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ABSTRACT

Hyperparameters for Dense Neural Networks

Christopher James Hettinger
Department of Mathematics, BYU
Doctor of Philosophy

Neural networks can perform an incredible array of complex tasks, but successfully train-
ing a network is difficult because it requires us to minimize a function about which we know
very little. In practice, developing a good model requires both intuition and a lot of guess-
and-check. In this dissertation, we study a type of fully-connected neural network that
improves on standard rectifier networks while retaining their useful properties. We then
examine this type of network and its loss function from a probabilistic perspective. This
analysis leads to a new rule for parameter initialization and a new method for predicting
effective learning rates for gradient descent. Experiments confirm that the theory behind
these developments translates well into practice.

Keywords: neural networks, backpropagation, gradient descent, crelu
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CHAPTER 1. INTRODUCTION

The study of neural networks has exploded in recent years, with new models and training
techniques being published at an incredible and accelerating rate. Unsurprisingly, the theory
of neural networks has lagged behind the practice. Model decisions — even those as fun-
damental as the number of layers or the learning rate — are made based on heuristics and
empirical searches because we lack the necessary understanding to make the correct choices
a priori. These searches are notorious for requiring both tremendous computing resources to
train the models and large numbers of man-hours to find the right hyperparameters, with
the latter leading academics to joke that the best models are found by ‘graduate student
descent.” The goal of this work is to examine fully-connected neural networks, the basic
model on which all other neural networks are based, and search for mathematical insights
that can reduce the amount of guess-and-check needed to successfully train one.

To this end, we begin by focusing on networks with a concatenated relu (crelu) activation
scheme. This allows us to keep all of the benefits of the relu activation, which has been the
gold standard in deep learning for years, while gaining some additional desirable properties.
In particular, the use of crelu makes it possible to initialize networks such that they are both
better-behaved during gradient descent and more amenable to mathematical analysis than
their relu counterparts.

We then simplify our models through reparametrization. Whereas conventional neural
networks use both weight matrices and bias vectors on each layer, this formulation uses only
weight matrices. This change further facilitates mathematical analysis without compromising
the networks’ expressivity — the ability to approximate arbitrary functions. We also take
advantage of the fact that the crelu activation can be realized as a matrix multiplication,
allowing us to describe the network entirely in linear algebraic terms.

After establishing that crelu networks without bias vectors are at least as capable as

conventional relu networks, we derive explicit formulas for the updates given to the weight



matrices during gradient descent. This allows us to mitigate the problematic tendency of
gradient descent to make large changes to small parameters (causing instability) and small
changes to large parameters (requiring long training times). We do this by improving upon
the standard initialization method and using normal random variables with optimal variance
for each layer.

We then turn our attention to the problem of selecting a good learning rate. To do
this, we consider the loss along a straight line through the parameter space. This allows
us to realize the loss as a function of the learning rate A. We then compute the expected
values (given the previously-established random initialization scheme) of the first and second
derivatives of this function, thus approximating it with a parabola.

From the exact coefficients of this parabola, we derive a useful quantity called the ‘scaling
factor’ which is easy to compute and describes the relationship between network architecture
and their optimal learning rates. We then test networks of different widths and depths on
two data sets and show that they respond to different learning rates in the way predicted by

the scaling factor.

1.1 CONTRIBUTIONS

The results presented here are not only of theoretical interest; they have immediate practical
value. The type of network discussed here is easily implemented with standard software tools,
as are the methods for making such a network train more effectively. The main contributions

of this dissertation are as follows:

e The crelu network without bias is a natural replacement for the currently-standard

type of dense neural network, which has bias vectors and uses relu activations.

e The proportional initialization is the unique choice that gives weight matrices updates
of the appropriate relative size. Its special case, the symmetric proportional initializa-

tion, also takes advantage of crelu’s unique properties.



e The explicit formulas for the first and second derivatives of the loss with respect to the
learning rate allow us to derive the scaling factor, which in turn tells us how to change
the learning rate to compensate for changes to the network architecture. This greatly

reduces the need to test learning rates empirically.

e The included experiments validate the use of the quadratic approximation in deter-
mining the learning rate. They also show that the scaling factor can be used to predict
whether training with a given fixed learning rate will converge or diverge, significantly

increasing its utility.

In addition to being useful on their own, many of the results included here have the
potential to be stepping stones toward deeper understanding of fully connected networks, as

well as toward analogous results for other network types.



CHAPTER 2. BACKGROUND

The following is a general-purpose introduction to both fully connected and convolutional

neural networks.

2.1 NEURONS

A basic neuron takes a vector z € R? of inputs and returns a single value § € R as output.

To do this, the neuron needs three components:
e A weight vector w € R?
e AbiasbeR
e An activation function ¢ : R — R

The output of the neuron is computed in the following way:

Here, w - x represents the dot product of w and . It is sometimes convenient to break down
the operation of the neuron into two steps by defining an intermediate variable z € R; That

is,

g =a(z)
Suppose that we have a data set of inputs ™), 2® ... 2™ and corresponding targets
yW y@ . y™ and we want a neuron’s outputs to approximate the targets. That is, for

each 29 we want the § produced by the neuron to be as close to 3 as possible. In order

to make this happen, we first need to specify what we mean by ‘close.” This is done by



choosing a loss function ¢(7,y). The loss function tells us how poorly the neuron is doing at
the task of producing accurate outputs. A high loss indicates bad performance, a low loss
indicates good performance, and zero loss indicates perfect performance. We compute the

overall loss L on a data set by simply averaging the loss for each data point.

