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ABSTRACT

Multilattice Tilings and Coverings

Joshua Randall Linnell
Department of Mathematics, BYU
Master of Science

Let L be a discrete subgroup of R™ under addition. Let D be a finite set of points includ-
ing the origin. These two sets will define a multilattice of R”. We explore how to generate a
periodic covering of the space R™ based on L and D. Additionally, we explore the problem
of covering when we restrict ourselves to covering R"™ using only dilations of the right regular
simplex in our covering. We show that using a set D = {0,d} to define our multilattice
the minimum covering density is 5 — v/13. Furthermore, we show that when we allow for
an arbitrary number of displacements, we may get arbitrarily close to a covering density of 1.

Keywords: multilattice, covering, density, word-length, simplex
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CHAPTER 1. THE INITIAL COVERING PROBLEM

The problem of how to cover a space or how to pack given objects into a space is a problem
that mathematicians have been interested in for quite some time [1]. This naturally arises
from the cannonball packing problem. Given a set of cannonballs, what is the most effective
way to pack them into a given space? This first arose when the question of how to store the
greatest amount of cannonballs on ships was explored. The Kepler conjecture states that
spheres centered on the face-centered cubic lattice result in the best possible packing density
in E3. The Kepler conjecture was later proved by Thomas Hales and Samuel Ferguson [1].
Exploration of this topic naturally led to the similar question of how to cover E? with
overlapping spheres. In other words, if we take a set of spheres that all share the same radius,
how should we place them most efficiently so that every point of E? is contained in at least
one sphere? In an effort to answer this question, mathematicians began to explore different
methods of packing and covering with a variety of shapes and arrangements of them. Clearly,
there are many different ways to cover a given space, but which is most efficient? We will
focus on one method that has been used to obtain a covering with simplices, and several

results related to this problem.

1.1 PACKING AND COVERING

To approach the problem of efficiently covering spaces by using lattices, we first establish
some key definitions and results from previous approaches to the topic. While we will work
on covering the space E", in order to make some results easier to prove, we will use R" with
the dot product as the inner product. Note that R™ has the same underlying set as E", but
allows us to define an origin. Having an origin will be important for calculations later. We

also define a convex body.

Definition 1.1. A conver body is a compact set C' of points in R™ such that for any two

points x and y in C, the line segment that joins them is also contained in C.



We will use convex bodies and their translates to cover our space. One method of using
a given convex body to obtain a cover for a given space is to place translates of the convex
body in periodic patterns that result in every point of the space being contained in at least
one of the translates. One method that many are familiar with is a periodic pattern that

results in a lattice.

Definition 1.2. A Lattice L of rank i (i < n) is a discrete subgroup of R™, under addition,
generated by all integer combinations of R-linearly-independent vectors {vy, v, ..., v;}. The

lattice L is said to be full rank if © = n.

One example of a lattice is Z". The lattice Z" is generated by the vectors {eq, es,...,¢e,}.
Notice that this is a full rank lattice in R™ as n vectors are required to generate Z". Another
lattice is the set of points L = {(a,b,b) | a,b € Z}. This lattice will be generated by the
vectors (1,0,0) and (0,1, 1). This is not a full rank lattice, as it is generated by only 2 vectors,
but is a subgroup of R®. Another example, perhaps the most famous, is the face-centered
cubic lattice. The face-centered cubic lattice is generated by the three vectors (—1,—1,0),
(1,—1,0), and (0,1,—1) and is a full rank lattice in R3. This lattice is seen in chemistry
and physics in the formation of crystals. It is also the lattice that gives rise to the highest
possible packing density of cannonballs in the Kepler conjecture. Now that we have defined
a lattice, we approach the problem of covering the space R™ by using a given lattice to define
translates of a single convex body. Let us place a convex body C in R" such that the origin
is contained in C'. Let us now take all translates of C' by each element of our lattice. It is
possible, given the proper choice of convex body, that this periodic pattern of simplices will

contain every point of R". This will result in what is known as a lattice covering.

Definition 1.3. A lattice covering of R™ is a covering obtained by placing a convex body S
in R™ such that the origin is contained in S, and the union of all translates of S by elements
of a full rank lattice L is R". We will often write L + .S = R" to express that S and L

generate a cover of R".



Figure 1.1: Covering R? with disks

A

(0, 1)

~

(0,0)  (1,0)
Figure 1.2: Covering R? with half-open squares

For example, in R? let L be the full-rank lattice Z? and the convex body S to be the disk
of radius \% centered at the origin. Now we take all translates of S by any element of Z2,
and we get the set of all disks of radius \% centered at integral points. This will result in a
covering of the space R?, pictured in Figure 1.1, and so is a lattice covering. Some points
in R? are contained in multiple spheres in our covering.

Let us look at another covering defined using a lattice. Suppose that instead of using
disks, we had taken the set of points [0,1) x [0,1). This is a square, but with two adjacent
edges not included. We will call this the half-open square. We place half-open squares of
side length 1 at each lattice point, such that the vertices of each square are lattice points.
This will cover the space R?. This covering is illustrated in Figure 1.2. This covering results

in each point belonging to exactly one of our half-open squares. As the set used to cover is

not compact, this is not a lattice covering. We may obtain a lattice covering by taking the



Figure 1.3: Failing to cover R? with disks

closure of the half-open square and placing the vertices in the same manner.

Now we look at an example of a non-covering. Suppose that we once again take the
lattice Z2. Let S be the disk of radius % centered at the origin. We take all translates of S
by the elements of L. However, note that we now have regions of R? that are not covered
by any of the translates of S. This non-covering is illustrated in Figure 1.3.

We are interested in coverings for our space. So we define a method that will check if a

given lattice and convex body generate a lattice covering. To do this, we first define a tile.

Definition 1.4. Let S be a set. Let P = {51,5,...} be a partition of the set S. A
transversal is a set T' such that for every S; € P, there is exactly one x; € T such that

x; € Sz

Definition 1.5. A Tile is a transversal T of the cosets of the group R"/L, for a full-rank

lattice L.

For any x € R", z may be written uniquely as x’ + g where 2/ € T and g € L for a
tile T' of our lattice L. We need the lattice to be full rank, otherwise R™/L will not have
finite volume. We can think of finding a tile as taking a set of points 7" in R™ such that
the restriction of the quotient map to 7" will be a bijective map between T and R™/L. We
now look at an example of a tile. Let n = 1 and let L = Z. This is a discrete subgroup of
R and is clearly rank 1. Now let us take the half open interval [0,1). Notice that this is a
transversal of the cosets of R/Z, or in our case R™/L. Thus, this half open interval is a tile

of the lattice Z. We note that if we place the interval [i,7 + 1) at each of the points in Z,



we will certainly cover R as every real number is an element of an interval of this type. We
also note that there is no overlap between any of the intervals of this type. Let us consider
one more example of a tile before moving on. We take the space R2. Take the lattice L
generated by v; = (1,0) and v, = (0,2). Now we look at the quotient group R?/L. For any
point (a,b) € R?, the point (@ — my,b — 2my), with my, my € Z, maps to the same coset in
the quotient group. So we may choose a representative (z,y) for the coset (a,b) + L such
that x € [0,1) and y € [0,2). So the set [0,1) x [0,2) is a transversal of the cosets of R?/L
and thus a tile.

We note that a tile of a lattice L will always give us a covering of R". This leads us to

the following.

Theorem 1.6. Any convex body C' generates a lattice covering of R™ with the lattice L if

and only if C' contains at least one tile of the lattice L.

Proof. For the forward direction, let C' be a convex body that covers with the lattice L. We
now show that C' must contain a tile. Let x be any point of R”. Then z is contained in C'
translated by some g € L, as L 4+ C' is a lattice covering. In other words, x = ¢+ g for some
ceCandgée L,orz—g=c Let m:R"— R"/L be the standard quotient map. Then
m(z) = w(x) — 7(0) = w(z) — 7(g) = n(x — g) = w(c). However, x — g = c lies inside the
convex body C. We then have that 7(C') = R™/L. Now let T be a tile of the lattice L. We
note that for any point 2’ € T, there exists a point ¥’ € C such that vy = 2’ + g for some g
in our lattice. Let 7" be the set of all y'. Clearly 7" C C. We also note that 7(z") = m(y').
So T" is also a transversal of R™/L, and so is a tile. C' contains a tile.

For the other direction, let 7" be a tile of the lattice L. Let C' be a convex body that
contains T'. We now show that C'+ L will give us a lattice covering. Choose any point x € R™.
We note that = must be contained inside of a translate of our tile 1" by a lattice element g.
Call this translation 7'+ g. We note that 7' C C. So we also have that 7'+ g C C'+ g, where
C + g is the translation of C' by the element g. So x is also contained in C'+ ¢g. This is true

for every x, so C'+ L must be a covering of R". O



It is important to note that a tile for a given lattice is not unique, it is just a transversal
of the cosets R" /L. So it is possible that we may have a convex body which does not contain
a given tile of L, but still gives a covering when paired with L.

As an example we again work in R with Z as our lattice. Suppose we had taken the convex
body [—3,3]. This does not contain the tile [0, 1), but it does contain the tile [—3,3). So
long as a single tile of L is found in the chosen convex body, we have a cover of R™. The
convex body [—1, 1] will still provide a cover with the lattice Z.

We also note that tiles need not be connected. We may choose the tile (a — %, a + i] U
(a+2,a+ I]. This is a tile for Z, as it is a transversal of each of the cosets of R/Z. It is not
a connected set, but is a union of connected sets, which contains a tile (itself). Any convex
body which contains this tile will also give us a lattice covering for R/Z. We see that since
a lattice does not have a unique tile, it is possible to choose many different convex bodies to
cover our space. With this in mind we turn to one way to obtain a tile, and the approach

we will use moving forward.

1.2 THE SUBTRACTION CONSTRUCTION

In order to obtain a tile for a given lattice L, we turn to a previously developed method
called the subtraction construction[2]. To begin the subtraction construction, we denote by
F' all points of R™ with each coordinate non-negative (the closed first orthant). (As we work
through the process, we will perform the subtraction construction to obtain a tile of the lattice
Z? in R?). Let a lattice L be given. Take all the points of L whose coordinates have a positive
sum and call this set L. (In Z?, this is the set {(z,y) € Z* | x+y > 0}). If z; denotes the ith
coordinate of the point x, > |, #; > 0 for each x € L. For any x € LT, it must be true that
—x ¢ Lt. Nowlet L ={z € L | "' 2; = 0,2 = —x under the lexicographical order}. (In
722, L° = {(z,—z) e R? |z € Z"}). Let LO" = LOU LY. (L ={(z,y) € Z* | 2+ y >
0bU{(z,—x) | # > 0}). Let LT+ F = {2/ +y € R* | 2’ € L',/ € F}. In other

words, L% + F is the set of points that are contained in the first orthant translated by some



element of LY. (LT + F = {(z + a,y +b) € R? | (z,y) € L'T,a € R*",b € R*"}). Let
T=F\(L°T+F). (For Z?% (0,1),(1,0) € LT, and T = {(z,y) € R? | 0 < z,y < 1}. Then
T is a tile of the space R™ with the lattice L [2]. T is said to be a tile obtained from the
subtraction construction. In order to discuss the significance of this tile, we need to define

Manhattan diameter.

Definition 1.7. The Manhattan diameter between z and y in R™ is A = Y7 |z; —
where x; — y; is the difference in the ith coordinate of x and y. The Manhattan diameter
of a bounded subset C' of R™ is the smallest A such that C' is a subset of a right regular
simplex defined by the points {z,z + ey, ...,z + Ae,} for some z € R™. We will write this
as Mdiam (7')

We note that if S is the right regular simplex defined by the points {x, z+ ey, ..., z+ e, },
then any point 2’ contained in S will have Manhattan diameter at most A from the vertex
x. So the Manhattan diameter of a tile will give us the size of the right regular simplex

required to contain the tile.

Theorem 1.8 (Forcade & Lamoreaux). A tile obtained from the subtraction construction

will have a minimal Manhattan diameter for any tile type of the lattice L.

Specifically, if X is the Manhattan diameter of the tile, then the tile is contained in the
right regular simplex of area % defined by the points {0, ey, ..., Ae,}. So the Manhattan
diameter of the tile defines the minimum volume of a right regular simplex S that will cover
R™ with L. So if S" is a right regular simplex with smaller volume than S, then S’ + L # R".
For the proof of this theorem, we refer the reader to [2]. We will generalize this theorem to
the setting of multilattices (Theorem 2.7).

We will now use the subtraction construction to find a tile of a few given lattices. First,
let us take the lattice Z. We have seen several examples of tiles for this lattice. To begin
we note that since this is a one dimensional lattice, L%t will be the set of all lattice points

that are non-negative numbers, or L = N U {0}. We note that F will be the set [0, c0).



Figure 1.4: The lattice L generated by (2,1) and (—1, 3)

So our set L% + F will be the translations of [0,00) by a positive integer. Since L°" is
well-ordered, it has a least element, namely 1. So LT + F = [1,00). Our tile becomes
[0,00) \ [1,00) = [0,1). It should be noted that our tile obtained this way is meant to define
a minimal right regular simplex to cover our space. So this tile will allow us to choose a
1-simplex that will cover R with minimum density. The simplex will be [0, 1].

