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ABSTRACT

Schur Rings over Infinite Groups

Cache Porter Dexter
Department of Mathematics, BYU
Master of Science

A Schur ring is a subring of the group algebra with a basis that is formed by a partition
of the group. These subrings were initially used to study finite permutation groups, and
classifications of Schur rings over various finite groups have been studied. Here we investigate
Schur rings over various infinite groups, including free groups. We classify Schur rings over
the infinite cyclic group.

Keywords: Schur ring, permutation group, free group, free abelian group, infinite cyclic
group
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CHAPTER 1. INTRODUCTION

1.1 DEFINITIONS

In this section we briefly define a Schur ring and provide a few examples. The motivation
for constructing and studying Schur rings will be given in the succeeding chapters.

Given a group we can form the group ring, which, informally, is the set of formal sums
with coefficients in some field. More precisely, if G is a group and F' is a field, then all sums

of the form

PRV

geG

where A\, € F' and A\; = 0 for all but finitely many g € G, form the elements of the group
ring F[G]. Addition is defined by

D NG D 199 = (Ag+ 11g)g,

geG geqG geqG

and multiplication by

(Z )\gg> (Z ugg> = vyg where vy =Y Aptp-1g.

geqG geG geG heqG

These operations make F[G] a ring that contains a copy of G in its unit group and a
copy of F' as a subring, identified by {\1 | A € F'}. This also makes F'[G] into a vector space
of dimension |G| over F', so in particular F[G] is an F-algebra. We refer to this structure as
the group algebra F[G].

For a group G and a finite subset X = {x1,...,2x} C G, we define

X=x1+- -+ € FIG|.

We also define X' ={z':2€ X} and X L =2a7" +--- + 2" similarly.



A Schur ring over a group G is a subring & of F[G] with a basis {P;}ic;, with I being
an indexing set containing a distinguished element 0, that satisfies the following properties:
i) the sets {P;}ie; form a partition of the elements of G into finite sets (| P;| < 00);

(

(i) Py = {ud};
(iii) for all ¢ there is some j such that P[l = Pj;
(

iv) for all 4, j there exists a finite subset K C I (dependent on i and j) and scalars A\, € F

such that

Each set P; in the partition of G is called a principal set, and the corresponding sums
P;,i € I are called principal elements of the Schur ring. The principal elements form an
F-basis for & over F'.

In our work here we take F' to be a field of characteristic zero unless otherwise stated.

1.2 EXAMPLES

If G is a finite group with identity e, then the partition Py = {e}, P, = G — {e} gives a basis
Py, P, for a Schur ring over G. It is clear that P, * = P and that Py P, = P, in F[G]. The

only nontrivial product to check is

Pr=(G—e)(G-e)=|GIG-2CG+e=(G|— e+ (|G| —2)(@G —e)

= (IG] = 1)Py + (|G| = 2) Py,

SO ?f is a linear combination of principal elements. This is called the trivial Schur ring over
G.

On the other extreme end, for any group G the partition into singleton sets {{g} : g € G}
gives rise to a basis for the discrete Schur ring & = F[G].

For a different example, let G = (z | z* = 1) be the cyclic group of order 4. Let
Py = {1}, P, = {z,2%}, and P, = {2%}. The subring of F[G] with basis {Py, Py, Py} is a



Schur ring over GG. For every ¢ = 0,1, 2 the relation PZ-_1 = P, holds, and it can be checked
that f; = Py, P1P, = Py, and Ff = 2P, + 2P,. Schur rings over finite cyclic groups have
been studied extensively, see [1].

Other examples of Schur rings over finite groups, such as the Schur ring with a partition
given by conjugacy classes in a finite group [2], have been studied. Schur rings were first
introduced by Schur and Wielandt to study permutation groups. In the next chapter we
show how these Schur rings were initially used to prove results about permutation groups.
Since we are expanding the study of Schur rings to include infinite groups, our hope is that

some of our results may find eventual use as means to prove results about infinite groups.



CHAPTER 2. SCHUR RINGS IN THE STUDY OF

PErRMUTATION GROUPS

2.1 BACKGROUND INFORMATION

The group of all bijections from a set €2 to itself under function composition is the symmetric
group on €, denoted Sym(2). A permutation group on ) is a subgroup of Sym(Q2). The
usual symmetric group S, is Sym({1,2,...,n}).

If we have a permutation group G on (), then we can think of G acting on the set (2.
If @ € Q then the (right) action of z € G on « is the image of a under the permutation
x. We will denote this by a”. The use of this choice of notation will become clear as we
want to occasionally identify G with a subset of {2. We can think of a permutation group as
consisting of a group G, a set €2, and an action 2 x G — Q.

For an example, let Q = {1,2,3,4} and consider the alternating group A, of even permu-
tations in Sy = Sym(2). Using cycle notation to denote A, = ((123), (12)(34)), this group
acts on {1,2,3,4} in the natural way. For example, taking 1 € Q2 and (123) € A, the action
of (123) on 1 is 112¥ = 2, since the permutation (123) maps 1 to 2. (Since we are using a
right action, we compose permutations from left to right. For example, (12)(13) = (123).)

We will use the following definitions to discuss permutation groups. Given a permutation
group G acting on a set §2, the degree of GG is the cardinality of {2. The orbit of a € € under

G is the set a% = {a® | z € G}. The stabilizer of a in G is the subgroup G, of G:

Go={reG|a”=a}.

In our continuing example of G = A4 acting on Q = {1,2,3,4}, the orbit of 1 € Q is the
entire set 2. This is because the permutations (12)(34), (13)(24), and (14)(23) in particular
belong to Ay, so every element of € is the image of 1 under some element of G. The stabilizer

of 1 € Qis Gy ={(1),(234), (243)} = ((234)) since these are the elements of A, that fix 1.



The set of orbits of €2 under the action of a group G is a partition of €. If there is only
one orbit, which is to say that given any «, 8 € €) there exists some x € G such that o* = j3,
then we say that G acts transitively on Q.

The group G = A, acts transitively on Q = {1,2,3,4}, as seen above by 1¢ = Q. (It
follows that 2¢ = 3% = 49 = Q as well.)

A permutation group G' < Sym(Q2) acts regularly on Q if G acts transitively on € and
G, =1 for every a € €.

If G acts on € as a permutation group, then any subgroup of G also acts on € as a
permutation group. Later we will be concerned with subgroups of G that act regularly.

The well-known orbit-stabilizer property states that |a%| = [G : G,] for any a € Q, so
the cardinality of the orbit of « is equal to the index of the stabilizer G, in G. When G
is a finite group, this implies |a®| - |G4| = |G]. An immediate corollary is that if G' acts
transitively, then [G : G,]| = || for every «. If in addition G is finite, then G acts regularly
if and only if G acts transitively and |G| = |€|.

The group G = A4 acting on Q = {1,2,3,4} does not act regularly, since we saw earlier
that G; = {(1),(234),(243)} is not trivial. If H = {(1),(12)(34), (13)(24), (14)(23)} is
the Klein 4-group in A4, then H acts transitively and also regularly, since every nontrivial
permutation in H fixes no element of (2.

There is yet another type of permutation group we are interested in, called a primitive
group. To define a primitive group we first need to define blocks. Given a subset A C €2, an
element x € G can act on A as follows: A = {a” | @ € A}. A block is a subset A of 2 such
that either A = A or AN A = ), for each = € G.

It’s not too hard to see that if A is the entire set €2 then A* = A for every z € G, which
makes € itself a block. It’s also not too hard to see that any singleton set {a} in Q2 is also a
block since {a}* = {a*} is a singleton set that is either {«} itself or some other set disjoint

from {a}. These types of blocks, the entire set {2 and the singleton sets, are called trivial

blocks.



A primitive group is a group G < Sym(€2) that acts transitively and has no nontrivial
blocks in the set Q. A group that is not primitive (that has nontrivial blocks) is called
Imprimitive.

For G = Ay and H = {(1),(12)(34), (13)(24),(14)(23)} < A4 acting on ©Q = {1,2,3,4}
we see that G is primitive but H is imprimitive. Letting A = {a, b} be any subset of {2 with
two elements, a permutation of the form (abc) in G gives A = {b c}. Thus Al £ A
and A N A = {b} # 0, so A is not a block of G. If A = {a,b,c} has size 3 then
Alb)ed) — fq b d}, so A is not a block of G either. The only blocks for G are therefore
singleton subsets of €2 and € itself, so G is primitive.

However, {1,2} is a nontrivial block of H, as seen by directly computing {1,2}126% =
{1,2},{1,2}39C) = 3 4} and {1,2}M3) = {3 4}. The action of any element of H on
{1,2} produces either {1,2} or the disjoint set {3,4}. This means H is imprimitive.

If G acts on €, then we can define an action of G on QF, the Cartesian product of k

copies of €, as follows:

(o, gy .oy )® = (af, a3, ...,aq), for oy € Q,x € G.

