip off init blocks if filter sim
if(filterNum ~= 0)
xtemp = x((numInits*K+1):(numPointsAll+numInits*K));
clear('x')
x=xtemp;
clear('xtemp')
ytemp = y((numInits*K+1):(numPointsAll+numInits*K));
clear('y')
y=ytemp;
clear('ytemp')
end
%add uncorrelated noise if required
if(bNoiseOn)
y = y + noise;
end
%
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%Compute Spectrum estimate using WOSA
%
%Segment Selection control
if(bDoWOSA)
%window function
winfunc = window(K,windowName)';
%compute the magnitude of the zero lag autocorrelation (MS)
%of the window function for correct scaling of the cross-spectrum
rww0 = 0.;
for i=1:K
rww0 = rww0 + winfunc(i)*winfunc(i)/K;
end
disp(['rww0 = ' num2str(rww0)])
%collect averages
aspecxavg = zeros(1,K);
aspecyavg = zeros(1,K);
cspecavg = zeros(1,K);
for i=1:numAvgs
xwin = winfunc.*x((i-1)*R+1:(i-1)*R+K);
ywin = winfunc.*y((i-1)*R+1:(i-1)*R+K);
hx=fft(xwin);
hy=fft(ywin);
aspecx=autospec(hx,K);
aspecy=autospec(hy,K);
cspec=crosspec(hx,hy,K);
aspecxavg=aspecxavg + aspecx/numAvgs;
aspecyavg=aspecyavg + aspecy/numAvgs;
cspecavg=cspecavg + cspec/numAvgs;
end
hmagavg = abs(cspecavg./aspecxavg);
hphaseavg = 360*unwrap(angle(cspecavg./aspecxavg))/(2*pi);
gamma = ((abs(cspecavg)) .* (abs(cspecavg)) ) ...
./ (aspecxavg.*aspecyavg);
currentFigureNum = currentFigureNum + 1;
figure(currentFigureNum)
subplot(421)
plot(t,x((i-1)*R+1:(i-1)*R+K),'r',t,y((i-1)*R+1:(i-1)*R+K),'g');
ylabel('Time')
axis([0 K minTimeScaleY maxTimeScaleY])
if(bUsePseudoNoise)
text(10,-50,'pseudo');
end
title(['WOSA ' windowName ' Window '])
subplot(422)
if(plotdB)
plot(f(1:K/2),20*log10(aspecxavg(1:K/2)/(K*rww0)),'r');
else
plot(f(1:K/2),aspecxavg(1:K/2)/(K*rww0),'r');
axis([0 .5 minSpecScaleY maxSpecScaleY])
end
if(bNoiseOn)
title([num2str(numAvgs) ' Avgs, ' num2str(overlapPercent) '% Overlap, ' ...
num2str(noisePercent) '% Uncorr Noise'])
else
title([num2str(numAvgs) ' Avgs, ' num2str(overlapPercent) '% Overlap, ' ...
'No Uncorr Noise'])
end
ylabel('XX*')
subplot(423)
plot(t,xwin,'r',t,ywin,'g');
axis([0 K minTimeScaleY maxTimeScaleY])
ylabel('Win Time')
subplot(424)
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if(plotdB)
plot(f(1:K/2),20*log10(aspecyavg(1:K/2)/(K*rww0)),'r');
else
plot(f(1:K/2),aspecyavg(1:K/2)/(K*rww0),'r');
axis([0 .5 minSpecScaleY maxSpecScaleY])
end
ylabel('YY*')
subplot(425)
if(plotdB)
plot(f(1:K/2),20*log10(hmagavg(1:K/2)),'r', ...
w,20*log10(mag),'b');
else
plot(f(1:K/2),hmagavg(1:K/2),'r', ...
w,mag,'b');
axis([0 .5 0 maxSpecScaleY])
end
ylabel('Mag')
subplot(426)
if(plotdB)
plot(f(1:K/2),20*log10(abs(cspecavg(1:K/2)/(K*rww0))),'r')
else
plot(f(1:K/2),abs(cspecavg(1:K/2)/(K*rww0)),'r');
axis([0 .5 minSpecScaleY maxSpecScaleY])
end
ylabel('YX*')
subplot(427)
plot(f(1:K/2),hphaseavg(1:K/2),'r', ...