I _ %Zg (59, y®)
=1

Choosing (or designing) an appropriate loss function is critical and often nontrivial. What
we want a model to do and what the loss function incentivizes it to do are not always the

same thing.

Logistic Regression. Several popular models can be expressed in terms of a single neuron.
For example, suppose we have a binary classification task with y € {0,1}. The logistic

function

is a natural choice of activation function because it produces values between zero and one.

a(z)

| z
Figure 2.1: The logistic, or ‘sigmoid,” activation function.
We then need a loss function that rewards the values produced by the logistic function

for being close to the target values and punishes them for being far away. We’ll use the

binary cross-entropy function



because it incentivizes the behavior we want (by producing higher loss values for predicted
labels further from the target) and because, as we will soon see, it pairs very well with the
logistic activation function. In general, it is important to choose activation functions and
loss functions that work well together. Notice that ¢ is designed such that one of its two

terms will vanish for either choice of y:

((y,1) = —log(y),

£(5,0) = —log(1 - 9).

By graphing the loss function separately for each of the two targets, we see that it has
the desired property of being zero when § = y and increasing as § moves away from y. In

fact, ¢ goes to infinity as g approaches the opposite target.

((9,1) £(9,0)

Figure 2.2: The binary cross-entropy loss function.

With the activation function and loss function chosen, all that remains is to choose values
for w and b. Specifically, we want the values of w and b that will make the overall loss L for
our model as low as possible.

This is the part where we actually get to do some machine learning. Rather than set
w and b by hand, we ask the neuron to learn its own parameters through gradient descent.

To do this, we need to compute the derivatives of the loss function with respect to each



parameter. First, we look at how the loss changes when we change the output .

ol B R ) .
%= Yo log(y) — (1 — y)ag log(1 —7)

In order to change g, we need to change z, so we compute that derivative next.

o9 o0  _ 9 1 _ eF _
& - %CL(Z) — az 1 —|—efz - (1 —'—672)2 - a(2)<1 a(Z))

Finally, we need to figure out how changing w and b — the parameters we actually control

— will affect z. We’ll do b first because it’s easy.

0z 0

Really easy. Calculating 0¢/0w is almost as easy, but requires a little extra thought because
w is a vector. That means that 0¢/0w is also a vector, each entry of which is the derivative

of ¢ with respect to the corresponding entry of w. With that in mind, we get

0z 0

Note that = is indeed a vector of the same dimension as w, as expected.
Putting all of these derivatives together, we can see how changes in our parameters will

change our loss function:

. Ly R
9(1 = 19)

B = 370: u ) a1 - atey
y—vy
5= 5ioe = (il ) (0 =)

ol 99y oz




If the derivative of the loss function with respect to a parameter is positive, then increasing
that parameter will increase the loss. We want to decrease the loss, so we will move our
parameters in the direction opposite the derivative.

That’s exactly what gradient descent is. We choose a small positive learning rate A > 0

and we update our parameters with a simple rule:

oL
oL
b b—A\—
ob

Recall that L is just an average of the losses from individual points, so

oL ¢gw>
oL _2: ot (™, y")

ow
Qﬁ_lﬁéW@W¢%
ob n — ob

Using this update rule repeatedly will eventually yield nearly optimal values for w and b and
the neuron will then classify the dataset as accurately as it can. This particular model —
a single neuron that uses the logsitic activation function and the binary cross-entropy loss

function — is known as logistic regression.

Support Vector Machines. With different choices of activation and loss function, we
can realize other popular models as well. For example, we build a support vector machine.
This means doing binary classification a little differently by using targets y € {—1,1} with
the identity activation

a(z) =z

and the hinge loss function

((9,y) = max(0,1 — yy)

In this case, the loss function looks quite different.



<

Figure 2.3: The binary hinge loss function.

Rather than incentivizing the neuron to output exactly y, it asks ¢ to be at least 1 if
y = 1 and at most —1 if y = —1. While this approach looks quite different from logistic
regression, both are reasonable and the two tend to produce similar results.

As before, we can find the optimal values of w and b by working out 0¢/0w and 9¢/0b
and then using gradient descent to minimize L. The derivatives will be quite different in

this case, of course, due to the different loss and activation functions.

Linear Regression. Neurons aren’t limited to classification. They can also solve regres-
sion problems where y is allowed to vary continuously. If we again use the identity activation
function

a(z) = z,

and introduce the squared error loss function

then we have a linear regression model. In this case, the loss function tries to drive g toward
y by penalizing errors in both directions equally.
In practice, it would be silly to find w and b through gradient descent because there is a

formula for computing them directly. Gradient descent would still work, just not as quickly.



93

Figure 2.4: An example squared error loss function.

Nonlinear Modeling. While single neurons can be made to perform a variety of tasks,
they have a glaring limitation: they can only learn linear patterns in the data. Figure 2.5
shows this in the case of logistic regression. The neuron does very well when it’s possible to
separate the two classes with a straight line (in higher dimensions, the analog would be a

hyperplane) but can’t handle even simple curves.

Great Less Great Decidedly Un-great

Figure 2.5: Here we see that logistic regression does very well when the data is linearly
separable, but poorly otherwise because it can’t learn nonlinear patterns in the data. The
dots represent the data points and their colors represent the corresponding targets — blue
for zero and red for one. The colored background shows the output of the neuron at each
location in the data space, which ranges from zero to one.