The group G acts k-transitively if G acts transitively on the set

QF) = {(ay,...,ap) €W | oy #aj forall 1 <i<j<Ek}

Consider Q? = {1,2,3,4} x {1,2,3,4}. Eliminating all pairs of the form (a,a) from
this set gives the set Q®). Then G = A, acts on Q® componentwise, so that for example
(1,2)129) = (2,3). It can be verified that G = A4 acts transitively on Q) as follows.
Consider (1,2) € Q@ and any other element (a,b) of Q®. It suffices to show that there
exists a permutation z in G such that (1,2)* = (a,b). If a = 1 and b = 2 then x = (1)
suffices. If a = 1 and b # 2 then x = (2bc) where ¢ # 1 will do the job. Similarly if a # 1

and b = 2 then take x = (lac) with ¢ # 2. If @ = 2 and b = 1 then take z = (12), and if



a =2 and b # 1 then z = (12)(bc) where ¢ € Q — {1,2,b} suffices. Similarly if a # 2 and
b =1 then take z = (ac)(12) with ¢ € Q — {1,2,a}. In every other case where a # 1,2 and
b # 1,2 then take x = (1a)(2b). Since G contains all 3-cycles and 2-2-cycles, this proves
(1,2)¢ = Q@ so there is only one orbit of Q2 under G, and hence G acts 2-transitively.

One last thing to mention about preliminary definitions. When {2 = G we can define the
action of z € G on a € G by a® = axr € G. For a fixed x € G, the map a — az is a bijection
from G to G. If we call this bijection o, then the map x — o, from G into Sym(G) is a
group homomorphism called the regular (permutation) representation of G.

Having concluded the necessary definitions, the next few sections outline some standard

results proved about permutation groups using Schur rings.

2.2 PERMUTATION GROUPS WITH SUBGROUPS THAT ACT REGULARLY

The main result of this chapter is an application (due to Schur) of Schur rings to classify
permutation groups that contain subgroups that act regularly. Before proving this result, we
give some information on permutation groups with such subgroups and introduce the Schur
ring construction used.

If R is a group acted upon by G, then we can define an action of G on the group ring

F[R]. We do this by letting an element = of G act on an element in F'[R] by the rule:

(Z m) x => A"

reR reR

It is this case that we are interested in. Let R be a finite group and let G' be a subgroup
of Sym(R) such that G contains the image of the regular representation of R. (Meaning if
r € R induces the permutation o, of R by right multiplication in R, then G contains o,.)
Recall that the subgroup G; < G is the stabilizer of the identity of R. In the group ring

F[R] over some field F', define C(G;) to be the set of fixed points for the action of G; on



FIR]:
C(Gy) ={a e F[R]|a® =aforal x € G}.

We will show that C(G4) is a subring of F[R]; in fact this will be a Schur ring over R.

As a matter of notation, for an element ¢ € F[R], where ¢ = ) _, A7, we define the
support of ¢ to be the set supp(c) = {r € R | A\, # 0}. Whenever c is fixed by some z € G
it follows that supp(c) is invariant under z.

In the main theorem of this chapter, Theorem 2.5, we are concerned with a permutation
group with a subgroup R that acts regularly. The following lemma shows that we may restrict
our study to subgroups of Sym(R) that contain the image of the regular representation of R.
It introduces the concept of a permutation homomorphism. Given two permutation groups
H; < Sym(€) and Hy < Sym(€s), a permutation homomorphism is a group homomorphism

v Hy — H, along with a bijection X : €2y — 5 such that

Ma®) = Ma)¥@  forall a € Oy and z € Hy.

If ¢y above is an isomorphism then we say that v is a permutation isomorphism and that

H, and H, are permutation isomorphic.

Lemma 2.1. If G is a permutation group on a finite set €2, where G has a subgroup R that
acts reqularly, then there exists a permutation homomorphism ¢ : G — Sym(R) such that

¢|r is the regular representation of R.

Proof. Fix a € Q. Because R acts regularly on €2, for every 5 € () there exists a unique
element rg € R such that o = . Since |R| = ||, this defines a bijection A : Q@ — R by
A(B) = rp.

Define ¢ : G — Sym(R) by ¢(z) = AxA~!. Since ) is a bijection from Q into R and z is a
permutation of 2, the function AzA™! is indeed a permutation of R. The function ¢ is a group

homomorphism: given z,y € G we have ¢(xy) = AzyA™' = AzA ) AyA™!) = ¢(2)d(y).



The homomorphism ¢ is injective, since if ¢(z) = 1 then z = A'11A =1 € G. Thus ¢ is a
permutation homomorphism and G is permutation isomorphic to the image ¢(G).

Let 7 € R, and consider the permutation ¢(r) = ArA~' € Sym(R). We show this
permutation is given by right multiplication by r. Given r; € R, there is some [ € {2 such
that A(8) = r1. From the definition of A this means o™ = . The action of  on / gives
pr e Q, and \(8") = ry for some o, € R. This means o = " = (o))" = o”'". By the
uniqueness of the elements of R acting on «, this implies 7o = r;7. Thus ArA~! permutes
R in the same way as right multiplication in R, so ¢(r) is the image of r under the regular

representation of R. Thus ¢|g is the regular representation of R. [

This lemma shows that in our study of permutation groups with subgroups that act
regularly, it suffices to study subgroups of Sym(R) which contain the image of the regular
representation of R. This image ¢(R) is an isomorphic copy of R in such a subgroup. In this
way we can regard R both as a set of objects that are being permuted (in Sym(R)) and as
elements of Sym(R) themselves. Thus if G is a subgroup of Sym(R) that contains the image
of the regular representation of R then each element of R can be acted on by an element of
G, but this action is also simply multiplication inside the group G, viewing R < G.

If G = Ay, acting on Q = {1,2,3,4}, and R = K, = {(1),(12)(34), (13)(24), (14)(23)},
then, as seen previously, R is a subgroup of GG that acts regularly. We can label the elements
of Ras (1) =1y, (12)(34) = 9, (13)(24) = r3, and (14)(23) = r4 so that § — 74 is a bijection
from € from R. Furthermore the induced permutation isomorphism ¢ : G — Sym(R)
satisfies A(8%) = A\(B)?@ for all B € Q and = € G, so we can identify each element of G with
its image in Sym(R). The notation translates easily, for example the image of (123) € G is
(rirers) € Sym(R).

This also illustrates how we can regard R as the set being permuted in Sym(R) and also
as a subgroup of Sym(R). The image of ro = (12)(34) under ¢ is (ry79)(r3r4). Thus we can
act on 5 by an element of G (regarding G < Sym(R)), such as r{""™™) = r5. But we can also

multiply ro by (r17973) as an element of Sym(R): ro(r17ar3) = (r172)(rsry)(rirers) = (r17rsry).



We now turn our attention to the first result concerning Schur rings. Recall the definition
of the set C(G), the set of elements of the group algebra F'|R] fixed under the action of every

element of GG;. We have the following lemma.

Lemma 2.2. Let R be a finite group and G a subgroup of Sym(R). Let P, = {1}, P,, ..., P,

be the orbits in R of the point stabilizer Gy. Then

(i) C(G4) is a vector subspace of F[R], and the elements ¢; = P; = Douep w fori=1,..r
form an F-basis for C(Gy);

(ii) C(Gy) is a subring (and therefore a subalgebra) of F[R].

Proof. (i) Let ¢ be an element of F[R], denoted by ¢ = > _pAu for some A, € F. If
¢ € C(G1), then by definition, ¢ is fixed by the action of Gy, so ¢ = ¢* for every z € Gj.

Writing out ¢ = ¢* in terms of linear combinations of elements of R gives

Z)\uu =c=("= Z/\u(ug”)

u€ER uER

Whenever u,v € R are in the same orbit of G; then there is some x € G; such that v = u”.
Since ¢ = ¢® holds for all x € G, the coefficients A\, and A\, must therefore be equal when
u and v belong to the same orbit of (G;. Thus given any orbit P;, every element of P; must

have the same coefficient in the sum representing c¢. This allows us to write

c—ZAuu—:)\i(Zu) —gm.

ueER 1= u€eP;

Conversely, if ¢ is an F-linear combination of the ¢; then the coefficients on elements in
the same G orbit are equal and c is fixed by every z € Gy, proving that ¢ € C(G;). This
shows that every element of C(G1) is an F-linear combination of the ¢; and that every F-
linear combination of the ¢; is in C(Gy). The ¢; are linearly independent since each contains
only elements from a single orbit and the orbits partition R. Thus the set {cy,...,c,} is an

F-basis for the vector subspace C(G;) of F[R)].

10



(ii) Since it was already shown that C(G1) is a vector subspace of F[R], to prove that
C(Gh) is a subring of F[R] it remains to show that the product of two elements of C(G) is
again an element of C(G;). It suffices to show that the product of any two basis elements

¢, ¢jis in C(Gy). Given z € Gy,

UEPj UGPZ'
v
= E E u) = ¢iCy.
UEPj uEPi

This shows that z fixes the product c;c;, and because this holds for all € Gy we have
shown that c;c; is fixed by G, and is therefore an element of C(G1). The product of any
number of basis elements for C(G4) is therefore in C(G1), which makes C(G;) a subring of
F[R]. We note that C(Gy) is a Schur ring over R. O

2.3 MAIN RESULTS

We are working toward a theorem that classifies certain permutation groups with subgroups
that act regularly using the Schur ring from Lemma 2.2. There are two additional lemmas

we will use in the proof of this theorem.

Lemma 2.3. Let R be a finite group, and let G be a subgroup of Sym(R) that acts transitively.
Then G acts 2-transitively on R®) if and only if the orbits of the stabilizer G1 are {1} and

R {1}.