We now look at a more interesting example. Let us take the lattice generated by v; =
(2,1) and ve = (—1, 3), pictured in Figure 1.4. This is a rank 2 lattice, so we start with F
as the first quadrant, which is colored red in Figure 1.5. We also note that the hyperplane
defined by Y7, x; = 0 will be the line y = —x, also pictured in Figure 1.5. We note that
L be the set {mjv; + maovy | 3my + 2my > 0,m;, my € Z}. Notice that the set L + F
will be the union (J, . 0+ # + F, shown in Figure 1.6 as the gray region. The red region
in Figure 1.6 is the tile for this lattice from the subtraction construction. In other words,
the red region in Figure 1.6 is F'\ (L°" + F). Notice that while there are infinitely many
points in L°F, there are only finitely many of them we need to define our tile 7" in this
way. In this case they are the points (2,1),(—1,3), (3, —2). These points are often called

blockers. Informally, a blocker is a point in L°F that “blocks” our tile from increasing in a



Figure 1.5: The set F in R? and the hyperplane y = —x

Figure 1.6: The set L% + F and tile T for the lattice generated by (1,2) and (-1, 3)



given direction. For example, here the blocker (—1, 3) for our tile here “blocks” our tile from
having points with a y-coordinate greater than 3. The blocker (2,1) “blocks” our tile from
having points with an z-coordinate greater than 2 and a y-coordinate greater than 1. In this
way we get one corner of our tile as (2,3). A blocker that has strictly positive coordinates

is called the squinch.

1.3 DENSITY

With the subtraction construction, we have a way of finding a tile for a given lattice. Now
that we may check if a convex body will give us a lattice covering, we want to find which
convex body will cover with the least amount of overlap. In other words, we want to find a
covering that minimizes the volume of the set of points in a tile T" that are covered by more
than one convex body in our lattice covering. To approach this problem, we will also define

a few terms.

Definition 1.9. Let the lattice L be generated by {v1,...,v,}, and L be a full rank lattice
in R™. The covolume of a lattice is the absolute value of the determinant of the matrix of

the form [01 Vg - /Un:| where v; are column vectors.

Theorem 1.10. The volume of any connected and bounded tile of a lattice L is equal to the

covolume of the lattice L.

Proof. We let T be the parallelepiped [0,1)v; X -+ x [0,1)v,. Then T will have volume
det {01 Vg v-- U'n,:| . We now show that 7T is a tile. First we show that under the standard
projection map 7 : R™ — R"/(vy,va,...,v,), 7 |7 is injective. Choose x,y € T such that

x # y. Now we show that 7(z) # 7(y). Assume by way of contradiction that 7(z) = m(y).

This means that z = y + g, where g is some elements of the group (vy,vs,...,v,). Note
that (vy,vq,...,v,) = L, so g is a lattice point. Since L is a full-rank lattice, we have that
{v1,...,v,} is also a basis for R™. Since these vectors form a linearly independent basis for

R™, we may uniquely express  and y in terms of this basis. Let x = ryv; +rove + - - + 1,0,

10



and let y = s1v1+ Sovg + - - - 4+ 8,v,,, Where 1;, s; € R. Then r; # s; for some i. For any g € L,
we may write g as mqvy + movs + - - + Myv,, With m; € Z. Since x = y + ¢ for some g, we
have

ULt F U, = S101 s+ Sp Uy v s+ My

The basis for L is linearly independent, so r;v; = (s; + m;)v; for each i. Since z,y € T,
r; € [0,1) and s; € [0,1). Thus it must be the case that m; = 0 for all 7. But this gives us
that s; = r;, a contradiction. So m must be injective when restricted to T'.

We now show that = : T — R"/L is surjective. The quotient map = : R* — R"/L
is surjective. Choose any z in R"/L. There must be some z in R™ such that n(x) = z.
Since {vy,...,v,} is a basis for R, we may express = as ayv; + agvy + -+ - + a,v,. Since
«; is a real number, there exists some integer m/ such that «; + m; € [0,1). The point

mivy + mhvy + - -+ +ml v, is a lattice point. So we have

m(x) = m(avy + agvy + - - - + avy)
= 7m(oqv1 + Vs + -+ + Uy) + Ornyp
= m(1v1 + Qavy + - - + auuy) + T(Mmivy + myvy + - +mlv,)

=7((c1 + mY)vr + -+ + (a +m))vy).

Since (ag +my)vy + - - + (o, +m),)vy, is a point contained in 7', w(x) € Im(x |r). Thus we
have that 7 |7 is a bijection, and so T is a tile. So the volume of T" is the covolume of the
lattice.

Let T" be any connected bounded tile. Since any tile is a transversal of R"/L, it must
be the case that each point in 7”7 is a translate of some point of the parallelepiped T. As
T’ is bounded, it must be the case that T” is contained in some ball B of finite radius r.
Let A ={g1,92,...,9:} be the set of all lattice points such that T + ¢; intersects B. Since

L is a discrete subgroup, A must be a finite set. Each point 2/ € T may be expressed as

11



x' =z + g; for some g; € A and x € T. As T" is connected, the subset
T/ ={'" €T |2'=x+g,zeT}CT

is also connected. As f; : R" — R" given by f;(x) = x—g; is an isometry, it preserves volume.
So the volume of T} is equal to the volume of the set f;(77). The set fi(T}) N fu(T}) = 0 if
i #4. So T = U._, f;(Tj). This gives us that

Vol T = Vol (Ui_, f;(T})) = i Vol (f;(T7)) = i\/ol (T;) = Vol (T")

So any connected and bounded tile of the lattice L must have volume equal to the covolume

of the lattice L. 0
Now we use this to define the density of a lattice covering.

Definition 1.11. The density of the lattice covering by a convex body S is the ratio of the
volume of S' to the covolume of the lattice. We will use 7, ¢ to denote the density of the
lattice covering obtained from the lattice L and the convex body S. If it is sufficiently clear
from context, we will simply use ¢ to denote the density of a lattice covering. Any covering

will have density of at least 1.

Let us return to some of the lattice coverings that we have previously seen. The first will
be that of the lattice Z? which was covered by disks of radius \/Li We will use S; to denote

™

the disk of radius \% centered at the origin. We note that the area of each disk will be 7.
Next we note that {(1,0), (0,1)} generates Z*. Thus the determinant of the matrix [61 62}
is 1. So the density of this lattice covering is dz2 g, = 5 or about 1.57.

Next we look at the covering resulting from a connected and bounded tile T" of a given
lattice L’. The measure of any connected and bounded tile will always be the covolume of

the lattice for which it is a tile. Thus regardless of our choice of lattice L', /7 = 1 when T

is a tile of L'.

12



Corollary 1.12. If a convex body S gives a lattice covering of R™ with the lattice L, then

ors > 1. If ép, s =1, then S is the closure of a tile.

Proof. Let S be a convex body that gives a lattice covering with the lattice L. S must contain
a tile by Theorem 1.6. As a tile is contained in S, Vol S is at least det {01 Vo ... Un]-
Since 07,5 is the ratio of the volume of the convex body to the covolume of the lattice,
0r,s > 1. If 65, ¢ = 1, then we see that Vol.S' = VolT'. As S is closed, the closure of S must
be the set S. Now we note that the set T is contained in S. Let T be the closure of T.. Then
the set S\ T is open in S. If S\ T is not the empty set, then there exists some € S such
that there is an e-ball about x that lies in S\ T. This has a positive measure of volume, and
so S\ T must have positive measure of volume. This contradicts the fact that 6, s = 1, so

S\T =0. Thus S =T. O

The lattice-simplex covering problem. While we may always find a way to cover
R™ using a tile of a lattice L, a more interesting problem is that of using a convex body that
is not a tile [1]. One such problem is that of finding a lattice covering using an n-simplex as

the convex body, also called the lattice-simplex covering problem.

Definition 1.13. An n-simplezr is a convex body in R" that is defined by n + 1 points in
general position. In other words, it is a convex body that has a positive measure of volume
in n-space that is defined by n 4+ 1 distinct points. The n-simplex is the smallest convex

body that contains these n + 1 points.

While the question is what choice of lattice and simplex will result in the lowest covering
density, it has been shown that we may choose and fix the type of simplex and vary the
lattice to find the optimal covering density [2]. We will choose the right-regular simplex to
be the convex body used in our covering. In other words, our n-simplex will be a scaling
of the convex body defined by the points {0, e, es,...,e,}. Now we must choose a lattice
that will result in the minimal density. One method of solving this problem is by choosing

a lattice and looking at the tile that results from the subtraction construction. If this tile
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is contained in our right regular simplex, we know we have a covering. We also note that
since the volume of a tile and the covolume of a lattice are equal, the density will be the
ratio of the volume of the right-regular simplex to the volume of the tile. Recalling that
the subtraction construction results in a minimum Manhattan diameter for any tile of our
lattice, our choice of lattice will determine our tile. So we must choose the lattice that results
in the volume of the tile from the subtraction construction being closest to the volume of a
right regular simplex scaled by the Manhattan diameter of the tile.

This problem has been solved for n < 3. For n = 1, the 1-simplex will be an interval.
So we may cover the space with a density of 1. For n = 2, the 2-simplex will be an isosceles
right triangle, and the tile will be a rectangle or an L-shape. It has been shown that the
best density for any rectangular tile is 2. It has also been shown that the best density for
an L-shaped tile is 1.5. So we may cover R? with a minimum density of 1.5.

For n = 3, the problem is still an open problem. It has been shown that the density will
be less than 2. However, unlike the previous examples, there are infinitely many types of
tiles that may result from the subtraction construction. This is part of the reason that the

problem is still open for n > 3, as we cannot break the problem into a finite number of cases.

1.3.1 Multilattice problem. Now that we have set up the problem of finding the best

density with a given lattice and simplex, we extend this to multilattices.

Definition 1.14. Let D be a finite subset of R"” which includes the origin. A multilattice is

the set {g+d| g€ L,d e D}. We write this set as L + D. We refer to L as the base lattice.

We often refer to the points contained in the set D as displacements, as they shift or
“displace” the base lattice. In order to see what multilattices look like, we give a few
examples. One example of a multilattice that is prevalent is that of the edge-centered cubic
lattice, pictured in Figure 1.7. The displacement points are colored red, and the base lattice
points are colored black. This is a scaling of the multilattice 273 + {0, €1, e9,e3}. The reason

that this is referred to as a lattice, despite not being a subgroup of R”, has to do with the
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(0,0,2)

(2,0,0)
(0,2,0)

Figure 1.7: Edge-centered Lattice

Figure 1.8: The multilattice Z? + {0, (i, }l)} and base lattice Z?

fact that it is frequently seen in crystalline structures in physics. In physics, a lattice is a
physical model that may be described by using a periodic pattern of discrete points, and so
the class of objects that physicists would describe as a lattice includes multilattices. To see
that the edge-centered cubic lattice is a multilattice but not a lattice, note that it cannot
form a group under addition. Add (0, 1,0) and (1,0, 0), which are both in the edge-centered
lattice. We get the point (1,1,0), which is not included in the edge-centered cubic lattice.

Another example is that of the lattice Z? together with the image of the translation
flx)=z+ (}L, i) This multilattice is pictured next to the base lattice in Figure 1.8.

As we work with multilattices, it is worth noting there may be multiple displacements that
get us the same multilattice. For example, let us take our base lattice to be Z? once again.
Then let {0, (3,3)} = D. The displacement will result in the set {(2%, &’TH) | z,y € Z}

being in the multilattice L+ D. Now suppose instead we had chosen the displacement (%, %)
The set from this displacement is {(3“”3—+4, %) | ,y € Z}. These both define the same set

of points. For this reason, we may choose a point that lies on the interior of our tile from
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Figure 1.9: 72 + {0, (2,2)}

the subtraction construction whenever it is convenient.
With the new object of a multilattice, we note that if we place convex bodies at each

point, we may still get a covering, but not necessarily a lattice covering.

Definition 1.15. Let D = {dy = 0,d;,da, ...,d;} be a subset of R” and C; (0 < j < k) be
a convex body such that d; € C;. A multilattice covering of R™ by the set of convex bodies
{C;10<j <k} =Cisa covering such that R" = U}_(C; + L). The convex bodies placed

at two distinct displacements need not be translates of each other.

Now that we have a method of covering using a multilattice, we also define the density

of such a covering.

Definition 1.16. The density of a multilattice covering is defined to be the ratio of the sum
of the volume of each of the convex bodies C; to the covolume of the base lattice L. We
will denote this as d;4pc for the multilattice covering of R™ generated by the multilattice
L + D and the convex bodies C = {C;}. If it is sufficiently clear from context, we will use &

to denote the density of a multilattice covering.

We now look at an example of a multilattice covering, and find the multilattice covering
density. Let us take the lattice Z? as our base lattice. Let our set of displacements be
D = {0,(2,2)} Then we get the multilattice in Figure 1.9. We note that under the

subtraction construction of the base lattice, we get a square of side length 1 for our tile. So

we may choose a set of convex bodies that will contain this tile to get a covering. Let us
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Figure 1.10: Z? + {0, (%7 %)} partial covering by simplices at lattice points

LS

N

Figure 1.11: Z? + {0, (g, %)} partial covering by simplices at displacement points

place the right regular simplex of side length % at each point in our base lattice. Then we get
the non-cover in Figure 1.10. Now let us also place the right regular simplex of side length %
at each of our displacement points. We draw this result in Figure 1.11 where we only place
the simplices at each displacement point. With just the simplices placed at the displacement
points, we still don’t have a covering. However, by placing the right regular simplex of side
length % at the base lattice points, and the right regular simplex of side length % at the
displacement points, we do obtain a multilattice covering, pictured in Figure 1.12. As Z?
has a covolume of 1, this covering has a density equal to the sum of the area of each simplex
used in our multilattice covering, or g—g + 28—5 = %. With the base lattice of Z2, the subtraction
construction resulted in a lattice covering with a density of 2. So given a multilattice, we

may find coverings that result in a lower density than the base lattice covering using right
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Figure 1.12: Multilattice covering with right regular simplices

Figure 1.13: Multilattice covering with disks

regular simplices.