There are a variety of machine learning methods for dealing with nonlinear patterns. For
the simple data sets in Figure 2.5, we could engineer new features by hand that allowed

linear models to succeed. With higher-dimensional data and more complex patterns, this

10



quickly becomes a terrible approach. It also directly contradicts our goal, which is to have
the model learn as much as possible on its own.

In pursuit of the flexibility to learn a variety of nonlinear functions, we’re going to combine
multiple neurons together into a single model — a neural network. The goal of doing so is

to reduce the need to engineer features by hand and let gradient descent do the hard work.

2.2 NEURAL NETWORKS

In the above example, we were asking a single neuron to take a two-dimensional input and
return a one-dimensional output. To describe this model visually, We can depict input
dimensions as squares and neurons as circles and end up with a simple diagram like the

following.

Figure 2.6: A single neuron with two inputs.

In a neural network, some neurons can use other neurons’ outputs as their inputs. For
example, we might expand on the model above by having four neurons that each take the
two-dimensional input and produce ouputs. Then the final neuron can take the four earlier
neurons’ outputs as its input and attempt to approximate the target with its output.

A groups of neurons which receive the same inputs is called a layer. The network in
Figure 2.7 has two layers: one consisting of the four intermedite neurons, and one consisting
of the single output neuron. The layers preceding the output layer are called hidden layers.

In this new model, each neuron has its own weight vector, bias, and activation function.
Genrally, all of the neurons in a given layer will use the same activation function. The loss
function only applies directly to the output of the final neuron, but the parameters of every

neuron affect the final output and so must be learned.

11



Figure 2.7: A neural network with a single hidden layer.

In Figure 2.8, we see that this expanded model is much more flexible. It can still handle
linear patterns, but it can also deal with other shapes. However, this model comes with more
parameters and the relationships between them are more complex than in a single neuron.
We need a way of efficiently computing the derivatives with respect to each in order to train

our network.

Great Also Great Still Great

Figure 2.8: A network with just four hidden neurons easily fits these simple nonlinear pat-
terns without any manual feature engineering. In this case, all neurons used logistic activa-
tion functions.

Backpropagation. Let’s return to the diagram of our neural network with a single hidden
layer. Each neuron in the hidden layer has a weight vector, and the first step in computing
the outputs of these neurons is to take the dot product of the input with each weight vector.
That’s exactly what happens when we multiply a matrix by a vector. This allows us to talk
about neural networks in a much more efficient way. Rather than referring to the weight

vectors of individual neurons, we can talk about a layer having a weight matrix. The ith

12



row of the weight matrix is the weight vector of the ¢th neuron in the layer. Similarly, we
can think of the layer as having a single bias vector, the ith entry of which is the bias value

of the ith neuron.

W() W1

Figure 2.9: The weights of a layer comprise a matrix.

The Forward Pass. With this in mind, we can describe the entire network above in a
very simple way. The input x is a length 2 column vector. The hidden layer has a 4 x 2
weight matrix W, and a length 4 bias column vector by. Even though there is only one
output neuron, we can still think of it as a layer with 1 x 4 weight matrix W; and length 1

bias vector b;. Putting it all together, the output of the network is computed as follows.

Z) =aqa (Wla (WQQ? + bo) + bl)

We’re abusing notation a little bit by giving the activation function vector inputs. This
simply indicates that we’re applying the activation to each entry of the vector individually.

It will be very helpful to break the computation of g into steps and give names to the
values computed at each step. First, let’s number our layers, starting our count at zero. In
the small network above, the hidden layer is Layer 0 and the output layer is Layer 1. Then
we can say that Layer ¢ has weight matrix W; and bias vector b;.

Call the input vector xy because it’s the input to Layer 0. In other words, xqg = . Then
define z; = a (W;_1x;_1 + b;_1). In other words, z; is the ouput of Layer i — 1 and the input
to Layer 7. For additional convenience, define z; = W;x; + b;. Then we can simply write

x; = a(zi_1).

13



With this notation, we can break down the action of an m-layer network as follows.

xo = = (input)

zo = Woxo + bo
x1 = a(z)
z1 = Wiz + by
xo = a(z1)

Zm—1 = Wmflxmfl + bmfl
T = a(2Zm—1)

(output) g = x,,

Writing out all of the network operations in this way will make it much easier to compute

all the derivatives needed for gradient descent.

The Backward Pass. The algorithm for calculating all of the derivatives in a neural
network is called backpropagation because it moves backwards, starting with the output
layer and then addressing the hidden layers one at a time in reverse order.

As in the case of a single-neuron model, the first step is to use the loss function to
compute 9¢/0y = Ol /Ix,,. With this derivative in hand, it’s simple to compute 9¢/0z; and

0l /0x; for each i according to these rules:

041 . 0 o
azi - azia(zl) =a (zl)
aZi B (9 . T
afL‘i = a_l'iWZIZ + bz = VVl

As before, we use da/(z) to denote the operation of applying a’ separately to each entry of

the vector z. These two formulas are applied to calculate all of the 0¢/0z; and 0¢/0x;

14



sequentially in this way:

o _ o

0xm O

o _ D 0L _ i O
8zm,1 N 8zm,1 8£l}m =4 Emt 8xm

o _ O O O
axm—l B a53771—1 8Zm—1 B mel aZm—l

o _Dums O _ 0 N
azm—Z B aZm—Q aIm—l B me 8xm—l

o Dz OO
a:L’me B axme azm72 B me2 ameQ

O _ om0
82’0 N 82’0 8;171 B 0 axl

ol 0z Of r Of

Juy  Grdz 00
Here the o symbol denotes the Hadamard product — the element-wise product of two vectors.
Because the activation function is applied individually to each component of z;, it makes sense
that the derivatives work the same way.