Proof. Suppose that G acts 2-transitively on R®. Then for any two elements of R® of

the form (1,7),(1,s) where r;s € R and r,s # 1, there is an element x € G such that

11



(1,7)* = (1,s). This means that z fixes 1, so x € G;. Then r* = s implies that r and s are
in the same orbit of G;. Since r and s were arbitrary non-identity elements of R this shows
that R — {1} is an orbit of G;. Thus G; has orbits {1} and R — {1}.

Now suppose that G has orbits {1} and R—{1}. We will use the fact G acting transitively
implies that every point stabilizer GG, r € R, has the same number of orbits. Thus G, has
two orbits, namely {r} and R — {r}, for every r € R.

Let (1,7) be an element of R, and let (s,t) be any element of R?). If s = 1, there is an
element = € G such that r* =t because r and t are in the same G;-orbit (R — {1}). Then
(1,r)* = (1,1).

Now suppose t = 1. There are two sub-cases.

(i) If s # r, then there is some = € G, such that 17 = s because 1 and s are in the
same G,-orbit. There is also some y € Gy such that r¥Y = 1 by the same reasoning, so
(1L, r)™ = (s,1)¥ = (s,1).

(ii) If s = r, let u be any element of R that is not equal to 1 or r. (If no such u exists,
then R = {1,7} and since G acts transitively we must have (1r) € G. Thus (1,7)3") = (r,1)
takes care of this.) There is some x € G, such that 1* = u, some y € G, such that r¥ = 1,
and some z € Gy such that u* = r. Then (1,r)"* = (u,r)¥* = (u,1)* = (1, 1).

Finally, if s # 1 and ¢t # 1, there is some x € GGy such that r® =t and some y € G, such
that 1¥ = s. Then (1,r)™ = (1,t)Y = (s, ).

In every case, there exists some = € G such that (1,r)" = (s,t), so the orbit of (1,7) is

R® . This proves that G acts 2-transitively on R®. O

The proof of the next lemma will use the following result. If S, T are two Gi-invariant
subsets of R, then we can show that the subset ST = {st | s € S,t € T'} is also G-invariant.
Given an element st € ST, an element x € G acts on st by (st)* = st*. Since T' is G-
invariant, ¢* runs over 1" as ¢ runs over 7. Then for a particular s the product st* runs over
the products st as t runs over T. Thus as st runs over ST, st* runs over ST. This is true

for each x € Gy, so ST is Gy-invariant.

12



Lemma 2.4. Let R be a finite group of order n, and let G < Sym(R) contain the image of
the regular representation of R. Again denote by P, = {1}, Py, ..., P. the orbits in R of the

stabilizer G1. For each integer k, define me ={u*|ue P} fori=1,..,r

(1) G is a primitive group if and only if for each ¢ € C(Gy) the subgroup (supp(c)) of R

generated by the support of ¢ is either 1 or R.

(i) If R is abelian and k is relatively prime to n, then the mapping P; — Pi(k) defines a

permutation of the set of Gy-orbits in R.

(iii) Let G be primitive, R abelian, and p a prime dividing n. Let S be a Gy-invariant subset
of R and ¢ = ) . g5 € F[R] where F is a field of characteristic p. Then ¢® = ml

where m is the number of elements s € S with sP = 1.

Proof. (i) Recall that a permutation group is primitive if it acts transitively and has only
the trivial blocks on the set it permutes. The group R acts on itself by right multiplication,
which means that the action of » € R on a subset S of R will result in the set Sr. This will
be a block when Sr is a coset of some subgroup, so the blocks containing 1 are in fact the
subgroups of R. Since G < Sym(R) contains the image of the regular representation of R
(which is isomorphic to R), the blocks of G acting on R that contain the identity 1 € R will
be exactly the Gi-invariant subgroups of R. If G is imprimitive, there exists a nontrivial
block containing 1 € R; this block must be a subgroup S with 1 < S < R. Furthermore,
this subgroup S is G-invariant. This implies that the element ¢ = ) _¢ s of the group ring
F[R] is fixed by the action under G;. The subgroup generated by the support of ¢ is simply
S itself, which is not trivial and not equal to R. This proves the forward implication of (i).

To prove the converse, suppose there exists some ¢ € C(G;) with support T such that
the subgroup S = (T') generated by T is not trivial nor equal to R. Then S = o, 1"
Because T is the support of an element of C(G1), T is Gi-invariant. By the result preceding

this lemma, each 7% is G;-invariant, so the union S of these sets is G;-invariant. This means
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that S is a Gi-invariant subgroup of R that is neither trivial nor equal to R, so GG has a
nontrivial block and is therefore imprimitive.

(ii) First consider the case where k = p is a prime that does not divide n. Then p is
relatively prime to the order of every element of R. In the group ring F[R] let F' = F, be
the field with p elements. Then for every ¢; = > .p u we have ¢ =} uP because R
is abelian. (This follows from the fact that when p is prime, every multinomial coefficient
<k1,~1~?~,kt) not equal to 1 is divisible by p and therefore equal to 0 in F,.)

The support of ¢ is therefore the set Pi(p ). Since C(G,) is a subring of F [R], ¢ is an
element of C(G4). Because p is relatively prime to every divisor of n, the mapping u +— u?
is a bijection of R onto itself. (It is a group homomorphism with trivial kernel because R
is abelian and finite.) The sets Pi(p ) form a partition of R since they are the images of a
partition under a bijection. From the fact that each ¢! is in C(G) it follows that each Pi(p Vis
G1-invariant. By assumption there are r orbits of G; on R, and there are r sets Pi(p ). Thus
the sets Pl-(p ) must be exactly the orbits of G; because they are GGi-invariant, so the mapping
P~ Pi(p ) is indeed a permutation of the set of GGi-orbits of R.

We now prove the statement for any integer k relatively prime to n. Factor k into primes
as k= p}' -+ -pg”. Then we can decompose the map P; — Pi(k) into the intermediate maps

P Pi(m) N Pi(p?) s Pi(p‘fl) N Pi(p‘flpz) s Pi(p‘fl"-pgq) _ Pi(k)'
From what we did above, each intermediate map is a permutation of the orbits of G in R,
so the composition of these permutations P; +— Pi(k) is also a permutation of the orbits of
G;.

(iii) For the final statement, consider G to be primitive, R abelian, and p a prime dividing
n = |R|. Given a Gi-invariant S € R and ¢ = ) __¢s in F[R], we know that ¢ € C(G})
because S is G-invariant. Because F' has characteristic p, we have ¢® = ) . s?. From the
fact that p | |R| and R is abelian, the index of the subgroup (supp(c?)) generated by the s?

in R is divisible by p. Because G is primitive, by (i) we have that the subgroup (supp(c?)) is
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either 1 or R. The index of this subgroup is greater than 1, so we must have (supp(c?)) = 1.
Thus ¢ is the sum of elements s? where s? = 1, so ¢ = ml. (We note that there may
be elements s € S that are not of order p, but the coefficients of s? in the sum ¢ will be

multiples of p and therefore equal to 0 in F[R].) O

Having detailed all these results, we have built enough to prove the following theorem [3]

about certain permutation groups:

Theorem 2.5. Let G be a permutation group of degree n containing a subgroup R that acts
reqularly. Suppose that R is abelian and has a nontrivial cyclic Sylow p-subgroup for some

prime p with p < n. Then G is either imprimitive or acts 2-transitively.

Proof. Since G has a subgroup R that acts regularly, it is sufficient to prove the result for a
group G < Sym(R) that contains the image of the regular representation of R. Because R is
abelian, the Sylow p-subgroup is normal and therefore unique. This cyclic Sylow p-subgroup
has a unique subgroup P of order p; P is the unique subgroup of R of order p. Assuming
that G is primitive, it suffices to show that G must act 2-transitively. We will show that the
orbits of the subgroup G; acting on R are {1} and R — {1}, which will imply that G acts
2-transitively by Lemma 2.3. To show this, we use calculations in the group ring F,[R] and
our previous results about the Schur ring C(Gy) in F,[R].

The first order of business is to show that each Gi-orbit I' of R contains some element

of P, and that the set of elements I' — P is a union of cosets of P. Define

c= Zu € F,[R].

uel’

Because I' is a Gy-orbit, the sum ¢ in the group ring will be fixed by G, so ¢ € C(G;). We
are assuming that G is primitive, R is abelian, and p must divide n = |R|. We can therefore
employ Lemma 2.4 (iii), which implies that ¢ = m1 where m is the number of elements u of

I' such that u? = 1. Because P is the unique subgroup of order p, P contains every element

15



of order p in R. Thus u? = 1 implies u € P, so m = |[I'N P|. Thus we have

&= Zup =|I'n P|1.
uell

If u € I' = P then uP does not have nonzero coefficient in ¢, which means that there must
be other elements v € I' such that v» = «” and the number of these elements is a multiple
of p (and therefore 0 in the group ring F,[R]). Because R is abelian, v» = u if and only
if (vu=)? =1 if and only if vu™' € P. Thus if v = w? then u and v belong to the same
coset of P. Each coset of P has p elements, so the fact that the coefficient on u? for some
u € I' = P in the sum c” is a multiple of p implies that the entire coset Pu is in I". This
proves that I' — P is the union of cosets of P.