We now do one more example of finding the multilattice covering density of a given
multilattice covering. Let us take the lattice Z? once more. Then let D = {0, (3,1)}. For
the convex body that is placed on the points of our base lattice, take the disk of radius 0.6
centered on each point. Then let the convex body for our displacement be a disk of radius
v/0.11 centered on each displacement. This covering gives us a density of 7 (1% + %),
or about 1.2199983.

Our question now is, given k displacements, what is the best possible density for a

multilattice covering that uses dilations of the right regular simplex at each point?
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CHAPTER 2. TwoO DISPLACEMENTS IN TWO

DIMENSIONS

We address the problem of finding the best multilattice covering density first by limiting
ourselves to two displacements and two dimensions. As we will be using dilations of the right
regular simplex to generate our coverings, we will simplify the problem by standardizing how

we may place these convex bodies to generate a covering.

Definition 2.1. We will say we are placing a simplex S at a point p when the vertices of
our simplex are the set of points {p,p + ae1,p + aes, ..., p+ ae,} where a is a positive real

number. We will also say this simplex has scale a.

Now we turn to the problem of placing simplices such that the density of a multilattice
covering is minimized. When n = 1, we may obtain a lattice covering with a density of 1.
So we begin with multilattice coverings when n = 2. Given a lattice L, we know that by the
subtraction construction we get a given density 6. However, if we add a single displacement,
and we place dilations of the right regular simplex at each point in our multilattice, what is
the new density we can achieve?

We start by listing a few results from our lattice coverings. The best lattice covering
in two dimensions has a density of 1.5. There are two types of tiles that result from the
subtraction construction when n = 2. The two are the rectangular tile and the L-shaped, or

2-staircase, tile [2].

Lemma 2.2. There exists a multilattice covering by the multilattice L+D using only dilations

of the right reqular simplezx of at most density dr.

Proof. The density of the lattice covering of the base lattice is 6. Let T" be the tile obtained
from the subtraction construction. Then let S be the simplex of scale Mdiam (7'). Now
let L + D be a multilattice with |D| = k + 1. Then we must choose a collection of right

regular simplices S; for 0 < ¢ < k such that when S; is placed at d; for each d; € D we
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will get a multilattice covering of R™. Additionally, we require Zf];:o Vol (S;) < Vol S. Let
So be the right regular simplex of scale Mdiam (T") placed at dy. Now let us choose S;
to be the point d; for 1 > ¢ > k. We note that this would be the right regular simplex
of scale 0. Then the measure of n-volume of S; will be 0 for 1 > ¢ > k. Notice that
Zf:o Vol (S;) = Vol S + 325, Vol S; = Vol S + 3%, 0 = Vol S. We also note that Sy is the
right regular simplex that resulted in a lattice covering. So there exists some tile 7" such
that T is contained in Sy. Thus 7 is also contained in U¥_,S;. So this collection of simplices

provides a multilattice covering with density d;,. O

So we assume that the density for any multilattice covering is at most ¢, where L is the
base lattice. It may be possible to obtain a multilattice covering with a density d,,p such
that 0, p < 0 with the proper choice of S;. We have seen the example of the multilattice
covering of Z? + {0, (%, %)}, pictured in Figure 1.12, has a covering density lower than that
of the lattice covering given by Z2. The best density we may achieve for a given multilattice
depends on our set of displacements D. We now focus on how we may choose the base
lattice and add a single displacement that will result in the best possible covering density.
We also note that depending on what displacement we choose with our base lattice, we will
need different sized simplices for both the base lattice points and the displacement points to
cover the tile from the subtraction construction. So we now explore how we may decrease
the total area of these simplices while still covering the tile. As the tile from the subtraction

construction will only depend on the base lattice, our choice of displacement will not affect

the tile type.

2.1 SIMPLIFICATIONS

Some assumptions may be made as in the lattice covering problem to simplify the question.
We first start by noting that a lattice and simplex used in a covering may be simultaneously
scaled without changing the density. We will use this to scale our lattice and simplex in

such a way to give the tile T a certain value for its Manhattan diameter. If we allow for
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any simplices to be chosen for our multilattice covering, we now show that we can achieve a
density of 1 in R" for any n with a finite number of displacements. To see this, simply take
the lattice Z"™. The unit cube is comprised of a finite number of simplices whose vertices are
the vertices of the cube, and whose intersection with each other is an m-simplex, with m < n.
So we simply choose these simplices as our convex bodies, and we choose the displacements
to be one of the vertices of a given simplex. This will be the unit cube, which is the closure
of a tile of Z". Now let us restrict ourselves to a multilattice covering where each simplex
used in the covering is a dilation of a single simplex which contains the origin. In other
words, each simplex in our covering is the same shape, but may be a different size. We note
that this cannot result in a covering density of 1 if n > 1. We now explore what the lowest
multilattice covering density using a single type of simplex is. For convenience we choose

the right regular simplex.

2.2 ENSURING THE EFFICIENCY OF A MULTILATTICE COVERING

Performing the subtraction construction with a lattice L gives us a tile that lies inside
the right regular simplex S such that L + S = R" and if S’ is any right regular simplex
with volume less than the volume of S, S’ + L # R™. In other words, the Manhattan
diameter of the tile obtained from the subtraction construction is the minimum Manhattan
diameter of any tile. We now need to worry about choosing the correct dilation of the right
regular simplex for each multilattice point to ensure that the multilattice covering also has
minimum density. A tessellation of a tile T' is any partition of T". The tile obtained from the
subtraction construction may be broken up into a tessellation by following a process similar
to the subtraction construction, formally outlined in Theorem 2.7. We start this process by
taking a tile T" obtained from the subtraction construction, rather than an orthant, and take
pieces out of it one at a time based on the multilattice points contained in 7. As there are
only finitely many points that we may use in this process, we will only have finitely many

pieces of our tile. These pieces will become what we refer to as prototiles of our tessellation.
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Definition 2.3. If a given tile T of a lattice L is divided into finitely many mutually disjoint

subsets 11,15, ..., T}, then each T; is referred to as a prototile of T

A prototile may be thought of as a tiling of a tile, in that a set of prototiles will cover a
tile with no overlap, just as a tile covers a space with no overlap. We may define a tessellation
of a tile by defining the set of prototiles of the tile. By choosing a set of prototiles of our
tile T" from the subtraction construction, we may define a multilattice covering by covering
each prototile. If the correct set of prototiles is used, we minimize the multilattice covering

density. We will now formalize this process.

Lemma 2.4. Let a multilattice covering of R™ be given. Let T be a tile obtained from the
subtraction construction. There exists a tessellation of T into k prototiles that are the union
of sets of the form (F +y) \ (F + P) for some y € T and set of points P C L + D. which

are covered by k distinct dilations of the right reqular simplex.

Proof. Let us take a multilattice covering of R™ by right regular simplices. Let L + D be
the multilattice. If |D| = k, then there will be k distinct dilations of the right regular
simplex. Let T be a tile obtained from the subtraction construction. Any displacement d
may be replaced by d + g, where ¢ is an element of the base lattice, and still give the same
multilattice. We choose a collection of simplices A such that T is covered by the simplices in
the collection. We now take the set of multilattice points that these simplices are placed at
and call this set D”. We note that D" must exist, as T is a subset of R™. We call the point
the simplex S; is placed at d] We also note that |D”| < oo, as the covering density is finite.
T must have a corner u; = (a1, ..., a,) such that Y"1  a; = Mdiam (7'). If there are multiple
points with this property take the corner that would be first under the lexicographical order.
Take the set of simplices which contain u;, and call this set A; = {S;|u; € S;}. Let the set
By ={s; € L+ D | S, is placed at s;,S; € A }.

Take the simplex S; in A; such that Mdiam (uq, s; > Mdiam (uq, s;) for every s; € By. If
there are multiple simplices with this property, take the simplex placed at the s; first under

the lexicographical order. Let s; = d. Then we note that the region T'N(d + F') is contained
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in S;. Call this region T3. Let 7] = T\T1. Now let Dy = D"\{d}}. Now we note that 77 has
a point uy such that Mdiam (0, ug) = Mdiam (77). If there are multiple, we once again take
the point first under the lexicographical order. Now take the set Ay of all simplices which
contain uy. Let the set By = {s; € L+ D | S; is placed at s;,5; € Ay}. Take the simplex
Sk in Ay such that Mdiam (us, s; > Mdiam (ug, s;) for every s; € By. If there are multiple
simplices with this property, take the simplex placed at the s; first under the lexicographical
order. Now let Ty, = T/ N (d} + F) and Ty = T \ Ts. Let D§ = Dy \ {d}}. We continue this
process until 77 , is the empty set. Each of the T; is disjoint from any other. We also note
that U™, T; = T, and so we have a tessellation of 7. Each of the 7; must be a set of the
form (F +y) N (F + P), as T; may be expressed as TN ((F +d/) \ (F +{d],d},....,d! {}).
So we will have a point y € T" such that (F'+y)NT = (F +d;) NT. However, we note that
m' > k. If m’ = k, then we are done, as there will be one prototile for each displacement.
Suppose that m’ > k. Then we note that as there are only k choices for a distinct dilation
of a simplex, at least 2 of the simplices are placed at points that differ by a lattice element.
That is, if df and d are the points that these two simplices are placed at, then d} —d € L.
We also note that the two simplices must have the same area. Thus, these two simplices map
to the same set under the projection map. So our choice of d} or dj in D" will get us the
same multilattice. Let DJ be the set D"\ {d/}. Now if |DJ| # k, we continue. Eventually
we will have a set D/ such that |D}| = k. Additionally, L + D = L + D/. If T; and T} are
regions covered by 2 simplices that are not distinct dilations, then T; U T; must be covered
by the same dilation of the right regular simplex. Thus, the region covered by each distinct
simplex is Uf_; T, where {my, ..., my} is the subset of D" such that d], = dy,, + g for some

lattice element g. O

So we now know that any covering must give a tessellation of the tile 7. This must
include the multilattice covering that gives the minimal covering density. So we know that
any multilattice covering may be thought of in terms of how it divides 7" into prototiles. So

we turn our attention now to how we may approach the problem of breaking 7" into prototiles
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in such a way as to give the minimal covering density. We start with how we may find a

cover given a multilattice.

Lemma 2.5. Let the simplices Sy, S1, ..., Sk be the simplices used to generate a multilattice
covering of R™ for a multilattice L + D. If S is the simplex with minimal volume such that
T C S, where T is the tile obtained from the subtraction construction, then we may replace

any S; in our multilattice covering with a simplex with volume Vol S and still retain a cover.

Proof. 1f Vol S; < Vol S, then every point contained in S; is also contained in the simplex
S when placed at the same point. Suppose that S; has n-volume greater than S for some
1. .5; must be placed at some displacement d. Without loss of generality, let us assume that
d € T. Let us take the region of R obtained by shifting 7" by d. This is still a transversal
of all cosets of R"/L. This must also be a subset of the region obtained by shifting S by d.
This must be a subset of S; placed at d, as both simplices are a dilation of the right regular
simplex. So S placed at d contains a tile. Thus we still have a covering if we replace 5; with

the simplex of size S. O]

Theorem 2.6. There is no multilattice covering of R™ for a multilattice L + D with density
less than o1, for any simplex which covers a prototile of T and is placed at a displacement

with any coordinate whose value is greater than Mdiam (7).

Proof. We begin by taking a multilattice covering. Let {Sp, Si, ..., Sk} be the set of distinct
simplices that are used in this cover. Using Lemma 2.5 we replace any simplices with area
greater than that used in the lattice covering with the simplex S used in the lattice covering.
S must have the same Manhattan diameter as the tile 7. Now let d be any displacement
such that if d = (21,29, 23,...,2,) there exists some i such that |z;| > Mdiam (7). We
note that any simplex placed at d must have Manhattan diameter at most Mdiam (7). If
x; < 0, then x; + Mdiam (7") < 0. We note that any point with a negative coordinate must
lie outside 7', so the simplex at d cannot intersect with 7. If x; > 0, then we note that for

any point y = (y1,...,y,) in T, z; > y; for every j. As any point in the simplex placed
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at d will have ith coordinate z; + ¢, where ¢ > 0, there is no point of T that lies in this
simplex. So the simplex S placed at d has an empty intersection with 7', and there cannot

be a prototile contained in the simplex placed at this point. O

We know that we need only look at a finite number of displacements of a given multi-
lattice, and worry about how to determine what the least dense cover possible will be. To
do this we will take the finite set of displacements we need worry about and we will use a
method similar to the subtraction construction.

The algorithm below finds a minimal density covering for a given multilattice in R"™.

Theorem 2.7. The following steps will result in a minimum covering density for a given

multilattice L + D.

(i) Find all points of L+ D that lie in the n-cube of side length 2 Mdiam (T"). Call this set
A

(i1) Let D" = {d.} be the representatives of D that lie on the interior of T. Let A; = {x €

Alz=d,+g,9€ L}.
(iii) Define T to be the tile from the subtraction construction.

() The region T; must contain a point (ai,...,a,) such that Y " a; > Y7 x; for any
(X1, ...,2,) in Tj’ In case there are multiple such points, take the point first under the

lexicographical order.

(v) Now for each set A;, we take the point y = (y1,...,yn) in A; such that a; —y; > 0
and Y a; —y; < D>or o a; —yi for any (yi,...,y,) in A;. Place a simplex of scale
Sor . ai — yi at the point y and call it S;. This simplex must cover (ai,...,a,) with

manimum possible volume when placed at y.