It is instructive to verify that the above algorithm produces derivatives with the correct
dimensions. That is, that each 0¢/0z; and 0¢/Jz; is a vector with the same length as the
same length as the corresponding z; or x;. In particular, this shows why the weight matrices
are transposed by differentiation.

This is only half of the backpropagation algorithm. We now need to work out the deriva-
tives 0¢/OW; and 0¢/0b; that we’ll actually be using to adjust parameters during gradient
descent.

To derive 0¢/0W,; and 0¢/0b;, it’s easier to look at one row at a time. Let w;, be the
rth row of W;, b;, the rth entry of b;, and z;, the rth entry of z;. Thus z;, = w;,x; + b; .

Note that w;, is a row vector and z; is a column vector, so their product is a scalar. This is

15



consistent with the dot product formulation used previously. Now we can easily take some

derivatives.

86 . ({9zi7r 8€

8wz~7,~ 8wm 821-,7«

ol
azi,r

= Wi T + by
8wi,r ( ’ + ’ )

Y

‘ 8Zi,r

=T

o
= (9zi,rxi )

The derivative with respect to b;, is even simpler.

ol . (’“)ziyr ol
(%m N 8()1-’70 621",,,

ol

1,744 bir a.
(w;px; + ’)8,21,,”

- abi,r
ol

azw ’

Note that we can reorder the product for 0¢/0w; , because 9¢/0z; , is a scalar. When we
stack the rows 0¢/0w;, to form 0¢/0W;, this is not the case. We have to write 9¢/0W; =
(00/02z;)xF to capture what we just proved above: that each row of 9¢/0W; is simply x7

multiplied by the corresponding entry of 9¢/0z;.
Now we have the rules needed to compute all of the 9¢/0W; and 0¢/0b;:

o _ o 4
ov o

Training a neural network then amounts to repeating two operations:

16



e The forward pass — computing the z; and x; en route to the network output z,, = 4

e The backward pass — computing the derivatives 0L/0W; and 0L/0b; with backprop-

agation and using them to update the W; and b; via gradient descent.

These two steps are alternated until some stopping criterion is reached.

2.3 HYPERPARAMETERS

When designing and training a neural network, one must make a number of choices. Many,
such as the number of neurons in a layer or the learning rate to be used for gradient de-
scent, might reasonably be called parameters of the network. To distinguish these human-
determined quantities from the weights and biases, which are adjusted with gradient descent,

the term hyperparameters is used.

Initialization. Before we can adjust the parameters of a network, we need to choose initial
values for them. In the past, this was a difficult task and initialization algorithms were a
significant area of research. Today, thanks to various innovations in network design and
optimization, successful training is much less dependent on careful initialization. In fact,
most networks are simply initialized with random values.

Most commonly, biases are initially set to zero while weights are randomly sampled from
distributions such as normal, uniform, or truncated normal. All of these distributions are
consistently chosen to have mean zero, while the variance is usually chosen to be [/k; where [
is a constant (popular values for [ include 1, 2, and 6) and k; is the length of x;. The scaling
is done to keep the derivatives of the loss function with respect to different parameters from

having wildly differing magnitudes, as this can cause problems for gradient descent.

Pre-processing. Like other machine learning models, neural networks perform apprecia-
bly better when data is processed so as to have certain properties. In particular, it is usually

helpful to normalize inputs — shifting and scaling each feature (dimension) of z so as to

17



give it zero mean and unit variance. Like the previously described initialization scheme, this
makes gradient descent more effective by ensuring that different parameters have derivatives
of similar magnitudes.

Categorical data is usually reshaped so as to consist of one-hot vectors. For example, if
a feature can take on three different values, it is better to represent these as [100], [010],
and [001] than to use a single dimension with values in {0,1,2}. Additional, specialized

pre-processing techniques exist for structured data types, such as images and text.

Activation Functions. So far, we’'ve only discussed two activation functions — sigmoid
(logistic) and identity. While both may be appropriate for output layers, neither is a good
choice for hidden layers. Sigmoid activation functions lead to the vanishing gradient problem.
Because backpropagation involves repeated multiplication by a/(z), an activation function
with a small derivative can cause gradients to shrink exponentially as they move backward
through the network. When this happens, updates to the corresponding parameters are too
small and the network fails to learn at a reasonable speed. It’s also possible, though much
less common, for gradients to become large early in the network and cause instability. This
is called the exploding gradient problem. Activation functions are thus chosen with their
derivatives in mind, especially in the case of deep networks with many hidden layers.

From this perspective, the identity function sounds like an ideal activation. Its derivative
shouldn’t cause any problems; multiplying by one never hurt anybody! In fact, the identity
function is an even worse choice. If the activation function is linear, then the network
simply performs a series of linear transformations on the data. The composition of two
linear transformations is itself linear, so such a network would have the same fundamental
limitation as a single neuron — it could only learn linear patterns. A good activation
function needs to be nonlinear while having a derivative that won’t cause gradients to vanish
or explode.