To prove that I' N P # (), suppose that this intersection is empty. Then I' — P = I must
itself be a union of cosets of P. If we multiply the elements of a coset Pa by an element
u € P, the result is the same coset, since (Pa)u = (Pu)a = Pa because R is abelian.
Then for every element v € P we have ['u = I', since [ is a union of cosets of P. Defining
H={ue R|Tu=T} wehave P C H. The set H is a subgroup of R and is nontrivial since
it contains P. Clearly, H is Gy-invariant: If x € Gy and v € H, then I'u* = (T'u)* =" =T
follows from I' being G1-invariant. Thus u* € H for all z € GG1, so H is G-invariant. Letting
h =73 ey in F,[R] gives us h € C(G1). Since G is primitive, Lemma 2.4 (i) implies that
the support of h generates a subgroup of R that is either 1 or R. Since H is nontrivial, we
must have H = (supp(h)) = R. But then for any r € R we have I'r =T', so R=TR =T.
This shows that there is only one G; orbit of R, which is a contradiction because GG; does
not act transitively (every element of G fixes 1). We conclude that I' N P # ().

Using the two facts that ' N P # () and that I' — P is a union of complete cosets of
P, we can prove that G acts 2-transitively. We do this by assuming that G does not act
2-transitively and deriving a contradiction. If this is the case, then R — {1} is not an orbit of
G1 by Lemma 2.3. This means that the set R — {1} must contain at least two orbits. Since

there are p — 1 non-identity elements of P, this implies the existence of a Gi-orbit I' that
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does not contain 1 and satisfies m = [I'N P| < p%l. From the fact that I' N P # ), we also
have m > 0.

Now we define certain useful elements of the group ring F,[R]. Let

a= Z u, b:Zu, and c:Zu.

uel'NP ueP uel’

We have shown that I' — P is a union of cosets of P, so there exists some d € F,[R] that is
the sum of certain coset representatives such that ¢ = a + bd. Now if v € P then naturally
Pv = P; this implies that bv = b because b is the sum of the elements of P. It follows that
when we multiply a and b, the product ab is the sum of m copies of b. This is because there
are m summands in a, each of which is in P, so each summand when multiplied by b yields
again b. Thus ab = mb. We also have b* = | P|b by the same reasoning, and since |P| =p =0
in F,, we have b* = 0.

Now we use the fact that C(Gy) is a subring of F,[R]. The element ¢ —ml is in C(Gy)
because ¢,1 € C(G1). This implies that e = (¢ — m1)? € C(G,) also. Using the substitution

¢ = a + bd we obtain
e = (a—ml+bd)* = (a —ml)*>+2(a —ml)bd + b*d* = (a — m1)?

because b? = 0 and (a — m1)bd = (ab — mb)d = 0. Every summand in a is in P, so the
support of the element ¢ = (a — m1)? is a subset of P.

From the hypothesis that p < n = |R| we have P # R. Again we can use Lemma 2.4 (i)
to say that the subgroup generated by supp(e) is either 1 or R, and, since (supp(e)) < P,
it must be that (supp(e)) = {1}. This implies that (a — m1)? = Al for some X\ € F,. The
condition m = [['N P| < 25 implies that the coefficient in (a — m1)? = a® — 2ma + m?1 of
each u # 1 must be nonzero. (If m = 1, then the coefficient of any u # 1 in a® — 2ma + m?1

2

is either 1 when u = a® or —2 when u = a. Otherwise, the coefficient k of any particular

u € I'N P in a? satisfies 0 < k < m — 1, since for every v € I' N P there is at most one
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w € I'N P such that u = vw, and 1 ¢ T'N P. The total coefficient ¢ of u in a® — 2ma + m?*1
therefore satisfies —(p — 1) < —2m < ¢ < —m — 1 < 0, so £ is not divisible by p.) It follows
that ' N P C {1}. In our choice of I" we selected an orbit that did not contain 1, which
implies that ' N P = (. This contradicts our previous result about G;-orbits containing
elements of P. We conclude that the orbits of Gy on R are exactly {1} and R — {1}, so G

indeed acts 2-transitively. O
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CHAPTER 3. PRIMITIVE SCHUR RINGS

3.1 PRIMITIVE SCHUR RINGS

Here we detail a type of Schur ring called a primitive Schur ring. Again we will consider
the case where R is a finite group and G is a subgroup of Sym(R) that contains the image
of the regular representation of R. Let & be a Schur ring in the group algebra F[R] with
principal sets Py = {1}, P, ..., P,. We say that & is primitive if i > 0 implies (P;) = R. An
equivalent characterization of a primitive Schur ring is that & over R is primitive if K =1
and K = R are the only subgroups of R such that K € &.

As with any definition, it is important to consider if such objects even exist. To that
end, there is always the trivial primitive Schur ring over any finite group R generated by the
partition of R into the sets {1} and R — {1}. Other examples are Schur rings over prime
order cyclic groups. If Z, is the cyclic group of order p, where p is prime, then every Schur
ring over Z, is primitive because every principal set (except Py = {1}) contains a generator
of Z,.

In the proof of the second of the following theorems we will use two standard results that

we give here without proof. Proofs may be found in [2].

Result 3.1. A subgroup R of a group G, where G acts transitively on ), acts reqularly on
Q if and only if G = GoR = RG, and RN G, =1 for every stabilizer G,.

Result 3.2. Let | > 1. If G < Sym(Q2) acts transitively on 2, then G is primitive if and

only if G, is a maximal proper subgroup of G for each o € ().
Now for the theorems.

Theorem 3.3. If G < Sym(R) contains the image of the reqular representation of R, then

G acts 2-transitively if and only if C(G1) is the trivial primitive Schur ring.

Proof. The group G acts 2-transitively if and only if the orbits of G; are {1} and R — {1}
(Lemma 2.3), if and only if the principal sets of C(Gy) are {1} and R — {1}. O

19



Theorem 3.4. Under the hypotheses of Theorem 3.3, G is primitive if and only if C(Gy) is

a primitive Schur ring.

Proof. If G is not primitive, then there exists a subgroup L with G; < L < G by Result 3.2.
From the conditions that G = G1R and G; N R = 1 (Result 3.1), there exists a subgroup
Kwithl < K< R, GiNK =1, and L = GiK = KG,. This implies that in the group
algebra F[R] we have G; K = L = K G;. (The number of summands in G; K is equal to
the number of summands in L since G; N K = 1.) Any element of the group algebra F[R]
that commutes with G is an element of C(G}), so this implies that K € C(G;).

The sums of principal sets of C(G;) form a basis, so K is a sum of principal elements.
Since K is not trivial, KX must contain a nontrivial principal set P, for some i > 0. This
implies that (P;) < K < R, so there exists a principal set that does not generate R. Thus
C(G) is not a primitive Schur ring, so one implication is proved.

Conversely, suppose that C(G1) is not a primitive Schur ring. From the definition of a
primitive Schur ring, there exists a nontrivial principal set P of C(G;) (a nontrivial orbit of
G1) that generates a subgroup K with 1 < K < R.

We will show that K is a union of orbits of G;. Assume to the contrary that this is not
the case. Then there exists some orbit U of G; with a € UNK and b € U — K. Because
P generates K, there is some m such that P in the group algebra contains a. However,
because C(G}) is a Schur ring and the expansion of P contains an element of the orbit U, it
must contain all the elements of U. In particular, P contains b, which implies that b € K.
This is a contradiction, so K must be the union of orbits of G;.

From this it follows that K € C(G;). Again we use the fact that an element of F|[R] is
in C(G) if and only if it commutes with G;. Thus K € C(G,) implies G; K = K G, which
in turn implies G{ K = KG;. Then G1K is a nontrivial proper subgroup of G, so (G; is not
a maximal proper subgroup. By Result 3.2 this implies that G is not primitive, completing

the proof. O
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These theorems show that information about Schur rings can reveal information about
the underlying groups. This is partially the motivation for classifying the possible Schur

rings over certain groups, which is our concern for the remainder of this work.
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CHAPTER 4. CLASSIFICATION OF SCHUR RINGS

OVER FINITE CycLic GROUPS

4.1 CoMPLETE CLASSIFICATION

In this chapter we give the result by Leung and Man [4, 5] that completely classifies Schur
rings over finite cyclic groups. There are four types of Schur rings over these groups, and
we provide here the necessary definitions before stating the theorem. We include this result
because we later provide an extension of it when we classify Schur rings over the infinite
cyclic group.

We have already discussed one type of Schur ring over any finite group, the trivial Schur
ring afforded by the partition of G into principal sets {1} and G — {1}. Naturally this is one
of the types in the classification of finite cyclic groups.

If ¢ is an automorphism of GG, then we can extend ¢ to be defined on the group algebra

F|G] in the natural way. If « = > __, A,g is an element of F[G], then we define

geG

pa) = Agolg).

geG

If H is a subgroup of Aut(G) then the set of elements of F[G] fixed by every element of H

is a Schur ring over G. We denote this as
F[G1" = {a € F|G] | p(a) = a for all ¢ € H}.

The partition of G that determines this Schur ring is the set of H-orbits of GG, which are sets

of the form P, = {g € G | p(h) = g for some ¢ € H}. This is called an orbit Schur ring.
The next type of Schur ring is a construction of a new Schur ring from two existing ones.