(vi) We now define the prototile that is covered by this simplex. Take the set of points
TiN (F+y) and call it T;. This set must be (F +y) \ (F'+ P) for some set P, and is

contained in S;.
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(vii) Now we define T}, to be Tj\T;. T}, is the region that is not covered by Sy for j' < j.

(viii) We repeat steps (iv) — (vii) in the same way. We continue this process until T}, is

the empty set.

(ix) We now take all simplices that were placed at points of A; for each i. Let S,, be the
largest such simplex. Replace each simplex in this collection by a simplex of the same

scale as S,,.
(xr) We do this for each i < |D|, and have |D| distinct simplices.

(zi) Let S| be the simplex placed at the displacement d;. Then {S! |0 < i < k} is the set of

distinct simplices required to cover R™. Now we note that the density is given by

Vol Sy + Vol S; + -+ + Vol S,

g det{L}

(zii) Take a covering with the minimum density in this collection.

Proof. We note that the above process will generate all possible prototiles that are unions
of sets of the form (F + y) \ (F + P), with P C L + D. This is because each time we
cover a region of T/, we are defining a prototile that is of the form (F +y) \ (¥ + P). As
we check each displacement as the cover, we will get all possible divisions of T into sets
of the form (F + y) \ (F + P) covered by the displacements in the n-cube of side length
2Mdiam (T"). By Theorem 2.6, we know that one of these will have the minimum covering
density of any tessellation of T by sets of the form (F' + y) \ (F' + P). We also note that by
Lemma 2.4 the minimum possible covering density of L + D may be defined using sets of
the form (F +y) \ (F + P). If 7 is the standard quotient map, notice that 7(Sx) C 7(S,)
where S;, and 5, are placed at the same point. Thus, the minimum density obtained in this

way will be the minimum possible density of 07 p. m

We notice that the prototiles of this covering are defined in the same way as the pieces

we remove in the subtraction construction. We also note that any covering may be defined
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this way. Thus we may consider the problem geometrically as the most effective way of
covering the tile 7. We no longer worry about how to choose what simplex we place at a
given displacement. Now we turn our attention to what choice of multilattice will lead to

the lowest covering density.

2.3 SELECTING THE RIGHT DISPLACEMENT

Now that we have a process for choosing simplices that result in a covering for a multilattice,
we find the best displacement points possible. The first step we must take is determining
where to place our displacement relative to the tile 7. We begin with the problem of
covering R?. We begin by proving that with a single displacement, we need only consider

the simplex placed at a displacement inside 7.

Theorem 2.8. For any multilattice L + D in R? with |D| = 2 and multilattice covering
density 01+ p, there exists a multilattice L' + D’ such that the tile from the subtraction con-

struction on L' may be covered by only two right reqular simplices and d;yp = 04 pr.

If we show this, then we may reduce finding the multilattice L + D with the minimum
density to the question of how to cover a 2-staircase with only 2 right regular simplices. We

do not need to worry about the case where a prototile of 7" is the union of 2 n-staircases.

Proof. Assume by way of contradiction that there exists some multilattice L + D such that
there is no L' + D" with d;.p = d1+p and the tile of L’ from the subtraction construction
has 2 prototiles that are n-staircases. The tile 7" obtained from the subtraction construction
on L is a 1-staircase or a 2-staircase. The density d,.p < 1.5, otherwise we could just use
a lattice covering with the same density, and the simplex of area 0 at the displacement.
We will also define the rectangle from (a,b) to (¢,d) to mean the rectangle with vertices
(a,b), (c,b),(c,d), (a,d). We now break this into cases.

We begin with the case that 7" is a 1-staircase. Let the outermost corner be at (a,d).

If 7" must be covered by at least 3 simplices to obtain a given density, and there are only
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2 distinct simplices, it must be the case that at least two of the simplices are translates by
some g € L. We may choose (x,y) € D such that < a and y < d, and x > 0 or y > 0. We
must cover (a,d) with the simplex placed at (x,y). Without loss of generality, assume that
x > 0. Now we note that when we take the region covered by the simplex placed at (x,y),
one corner of prototile not covered by this simplex is (z,d). We also get a corner at (a,y) if
y > 0.

Let us take the case with y > 0. We now have the two corners (a,y) and (z,d). If
x4+ d > a+ y, then we note that (z,d) cannot be covered by the simplex placed at (0,0),
otherwise L+ D would fill the requirements of L'+ D’. So (x,d) is covered by a displacement
at (2/,y') = (z,y) +¢. Then we get another 1-staircase contained in 7" which is contained in
the simplex placed at (z',3’). The prototile obtained from the region covered by these two
simplices forms the shape of a 2-staircase reflected about the origin.

The point (a,y) must also be covered by a simplex. If it is covered by the simplex at the
origin, then the base prototile is 2-staircase. As a right simplex must have a ratio of at least
1.5 to a 2-staircase it contains, both simplices must have an area of at least 1.5 times the
area of the prototile they contain. Thus our density is at least 1.5, a contradiction. So (a,y)
must be covered by the displacement at (z,y) —¢’. The simplex placed at (z,y) must have a
scale of at least (d + a — x). This breaks T into two regions, a l-staircase, and a 2-staircase
reflected about the origin. the ratio of area of the simplex to the area of the prototile must
be at least 1.5 for both prototiles. This will once again give us a density of at least 1.5 for
the multilattice covering. As we need the density to be less than 1.5, y % 0.

So y = 0, as we may choose a representative that lies in 7". So the region covered by the
simplex placed at (z,y) must be a 1-staircase, and the remaining region is a 1-staircase. The
region not covered by the simplex at (z,y) will have corner (z,d). (z,d) must be contained
in a simplex placed at (z,y) + g. If this is the case we have a prototile that is a 2-staircase
reflected about the origin. The base prototile will be a 1-staircase. So the density must be

at least 1.5 again.
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So every lattice L with a rectangular tile from the subtraction construction has some
multilattice L' + D" with density at most d; and 7" covered by two right regular simplices.

We now check the case where T is a 2-staircase. T must have two corners, call them (a, d)
and (c,b). Without loss of generality, let a +d > ¢+ b and a < ¢. Now let (z,y) € T be the
non-trivial displacement of D. If x > a, then to cover (a,d), the simplex must have scale at
least (c —x+a+b—1y). So we get a rectangular section of T covered by the simplex placed
at (z,y)+ g for some g in L, where the rectangular section is defined by corners (0,d+y —b)
and (a,d). However, note that we may shift the rectangle (0,d + y — b) and (a,d) by —g,
and the new shape will still be a tile 7”. T” is the union of a 3-staircase contained in T,
with corners (a,d +y —b), (z,b), and (c,y); and the rectangle (x,y) to (¢ + a,b). As the
area of a right regular simplex to the area of a 3-staircase contained in the simplex may have
density less than 1.5, we may generate a multilattice covering of R? by covering 7" with two
simplices whose areas sum to less than 1.5(Vol (7”)). Note that the ratio of the volume of
the simplices to the volume of 7" may be decreased by decreasing the area of the rectangle
(x,y) to (c+ a,b). We do this by decreasing the z-coordinate of our rectangle.

If c—x > b—y, then we will decrease the density of our multilattice covering by decreasing
the rectangular prototile to (x,y) to (¢, b). In this case our density will also decrease, and we
see that this tile 77 will be a 2-staircase. If b—y > ¢ — z, then we will reduce our rectangular
prototile to (z,y) to (b—y+x,b). This will be a square. We now turn back to the 3-staircase.
By the above, x + b > ¢+ y. If we change the z-coordinate of the corner (¢,y) to b —y + x,
then we will not change the Manhattan diameter of our 3-staircase. However, it will increase
the area of T". So we do this, and we again get a 3-staircase and 1-staircase as prototiles of
T, with T" a 2-staircase.

In either case, 7" may be covered by 2 right regular simplices. The ratio of the area of

these 2 dilations of the right regular simplex to the 2-staircase will be less than d,,p. So

x Z a.
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Let # < a. We once more place a simplex at (z,y) to cover (a,d). Then we note that the
new corners of the 3-staircase must be (z,d), (a,y), and (¢,b). We now see the cases where
each corner determines the Manhattan diameter of the 3-staircase.

If x4+d>a+yand x+d > c+ b, we note that we must once more cover (z,d) with
a simplex placed at a displacement. The simplex placed at (z,y) must have scale at least
a+d—y+ b, and so to have better density than the lattice using L, y > b. So the simplex
placed at (x,y)+g, g € L will only cover (¢, b) if the simplex has scale at least a—x+d—y+b.
If this is the case, then we note that there is a tile of L that is the union of the 2-staircase
placed at (0,0) with corners (a,y) and (¢ —a+z,b), and the 2-staircase placed at (x,y) with
corners (a,d + b) and (z + a,d). This tile will have the same area as 7. This tile will be
covered by the two simplices place at (0,0) and (z,y) with the same area as the simplices
used in the multilattice covering of R? by L + D. However, the simplex to 2-staircase ratio
of each section of the new tile must be at least 1.5. Thus, the density of L + D would be at
least 1.5. Soa+y>zr+danda+y>c+borc+b>x+dand c+b>a+y.

If c+b>2x+4+dand c+b > a—+y, then (¢,b) must be covered by a simplex at a
displacement. However, the displacement must have x coordinate ¢ — a + x, and a negative
y coordinate. So the simplex at this point will cover the rectangle (¢ —a + x,0) to (c,b).
However, we may choose a lattice whose tile will have corners (a,d) and (¢ — a + x,b). Now
if our simplex at (x,y) has scale x + y, this will reduce the ratio of the simplex at (x,y) to
the region of T" not covered by our base simplex. This reduces the density of our multilattice
covering by a lattice with the properties of L' + D’. So this will reduce to the previous case
or the case where a+y >z +dand a+y >c+b.

So it must be the case that a +y > z +d and a +y > ¢+ b. If (a,y) is covered by a
displacement simplex, notice that our simplex must cover the rectangle (x,y — b) to (a,d)
or (z,b) to (a,d). If b > y — b, it will be the rectangle (z,b) to (a,d). If the displacement
simplex has scale at least d — y + a + b, then a displacement simplex will also cover the

rectangle (0,b) to (z,d), and the base simplex must cover a l-staircase. Thus there is a tile
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that is a union of a rectangular prototile and a 2-staircase prototile covered by the same set
of simplices. So our density would be greater than 1.5. So it must be the case that (z,d) is
not covered by a displacement. Note that there is a tile of L that is a union of 2 2-staircases
covered by these simplices, and so our density dr,p is at least 1.5. So it must be the case
that b <y —b.

This breaks into the cases of (x,d) being covered by the displacements or by the simplex
at the origin. If it is the former, then there is a tile that is a union of 2 2-staircases once
more, so the density is at least 1.5. So (z,d) is not covered by the displacements.

If (x,d) is covered by the base simplex, there is no equivalent tile that is a union of the
3-staircase covered by the simplex at the origin and a 2-staircase placed at (z,y). This is
because we cover the rectangle (z,y — b) to (a,d) with a displacement simplex. If we want
to have a corner with x coordinate greater than a, the equivalent region must come from the
rectangle with vertex (0,y — b) but Manhattan diameter less than « + d + b — y. But this
rectangle will lie in the interior of the region that must be covered by the base tile. Thus, if
the density of a multilattice covering with |D| = 2 is less than 1.5, then the prototiles of T
must be a 3-staircase and rectangle. As we have done previously, we may use a displacement
d' to cover these two prototiles. We then obtain a multilattice covering with the rectangle
(x,y—0b) to (a, d) covered by the displacement simplex, and the remaining region of 7" covered
by the simplex placed at (0,0).

But this is every case, and so our assumption that that there exists a multilattice L + D
with density ¢y, p with no multilattice L'+ D’ such that 7" from the subtraction construction

on L' may be covered by only 2 simplices and d;,p = d., p is false. O

With this we have that we need not worry about any case other than when we cover T’
with a simplex placed at the origin, and a simplex placed at a single displacement d. Notice
that when we add a single displacement to a lattice, it will cover a rectangular section of the
base tile, or an L-shaped section. Thus, we break the problem of finding the best multilattice

with one displacement into these two cases. We use the following theorem to simplify this.
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Theorem 2.9. Any multilattice covering of R* that has density less than 1.5 must have at

least one connected region that is a rectangle. .

Proof. To prove this theorem, we will note that the density of a multilattice covering may
be thought of as the weighted average of the ratio of each simplex which covers a prototile
to the area of the prototile. The weights in this average are the proportion of the area of
the tile that the prototile covers. Now let us take any multilattice covering with a density
d0r+p < 1.5. We note that at least one of the prototiles in this covering must have at least 3
outer corners, or must be a 3-staircase. We know this as at least one of the simplex area to
prototile areas must result in a ratio less than 1.5, and a 2-staircase has at least a density of
1.5. We note that starting from the tile, we will have a 2-staircase or a rectangle. If the tile
is a rectangle then we are done, as any prototile which contains the outermost corner cannot
contain another outer corner, by Theorem 2.8. If the tile is a 2-staircase, then we note that
if we do not have a rectangular prototile to cover the outermost corner, we must have a
2-staircase prototile. If we have a 2-staircase, then we note that at least 2 outer corners
must be contained in it. However, our tile only has 2 corners, so a prototile must cover both
of the outermost corners of our tile. If our prototile is the tile itself, we cannot have a density
less than 1.5. So we assume that the prototile is not the whole tile. We must then have a
positive coordinate for our displacement. If the second coordinate is nonpositive, then our
prototile will be a 2-staircase, but the remainder of our tile must be a rectangle. Thus this
will be a prototile, or from the above must contain a rectangular prototile.