One of the first alternatives to the sigmoid function was the hyperbolic tangent tanh(z).

This represented a modest improvement. A much larger improvement, and arguably one

18



/
/
sigmoid tanh softsign
relu leaky relu elu

SN SN
_/ AN,

gaussian hard tanh cos

Figure 2.10: These are just some of the many activation functions (and their derivatives)
that are used in neural networks. Relu is by far the most popular due to its combination
of simplicity and effectiveness. Variants such as leaky relu and elu are similarly effective.
Other activations are sometimes used in special applications.

of the most important developments in the history of the field, came with the introduction
of the relu (short for ‘rectified linear unit’ and sometimes styled ReLU) activation function
a(z) = max(0, z). Currently, relu is by far the most common choice of activation function
for hidden layers. Several variants have been proposed with the intention of improving on

relu, but none has performed convincingly better in practice.

Regularization. The appeal of neural networks lies largely in their ability to learn complex
patterns in data. However, this flexibility naturally comes with the capacity to overfit the

training data. Regularization methods are simple and popular ways of trying to reduce
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overfitting. Parameter regularization adds a penalty to the loss function to keep the weights
of a network from growing too large, as large weights have been observed to be a sign of

overfitting in some cases.

IS0 0 2
L n;ﬁ(y Y )—l—c;w .

Here, the second sum runs over all the weights in the network individually. Biases are
typically not penalized. This specific example shows Ly regularization, so called because it
penalizes the Lo norm of the weights. Another common choice is Ly regularization, which
uses the absolute value |w| instead of w?.

Activity regularization does essentially the same thing, but it penalizes the layer outputs
x; by adding an z7 or |z;| to the loss function. In both cases, it is difficult to choose an
appropriate regularization constant c. If ¢ is too small, it won’t impact training. If too large,
the network may keep too many weights at zero because it prioritizes regularization over the
original learning task. As is often the case in this field, appropriate regularization constants

are generally found empirically.

Dropout. Dropout is another anti-overfitting tool, more interesting and more powerful
than regularization. With dropout, some neurons are randomly ‘dropped’ from the network
at each training iteration. Sepcifically, dropout requires a probability p. Then each hidden
neuron is ignored with probability p in the sense that their outputs are replaced with zero
and the associated parameters are not updated. Thus each training iteration looks at a
random sub-network, asking it to perform the network’s task despite the missing units.
This method compels the network to learn redundancy. When neurons can be dropped,
the network must ensure that critical information is learned by sets of neurons. At test
time, the whole network is used. Due to the training process, the complete network behaves

somewhat like an ensemble of smaller models. This tends to result in better generalization.
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Here are two examples of sub-models that dropout might produce at different training
iterations. Output neurons are not dropped because in general it doesn’t make sense for y

to have fewer dimensions than .

Figure 2.11: Example subnetworks active during a given training step with dropout.

Batching. Because the loss function for a network is defined as an average over the training
set, so are its derivatives. For large data sets, this can make gradient descent very expensive.
In practice, neural networks are almost always trained with stochastic gradient descent.
Instead of computing derivatives for every data point at every iteration, only a small subset
(called a ‘mini-batch’ or just a ‘batch’) is used each time. The resulting updates aren’t
exactly the same, but even for small batches they tend to be close to the true ones. While
it may take a few more iterations to get down to a given loss, the individual iterations are
so much faster that training is significantly more efficient overall.

A common approach is to randomly divide a data set into batches of equal size and then

use each batch for a step of gradient descent. The number of steps needed to iterate through
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each batch is called an epoch. Networks are usually trained for multiple epochs, with the
data set randomly divided into new batches each time.

Further, recent research indicates that the noisy nature of stochastic gradient descent
may partially explain why neural networks generalize well to test data in practice despite

having tremendous potential to overfit.

Momentum. Gradient descent is often described with the metaphor of a man descending
a mountain by repeatedly taking steps downhill — specifically, in the direction of steepest
descent. Momentum is then explained by replacing the man with a boulder that picks up
speed as it goes.

It’s an instructive metaphor, even though the momentum method used in neural network
training doesn’t work exactly like real-world inertia. In pseudocode, standard gradient de-
scent looks like the following. Here we use p for a network parameter, dp for dL/dp (or its
mini-batch approximation), and r for the learning rate. To add momentum, we also need a

decay rate m and a velocity vp.

while training:
for p in parameters:
dp = get_gradient(batch,p)
p —= rxdp

Figure 2.12: Vanilla gradient descent.

for p in parameters:
vp = 0
while training:
for p in parameters:
dp = get_gradient(batch,p)
vp = mxvp + dp
p —= I*vp

Figure 2.13: Gradient descent with momentum.

The velocity term v, is a decaying sum of the past gradients with respect to the parameter
p. The decay rate of this sum, 0 < m < 1, determines how quickly momentum will diminish.

If m = 0, the result is the same as regular gradient descent.
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Choosing the right m is, of course, usually an empirical process. Momentum tends
to speed up learning significantly, but too much can slow it down again by introducing

oscillations. However, it is not uncommon to see rates as high as m = .99 in practice.