If G and H are finite groups with respective Schur rings & and ¥, then we can form a Schur

ring over the group G x H as follows. Here we view G and H as subgroups of G' x H in the
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natural way. Let B be the partition of G that determines & and let C be the partition of H

afforded by . The collection D of sets defined by
D={BC|BeB,Cec(C}

is a partition of G x H because of the uniqueness of products of elements of G and H
necessitated by the definition of G x H. This partition D determines a subring of F[G x H|
with a basis {BC | B € B,C € C}, and this subring is in fact a Schur ring. We denote this
Schur ring as & - T, and call this construction the dot product of & and .

The last type of Schur ring in this classification theorem is the semi-wedge product of
Schur rings, and this is a generalization of the wedge product of Schur rings. The construction
relies on several new definitions.

For o € F|G] with a =) __- \y9, we define

geG

o = Z )\gg_l.

geG

We denote this function as * : F|[G] — F[G]. We also define a binary operation, denoted
o: F[G] x F|G] — F[G], by
aof = Z()‘gﬂg>g7

geG

where v = 37 Agg and 8 = > . pgg. This is called the Hadamard product on F[G]. A

e
result by Muzychuk [6] states that a subalgebra S of F[G] is a Schur ring if and only if S is
closed under * and o and 1 € S, G € 8S.

A pre-Schur ring over G is a subalgebra of F[G] that is closed under * and o and contains
G. A pre-Schur ring is also determined by a partition of the group G; the difference here

being that the principal set containing 1 € G is not a singleton set, and in fact it is a

nontrivial subgroup of G.
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Let H be a normal subgroup of G, and consider a Schur ring & with partition D over the
quotient group G/H. Denoting the natural quotient map by 7 : G — G/H, we can form a
partition C of G by

C={="YD)|DeD)}.

Each set in C will be the union of cosets of H. We will denote the subalgebra generated by
C by 71(&), and this subalgebra is in fact a pre-Schur ring over G called the inflated Schur
ring of & over G.

Now we are ready to define a wedge product of Schur rings. Let H < G, and let & and
T be Schur rings over H and G/H, respectively. Then 7~ !(%) is the inflated Schur ring of T
over G. The wedge product of & and ¥ is the subalgebra & + 7 (%) of F[G], denoted SAT.
The wedge product is a Schur ring over G. The principal sets of & AT are the principal sets
of & along with the preimages 7=1(D) for every principal set D # {1} of T.

Let 1 < K < H < G be a sequence of finite groups with K < G. Let & and ¥ be
Schur rings over H and G/ K, respectively. Denote the quotient map by 7 : G — G/K. If
H/K €%, K €6, and 7(6) = Th/k (the Schur ring ¥ restricted to the subgroup H/K),
then the subalgebra & +7 (%) of F[G] is the semi-wedge product of & and T. This product
is denoted as GA KT and is a Schur ring over G.

These constructions are just some of the possible ways to find Schur rings over finite
groups, but together they are enough to construct all possible Schur rings over a finite cyclic

group. This brings us to the statement of the classification theorem for finite cyclic groups.

Theorem 4.1. Let G be a finite cyclic group and let S be a Schur ring over G. Then one

of the following s true:
(i) & is trivial, meaning & is given by the partition {1}, G — {1}.

(ii) & is an orbit Schur ring: there exists a subgroup H < Aut(G) such that & is given by

the partition of G into orbits of H.
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(iii) & is a dot product of Schur rings: there exist nontrivial subgroups H, K < G such
that G = H X K and Schur rings Gy and Sx over H and K, respectively, such that
G =6y 6.

(iv) & is a semi-wedge product of Schur rings: there exist nontrivial proper subgroups
1< K < H <G such that K 4G and Schur rings &y and Sg i over H and G/K

respectively, such that & = GypArGq k.

We say that a Schur ring is traditional if it is one of these four types: trivial, orbit, dot
product, or (semi)-wedge product. In the next few chapters we will explore Schur rings over
various infinite groups, thus expanding the work referenced here on finite groups. We will
see that there exist nontraditional Schur rings over free groups but that every Schur ring

over the infinite cyclic group is traditional.
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CHAPTER 5. SCHUR RINGS OVER FREE GROUPS

In this section we shift our focus to Schur rings over infinite groups. Every Schur ring
encountered so far was over a finite group; the theory of Schur rings was first developed only
for such groups. Here we consider infinite groups, since the definition of a Schur ring given
in Chapter 1 does not specify that the group G under consideration must be finite. The
important thing to keep in mind is that the principal sets in the partition of a group must

be finite, regardless of the cardinality of the group.

5.1 A TRADITIONAL EXAMPLE

We denote the free group on n generators by F,, = (x1, s, ...,x, | 0). This is the group of
“words” that can be formed from the n generators 1, ..., z,, and their formal inverses. Recall
that one of the traditional types of Schur rings is an orbit Schur ring, which has a partition
given by orbits of a finite subgroup of the automorphism group. One such example of a
subgroup of Aut(F,) is the Coxeter group of type B,,.

The Coxeter group of type B, can be represented as a permutation group on a set of
order 2n. If Q = {1,2,...,2n} then B, is the permutation group on {2 generated by the
following three permutations: a = (1,2)(n+ 1,n+2),5 = (1,2,....,n)(n + 1,n + 2,...,2n),
and v = (1,n + 1). It has order 2"nl.

By declaring Q = {z1, x2, ...,xn,xfl, .z} to be the set of generators and inverses
of F,,, we naturally see how each element of B, acts on ) to produce an automorphism
of F,. For example a = (x1,25)(z]", ;") generates the automorphism of F, given by

Yo' v 27! and all other generators and inverses are fixed.

XT1 > To, Ty —> xl,xl_l = Ty
The partition of F}, into the orbits of B,, (or any subgroup of B,,) will produce a traditional
Schur ring over F,,. We illustrate a concrete construction here. Let n = 2. (Even stepping

up to n = 3 makes the group B,, grow to order 48, so we will keep things simple.) With
Fy = {a,b) and = {a,b,a™*,b7'}, the group B, is generated by a = 8 = (a,b)(a"*,b7!)
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and v = (a,a™1); By has order 8. We note that By acts transitively on €2, which means that
Q) is a principal set. To find orbits of another element, say ab, we take each ¢ € By and
compute @(ab) = p(a)p(b). We note that this implies that ¢(ab) is itself the product of two
generators or inverses. Thus the action of B,, preserves the length of elements of F},, which

we will investigate more in the next section. A few principal sets of the partition of Fy are

Py = {1}, Py = {ab,ab ", ba,ba" ', a b0 07 b a, b e )

P = {a,b, a’l,b’l}, P = {a2,b2,a’2,b’2}.

5.2 A NONTRADITIONAL SCHUR RING OVER A FREE GROUP

Given an element x of F,, = (x4, ..., z,,), there exists a representation of the element using the
fewest number of the given generators and their inverses; the number of letters in this smallest
representation is the length of x and is denoted by |z|. For example, |222] 'zy| = |2122] = 2
and |z 228 = 5.

We can form a Schur ring over F), in the following way. Partition F}, into principal sets
Py, P, Py, ... defined by P, = {z € F, : |x| = i}. Each set contains all the elements of F,
having a given length. As an example, consider the free group on two generators, Fy = {(a, b).

The sets in the partition are

PO = {1}7
Pl - {CL7 b7 a_lvb_1}7

Py ={a®b*,a % b2 ab,a 'b,ab™', a0 ba, ba b a, b e}, ete.

Partitioning F}, into these sets satisfies the properties of a Schur ring because

(i) each P; is finite (there being only finitely many possible words of a given length due

to the number of generators being finite),

(ii)) Py = {1} (the only word of length zero is the identity),
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(iii) P, = P! for each i (since the inverse of a word has the same length as the original

word), and

(iv) for k < m,

Py Py = XNyt Pt + An—ir2 Ptz + -+ Ak Pt

here \; € N, as we now show (so the product of principal elements is a linear combination
of principal elements.)

In (iv) above, the product of a word of length k and a word of length m is a word of
length at most m + k if there is no cancellation. If there is cancellation between the two
terms, it occurs in pairs (hence the increments of 2 in the indices); maximum cancellation
completely cancels the shorter word (here of length k), so the minimum length is m — k.
Because each principal element contains all the words of that length, all possible words of
lengths m — k to m 4 k in increments of 2 will occur. The coefficients can be determined as
Mnik—2e = (2n — 1)*1(2n — 2), as follows.

Consider P, and P, with kK < m. Let 0 < /¢ < k and t = m + k — 2{. Given any word
w = wy - - -w,; of length t, the coefficient of w in the product P, P, is the number of ways
wy -+ - wy can be written as a product uv of words u and v where |u| = k and |v| = m. If
uv = w, then by comparing the lengths of u, v, and w we must have that the last ¢ letters
of u cancel with the first ¢ letters of v to form a word of length ¢t = m + k — 2.

We can write out w = wy ---w; as the product of what remains of u and v after all
the inverse pairs have been canceled. We get w = (wq - wg_¢)(Wg_pr1---w;). We have
canceled a word x; ---x, of length ¢ with its inverse, so when we insert these back in we
obtain (wy -+~ wy_¢) (w1 o) (x; - 27 ) (Wh_gy1 - - w;). Thus the number of ways w can
be written as a product uv is the number of words x; - - - x, of length ¢ such that x; # w;_,
and .iEl_l # Wg_py1. Since wi_p and wy_g41 are not inverses (otherwise they too would cancel

in the end), this puts two restrictions on x;, namely x; # wy_, and 1 # w,;_lgﬂ. Thus
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there are 2n — 2 possible choices for xy. There are 2n — 1 possible choices for z,, since the
only restriction is zp # x7'. Similarly there are 2n — 1 possible choices for each x; where
2<i< /.