w,phase,'b');
axis([0 .5 -500 500])
ylabel('Phase')
subplot(428)
plot(f(1:K/2),gamma(1:K/2),'r')
ylabel('Coh')
axis([0 .5 0 1])
%segment selection control
end
%
%End WOSA
%
%
%Compute Spectrum estimate using TA
%
%Segment Selection control
if(bDoTA)
avgM = numBlocks;
avgN = K;
gain=1
scale=1.0
shift=0;
wrap=1;
%window function
if(strcmp(windowNameTA,'ssinc'))
winfunc = shsssinc(avgM,avgN,gain,scale,shift,wrap);
rwwa0 = 1.;
disp(['rwwa0 = ' num2str(rwwa0)])
else
winfunc = window(avgM*avgN,windowNameTA)';
%compute the magnitude of the zero lag autocorrelation (MS)
%of the window function for correct scaling of the cross-spectrum
rwwa0 = 0.;
for i=1:avgM*avgN
rwwa0 = rwwa0 + winfunc(i)*winfunc(i)/(avgM*avgN);
end
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disp(['rwwa0 = ' num2str(rwwa0)])
end
%collect averages
aspecxTAavg = zeros(1,K);
aspecyTAavg = zeros(1,K);
cspecTAavg = zeros(1,K);
for i=1:numAvgsTA
xwin = winfunc.*x((i-1)*Ra+1:(i-1)*Ra+avgM*K);
ywin = winfunc.*y((i-1)*Ra+1:(i-1)*Ra+avgM*K);
%Time alias
xwinTA = zeros(1,K);
ywinTA = zeros(1,K);
for m=1:avgM
for n=1:avgN
xwinTA(n)=xwinTA(n) + xwin((m-1)*avgN+n);
ywinTA(n)=ywinTA(n) + ywin((m-1)*avgN+n);
end
end
hxTA=fft(xwinTA);
hyTA=fft(ywinTA);
aspecxTA=autospec(hxTA,K);
aspecyTA=autospec(hyTA,K);
cspecTA=crosspec(hxTA,hyTA,K);
aspecxTAavg=aspecxTAavg + aspecxTA/numAvgsTA;
aspecyTAavg=aspecyTAavg + aspecyTA/numAvgsTA;
cspecTAavg=cspecTAavg + cspecTA/numAvgsTA;
end
hmagTAavg = abs(cspecTAavg./aspecxTAavg);
hphaseTAavg = 360*unwrap(angle(cspecTAavg./aspecxTAavg))/(2*pi);
gammaTA = ((abs(cspecTAavg)) .* (abs(cspecTAavg)) ) ...
./ (aspecxTAavg.*aspecyTAavg);
currentFigureNum = currentFigureNum + 1;
figure(currentFigureNum)
subplot(421)
plot(t,x(numPointsAll-K+1:numPointsAll),'r',t,y(numPointsAll-K+1:numPointsAll),'g');
ylabel('Time')
axis([0 K minTimeScaleY maxTimeScaleY])
if(bUsePseudoNoise)
text(10,-50,'pseudo');
end
title(['TA ' windowNameTA ' Window M = ' num2str(numBlocks) ', '])
subplot(422)
if(plotdB)
plot(f(1:K/2),20*log10(aspecxTAavg(1:K/2)/(K*rwwa0)),'r');
else
plot(f(1:K/2),aspecxTAavg(1:K/2)/(K*rwwa0),'r');
axis([0 .5 minSpecScaleY maxSpecScaleY])
end
if(bNoiseOn)
title([num2str(numAvgsTA) ' Avgs, ' num2str(overlapPercentTA) '% Overlap, ' ...
num2str(noisePercent) '% Uncorr Noise'])
else
title([num2str(numAvgsTA) ' Avgs, ' num2str(overlapPercentTA) '% Overlap, ' ...