Learning Rates. Choosing a good learning rate is difficult. If it’s too large, gradient
descent can become unstable and even diverge. If it’s too small, not only can training take
forever, but the network is more likely to overfit. To complicate matters further, the standard
practice is to change the learning rate during training. Many authors decrease the learning
rate periodically according to a fixed schedule, resulting in loss graphs that look like this:

loss

test

train

epoch

Figure 2.14: Example neural network loss curves with a decreasing learning rate schedule.

Decreasing the learning rate allows gradient descent to get closer to a minimum of the
loss function by taking smaller steps. However, smaller steps tend to result in improvements
that don’t translate as well to test data. Usually, there comes a point after which the training

loss will continue to decrease while the test loss stops or even increases a bit.

Hyperparameter Validation. In addition to the parameters that are optimized by gra-
dient descent — the weights and biases — a neural network has many hyperparameters that
are found experimentally. These include depth (number of layers), layer width (number
of neurons in a given layer), regularization constants, dropout probability, learning rates,
momentum decay rates, batch sizes, and many more that we haven’t discussed here. For

this reason, it is prudent to have three data sets — training, validation, and testing. Gra-
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dient descent only ever looks at the training set. The person (or machine) choosing the
hyperparameters can see how they affect performance on the validation set and adjust them
accordingly. This means that the validation data has been used for optimization and so can’t
be used for testing. The three-way split is necessary to ensure scientifically valid results. If
all of the available data is used for training and validation, then there is no way of knowing

whether the results will generalize to new data.

2.4 (CONVOLUTIONS

The neural networks discussed so far are often called fully connected neural networks because
every neuron in a given layer depends on every neuron in the previous layer. Here we discuss
convolutional neural networks, which restrict the pattern of connections between layers in

order to take advantage of structured data.

Filters. Neural networks as described so far do poorly on common types of real-world
data because they don’t account for relationships between features. For example, it’s easy
to represent an image as a vector by allocating one entry for each pixel value, but the
resulting representation fails to capture the relationships between pixels that result from
their arrangement in the image plane. For this reason, we introduce the convolution — an
operation from image processing that we will use to build a new type of neural network layer
suited to processing images.

For simplicity, imagine a black and white image. This lets us represent each pixel with a
single real value. We can then convolve this image with a filter, another grid of real values
which is usually much smaller (in height and width) than the image. In this example, we
have a 6 x 6 image and a 3 x 3 filter. The convolution computes a filtered image by matching
up the filter with each possible patch of the image, taking the dot product of the filter and

the patch (by multiplying the matched-up pairs of pixel values and then adding up all of
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Figure 2.15: A convolution on a single-channel image.

the products), then placing the resulting value in the corresponding location in the filtered
image.

There are two principle reasons for using filters in this fashion. The first is that they
are designed to take advangate of locality — they ‘look’ for recognizable patterns in small,
contiguous subregions of the image, as humans do. Second, they offer translation invariance
— a feature will activate the filter in the same manner no matter where it appears in the
image. Fully connected layers do not have either of these properties.

In the above example, the filtered image is smaller than the original image. In general,
an h x w image and a k x k filter will produce an h — k + 1 x w — k + 1 filtered image.
(Non-square filters are possible, but rarely used in practice.) This size-reducing effect is
often undesirable and will be addressed later in this section.

First, we turn to the issue of channels. If an image has ¢ channels (real-world color
images usually have three or four), then the filter must have ¢ channels as well. Channels of
the filter get matched up with the corresponding image channels for the product step and
everything is then summed, so the filtered image has a single channel.

In convolutional networks, we’ll almost always want to convolve an image with many
filters. In this case, our output will have one channel per filter. This is demonstrated in

the following diagram. The input image has four channels, so each filter has five channels.
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Figure 2.16: A convolution on a multi-channel image.

There are three filters, so the output image has three channels. In practice, it’s common to
see tens or hundreds of channels, but that would make for busy diagrams.

This is what a convolutional layer does.. It takes an input image with ¢;, channels and
outputs an image with ¢,,; channels. To do this, it uses ¢, filters, each of which is k£ x k
(k is usually 3 or 5) and has ¢;, channels so it can match up with the input images. Each
filter has a bias which is added to each pixel of the corresponding output channel. Then
every value of the output image is run separately through the activation function (which
is usually relu). The values in the filters are usually called weights so that we can discuss
convolutional layers with the same language as standard ones. The weights and biases are
trained with gradient descent just as in a standard layer.

Filters can be made arbitrarily large or small, and strictly speaking they do not need
to be square. In practice, networks with many layers of small, square filters have been the
most effective for image processing tasks. However, convolutions can be used for other types
of data with array-like structures. In these cases, different filter sizes and shapes may be

appropriate.
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Figure 2.17: A multi-channel convolution on a multi-channel image.

Padding. Before we can build a network out of convolutional layers, we need to address
the problem of images shrinking when convolved. This is done by padding the input image,
putting a border around it so that the filter has as many places to go as there are pixels.

Usually, the values in this border are all set to zero. This is called, intuitively enough,
zero padding. More sophisticated padding schemes have been proposed, including some that
attempt to extrapolate appropriate values from the image, but these are almost never seen
in practice because zero padding, the simplest possible solution, has proven sufficient for
even the most sophisticated processing models.

When filters have odd sizes, the padding can be done in a symmetric fashion. A 3 x 3 filter
needs one pixel of padding, a 5 x 5 filter needs two. Even-sized filters require asymmetric

padding, and this is surely one of the reasons why they are rarely used in practice.
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Figure 2.18: A padding scheme that preserves image size.