This gives a total of (2n — 1)*~*(2n — 2) distinct words of length ¢ that satisfy these
conditions. Because all words of length k£ appear in P, and all words of length m appear in
P,,, all of the possible combinations of words v € P, and v € P,, that have these ¢ letters
that cancel will occur, so each word of length ¢t = m + k — 2 appears (2n — 1)"1(2n — 2)
times in the product P, P,,. The case when k > m is similar.

Additionally, the cardinality of P; can be shown to be |Pj| = (2n)(2n — 1)1 as follows:
Given a word of length ¢, there are 2n choices for the first letter, since there are n generators
and n inverses of these generators. For the second letter, the inverse of the first letter cannot
be chosen because it would cancel the first letter and leave a word of length less than i.
However, all other 2n — 1 generating letters (or inverses) are available, and this holds for
each successive letter. Thus there are (2n)(2n — 1)1 distinct words of length 4, so this is
the cardinality of the set P;.

One final property of this construction to note is that this Schur ring is not an orbit
Schur ring for n > 2. If this were the case, then because the principal set P, contains the
elements x% and x1xs, there must be some automorphism of F), such that x% — T122. No
such automorphism exists, since this would require that z;x, was equal to some square a?
where z7 — a. Additionally, the free group F;, has no nontrivial finite subgroups, which are
required in the decomposition of a Schur ring into a dot product or wedge product. The
trivial Schur ring construction is also impossible, since F,, — {1} is not finite. A Schur ring
G over F,, is therefore traditional if and only if & is an orbit Schur ring. This shows that
there exist Schur rings over free groups that are nontraditional, since the Schur rings just

constructed are not orbit Schur rings.
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5.3  VARIATIONS ON NONTRADITIONAL SCHUR RINGS

Once we have a nontraditional Schur ring we can use automorphisms to construct more
nontraditional Schur rings. Given a Schur ring with principal sets { P;};c; (where I contains
a distinguished element 0) over a group G' and an automorphism ¢ € Aut(G), the sets
{@(P;) }ier form a partition of G that produces a Schur ring.

This is relatively simple to see. Clearly the sets {¢(Py)}ier do form a partition of G into
finite sets because ¢ is a bijection and each P; is finite. The set ¢(Py) = {¢(1)} = {1}
consists of the identity because ¢ is a homomorphism. Since p(g7!) = ¢(g)~! for every
g € G, the set consisting of the inverses of the elements of ¢(P;) will be the set (P 1),
which will be an element of the partition. And finally, for each pair F;, P; there are scalars

Ak € F indexed by some K C I with |K| < oo so that

and these same scalars will cause the equation

() p(P) = Z Ak (Fr)

keK

to hold in the group algebra because ¢ is a homomorphism. These facts together show that
¢ does produce a new Schur ring from an existing one.
As an example, consider the Schur ring & over F;, = (a,b) constructed in the previous

section, with principal sets P; = {z € F; : |z| = i}. Define a homomorphism ¢ : Fy — F5 by

w1 a > ab,

b—b

on the generators. This is an automorphism of F3, so the images of the principal sets of

G will produce a partition for a Schur ring. The interesting thing to note here is that this
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automorphism gives a different Schur ring because it maps a word of length 1 to a word of
length 2, which results in sets that no longer contain words of a single length. We can see

this in the first few principal sets of the new Schur ring:

o(P) = {1},
©(P)) = {ab,b,b"ra" ", b},

©0(Py) = {abab,b*, b~ 'a o e b2, ab* b a b, a, b e b bab,a”t b ab, b 2a Y.

The set p(P2) contains words of lengths 1, 2, 3, and 4. Naturally this Schur ring over F
is not an orbit Schur ring, since that would require some automorphism o € Aut(F3) such

that o(b?) = a, and a is not a square in F},.
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CHAPTER 6. SCHUR RINGS OVER SOME INFINITE

TORSION GROUPS

6.1 A FIRST EXAMPLE

We'll start with an example. Consider the additive subgroup Z(2*°) of Q/Z consisting of all

a

elements with order 2* for some k = 0, 1,2, .... These elements can all be represented as o

for some odd a satisfying 1 < a < 2*.

Let Ag = {0}, and for each k£ > 1 define

b
Ak:{%:1§a§2k,azlmod4} and Bk:{?:1§b§2k,b53mod4}.

Thus

15 37
A‘: —_ — B:: [ — .
3 {878}7 3 {878}7etc

This is a partition of Z(2%) into finite sets, and we will show that this induces a Schur
ring over Z(2%°). For k > 2, we note that A, and By, both contain 2¥=2 elements, since
there are 2! odd integers less than 2¥ and each set contains elements with half of the odd
numerators.

By construction {0} is a principal set. We have A; = A", and for k > 2, a = 1 mod 4
implies that 2¥ —a = 3 mod 4 since 4 | 2. Thus for a given & with @ = 1 mod 4 the inverse
b 2F—q

o = o satisfies b = 3 mod 4. The inverse of an element of Ay is therefore an element

of By, and since A, and B have the same number of elements it follows that A,;l = B;.

Taking inverses gives Bk_1 = A;.
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The last thing to show is that the product of two of these principal elements in the group
algebra is a linear combination of principal elements. We will first show that the product of
any group element o7 and a principal element Ay, is always a linear combination of principal

elements when j < k.

Set e = 3> for some odd s and j > 1. Consider the product e Ay in the group algebra.

Assume first that 7 < k — 2. Then

Z=(2) L 5, 23
P \9i) \2r T 2 ok

ok=ig 41 2k g4 5 Qk=ig 4 2k 3
= A

This is because 2¥=7 > 4, so 2775 is 0 mod 4. This makes 2775 +a = a = 1 mod 4. Every
element in the sum above is therefore an element of A, and because we are adding the same
quantity 2¥77s to each numerator we will get a permutation of the elements of Aj.

When j = k — 1 then 27 = 2. This makes every numerator in the sum calculated

above congruent to 3 mod 4. Thus every 23275“ is an element of By, and adding 2s to every

a =1 mod 4 gives a permutation of Bj,. Thus e A, = B}, in this case.

Finally assume j = k > 2. (The cases of k = 0,1 are similar.) Then either 5 € Ay or

4(2k2-1
% € By. In the first case we can reorder the elements of Ay as &, 282, £f8 =H2 1 =F ( o ),

Then

— 25 2s+4 2s+8 25412 25+ 4(2F2 — 1)
+ + 4ot

C TR T T o¥ o 2¥
s s+2 s+4 s+6 s+2(282 - 1)
_Qk—1+2k—1+2k—1+2k—1+'”+ ok—1
= Ap_1 + By,

because s + 2m for 0 < m < 28=2 — 1 runs over all odd integers less than k-1 exactly once.
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t+4(282-1
If 5z € By, then we can reorder the elements of Ay as 2%,?—,:1, t;—ks, t;“,?, s (2k )

where s +t = 2¥ because the inverse of ¢ is an element of Ay.

This gives us

— s+t s+t+4 s+t+8 s+t+12 s+t+4(282 1)

2k 2k 2k 2k 2k
0 4 8 12 4(262 1)
R A A T
1 2 3 (2872 — 1)
=0t oo taa ottt o

= Ay o+ By o+ Ay 3+ Bp s+ + A + A

In every case, e Ay, is a sum of principal elements.

The same type of argument shows that e By, is equal to By (when j < k — 2), Ay (when
j=k—1), Ay_1 + By_1 (when j = k and e € By), or A_0+A_1+Zf;22z+§i (when
j=k>2ande€ Ay).

Given two principal sets A;, Ay we can assume j < k and write A_j =e;+ -+ egi2
where the e; are the individual elements of A;. Then

21—2

A= e

=1

Because each e; Aj, is a linear combination of principal elements, this shows that A_]A_k is
a linear combination of principal elements. Because G is abelian, A_kA_j = A_JA_k, SO any
product of two A sets is a linear combination of principal elements.

Similarly, all products of the form A_]B_k,EA_k, and EB_k are linear combinations of

principal elements. This proves that this partition of Z(2°°) produces a Schur ring.

6.2 A GENERAL CONSTRUCTION

We can extend this construction to Z(p>) for any prime p. Let G = Z(p*>°) < Q/Z, the group

of all elements of order p* for some k € N. These are represented as rational numbers of the
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a

form oF modulo 1. Fix some n € N, and for each j such that 1 < j < p™ and ged(j,p) = 1
and each k£ € N, define

a , N
ALk:{EEZ(pOO):anmodp }

We claim that {A;;} along with Ay = {0} forms a Schur ring over Z(p>). (In certain
cases it may be that A;, = A, for some ¢ # j. In these cases we ignore any duplicates and
choose one representation for each set. This is important in the upcoming computations,
when we leave duplicates out of summations to avoid overcounting.) The sets A;; form a
partition of Z(p>) because any element 1% written in lowest terms is in exactly one of the
sets A;, since the integer a not divisible by p is congruent to exactly one such j between 1
and p” modulo p™. Each set A, is clearly finite, and Ay = {0} satisfies the identity element
condition of the partition.