So we must have a displacement with two positive coordinates. But we note that if d; is
this displacement, and wu; is the squinch, then u; — d; must be positive in each coordinate.
We now know that u; + F' C d; + F. We note that the part of the tile not contained will
be the set of points F'\ (L% + F) U (dy + F)). As uy — d; is positive, d; will be the only
blocker for the remainder of the tile that lies in the first quadrant. Thus the remainder of
the tile must be a 2-staircase. As D is a finite set, this means that all prototiles must be

2-staircases if there is not a rectangular prototile. Thus the density must be a weighted
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(1,2) (1,2)

Figure 2.1: Covering of Tessellation of tile by multiple simplices

average of numbers greater than or equal to 1.5, and the density must be at least 1.5 in this

case. OJ

Let us look at an example of this. Let the base lattice L be generated by v; = (2,1) and
vy = (—1,3). Let D = {(1,2)}. Now we note that the tile is broken up into a 3-staircase
and a square. The density of this covering is given by dp,p = g * % + % * % So we have
that the density of this multilattice covering is 0y, p = %. This is illustrated in Figure 2.1.

Notice that the 3-staircase prototile is covered with a simplex that is % the area of the
staircase. The rectangular prototile is covered by a simplex that is 2 times the area of the
rectangle. In general, the lowest possible ratio we can have of a simplex to a corresponding
rectangular prototile is 2. But we have shown that without this occurrence, we cannot obtain
a covering density of less than 1.5. By choosing a displacement such that the rectangular
prototile is a small proportion of the area of the tile, the multilattice covering density may

be reduced. We now approach the problem of how to place a single displacement in relation

to the tile.

Theorem 2.10. The multilattice with a single displacement that results in the lowest possible
covering density must have the density at a point (a — h,d — h), where (a,d) is the corner of

T which defines the Manhattan diameter of T', and h > 0.

Proof. Let (a,d) be the point with the largest Manhattan diameter from the origin in our tile.

We must place the displacement at (a, d)— (hq, ho) by Theorem 2.9. Let A; be the Manhattan
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diameter of the outermost corner. Let Ay be the Manhattan diameter of the next outermost
corner, which is the point (¢,b). The diameter of the simplex used in the lattice covering is
A1. Under the tessellation of the tile based on the displacement, we will get a rectangular
prototile and a 3-staircase prototile. The Manhattan diameter of the 3-staircase prototile is
A1 decreased by min{hy, he, (A1 —A2)}. Our three corners for our 3-staircase will be the points
(¢,b), (a— hy,d), (a,d — hy). The one with the greatest Manhattan diameter from the origin
will determine the diameter of the simplex we will use to cover the 3-staircase. Thus the
diameter of the base simplex has a Manhattan diameter that is min{hy, he, Ay — Ay} smaller
than the Manhattan diameter used in the lattice covering. The rectangular prototile will

have diameter hi+hs. So the area of the simplex which covers the rectangular prototile must

be M This area increases with a larger choice of either hy or hy. We also note that the

area of the base simplex will be i=minlhhedi-d)® 1p > A — A, and hy > Ay — Ay, then
we note that the area of the base simplex will be %% In this case, we note that by reducing h;,
we only vary the area of the displacement simplex. When h; = A; — Ao, the area of the base
simplex remains the same, but the area of the simplex covering the rectangular prototile is
reduced. So we should choose our displacement such that h; < (A — Ag) and hy < (A — Ag).
Now we worry about what we may choose for h; and hs within these constraints. Let us
assume, without loss of generality, that hy > hs. Let the area of T' be denoted by Ar. Then
we note that the area of the base simplex will be M Let this be denoted by Sg. If
we decrease h; as much as possible, this will not affect Sz, since Sp only depends on the
smaller value of h; and hy. Now we note that the area of the displacement simplex will be
M. This will be decreased if we decrease the value of hy. Note that the density of the

multilattice covering now becomes

B2+ 2hyhy + B2+ A2 — 2\hy + B2 B2+ 2hyhy + 2h2 + A2 — 2\ 1hy

0 2AT 2AAT

The values of A\; and At are both fixed for a given tile. Now if we fix hy, we note that ¢ will

be determined by h,. Taking the derivative of this function with respect to h; under these
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assumptions we get
_ 2hi+2hy  hy+ ho

2Ar Ar

5/

and we note that ¢’ gives positive values for any positive value of h;. Thus, the smallest
possible value of ¢ will occur when the smallest value possible for h; is chosen. Based on the
constraints we have set, this gives us that h; = hy will be the best choice for where to place

our displacement. So our displacement must be (a — hy,d — hy). O

2.4 SQUARE TILE PROBLEM

Now we will solve where our displacement should go with the simplest case for our tile. Let

us take a tile that is a square.

Theorem 2.11. Let L be a lattice that results in a square tile from the subtraction construc-

tion. The lowest density possible for a multilattice L + D with the |D| = 2 is 1.6.

Proof. Let L be a lattice that generates a square tile under the subtraction construction.
Let us scale this lattice so that our tile has an area of 1. We note that the lattice covering
of R? by L must result in a density of 2. If we were to add a single displacement, we may
achieve a better density. By Theorem 2.10 we note that this displacement will be located at
(1—h,1—h). Let Sp be the area of the base simplex and Sp be the area of the displacement

simplex. We then have that

_(2-h)? 4A—4dh+n?

Sp = 2 2
h+ h)?
SR P

With this information, we again note that the density function is the ratio of the total area

of the simplices divided by the area of the tile, and so we get the density function of

_ Sp+Sp  4—4h+5k?
N 1 a 2

4]
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for the multilattice with one displacement. Now to find the minimum we find the derivative

of this function with respect to h.

_ —4+10h

5/
2

—2 + 5h.

We set this equal to zero, and we find that ¢’ = 0 when h = % We note that for any value

of h < 2

=, we get a negative value for ¢’, and for any h > % we get a positive value for ¢,

confirming this value as a minimum. So we place the displacement at (%, %) When we do

this we get a density of

8
0= = —. [l
)

This density is lower than the density of 2 we originally had. We also note that by
Theorem 2.8 and Theorem 2.10 this is the best multilattice covering of this tile type with
one displacement. We also note that this density is greater 1.5, so it will not be the best

multilattice covering with one displacement.

2.5 BEST IMPROVEMENT FOR RECTANGULAR TILE

We now see what the best density is for a multilattice with one displacement and a rectan-
gular shaped tile for the base lattice L. We will first examine the case where the prototile

placed at our displacement is a rectangle, and the prototile at the origin is a 2-staircase.

Theorem 2.12. Let L be a lattice that gives a rectangular prototile under the subtraction
construction. Any multilattice L + D with |D| = 2 and a rectangular prototile will have

density of at least 1.6.

Proof. To begin, we scale the lattice in such a way that the Manhattan diameter of the base
tile is 1. Let the tile have dimensions x x y. This gives us that the area of the simplex
used in the lattice covering will be 1. Notice that if we place the displacement (k, k) behind

the outermost corner, the Manhattan diameter of the part of the tile covered by the base
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simplex will be 1 — h and the Manhattan diameter of the displacement will be 2h. So we

now have a density of
(2h)? 2
+5-  1-2h+5h

Ty 2xy

where x and y are both positive. We now note that since x+y =1, y = 1 —z. We also have
that x,y € (0,1). We also note that if we find the optimal value of A in terms of z, we must
minimize

1 —-2h+5k°

20 — 212

To do this, we find the derivative with respect to h, and we get

24 10h
21 — 212

6/

and we set this equal to zero to get the critical numbers.

2410k

2 — 222

0=—-2+10h
1
h=—.
5

We now check to see if this is a minimum. We notice that since z € (0,1), z > 22, and so we
note that 2z — 222 > 0. So we need only check the sign of the numerator. We note that for
h < %, 0" < 0. We also note that for any h > %, we have that ¢’ > 0. So the value of h = %

gives us a minimum for §. Notice that by our choice of scaling, we still have that y =1 — .

We also note the displacement will be (%, %) behind the outermost corner. Thus the base
simplex will have an area of % and the displacement simplex will have an area of 2—25 Thus
the density of the multilattice simplex covering will be given by

8 | 2

st _ 1
2 — 222 bx — Ha?

To minimize this we use the same process. We find the derivative with respect to x, and we
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get

5,:—(5—10x): 2r — 1
(bx — 5x2)2 5?2 — 1023 + bt
We note that the denominator factors into 5z%(z — 1), and since 1 and 0 are not possible
values for z, the only critical number we may get is when ¢’ is equal to 0. This happens
when we set © = % Now we note that if z < %, then ¢’ < 0, and if z > % then 6’ > 0, so this
is the minimum density we may achieve. When z = %, Yy = % as well. So the best possible
multilattice covering with a base lattice that gives a rectangular tile with one displacement

will be a scaling of the multilattice Z? + (%, %) If we scale this by a factor of 2, we get the

example from the previous section, so the density is %. O

While a displacement of this type will result in a covering density of 1.6, it should be
noted that this is not the minimum covering density of any multilattice L + D with a single

displacement and 1" a rectangular tile.

Theorem 2.13. Let L be a lattice that results in a rectangular tile under the subtraction
construction. Let |D| = 2. The minimum multilattice covering density of any multilattice of

the form L+ D 1is 1.5.

Proof. Let L be any lattice that results in a rectangular tile under the subtraction construc-
tion. We note that for any lattice of this type we may select a lattice point (0, ¢) or (¢, 0) to
be a generator of the lattice. This is because under any tiling with a rectangle, each corner is
identified with at least one other corner. As T has a corner on the origin, at least one other
must be identified with it. Without loss of generality, let (0, c) be a generator of L. Now let
(x,y) denote a displacement. If the prototile at (x,y) is a rectangle, we may only achieve a
density of 1.6. So we now look at the case where the simplex placed at (z,y) + g for some g
in L covers the point (z, d), where d is the height of the rectangle. If we translate this region
covered by the simplex at (x,y)+ g by —g, then we note that we have a tile that is the union
of 2 2-staircases. We have already shown that 1.5 is a lower bound for multilattice covering

density in this case. Now take the lattice generated by (0, 3) and (2, —1). This has covolume
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of 6. Now choose (1,1) as our displacement. Place a simplex of scale 3 at this point. The
rectangle (1,1) to (2,3) lies in the simplex placed at (1,1). We also note that the rectangle
(0,2) to (1,3) lies in the simplex placed at (1,1) — (2,—1) = (—1,2). So the region left
uncovered by the displacement simplex is the 2-staircase placed at the origin with corners
(1,2) and (2,1). Place another simplex of scale 3 at the origin. This generates a cover, with

2 simplices each of area 4.5. Thus § = —4'524-5 =

% = 1.5 for the multilattice covering. O

These theorems show us that the lowest covering density of a multilattice with a single

displacement must arise from a tile that is a 2-staircase.

2.6 L-SHAPED TILE OPTIMIZATION WITH 1 DISPLACEMENT

Now we find the best multitlattice covering density with one displacement for a lattice that

gives us an L-shaped tile with the subtraction construction.

Theorem 2.14. Let T be any tile that is a 2-staircase. Let L + D be a mulilattice such
that |D| = 2. The greatest lower bound for the covering density of L + D is 5 — /13 (about
1.39445).

Proof. Let T be any tile that is a 2-staircase. Let A\; and Ay be the Manhattan diameter
of the corners of T', such that \; > Ay. We notice by Theorem 2.10 we will get a square
prototile covered by our displacement. The best multilattice covering will be achieved when
A1 — h > Xy, as we have seen in the proof of Theorem 2.10

We first check the case where \; — h > \y. This results in the portion of the tile covered
by the base simplex having two corners with Manhattan diameter A\; — h, and a third with
Manhattan diameter Ao. However, notice that if we were to deform the 2-staircase in such a
way that \; remained constant but Ay increased, we would have an increased area of T', while
the Manhattan diameter of T' remains the same. So the ratio of the area of the simplices
used to cover T' to the area of T" would decrease. This is illustrated in Figure 2.2. So we

may obtain a lower density simply by increasing Ay until Ag = Ay — h.
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:

Figure 2.2: Increasing Ay for an L-shaped tile

Figure 2.3: 3-step staircase and simplex

We now have that it must be the case that \; —h = Ay. Let (a, d) be the corner of T' with
Manhattan diameter A\; Then when we place one simplex at (a,d) — (h, h), the portion of
T covered by the remaining simplex is a three-step staircase with all three corners of equal
Manhattan diameter. We will also scale the lattice such that the base simplex will have a
hypotenuse of length 1. We notice that the base simplex will cover an area of the tile as is
shown in Figure 2.3.

We may minimize the overlap of this simplex by minimizing the area of the four right
triangles whose hypotenuses sum to 1. We note that one of these will be defined by the
value of h, but the other three are dependent on the coordinates of the corners of T'. For
this purpose we will determine what the relation between the three triangles dependent on
T should be.