'No Uncorr Noise'])
end
ylabel('XX*')
subplot(423)
plot(t,xwinTA,'r',t,ywinTA,'g');
ylabel('Win,TA Time')
axis([0 K minTimeScaleY maxTimeScaleY])
subplot(424)
if(plotdB)
plot(f(1:K/2),20*log10(aspecyTAavg(1:K/2)/(K*rwwa0)),'r');

else
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plot(f(1:K/2),aspecyTAavg(1:K/2)/(K*rwwa0),'r');
axis([0 .5 minSpecScaleY maxSpecScaleY])
end
ylabel('YY*')
subplot(425)
if(plotdB)
plot(f(1:K/2),20*log10(hmagTAavg(1:K/2)),'r', ...
w,20*log10(mag),'b');
else
plot(f(1:K/2),hmagTAavg(1:K/2),'r', ...
w,mag,'b');
axis([0 .5 0 maxSpecScaleY])
end
ylabel('Mag')
subplot(426)
if(plotdB)
plot(f(1:K/2),20*log10(abs(cspecTAavg(1:K/2)/(K*rwwa0))),'r')
else
plot(f(1:K/2),abs(cspecTAavg(1:K/2)/(K*rwwa0)),'g');
axis([0 .5 minSpecScaleY maxSpecScaleY])
end
ylabel('YX*')
subplot(427)
plot(f(1:K/2),hphaseTAavg(1:K/2),'r', ...
w,phase,'b');
axis([0 .5 -500 500])
ylabel('Phase')
subplot(428)
plot(f(1:K/2),gammaTA(1:K/2),'r')
ylabel('Coh')
axis([0 .5 0 1])
%segment selection control
end
%
%End TA
%
%
%Compute Spectrum estimate using STUSE
%
%Segment Selection control
if(bDoSTUSE)
%window function
winfuncSTUSE = window(K,windowNameSTUSE)';
%compute the magnitude of the zero lag autocorrelation
%of the window function for correct scaling of the cross-spectrum
%ref eqn 10 of [2] note this may be valid only if same window used for
%both signals; also a shift of K/2 necessary to match [1]
rwws0 = 0.;
q=Q1;
for l=1:numQs
for k=(-K/2+1):K/2
if((k+q*Rs+K/2) < 1 | (k+q*Rs+K/2) > K)
rwws0 = rwws0;
else
rwws0 = rwws0 + winfuncSTUSE(k+K/2) ...
* winfuncSTUSE(k+K/2+q*Rs)/K;
end
end
q = q+1;
end
disp(['rwws0 = ' num2str(rwws0)])
%resegment input signals
for l=1:numAvgsSTUSE
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for n=1:K
xseg(l,n) = winfuncSTUSE(n)*x((l-1)*Rs+n);
yseg(l,n) = winfuncSTUSE(n)*y((l-1)*Rs+n);
end
end
%transform segments
hxSTUSE = fft(xseg');
hxSTUSE = hxSTUSE';
hySTUSE = fft(yseg');
hySTUSE = hySTUSE';
%compute first stage estimate by averaging Gs12,l,q across all segments
aspecxSTUSE=zeros(numQs,K);
aspecySTUSE=zeros(numQs,K);
cspecSTUSE=zeros(numQs,K);
for l=1:numAvgsSTUSE
q=Q1;
for i=1:numQs
if( ((l+q)>=1) & ((l+q)<=numAvgsSTUSE) )
aspecxSTUSE(i,:)=aspecxSTUSE(i,:) ...
+ crosspec(hxSTUSE(l,:),hxSTUSE(l+q,:),K) / (rwws0*K);
aspecySTUSE(i,:)=aspecySTUSE(i,:) ...
+ crosspec(hySTUSE(l,:),hySTUSE(l+q,:),K) / (rwws0*K);
cspecSTUSE(i,:)=cspecSTUSE(i,:) ...
+ crosspec(hySTUSE(l,:),hxSTUSE(l+q,:),K) / (rwws0*K);
end
q=q+1;
end
end
%compute second stage estimate by averaging Gs12,q across all q shifts,
%weighted with complex exponentials
j = sqrt(-1);
aspecxSTUSEavg = zeros(1,K)*(0+0*j);
aspecySTUSEavg = zeros(1,K)*(0+0*j);
cspecSTUSEavg = zeros(1,K)*(0+0*j);
q=Q1
for i=1:numQs
for k=1:K
expWeight(k) = exp(j*(2*pi/K)*k*q*Rs);
%zero near zero components - small numerical artifacts
if abs(real(expWeight(k))) < zeroTOL
expWeight(k) = 0+imag(expWeight(k))*j;
end
if abs(imag(expWeight(k))) < zeroTOL
expWeight(k) = real(expWeight(k))+0*j;
end
aspecxSTUSEavg(k)=aspecxSTUSEavg(k) ...