If k < n, then A, consists of a single element. When &k > n there are p(p") = p"~(p—1)
sets A, since this is the number of positive integers 7 < p" relatively prime to p". There
are o(p*) = pF~1(p — 1) positive integers smaller than and relatively prime to p*, so this is
the number of elements of G with denominator p* in reduced form. Each A;; has an equal
number of elements, which is therefore }%&:3 = p*~" when k > n.

We now show that the partition {Ay, A;;} forms a Schur ring over G. For a given A;,

the integer i = p* — j is relatively prime to p". The (additive) inverse of z% is p';;“, and
a = j mod p" implies that p* — a = p* — j = i mod p". Thus A,;, contains the inverse of
every element of A;;. The sets A;;, and A, have the same number of elements, which
implies A]_,i = A 1.

To prove the product of principal elements is a linear combination of principal elements
we use a similar strategy as in the proof of the example preceding this. Let e = z% where
ged(s,p) = 1. Let A, be a principal set with & < m. We note that we can express the

t o tp" t42p" t(r—1

elements of 4, ,, as SR Ty gy s —pm " for some ¢ with ged(t,p) = 1, where r = p™™"

is the number of elements in A;,,. We assume throughout that m > n, otherwise every
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individual summand in the product eﬁ,m has denominator at most p™ < p" and is therefore
in its own principal set.

Assume k < m — 1. Then p™ s is a multiple of p, which implies that p™*s + ¢ is not
divisible by p because ged(t, p) = 1.

Then letting h = p™*s + t gives

S t t+p" t+ 2p" t+ (r—1)p"
eAi,m:<_) (_+ p + p +...+M)

pk) \pm  pm pm pm
m—k m—k n m—k n m—k n
s+t s+t+ s+t+2 s+t+(r—1
_ Pt i A LR A m( )P
p p b b
h h+p* h+2p" h+(r—1)p"
LI SRS Y RS
p p b b
:Ahm'

)

This takes care of the case where &k < m — 1.

Now assuming that k = m there are two cases to consider. The first case is e € A, L.
This means that we can stipulate that s +¢ = p”™ = 0 mod p when we choose ¢ in the
representation of A, ,,.

In this case the product simplifies to

s t t+p*  t+2p" t+(r—1)p"
eAi,m:<_> (__|_ p + p +...+M)

pm pm pm p pm
s+t s+t+pt s+t+ 20" s+t+(r—1)p"
- m + mp + m £ +oe Tt (m )p
4 4 D D
0 2 r—1)p"
LAY A A it i
P pm P
1 2 3 r—1
:O+ mn+ WL7’I'L+ mfn+..'+ m—mn
D D D D
1 2 3 men
:O+pm n+p +pm—n+.”+ppm—n
k=1 1<5<p"™
ged(4,p)=1
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Here we note the omission of any duplicate sets in the summation above; each set appears
only once in the sum. This finishes this case in which e € A;, 1.
The last case to consider is when e ¢ A7 ! . In this case it may be that s + ¢ = p“v for

some 0 < u < m and ptwv. Then

S t t+p" T+ 2p" t+ (r—1)p"
eA@m:(_) (_+ p + P +...+M)

pm pm p pm pm
“ “v 4+ p" “v 4+ 2p" “v4+ (r—1)p"
_ Pt ptudpt p AU A i Gl Y
p™ p p™ p™
v v+EPTTY v 420" v+ 3T v+ (r—1)p"
p p p p p
’U+a:p"7“

The terms P will be in distinct principal sets for 0 < z < p“, since xp"~* are distinct
modulo p™ for these values of x. But for the next set of z values p* < x < 2p* we will get
one additional element from each of the principal sets from the first set of x values. This
continues up to the last set (p™ " —p)(p*) <z < (p™ " —1)(p*). Thus we have divided the
p™~"™ terms in the product em into p* sets each with p™ "~ distinct elements. Since the
principal sets with denominator p™~* have p™~ """ elements, this accounts for the complete
principal sets. Thus e m is the sum of principal elements in this case also. (In the event
that m — u < n this breaks down into a sum of singleton principal elements.)

This concludes showing that e m is a linear combination of principal elements for any

s

e =% with & < m. The general result that A;; A;,, is a linear combination of principal

elements when £ < m follows from writing A;, = e; + -+ + e,r-n and using

pk—n
Aj,k Ai,m = E €r Ai,ma
=1

since ey A; ,,, is a linear combination of principal elements for every £. When k > m we use

commutativity, since A,y A; ., = A;m Ajg. This completes showing that {Ag, A} forms a

Schur ring over G' = Z(p*).
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We have therefore proved

Proposition 6.1. Let p be prime, and fix some n € N. The partition of Z(p™) into sets of
the form

a , .
Ajyk:{ﬁeZ(poo):an modp}

for each pair j, k where k € N, 1 < j < p" and ged(j,p) = 1, along with Ay = {0}, produces

a Schur ring over Z(p™).
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CHAPTER 7. SCHUR RINGS OVER FREE ABELIAN

GROUPS

In this chapter we introduce Schur rings over groups of the form Z”, the free abelian groups.
Our notation will be multiplicative, with Z" = (x1,29,...,x, | x;2; = z;x; for all i, j).
Elements of Z™ will therefore be of the form z{* - - - % where ay, ..., a, € Z.

In this chapter we prove some general results about principal elements of Schur rings over

Z". We will employ these to completely classify Schur rings over the infinite cyclic group Z

in the next chapter.

7.1 SOME GENERAL RESULTS

For this section, let n be a positive integer and let & be a Schur ring over Z". We will

an

call an element 7" - - - %

of Z" primitive if ged(ay, ..., a,) = 1. For brevity, we will usually
denote an element of Z" by x* = z{* - - - z% where a = (aq, as, ...,a,). For a given integer
m, we will define ma = (may, mas, ..., ma,) so that 2™ = (x*)™, and for given n-tuples
a = (ay,...,a,) and B = (by,...,b,) we will define o + 5 = (a; + by, ...,a, + b,) so that
28 = 2%28. Occasionally we will also use the notation ™ to mean " - - - 2™ where m is

an integer. The principal set in the partition defining & containing the element z will be

denoted as P,.

Lemma 7.1. Let 2® = z{' -- -z be an element of Z™. Suppose that there is some r € N
such that {(x*)"} = {z"*} is a principal set. Let m € N be the smallest such natural number.

Then for all integers j, k € Z, the equation Pyt jmya = (x*)"™ Py holds.

Proof. For any 3, we can write the principal element of & containing 2% as Pg = 2 + Ajs.
Here we simply have Ag = Py — {z"}.
Because {2*} is a principal set, {x~™*} is also a principal set. Then for k& € Z, the

m

product of 7™ and P4 in the group algebra is a product of principal elements and is
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therefore a linear combination of principal elements. Written out, we have

T Plgiga = ¢ (@Y L A 0 0) = 2+ 2T A k-

Since g(mtk)o

has coefficient 1 in P, 41)q, the element 2% has coefficient 1 in " Pontkya-
Thus the principal set Py, appears with coefficient 1 in this sum. (All monomials in the sum

have coefficient 1.) This allows us to write

2" Poniiya = 2+ 27" Apninja = Pra + Bintkja = 2 + Aya + Binikyas

where B, 1) contains all the elements in the sum that are not in P,. By subtracting ke

and multiplying by 2™* we have the equation

A(m+k)o¢ = xma<Aka + B(m+k)o<)- (71)

Using this same process we can write

xmap_ka =" (ajka + A_k:a) = glmthe + xmaA_koa = glmthe + A(m+k)a + O(m+k)a>

where again C(,,11), is simply the set containing all elements in the sum not in Pyyk)a-

(m+k)a

Here we subtract x and multiply by =™ to obtain Ay, = x*mo‘(A(erk)a + Clmtk)a)-

Now we substitute this expression for Ay, into Equation (7.1), which gives

A(m-i—k:)a = xma(Aka + B(m-i—k)a)

= gMm («Tima<A(m+k)a + C(m-i—k)a) + B(m+k)a)

= A(m+k)a + C(m+k)a + ImaB(m—‘rk)oc‘
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This implies that the sets Bp4r)o and Cpir)e are both empty, since the coefficient of

every element in the sum is nonnegative. The equation m = 2" (Aga + Bm+k)a) then
simplifies to m = 2™ A}, SO Atk = 2" Aga.

Induction on j using the same argument yields Ay jmya = 27" Ay, for all integers k, j.
Thus

Pl jmya = aFHmMe o gdmel gy = gime(ghe 1AL ) = 27 Py,.

It follows that Py jmya = 27" Age = (%)™ Pyq, and this proves Lemma 7.1. O

Lemma 7.2. Let z® be an element of the group Z™. If {z™*} is a principal set for some m,

then {x®} is a principal set.

Proof. Let m be the least positive integer such that {z™“} is a principal set of the Schur
ring & over Z". We will show that m = 1.

To do this, we impose an ordering on n-tuples of integers. Given n-tuples p = (11, ...,7,)
and 0 = (s1,...,8,), we say that p < o if r; < sy, or if /1 = s7 and r9 < $9, and so on.
In other words, if there exists some k£ such that 1 < k <nmand r;, = s; forall 1 <i < k
and r, < si, then p < 0. We note that if p < o, then kp < ko for any positive integer k;
similarly ko < kp for any negative integer k.