To do this, set h = 0. Then we note that if the triangles have hypotenuses of length
\/§a, \/§b, and \/50, we have that v2a+v2b+v/2¢ = 1. So we have that v/2¢ = 1—v/2a—+/2b.
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We now note that the total area of these three triangles is

2
1
A_a_2+b_2+c_2_a2+b2+<7§_a_b) _4a2+4ab—2\/§a—|—4b2—2\/§b+1
2 2 2 2 N 4 '

We now take the partial derivatives with respect to a and b and we get

Aa:4a+2b—\/§
2
Ab:2a+4;)—\/§'

Finding where these are both zero we get that

O_4a+2b—\/§
B 2

O_2a+4b—\/§
==

We solve for b in the first and we get

Now we substitute this into the second equation and we get

20+4(¥52) V2 5,

0=
2 2

G
_ V2 _ \/?5. Thus we have that a = b = ¢. We now check the second

This gives that a = %2, and that b = ‘/?5. We also have from before that ¢ = % —a—b and
so we have that ¢ = 32

Sk

partial derivatives and we get

A =2
Abb =2
Awp = 1.

41



Now we have that A, Ay, — A%, =3 > 0 and A,, > 0 so we have a minimum at this point.
Thus the smallest possible area of these three triangles occurs when they all have the same
length of hypotenuse. Notice that the choice of 1 for the sum of the hypotenuse does not
affect the relation, so a = b = ¢. Thus, we must choose a base lattice in such a way that the
three triangles determined by the base lattice are congruent.

We now turn to determining what value of h will give us the lowest possible density.
We now note that the Manhattan diameter of the base simplex will still be Ay — h and the
Manhattan diameter of the displacement simplex will be 2h. We again scale so that the
hypotenuse of the base simplex will be 1. Now we determine what the area of the tile will
be. We note that if we set the three triangles from the base lattice congruent, and then have

a non-zero value for h, the hypotenuse of the base simplex is 3v/2b++/2h. Note that we scale

1—/2h
3v2

and b. Notice that v/2b is the length of the hypotenuse of any of the three triangles that are

so that this is 1, and we get b = . Now we may express the area of the tile in terms of h

of equal volume, and that v/2h is the length of the hypotenuse of the triangle that overlaps
with the displacement simplex if we scale such that the base simplex has a hypotenuse of

length 1. We now have that the area of the tile will be
Ar = (h +2b)(h + b) + b*> = h* + 3bh + 3*

as the tile may be divided into two rectangles. One a square of side length b, and the other a
rectangle with one side of length h + 2b and the other of length A + 0. Since the hypotenuse
of the base simplex is 1, we note that the area of the base simplex will be fixed at a value of
;11. The Manhattan diameter of the displacement simplex is 2h, so the displacement simplex

will have an area of 2h%. Thus we have for our density of the multitlattice covering

1422 24h% + 3

T 24+ 3bh+ 302 A2+ 2V2h+ 2

Now we note that once again we must find the minimum value of this function. So we take
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the derivative with respect to h and we get

(4h? + 2v/2h + 2)(48h) — (24h* + 3)(8h + 2v/2)
(4h2 + 2v/2h + 2)2

B 24+/2h? + 36h — 31/2

 8hA 4 8v2h3 +12h2 +4y/2h + 2

§ =

To find the critical numbers, we check the denominator, and note that it may be expressed as
2(2h* + V2h+ 1)2. So we must find where this polynomial is equal to zero. By the quadratic

formula, we have that
—V2+y2-8 /24,6
4 B 4

h:

so there is no real value of h such that 2(2h% 4+ v/2h 4+ 1)? = 0. So we now check where the
numerator is zero. If

0 = 24v/2h2 + 36h — 32

then we know

~ —36+/1296+576  —3++/13
a 48v/2 2

We note that only the positive value will lie in our domain, so the only critical number we

must worry about is when h = =34V13  We note that & < 0 if h < =2EY13 and that §' > 0

T2 v
if h > _34f‘fﬁ, so this is a minimum. Notice that this is the minimum for all values of h

such that h € [0, f} which are all possible values of h if we scale the base simplex to have
a hypotenuse of 1. Thus, this will be the absolute minimum density for a multilattice with
one displacement and an L-shaped base tile. Plugging this value in to our density function,

we get
2
—3+/13
- 24(—m ) +3 o
4(%5) +2\/_< 3i‘ﬁ)+2

This about 1.39445, which is lower than the value of %. So the minimum possible density of

a multilattice simplex covering with one displacement is 5 — v/13. O]
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2.7 OBTAINING THE DENSITY

Now that we have a lower bound, we must see if it is possible to obtain this value. Let us

take the lattice that is generated by the two vectors

(=234 2036 73— V3
v 24 DY

o (@—7\/5 5\/§+\/2_6>

24 24

We check that these two vectors are not colinear, and so we check the angle 6 between the

two 1S nonzero.

V1 - Uy . %ﬁ o 31 — 7\/ﬁ
JoL]] [|vz]] \/3236+568\/ﬁ /3236 — 668v/13

cosf = # 1.

So we do get a rank 2 lattice from these two vectors. Next, we place these as the columns

in a matrix, and find the determinant. This gives us the volume of the tile is

S RN 13- V13

TV2—V26 V264512 48
24 24

We now check the resulting tile to see what the Manhattan diameter will be. Using the
subtraction construction, we find the lattice points that will be the blockers for our tile. We
note that v; will be in the first quadrant, as both the x and y coordinate are positive, and so
is a potential blocker. Next we note that v, is a potential blocker as the sum of coordinates

is positive. Finally, let us take v; — vo. The resulting point is (*/%225‘/5, Zﬁ;f‘/%), which

also has a positive sum of its coordinates. These three are therefore potential blockers for

our tile. Now we note that (F'\ (F + v2)) \ (F + (v1 — v9)) = F”, we have that the x

V26452
24

coordinate for any point in our tile may be no more than and the y coordinate for

any point in our tile may be no more than Y232 Now we take F” \ (F + v;) from the

24
V26452 7\/5—\/26)
24 24

square we have, and we get an L-shape with outer corners at the points (
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and (_2‘/5222‘/%, \/%;f’*/i). The area of this shape T will be

24 24 24 24

13 — /13
48

hp e (—2\/§+2\/%) (x/2_6+5¢§> . (—\/2_6+7x/§> (7\/_—\/2_6>

This is the covolume of the lattice, so we know that the shape T is our tile for this lattice.

Now we must determine where the displacement should go to optimize the density. Note

that A\, = 3‘/27%/5 and Ay = %ﬁ. We will place the displacement (h, k) behind the point

(_2‘/5212\/% \/%;fﬁ). We impose the same restrictions on h as before. So the density will

Y

be

o (BB 2 (o)

13—V13
48
(20713 + 260)h? + (—141/26 — 26+/2)h + 5v/13 + 26

26

The derivative of this function with respect to h is

201/13 + 260)h — T+/26 — 13v/2
13 '

o

This is 0 when h = ﬁi—g‘ﬁ. However, we note that

3@—9ﬁ<¢%+\/§

N — Ay =
L2 24 40

so there are no critical points in our domain that we may choose for our value of h. We also
note that for all values of h that we may choose, ¢’ < 0, and so to minimize the density,
we must choose the largest possible value for h. This is Ay — Ay, and so we have that

h = (M). When we plug this value into our density function, we get back the value of
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2
(20V/13 + 260) (mgm> +(~14v/26 — 26v/2) (mgm) + 513 + 26

=95 —V13.
26 Vi3

5:

So the value is obtainable by a multilattice, though not an integral multilattice.
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CHAPTER 3. MULTIPLE DISPLACEMENTS IN TWwWO

DIMENSIONS

Now that we have addressed the problem with one nontrivial displacement, we see that we
may improve on the covering density of a lattice by adding a set of displacements. We now
explore what happens when we add multiple displacements, and how each may affect the

total covering density.

3.1 THREE DISPLACEMENTS IN TWO DIMENSIONS

To see how we may improve, we first look at the problem when we allow for two displacements.
We will limit ourselves to connected prototiles of T" for the time being. We note that there
are two cases which may result in the optimal covering density for a multilattice with two

displacements.

Theorem 3.1. The minimum multilattice covering density of a multilattice with 2 displace-

ments covering connected prototiles is %

Proof. We break the problem into two cases. The first case is that we start with an L-shaped
tile, and use both nontrivial displacements to cover a single square section of the base tile, as
in Figure 3.1. We note by Theorem 2.11 that the most efficient covering of a square region

by two simplices will result in a density of 1.6. For this reason, we may also consider the

dy

Figure 3.1: Two displacements cover a square region of our tile
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problem as improving a lattice covering with one nontrivial displacement, but rather than
having the area of the displacement simplex be equal to 2h?, or twice the area of the square
prototile, we set it equal to %. So now we note that with these two displacements, we may
once again approach this as we did before. We scale the lattice so that the hypotenuse of
the base simplex will be 1. We choose the lattice so that the three regions of overlap not
covered by the displacement simplex will be equal. We define b in the same way as before,

so that b = 1;\\/@%. Now we have that

Ar = (h+2b)(h + b) + b* = h* + 3bh + 3b

and we are now able to find our density function. This will be

1 8h?
1T 5 96h% + 15

2ELVINEL  20R2 + 10v/2h + 10

and we get
g3 (32v/2h* + 44h — 5V/2)

10202+ V2R 4 1)

for the derivative with respect to h. The quadratic factor in the denominator has no real

roots, and so we need only worry about when

0 = 96v/2h? + 132h — 15V/2.

This occurs when

—1324+ /28944  —11 ++/201
h = = .
1924/2 164/2

Only the positive option is possible, so we check this critical number. We note that ¢’ < 0

when h < ’11;—\[ 2200 and ¢’ > 0 when h > ’%;—f 2201, 50 this is a minimum. Now we check the

48



Figure 3.2: 2 displacements each cover a corner

_ —11++201
value of § when h = BTNV
2
—114+/201
. 06 (") + 15 21— V20l
- - - )
—114+/201 — 114201 )
20 (Tﬂ) +10V2 (Tﬂ) 410

This is about 1.36451, a slight improvement on the density of a multilattice with one dis-
placement.

We now examine the case where we have two distinct displacements cover both corners of
an 2-staircase. We note that this will give a 4-staircase that is covered by the base simplex,
and two square regions covered by the two displacement simplices, as in Figure 3.2. Once
more, we will scale the lattice so that the base simplex will be covered by a simplex with
hypotenuse of length 1. Now note that we have two displacement simplices, one will have side
length h; and the other with side length hy. We also note that the displacement simplices

must have areas 2h? and 2h3. Now if we look at the area of the tile we note that we will get

Ap = (b4 h1)(hy + hg + 2b) + (ho + b)* = h? + hihg + 3hib + h3 + 3hob + 3b°.

We also note that ﬁi — % — % = b. With this we may now express the density function in

terms of h; and hs.

1 +2h2 + 2R3 3+ 24h2 + 24h3

- \/§h1+\/§h272h1h2+1+2hf+2h§ o 2\/§h1 + 2\/§h2 _ 4h1h2 + 924+ 4h% + 4h§ )
6

J

49



To minimize this function, we find the partial derivatives of this function. Let p be the value

of 8hi + 8v/2h3 + 12h2 + 44/2hy + 2. The partial derivative with respect to h; is

 —A48h3hy + 24V/2h3 + 48V/2hy hy + 36hy + 48h3 — 24v/2h3 + 6hy — 3V/2

5
" 8h? — 16h3hy + 8v/21h3 + 24h2h2 + 1212 — 160,13 + 4v/2hy + p

We also find that the partial derivative with respect to hs is

 —48h3hy + 24v/2h3 + 48v/2hihy + 36hy + 48R3 — 24v/2h3 + 6hy — 3V/2

e 8hd — 16h3hy + 8v/2h3 + 24h2h3 + 1202 — 16hoh? + 4v/2hs + p

Since both of these must be zero at a local minimum for the density, we may simplify the
problem by noting that d,, = 0 = 0, when h; = hy. So we now work under the assumption
that hy = hg, and we will refer to it as h. Now we may express the density of the covering as

_GH4R? 34 48R
= T =
WA2/IAL 4R 4 44/2h + 2

and find the derivative is
5 48v/2h? 4 42h — 3V/2
(202 +2v2h + 1)’

—_1;1; ﬁ324 = ‘1/—65. We again check that this gives us a

which gives us that &' = 0 when h =

minimum. When i < ¥2, we get o' < 0 and when h > Y2 5 > 0. So this is a minimum.

167 16
V2

&> we get a density of

Now we note that when h =

o 3+48<{—§)2 4
ROECOR

which is the lower of the two, so it must be that the minimum for two displacements covering

connected prototiles is %. O

So we once more decrease the covering density by adding one additional displacement. In

this case we note that we decrease the density by 5—+/13 (1.39445) to 3 (1.33333) by adding
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a single displacement. Note that by adding one displacement to a lattice we decreased bound
on the density from 1.5 to about 1.39445. By adding a second non-trivial displacement, we
only decrease the bound on the density by about 0.061115. We also note that the multilattice

that results in the density of ‘51 may be scaled so that it is an integral multilattice.

3.2 ARBITRARY DISPLACEMENT PROBLEM

Now that we have worked through some of the covering densities for a given number of
displacements, we determine what the greatest lower bound on the density of any multilattice

covering is. We will prove the following.

Theorem 3.2. The greatest lower bound for the density of a multilattice covering of R? with

an arbitrary number of displacements is 1.