+ aspecxSTUSE(i,k)*expWeight(k)/numAvgsSTUSE;
aspecySTUSEavg(k)=aspecySTUSEavg(k) ...
+ aspecySTUSE(i,k)*expWeight(k)/numAvgsSTUSE;
cspecSTUSEavg(k)=cspecSTUSEavg(k) ...
+ cspecSTUSE(i,k)*expWeight(k)/numAvgsSTUSE;
end
q=q+1;
end
%ref [3] used abs for autospec, will do the same here
hmagSTUSEavg = abs(cspecSTUSEavg./(abs(aspecxSTUSEavg)));
hphaseSTUSEavg = 360*unwrap(angle(cspecSTUSEavg./abs(aspecxSTUSEavg)))/(2*pi);
gammaSTUSE = ( (abs(cspecSTUSEavg)) .* (abs(cspecSTUSEavg)) ) ...
./ (abs(aspecxSTUSEavg).*abs(aspecySTUSEavg));
currentFigureNum = currentFigureNum + 1;
figure(currentFigureNum)
subplot(421)
plot(t,x((i-1)*R+1:(i-1)*R+K),'r',t,y((i-1)*R+1:(i-1)*R+K),'g');
ylabel('Time')
axis([0 K minTimeScaleY maxTimeScaleY])
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if(bUsePseudoNoise)
text(10,-50,'pseudo');
end
title(['STUSE ' windowNameSTUSE ' Window '])
subplot(422)
if(plotdB)
plot(f(1:K/2),20*log10(abs(aspecxSTUSEavg(1:K/2))),'r');
else
plot(f(1:K/2),abs(aspecxSTUSEavg(1:K/2)),'r');
axis([0 .5 minSpecScaleY maxSpecScaleY])
end
if(bNoiseOn)
title([num2str(numAvgsSTUSE) ' Avgs, ' num2str(overlapPercentSTUSE) '% Overlap, ' ...
num2str(noisePercent) '% Uncorr Noise'])
else
title([num2str(numAvgsSTUSE) ' Avgs, ' num2str(overlapPercentSTUSE) '% Overlap, ' ...
'No Uncorr Noise'])
end
ylabel('XX*')
subplot(423)
plot(t,xseg(numAvgsSTUSE,:),'r',t,yseg(numAvgsSTUSE,:),'g');
axis([0 K minTimeScaleY maxTimeScaleY])
ylabel('Win Time')
subplot(424)
if(plotdB)
plot(f(1:K/2),20*log10(abs(aspecySTUSEavg(1:K/2))),'r');
else
plot(f(1:K/2),abs(aspecySTUSEavg(1:K/2)),'r');
axis([0 .5 minSpecScaleY maxSpecScaleY])
end
ylabel('YY*')
subplot(425)
if(plotdB)
plot(f(1:K/2),20*log10(abs(hmagSTUSEavg(1:K/2))),'r', ...
w,20*log10(mag),'b');
else
plot(f(1:K/2),abs(hmagSTUSEavg(1:K/2)),'r', ...
w,mag,'b');
axis([0 .5 0 maxSpecScaleY])
end
ylabel('Mag')
subplot(426)
if(plotdB)
plot(f(1:K/2),20*log10(abs(cspecSTUSEavg(1:K/2))),'r')
else
plot(f(1:K/2),abs(cspecSTUSEavg(1:K/2)),'r');
axis([0 .5 minSpecScaleY maxSpecScaleY])
end
ylabel('YX*')
subplot(427)
plot(f(1:K/2),hphaseSTUSEavg(1:K/2),'r', ...
w,phase,'b');
axis([0 .5 -500 500])
ylabel('Phase')
subplot(428)
plot(f(1:K/2),gammaSTUSE(1:K/2),'r')
ylabel('Coh')
axis([0 .5 0 1])
%segment selection control
end
%
%End STUSE
%
%end m file
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