We consider the principal set P, containing x®. Here we use a result of Wielandt ([7],
Theorem 23.9; see also [8]) extended to infinite abelian groups. The original result states
that for a Schur ring & over an abelian group of order n and an element ¢ = ) A\u € &,
the element ¢™ = " \,u™ is also an element of & whenever m and n are relatively prime.
Since Z" is a torsion-free group, we can extend this theorem to assert that ¢(™ is an element
of & for every m € Z and ¢ € &, as follows. From the relations (Ac+ pud)™ = Act™ + pd™)
and ¢m™) = (™) (™) in the group ring, it suffices to show that ¢ € & for a prime p and
¢ = Y u. (Note every nonzero coefficient in the sum is 1.) Then ¢ = ¢® mod p in the
group ring, since Z" is abelian. From [7] we know that reducing the coefficients of a sum in
& modulo p again yields an element of &. Since ¢? € &, this means that ¢®) = ¢? mod p

is an element of &. Since every element of Z™ has infinite order, the coefficient of every
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element in the sum ¢® = >~ u? is 1. Thus ¢ is equal to ¢ reduced modulo p, so c®) itself
is an element of &, and the desired result follows.

Let b be an integer. This result implies that P is an element of &. Thus it must

be a linear combination of principal elements. The monomial z** has coefficient 1 in Péb),
which implies that the principal element P, containing z** has coefficient 1 in @ Thus
Py C PP

For any integer h, the element 2"™* = (z™)" is an element of the Schur ring because it
is a power of a principal element. (This is because {£™*} is a principal set by assumption.)
Therefore the product z"™*P, is an element of the Schur ring, and furthermore by Lemma

7.1 we have the equality

thapa = P(1+hm)a~

Taking b = 1 + Am in the previous paragraph gives us

a:hmaPa _ P(l—l—hm)a C Po(ll+hm)'

)

By counting the number of elements we see that the two sets 2P, and P have

the same number of elements, which implies the equality 2" P, = pirm,

If we denote the exponents of the elements of P, by a; < as < --- < «,, then for h > 0

the exponents of the elements of 2" P, are
a1 + hma < as + hma < -+ < «, + hmoa.
The exponents of P{ "™ are

(14+hm)a; < (14+hm)ag < --- < (1 4+ hm)a,,

and since these two sets are equal the exponents must be equal in the order given above,

giving us a; + hma = (1 + hm)a; for all 1 <7 < r and all A > 0. This implies that o; = «
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for all ¢ since m > 0. This shows that the exponent of any element of P, is equal to o, which

implies that P, = {z®}. This proves Lemma 7.2. O

Lemma 7.3. Let a # (0,0,...,0). If p is prime and r > 0, then 2*'* & P, and

Pyo CPY) = (2% | 2P € P,}.

Proof. Let p be prime and let r be an integer greater than 0. Assume by way of contradiction
that 27"* € P,. Denote P, = {z*,...,2%} so that the corresponding principal element of
the Schur ring is P, = 2 + - - - + z®. We stipulate that a; < as < -+ - < a;.

Using the multinomial theorem, raising P, to the power of p” can be expressed as

(s 5 r p’l’ . .
Pap — E :Ip @i g § . ‘ phort o tisas
i1 11y .05 s

11++Z.5:pr

where (“pl) = #,“Z, are the multinomial coefficients. Each of these multinomial coeffi-
cients in the second sum is a multiple of p because when some %, is nonzero and i; < p” for all
1 < j < s the expression #ﬂl, will have at least one factor of p that is not canceled by any
i;!. Because 2 € P,, the group element 2P’ appears in the first sum in the above expres-
sion. Furthermore, it appears exactly once because the exponents aq, ..., a, are distinct. This
implies that the coefficient on 2" in the entire expansion of EPT is congruent to 1 mod p
because if it appears in the second sum then it does so with a coefficient divisible by p. From
the definition of a Schur ring, the product Fapr is a linear combination of principal sets.
We are assuming that P ® is in P,, so the fact that 27" appears with coefficient 1 mod p
implies that the every element of P, appears in the sum EPT with coefficient 1 mod p.
There are s elements z!, ..., 2% of P, and s group elements x? %, ..., 2 ® that appear
with coefficient 1 mod p in Fapr, which means that these two sets of s elements must be
equal. This is a contradiction, however, since the exponents oy, ..., a, in P, are not the same
as the exponents p"ayq, ..., p"as. In particular, a; < p'a; < --- < pag, so a; # p'a; for all

1 < i <s. We conclude that 2P cannot be in P,.
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For the second part of the statement of the lemma, we need to show that P, C Po(ép ",
This follows from the fact that 2'* € P, by definition, which implies that Epr contains
the sum m because zP'“ appears in EPT. Furthermore, the coefficient on m must be
congruent to 1 mod p. This implies that every group element in P,-, must appear in the

. . _PT . . .
first sum in the expansion of P, , so every group element in P,-, is of the form a¥ % for

some «; where 2% € P,. This exactly proves Py, C P, O
Corollary 7.4. If 2 is a primitive element and 2° € P,,, then x° is also a primitive element.

Proof. Suppose to the contrary that z° is not primitive. Then the greatest common divisor
of the nonzero integers in the n-tuple 5 can be written as p"k for some prime p and positive
integers r, k. This allows us to write z° = (27)?" for some n-tuple .

Then by Lemma 7.3 we can write
Py = P3 =Py, C P,

All elements in Pw(p ") are of the form 27" for some n-tuple § and are therefore not primitive.
This implies that x* € P, = P7(p ") is not primitive, a contradiction. We conclude that all

elements of P, are primitive when z® is primitive. O
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CHAPTER 8. SCHUR RINGS OVER THE INFINITE

CycLic GROUP

8.1 ScHUR RINGS OVER THE INFINITE CycLIC GROUP

In this section we will completely classify all Schur rings over the free group on one generator
(the infinite cyclic group). This will extend the earlier classification theorem of Schur rings
over finite cyclic groups. The infinite cyclic group is isomorphic to the integers under addi-
tion, and we will denote this group multiplicatively by Z = (). Our result is the following

classification:

Proposition 8.1. Any Schur ring & over Z is given by one of the following partitions:

{{z"} | k e Z},
{{z*, 27} | ke Z" U{0}}.

The Schur ring generated by the partition of Z into singleton sets is the discrete Schur
ring. This partition always yields a Schur ring, so the interesting part of this proposition is
that there is only one other Schur ring over Z, generated from the partition of Z into sets
containing pairs of inverses. We note that this partition is the set of orbits of Z under the

automorphism i : x — 71

We recall that any finite group of automorphisms of a group
determines a Schur ring over that group, and that Aut(Z) = (7).

For the remainder of this section we will use the following notation. Let & be a Schur
ring over Z. For each k € Z, let P, be the principal set containing the group element z*. To

prove the above proposition, we will use Lemmas 7.2 and 7.3. We restate them here using

our notation for Schur rings over Z.
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Lemma 8.2. If {x™} is a principal set for any m, then {x} is a principal set.

Lemma 8.3. If p is prime and k > 0, r > 0 then 2*'* & P, and

Pyp C PP = {2 | 2" € P}

With these lemmas, the proof of Proposition 8.1 is straightforward. We will investigate
the elements of Z that are in the principal set Py containing x, showing that either P, = {z}
or P, = {x,z7'}. Then we will prove that P; = {z} implies that & is the discrete Schur
ring and that P, = {x, 27!} implies that & is the Schur ring given by the partition of Z into

sets of the form {x* =%},

Proof of Proposition 8.1. Suppose that ¥ € P, for some k > 1. As a consequence, P, = P.
Then we can write k = pm for some prime p. By Lemma 8.3, we have P, = P, = B,,,, C P,Ef ),
Every group element in Pr(,f ) has an exponent that is a multiple of p. However, x € P; implies
zep¥ ), but x does not have an exponent divisible by p. This yields a contradiction, so it
must be that no positive power of z is in P;.

From the definition of a Schur ring, the set P, = {z™ | 2™ € P} is also a principal set.
It follows similarly that if ¥ € P, for some k < 0 then we can apply the argument in the
previous paragraph to P; ' to conclude that k = —1.

This gives us two possibilities. Either P, = {z} or P, = {z,27'}. In the first case, &
is the discrete Schur ring because any single group element is a power of P, in the group

k

algebra. Given z¥ with & > 0 we can write z¥ = P, , so z¥ is a linear combination of

principal elements and therefore must be a principal element. This in turn implies 27 is a
principal element for every k > 0. Thus {2*} is a principal set for every k € Z, so & is the
discrete Schur ring.

For the second case, assume P, = {z,z~'}. Then using the binomial theorem for some

integer m > 0 we have
m—1 m
T _i_xfl mo__ xm _i_xfm 4 . xm72i.
(@+a) > (")
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This is a power of a principal element and therefore is a linear combination of principal
elements. The binomial coefficients (T) in the sum are all greater than 1. Thus the principal
set containing x™ appears with coefficient 1 and therefore can only contain ™ alone or x™
and z~™. If P,, = {2} then by Lemma 8.2 we have P, = {z}, which contradicts our
assumption about P;. We are therefore left with P,, = {z™,27™} for all m > 0, which
means that & is indeed the Schur ring produced by the partition of Z into sets of inverse

pairs. ]
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