Pooling. Convolutional networks usually include a second type of layer called a pooling
layer. These layers have no parameters. They simply serve to shrink images in a simple
way. The image is divided into k x k pools (k is usually 2) which are then collapsed down
to one pixel. The two most common forms are average pooling and max pooling, which take
the average and maximum value of the pixels in the pool respectively. Pooling is applied to
each channel separately. When an image dimension isn’t divisible by k, padding is used to
compensate.

Pooling is done in part for computational convenience. Convolutions are expensive. If
an image can be downsized without losing too much information, it can speed things up
considerably. Usually, pooling layers are used after several convolutional layers have been
used to extract information about local image features. Each convolutional layer tends to
have more filters than the previous. So nothing is really lost in pooling. The network takes
a large grid with a few channels and turns it into a smaller grid with many channels.

Whereas the original few channels contained low-level information (usually the presence
of a color in a pixel), the new channels contain higher level information about the presence

of shapes and patterns. Most convolutional networks contain many convolutional layers,
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Figure 2.19: A 2 x 2 pooling operation.

interspersed with a few pooling layers. In fact, many convolutional networks end with a

global pooling layer, which shrinks the image down to a single pixel (with many channels).

Receptive Fields. It may seem counterintuitive that convolutional networks can get away
with using only small filters. In fact, state-of-the-art image recognition networks often use
3 x 3 filters exclusively, yet are able to detect arbitrarily large objects in images. This is
because each filter with £ > 1 increases the receptive field - the size of the area in the original
image that affects any one pixel of a given convolutional layer’s output.

Consider the following example, in which an original image is convolved with two 3 x 3
filters consecutively. A pixel in the second image is affected by a 3 x 3 region of the first,
and likewise a pixel in the third image is affected by a 3 x 3 region of the second. So a pixel

in the third image is affected by a 5 x 5 region of the first image.
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Figure 2.20: After two 3 x 3 convolutions, a single pixel has a 5 x 5 receptive field.

Depthwise Convolutions. Convolutions as described above have been used for many
years and continue to be the standard tool for image processing tasks. Recently, a different
type of convolution has gained popularity, particularly in applications where models with
fewer parameters are desirable. Unlike traditional convolutions, these ‘depthwise’ convolu-
tions have one single-channel filter for each input channel. Each input channel is convolved

with its filter to produce an output channel. Thus ¢, = ¢ip.

Figure 2.21: A deptwise convolution.

Depthwise convolutions are usually used in conjunction with 1 x 1 convolutions, which
simply produce output channels that are linear combinations of their input channels and are

convolutions only in a trivial sense.

1D Convolutions. Many forms of data have a natural sequence structure. They can be

expressed as an ordered list of elements. All forms of time series data fit this description, as
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do text, audio, video, and others. Two main tools exist for exploiting this sequence structure
— 1D convolutions and recurrent units.
Convolutions in one dimension work just as they do in two. If anything, they’re simpler.
A filter of length k is convolved with a sequence of length n to produce a filtered sequence
of length n — k + 1.
d T 0

%k p—

Figure 2.22: A 1D Convolution

If a data point is a sequence of vectors, then each dimension of those vectors can be
thought of as a channel. Then filters must match the channel depth of the sequence with
which they are convolved, and multiple filters can be used to produce a multi-channel output

sequence. This approach, which is analogous to the one described above for images, is useful
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for many types of sequence data.

Figure 2.23: A 1D Convolution on Multi-Channeled Input

Other convolutional network techniques, such as pooling and padding, also translate

easily to the one-dimensional case.
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CHAPTER 3. CRELU NETWORKS

In this chapter, we motivate the use of fully-connected neural networks, define and motivate
the crelu activation scheme, do away with the bias parameter, define the most common loss
functions, and work out the formulas for gradient descent in both recursive (for backpropa-

gation) and explicit forms.

3.1 DEPTH AND UNIVERSALITY

The goal of training a feedforward neural network is to find a set of parameters which cause
the network to map its training inputs as near as possible (as quantified by the loss function)
to their corresponding outputs. This raises an obvious and critical question: Does such a
set of parameters exist?

It has been known for decades that neural networks with as few as one hidden layer are
universal approximators — under a few easily-satisfied conditions, they can approximate
any well-behaved function from one vector space to another with arbitrary precision [1, 2,
3,4, 5,6, 7, 8. Several universal approximation theorems were proven in the late twentieth
century, each placing different constraints on the space of functions to be approximated and

the activation function used by the neural network.

Definition 3.1. In the case of a single variable x € R, relu(x) = max(0,z). We will also
refer to relu as acting on vectors in R%. In this case, the function is applied to each element

of the vector individually. That is,

relu : =
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Definition 3.2. A fully connected relu layer has a weight matrix W € RdutXdin and a bias
vector b € R%ut. The layer takes an input z € R%" and returns an output relu(Waz + b) €
Réut . The entries of W and b are treated as parameters which can be adjusted in order to

change the layer’s output. We will refer to d,,; as the layer’s ‘width.’

Definition 3.3. A fully connected relu network consists of a number of fully-connected relu
layers, each with its own weight matrix and bias vector, and an output layer. The first relu
layer acts on the network input. Each subsequent relu layer acts on the previous layer’s
output. The output layer also has a weight matrix and a bias vector, but does not have an
activation function. It acts on the output of the last relu layer, and the value it returns is

the output of the network.