Proof. We begin by noting that no multilattice will ever have a covering density of 1 while
we only use dilations of the right regular simplex as our convex bodies. If 1 is a lower bound
for any multilattice, we may work with a single base lattice. Let us choose the base lattice of
Z2. If we can show that 1 is the greatest lower bound for a multilattice of the form Z? + D,
we are done. With Z? as our base lattice, we get a square tile T’ of area 1. Choose m = 2%,
where k is a natural number. We now divide this tile into m? squares of equal area. Each

square will have a side length of % and an area of # Let us place a simplex of diameter

m2+m

m+1
m 2

at the base lattice point. This simplex will cover of the squares. This simplex

will cover these squares with a density of

5_(’"7“)2%_m2+2m+1
B

The remaining ng ™ squares lie above the diagonal of the tile 7. We will do the first iteration

of placing a simplex in this region. As m is even, then there are an odd number of squares

directly above the diagonal. We place a simplex of Manhattan diameter ";—:;2 at (%,

). This

1
2
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m )2 m
will cover <7)2+ 2 = m2—§2m squares of our tile. We will also get a density of
2\ 2
o (7)o
m;:;%m m? + 2m

for the newly covered section of our tile. Now we have three uncovered sections of our tile,

m2—2m
8

but now we have squares in each of them. We perform the second iteration of placing
simplices by placing a simplex of scale ’Z—:‘ at the points (}1, %),(%, %), and (%, %) This will
leave us with 9 connected regions that are not covered by any of these simplices. We repeat
this process on the remaining regions. For the 7 + 1th iteration, we will place 3¢ simplices
of scale % in our uncovered region. Let {dy;1},diay, ..., dgsi-13} be the points where we
placed simplices in the 7th iteration. We place simplices at the points

ny

(dog 4 (5152 ) Lot = 1,06 452 0)

in the 7 + 1th iteration. we continue this process until we place simplices of scale % This

will completely cover our tile T'. The density of this covering will be

s_ (miam\ (m’2m +§3¢ m? + 27 m\ (m? 4 272 4 2242
U 2m? m2+m — 2243 m2 m? + 2t+im

and will have 1 + Zi':ol 3% simplices in the covering. As m = 2%, we rewrite this as

92k 4 ok+1l | q k-1 i 92k 4 9it20k 4 92i+2
22k+1 + Z 3 22i+322k '
i=0

We take the limit

92k | ok+1 4 q k=l 792k 4 9it29k | 92i+2
lim [( ) ()| -t
o0 92k+1 92i+392k
i=0

So 1 must be the greatest lower bound on the density of any multilattice. O]
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Figure 3.3: square tile divided into 64 squares

Figure 3.4: First simplex added

To make the process clear, we will illustrate this process when m = 8. To begin we take
the tile of Z? and divide it into 64 squares of equal area as in Figure 3.3. Each square will

have side length %. Now we will place a simplex of scale & = % at the origin. The region

K
this covers is illustrated in Figure 3.4. Notice that the area not covered by this first simplex

is congruent to a reflection of a 7-staircase about the origin. We now add our second simplex

(8)+2

at the point (0.5,0.5) as in Figure 3.5. This simplex will have scale 3 )

® = %. Now we are
left with three equal regions of squares that are not contained in one of these simplices. For
each of these regions, we will place a simplex of scale %. We place one simplex at the point
(3

are not contained in any of these simplices on our tile. We now cover each of these regions

[

), one at (%, %), and one at (%, i), as in Figure 3.6. We are now left with 9 squares that

with a simplex of scale %. We note that T is now completely covered. This is shown in

23



Figure 3.5: Second simplex added

Figure 3.6: Adding simplices for first iteration of remaining space
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Figure 3.7: Adding simplices for 2nd iteration of remaining space

Figure 3.7. This gives us a covering density of

(8)2+2(8) +1 ., (8% +27H2(8) +2%+2\ 169
§ = i : =—.
+ Z 3 22z+3<8)2 128

1=0

This density is 1.3203125. As we increase the value of m, we note that this will also decrease

the density we get for our covering.
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CHAPTER 4. BOUNDING THE DENSITY

One more area of interest is where we might place a single displacement to have a multilattice
covering density under a given value. For example, we know that the best density for a
multilattice with one displacement is 5 —v/13. Given the same base lattice L, where may we

place the displacement and still get a density lower than 1.457 We look at some examples.

4.1 SQUARE TILE

Let us take the lattice Z2. Suppose that we want to add one displacment to get a multilattice

that has a density between 2 and %. We will show the following.

Proposition 4.1. Let L be a lattice that results in a square tile T of area 1 under the
subtraction construction. Let ¢ be a number such that 1.6 < ¢ < d;, = 2 for the lattice L. Let

D =H{0,(z,y)}. Then for any choice of (x,y) that lies inside the curve defined by

&+ dydy —dy + L% —2dy + 3 ifdy > d
C =

d%+d1d2—d2+%d%—2d1+g ifd2>d2

the multilattice covering density of L + {0, (z,y)} will be at most c.

Proof. Let the displacement be d = (d;,ds). Then we note that the Manhattan diameter of
the displacement simplex will be 2 — d; — ds. Notice that this is in terms of the coordinates
of our displacement. Previously we have worked with the distance from the displacement to
the outermost corner. We also note that the Manhattan diameter of the base simplex will
be 1+ max{d;, ds}. The area of the tile will be 1, so our density for our multilattice will be

given by
(1 + max{dl, dQ})Q + (2 — dl — d2)2

0= 9
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If it is the case that d; > ds, then we have that

1 5
:d§+d1d2—d1+§d§—2dg+§.

(1+d)*+ (2 —dy — dy)?
2

6:

If it is the case that dy > d;, then the density becomes

(1+d2)* + (2 —dy — do)?
2

1 d
:dg+d1d2—d2+§d%—2d1+§.

6:

To see where these two functions agree, we set them equal to each other and we get

1 5 1 5
d%+d1d2—d2+§di—2d1+§:d%+d1d2—d1+§d%—2d2+§

1 1
0:§d§+d2—§d§—d1.

—1d4/1-2(—d1—1d?)
1

So dy = =—1%+/(di +1)2 = =1+ (dy + 1). This occurs when the value
of dy = dy or when dy = —2 — d;. If dy = —2 — d;, the displacement simplex will have scale
2—dy — (=2 —dy) = 4. As this simplex will force us to have a higher multilattice covering
density than our lattice covering density, it must lie outside of the region of R? such that

the density will be less than that of the lattice density. So these two functions agree when

dy = dy. We may write the density as the piecewise function

df +didy — dy + 3d3 — 2dy + 2 if dy > dy
5:

d%+d1d2—d2+%d%—2dl+g ifd2>d2.

We then set § = ¢, and the region which satisfies this equation will be a level curve. Call this
region C. If we choose our displacement from the interior of C', the density of our multilattice
covering will be less than ¢. We have seen that if d; = dy, then the density is given by a
quadratic function whose leading coefficient is positive. So any point on the interior of C
that lies on the line y = x will give a lower density than c.

Now let us consider the case when d; > dy. Let us define the function f(di,ds) =
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d? + dydy — dy + %d% — 2dy + g As this defines our function when d; > d,, we take the
directional derivative in the direction of u = (\’/—%, %@) In other words, the directional

derivative in the direction of the line y = z. We get

-1 dy
D,f(dy,dy) = — — —.
f(dy, dy) VARG
As d; > 0, this must be negative.
If d < do, then we let g(dy,dy) = d3 + didy — doy + %d% —2d; + g Then by a similar

argument, the directional derivative of D_,g(d;, d2) must also be negative. So the interior

of C must return a value less than c. O

So suppose that we wanted to find where the density would be 1.7. We need only set o
equal to 1.7, and find the resulting d; and ds coordinates. Notice that if d; = ds, then we
find where

4 5

0=——3d+ =d*
5 T3

Which occurs when d = % or %". The points with d; > dy where the density is 1.7 are the

points where

1 5
1'7:d%+d1d2_d1+§d§—2d2+§
or where
dy=2—dy — /2.4 — 2, — 2.
Similarly, when dy > d; we get a density of 1.7 when
2 L 5

or when

C1—di+/-22+46d — &3

dy 5

Notice that our point (%, %) is the center of this region. This is illustrated in Figure 4.1. We

o8



Figure 4.1: Region of density at most 1.7

note that for any chosen value of the density function between 1.6 and 2, we may follow the

same process to find the bound of the region.

4.2 RECTANGULAR TILE

Once more we would like to know what the region looks like in a broader situation. Let us

examine when we have a rectangular tile.

Proposition 4.2. Let T be a rectangular tile of a lattice L such that Mdiam (T) = 1. Let
(a',y') be the outermost corner of our tile. Let ¢ be some value such that ¢ < 0r. Let
D ={0,(z,y)}. Let C be the curve defined by

(5—4y')+(—4)h1+<—§;4_x;>;22+(2>h§+(2)h1h2+h% if o' +dy >y +d,

R if o' +dy <y +di.

Then for any choice of (z,y) such that x = ' — hy and y = y' — hy for the point (hy, hy) that

lies on the interior of C, the value of ép+p s at most c.

Proof. Let the tile have dimensions 2’ x 3/. Once more let us scale the tile and lattice until
the ' + ¢’ = 1. Then we note that we may once more place the displacement at the point

(dy,dy) where dy < 2’ and dy < 3. Then the the areas of the base and displacement simplices
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and the tile are

(max{z' + dy, ) + di})?

Sg = 5

1—dy —dy)?
5, (i
Ar =2y

Using the fact that 4/ = 1 — 2/, we note that the density function becomes

(L’IQ + QZL'/dQ + 2d% +1-— 2d1 — 2d2 + d% + 2d1d2
2x! — 2z

5=

when 2’ 4+ dy > ' + d;. Otherwise the density is given by

. 2 — 2[El — 21”d1 —|— ZE/2 —|— Qd% — 2d2 —|— 2d1d2 —f- d%
B 22! — 212 )

J

These two functions are equal when

2?4+ 22’ dydy = 1 — 22" + 2dy — 22'dy + 2% + d3

or when

dy=d; +1—-22" ordy = —d; — 1.

To see which of these we must choose, let h; = 2’ — dy and hy = 3/ — dy. Then we note that

when the previous holds, we also have

y/—h2:$/—h1+1—2$/

hl - hg.

So as before, the intersection of the two functions lie on the line y = x — 2’ +4’. So we have
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that

(

241 2z’ =2 2 2 2 2 1 2
2z’ —2x'2 + 2z —2x!2 d2 + 2z —2x!2 d2 + 2z —2x/? dl + 2! —2x/2 d1d2 + 2z —2x/2 dl

if o' +dy >y +dy

2—2x' 4’2 -2 1 2 —2z/ 2 2 2
2z —2x/2 2! —2x/2 d2 + 2z —2x/2 d2 + 2z —2x/2 dl + 2z —2x'2 d1d2 + 2z —2x/2 dl

if$,+d2<y,+d1.

Notice that if we scale our multilattice by a factor of 22" — 222, we get that

2%+ 1+ (22 —2)dy 4 2d3 + 2dy + 2dydy + &3 i 2 +dy >y +dy

5:

(El2 — 22/ +2— 2d2 + d% — Zl'ldl -+ ledg -+ Qd% if o/ + d2 < y’ + dl-

Rather than express this in terms of d;, let us switch again to the notation of h;. Then the

density becomes

(

2?2+ 14 (20" —2)(y — ho) + 2(y — ha)* + 2(2" — hy) + 2(2' — hy) (v — ho)
+(2' — hy)?w if o/ +dy >y +dy
22 =22+ 2 —=2(y — hy) + (¥ — h2)? — 22/ (2" — hy) +2(2' — h1)(y — ho)

+2($,—h1>2 if $,+d2 <’y,+d1.

Which we simplify to

(2272 + 4o’y + 2y + 22" — 2y + 1) + (=2 — 2y — 22" )hy + (—2 — 4a/)ho+
(2)h3 4 (2)hihy + b3
(2 422"y +y? — 22" — 2y +2) + (62" — 2y )h1 + (4 — 2y — 22")hy

h3 + (2)hihy + (2)13.

We note that if we scale back to our original lattice, we may use the fact that 2’ +vy" =1 to
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simplify the two cases further and we get

(5—4y/)+(—4)h1+(—§;4j;¥}22+(2)h§+(2)h1h2+h§ if x’+d2 > y’+d1

)= [l

(1)+(—2—4x/)h1+2(x2l)il;;}2L§+(2)h1h2+(2)h§ i 2+ dy < y’+d1.

4.3 THE BOUNDARY ON AN L[-SHAPED TILE

The other option is to look at what happens with the tile when we have an L-shaped tile,
and we are trying to bound density. As before we may scale this to our needs. Let the outer
corners of the tile have coordinates (a,d) and (¢,b). Let a < ¢ and b < d. The squinch has
coordinates (a,b). Without loss of generality, let a + d > ¢ + b. Then let our displacement
be d = (dy,d2) = (a — h1,d — hy). We note that if we do not choose two positive numbers
hy and hs, then the diameter of the base simplex will be the same as the diameter for the
simplex used in the lattice covering. Thus any displacement that improves density may be
written in this way. We now break this into two cases for an improvement on density of our
tile.

The first case is that we pull back only the outermost corner, (a,d). In this case we get

the following.

Proposition 4.3. Let L be a lattice such that the tile T obtained from the subtraction
construction is an L-shaped tile. Furthermore, let Mdiam (T') = 1. Let the tile T have the

corners at (a,d) and (c,b) such that a +d = 1. Let the curve C' be defined by the region

;

¢ = ¢ 1=2h1+2h34+2h1ho+h3
2ad+2cb—2ab

ifl—h1>0+b and hy < hs

1—2ho+h2+2h1ho+2h3
2ad+2cb—2ab

Zfl—h2>0+b andh2<h1.

for some constant c. Let (hy, hy) lie on the interior of C. Then for any set D = {0, (a —
hl,d — hg)}, 6L+D S C.
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Proof. As we have seen, if we are pulling back just the corner (a,d), our choice is optimized
when hy = hy. We also note that hy < a+d—c+b for our optimal covering density. We note
that this will still be the most efficient way to pull back a single corner to improve density.
However, we may still choose h; # hy and improve our density by some amount. This results
in a Manhattan diameter of the base simplex to be max{a +d — hy,a +d — hg,c+ b}. The
displacement will have a diameter of hy+ho. Let us scale the multilattice such that a4+d = 1.

So the density of our multilattice covering will be

(max{1 — hy,1 — hg,c+b})* + (hy + hy)?

0= 2(ad + cb — ab)

Let us take the case where a + d — hy is the largest. Then our density function is given by

(1= ho)® + (b1 + ho)? 1 —2hy + h? + 2hihy + 2h3

5 =
2(ad + cb — ab) 2ad + 2¢b — 2ab

Now if we look at the region where a + d — hy is the largest, we get

(1 —hi)®+ (b + ho)? 1 —2hy + 2h3 + 2hihy + h2
2(ad +cb —ab) 2ad + 2¢cb — 2ab

5:

Let us now look at how these two functions will interact. The two are equal when

1 —2h; +2h3 4+ 2hihy + h3 =1 — 2hy + h? + 2h hy + 2R3

This happens when
—2hy + h3 = —2hy + h3.

Note that this gives the two possibilities that hy = hy or hg = 2—h;. As2—hy = 2(a+d)—hy,
we need not worry about the second option. So these two agree when h; = hy. Notice that
the density is expressed in terms of h;, so will be the distance in the negative direction from

the corner (a,d). Note that this will result in a region of a similar shape to the rectangular
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case. However, we also note that rather than just looking at how far back in each direction
the displacement is from the outermost corner, we also worry about what the diameter of
the second corner is. Now we look at what happens if ¢+ b is the greatest value of the three.
We now have that the base simplex will have a diameter of ¢ 4+ b. This is fixed, even if we

vary the displacement slightly. So our density then becomes

(c+b)% + (hy + hy)?

0= 2(ad + bc — ab)

Now we note that if we want ¢ to be less than a constant number m,

(c+b)* + (hy + hy)?
2(ad + bc — ab)

2m(ad + bc — ab) > (¢ +b)* + (hy + ho)?

2m(ad + bc — ab) — (¢ +b)* > (hy + hy)?

V2m(ad + be — ab) — (¢4 b)2 > hy + hy.

We must obviously choose the positive root for the left, if it is a real number. Note that
any combination of h; and hs which satisfy this will lie above a translation of the line

y = —x. So, we note that this precludes any options that we have that would lie below

the line y = —z + 1 — y/x2m(ad + bc — ab) — (c + b)2. This further restricts our region of
a given density. So our density function is determined by the Manhattan distance from our
displacement to the outermost corner when ¢ + b is the diamter of the base tile. We get the

piecewise function

(

(bt th) if c+b>1—h

— 0 1-2h1+2h2+2h1ho+h3 .
0= ;ad+210b—21ab2 2 ifl1—hy>c+band h; < hy [

1—2ho+h3+2h1 ho+2h3

2ad+-2cb—2ab if 1 —hy >c+band hy < hy.

To see this region, let us work out an example. We will only look at the region of the
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Figure 4.2: L-tile generated by (0.4,0.2) and (-0.2, 0.6)

tile that has y values greater than or equal to that of the squinch. Let us take the lattice
generated by v; = (0.4,0.2) and vy = (—0.2,0.6) We note that the tile generated by this will
have area 0.28 or -=. Now we note that the outermost corner of this tile will lie at (0.4,0.6).
The second corner will be at (0.6,0.2). Figure 4.2 illustrates this tile.

If we place a displacement at the point (0.2,0.4) we obtain the minimum density possible
with one displacement. This density is 1—70. However, instead of g, what if I wanted a density
of %? The lattice covering results in a density higher than this. So we now look at the region
of this tile that would result in a density of 1.6 or less. To do this we first look at when

hy > hy and 1 — hy > 0.8. The formula for density here is

1 — 2hy + h3 + 2hyhy + 2h3
0.56 '

Next we note that if ho > hy and 1 — hy > 0.8, we get

1 — 2hy + h3 + 2hyhy + 213
0.56 '

Finally we note that if 0.8 > 1 — h;, we get

0.64 + (hy + hs)?
0.56 '
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Figure 4.3: Region to pull back one corner

Figure 4.4: Boundary for hy + ho

When we solve for when each of these is at most 1.6, we get the following. Notice that as
we begin, we have that the possible displacements must lie in the highlighted portion of the
tile in Figure 4.3.

When 0.8 > 1 — h;,

2
16> 064 (h+ ho)
0.56

0.896 > 0.64 + (hy + hy)?

0.256 > (hy + hy)?
V0.256 > hy + hs.

This limits the possible values of our tile to be above the line y = —x + 1 — /0.256. This
line is drawn on the tile in Figure 4.4.
Now if we look at when hy > hy, and 1 — hy > 0.8, the density is 1.6 when

1 —2hy + h} + 2h1hy + 213
N 0.56

0.896 = 1 — 2hy + hi + 2hyhy + 2h3.

1.6
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If we solve for hy, we get

b = \/—h + 2hy — 0.104 — ho.

When hs > hq, the density is 1.6 when

1 —2hy + h3 + 2h1hy + 203
N 0.56

0.896 = 1 — 2hy + h3 + 2hyhy + 2h7.

1.6

Solving this for hy we get

hy = \/—h3 + 2y — 0,104 — .

We note that these are symmetric about the line y =  + 0.2, or the line that passes through

(a,d) with a slope of 1. We note that

/= hE 2 — 0.104 — by = —x +v/0.256

when h; = 0.2. So we note that these three curves will bound the region of density. Figure
4.5 illustrates the pieces of the density function shown, together with the plane z = 1.6.

It may not always be the case that an decrease in covering density results from a mul-
tilattice whose displacement simplex covers only the corner (a,d). It may be the case that
the displacement simplex covers both (a,d) and (c,b). If we choose y to be small enough,
specifically y < d — b, then y < b, and the point (¢, b) will be covered by our simplex placed
at (z,y). Thus we pull back two corners with one displacement. We have already shown
that this will not be the best density possible with the given number of displacements, but

it still may give a covering with a lower density than that of the lattice covering.

Proposition 4.4. Let L be a lattice such that the tile T obtained from the subtraction

construction is an L-shaped tile and Mdiam (T') = 1. Then let ¢ be a constant. Let C' be the
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Figure 4.5: Region of density 1.6 or less

curve defined by

14+d°—2db+b+(—2+2d—2b)'1 +20'1 D +20F+(2d—2b) P2+ 13 .
2(ad+bc—ab) Zfl - Fl >c+ b— PQ

d?—2bd+2b%4-2cb+c? +(2d—2b)1'1 +(2d—4b—2¢)T'a 4T3 +2I'1 I'2 4213 .
2(ad+bc—ab) ife+b—Ty>1-Ty.

Choose any T'1, Ty such that (I'1,T's) lies on the interior of C. Let D = {0,(a —T1,b—T%)}.

Then the multilattice covering density dr+p < c.

Proof. Let a + d = 1, so that the lattice covering will have a simplex of diameter 1. Then
to pull back both corners, we must place our displacement such that it has coordinates
(a —TI'1,b—Ty) such that I'y > 0 and I'y > 0. Let us first find the displacement that will
give the minimum covering density and will cover (a,d) and (¢, b). To minimize the density,
we want to choose I'y and I'y in such a way that a +d —I'y = b+ ¢ — I'y. This will ensure
that the corners of the prototile covered by the base simplex will have the same Manhattan
diameter. We also note that this will cause the highlighted region in Figure 4.7 to be where

our displacement may be. We know this as I'y > I'y. Note that the density of the multilattice
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Iy

Figure 4.6: I'; and I'; on L-tile

Figure 4.7: Region to pull back both corners optimally
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will then become

(a+d—T1)*+ (T'y + Ty +d—b)?
2(ad + be — ab)
a? + 2ad + 2d* — 2db + b* + 21Ty + (—2a — 2b)T; + 2T + (2d — 2b)Ty + T3
2(ad + bc — ab)
1+d?—2db+b*+ (=2 +2d — 20)[y + 2T Ty + 2T'% + (2d — 2b)T'y + '
2(ad + bc — ab) '

5:

This is dependent on the distance from the outermost corner to the squinch, the Manhattan
diameter of the tile, and the area of the tile. We also note that by our choices, I's =
b+ c—14T1. So we may express density as
(1—-T1)%+ (21 + ¢ —a)?

2(ad + bc — ab)

1+ —2ac+a* + (4c — da — 2)T; + 5IF
B 2(ad + be — ab) '

5:

Taking the derivative of the density function with respect to I'; we get

o de—da—24 101,
~ 2(ad + be — ab)

We note that Lg*za is the only critical number we get. Now we note that for I'; less than
this value, 0’ returns negative numbers. If I'; is greater then we get positive numbers. Thus

this is a local minimum. So the best density we can get by covering an L-shaped tile will

be achieved when we place the displacement at (3“*?0_1, 4_3g_2“). We note that this point
must lie behind the squinch. So we also note that a > 3‘”5& and also that b > #. If
this is not the case, we cannot improve the density by placing a displacement which covers
an L-shaped portion of the tile.

Moving forward, let us assume that we may improve the density of our multilattice
covering with a displacement that covers an L-shaped portion of our tile. In other words, a

and b satisfy the previous inequalities. Now rather than achieving the best possible density,

let us look at the region that will give us a multilattice covering below a certain value. We
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note that the Manhattan diameter of the base simplex will be max{1 —T';,c+b—T'y}. We
also note that the diameter of the displacement simplex will be I'y + 'y +d — b. So our
density function will be

(max{l — Fl,C+ b— F2})2 + (Fl + FQ + d— b)2

0= 2(ad + bc — ab)

Let us consider when 1 —I'y > ¢+ b —I'y. Then we have

1+ d®—2db+ b0+ (—2+2d — 2b)["y + 2T Ty + 21 + (2d — 20)T 4 T3
B 2(ad + be — ab) '

J

Now let us consider when ¢ +b —I's > 1 —I'y. Our density function is now given by

(c+b—T9)2+ (T +Ty+d—0b)?
2(ad + bc — ab)
d2 — 2bd + 26° + 2cb + ¢ + (2d — 2b)Ty + (2d — 4b — 2¢)Ty + T2 + 2T T + 212
2(ad + be — ab) '

5:

We note that these two functions will agree when

1—F1:C+b—F2

F2:C+b+F1—1.

3a+2c—1 4—3c—2a )

=, T So we

This will be the line of slope 1 that passes through the point (
once again get a shape that is symmetric about the line of slope 1 passing through the

displacement that gives a local minimum covering density. ]

Let us work out an example of this type. In order to improve the covering density of
a given tile, we need the corners to be relatively close together. Let us take the lattice

8 ) and vy = (’1 m). The covolume of the lattice will be . The

_ (6
generated by v; = (1—6, 6 6 16 556

corners of the tile will be at (1%, }—g) and (ll 8 ) By our above calculations, the best density

Ze
(=]

67
will result when our displacement is at (%, ) This density will be about 1.60147. Now

let us look at the region behind the squinch that will give us a density of 1.65. First let
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1-T7 > % — I'y. The density will be

(1-T)%+ (2 +T1 +T,)°

2 (%)
260 — 448 + 640 + 51212 + 5121, T + 25613
- 136 '

5:

If we want this to be equal to 1.65, then we get

260 — 4480y + 64T, + 512I'% + 5120 'y + 25613
136

_ 8y/—T'?+42I'y —0.123438 — 8I'; — 1

= 3 :

1.65 =

Iy
Now if we have % —I'y > 1—T", the density is

(B-1p)" + (411 +1y)°

2 (355)
229+ 64Ty — 41615 + 25617 + 5121 ', + 51213
- 136 '

5:

To get this to be 1.65, we get

229 + 64T — 4161 + 2562 + 5120, Ty + 51212

1.65 =
136
—~16,/-TF — 1T, +0.624 — 16T, + 13
Iy = .
32
So we get
8\/—F§+2F1—(;.123438—8P1—1 if T, < % 4T,

FQ =

—164/-T2-1717,40.624— 161 +13 .
1 8 if Fl > % + FQ.

32

The point (a — z,b — y) for any (x,y) that lies on the interior of the region defined by the

above will result in a multilattice covering density of at most 1.65.
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CHAPTER 5. FURTHER RESEARCH

While these results may be a good start for someone interested in multilattices, there is still
much to be explored.

One question that is closely related but is still unexplored is that of how to choose optimal
generators given a certain number of displacements. For example, if I take 5 displacements,
what two generators should I choose for a group of size k7 We have shown that the most
efficient generators of the group will not in general be the best generators to use to obtain
a multilattice covering of lowest density.

Another question that would require a little more time and resources is that of deter-
mining the best covering in n = 2 for a low number of displacements. This problem may
be approached using multivariate calculus, but quickly grows in complexity. One approach
we may use is to cover a square region as efficiently as possible, then use this to bound the
density for any tile type.

It would also be interesting to explore the multilattice covering where instead of only
taking dilations of the right regular simplex, we allowed for different simplices. While it is
obvious that there is a choice for getting to a density of 1, it is not as obvious how rotations
of a right regular simplex may form a packing or a covering. With regard to the group
problem, this would be to use a different set of generators with each displacement. What
would happen if we were to choose elements that did not generate the whole group in our
displacement sums? Is there a bound above 1 that may be set in this instance?

Additionally, the lattice covering problem has an equivalent problem in groups. We can
extend this problem to the multilattice case as well. It may be easier in this context to

determine the density based on the problem in finite groups.
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