Theorem 3.4. (Hornik) Let a : R — R be continuous and nonpolynomial. Let X C RY be
compact, and let C'(X) be the set of continuous functions from X to R. Let F be the set of

functions of the form

Zcia(wi $+b2),
=1

where w; € R and by, c; € R. The closure of F with respect to the uniform topology contains

C(X).
Proof. See [6]. O

Corollary 3.5. Let X C R%» be compact. Let f be a continuous function from X to Rut
and let € > 0. There exists a fully-connected relu network N with a single hidden layer such

that

sup [ f(x) — fn(2)] < e

zeX
Proof. Relu is continuous and nonpolynomial, so it meets the conditions on the activation
function. The function f can be broken into d,,; component functions f; : X — R. By the

theorem, there exists a network Ny for each k such that

SUp || fi(@) = (@)l < €/ dous-
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These can be combined into a single network N by concatenating the weight matrices and
bias vectors of the first layers vertically and by assembling the weight matrices of the output
layer into a diagonal block matrix. Thus, by subadditivity of suprema, N is a satisfactory

approximator. ]

These theorems generally rely on the width of the network to give it expressive power.
That is, they guarantee that a network with a single hidden layer can be made to approximate
a given function arbitrarily well if that layer is given a sufficiently large number of neurons.
However, the wide and shallow networks suggested by these theorems are rarely used in
practice. Deep networks, on the other hand, have been the key to breakthroughs in many
fields of study and have accordingly become some of the most celebrated tools in machine
learning [9].

Many explanations have been given for the tremendous success of deep networks, and this
continues to be an area of very active research as many in the field seek to understand why
these models work so well [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. In recent years, several
authors have proven that neural networks can be given arbitrary approximation capability
through increasing depth rather than increasing width [22, 23, 24, 25, 26, 27|. In particular,
each of these results establishes a minimum width. So long as each hidden layer has at least
this number of neurons, universal approximation can be achieved solely by adding sufficiently

many layers.

Theorem 3.6. (Hanin et. al.) Define Wi (din, dout) to be the minimal value of w such that
for every continuous function f : [0, 1]%" — Rt and every e > 0 there is a network N with
relu activations, input dimension d;,, hidden layer widths at most w, and output dimension

dout that e-approximates f in the sense that

sup || f(z) = fn(@)] <€

x€[0,1]%in
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For all d;,,, dyy:,

din + 1 S wm'm<dm7 dout) S dzn + dout-
Proof. See [27]. O

Corollary 3.7. Let X C R%n» be compact. Let f be a continuous function from X to Reut
and let € > 0. There exists a fully-connected relu network N with hidden layers of width not

greater than d;, + dyy: such that

sup [|f(z) = fv(z)] < e

zeX

Proof. Because X is compact, there exist a ¢ > 0 and s € R%" such that X’ = cX + s C
0, 1]%". Let f'(x) = f((z—s)/c) on X'. By the theorem, there exists a satisfactory network
N’. Let N be a copy of N in which the weight matrix W’ and bias vector O’ of the first layer
have been replaced with W = W'/c and b = ' — Ws. The new network N e-approximates
f as desired. O]

Both the older universality-by-width and the newer universality-by-depth results have
been shown to apply to networks with relu activation functions, which is critical because
this is by far the most common choice of activation function in practice. It will follow
immediately that these results also apply to the class of crelu networks because they contain

relu networks as subnetworks and thus inherit their expressivity.

3.2 CONCATENATED RELU

In 2016, several different authors separately proposed the same new way of using the relu
activation function [28, 29, 30]. By applying relu to both a vector and its negative, they
gave their models desirable new properties and saw improvements in performance. Following
Shang et. al., we will use the term crelu (short for concatenated relu) to refer to the following

operation on a vector.
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Definition 3.8. The crelu activation function acts on a vector in R¢ by

relu(x
crelu(x) = (@)
relu(—z)

The output of the crelu activation is a vector in R??.

Each group of authors gave a different motivation for this proposal. Shang et. al.
had noticed a tendency of convolutional networks to learn filters in positive-negative pairs.
For them, crelu was a tool that eliminated unnecessary parameters and the corresponding
computation [28]. Blot et. al. used crelu to avoid the information loss caused when relu maps
all negative inputs to zero [29]. Kim et. al. used crelu in order to more closely imitate the
way human retinas process light [30]. In each case, the authors saw improved performance
on image recognition tasks.

Here, we use crelu as the activation function in general-purpose fully-connected neural
networks, not image-processing convolutional networks. So motivations specific to the do-
main of computer vision are not relevant in this case. Instead, we choose crelu because it has
all of the characteristics that have made relu so successful while also having mathematical
properties that make it possible to analyze the network with probabilistic tools and choose

hyperparameters according to this analysis.

Lemma 3.9. Crelu networks are also universal approximators in the sense of both Corollary

3.5 and Corollary 3.7.

Proof. Let C be an operator that acts on fully-connected relu networks by replacing relus
with crelus and weight matrices W following relus with {W ()} , where 0 represents a zero
matrix with the same dimensions as W. The crelu matrix C(N) is equivalent to N in the

sense that it returns the same output for any input. O

All of the aforementioned authors noted that crelu preserves information when processing

network inputs. Without an explicit definition, this could be taken to mean simply that crelu
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is an invertible function, but the same can be said of sigmoid activation functions that don’t
double the number of dimensions of their inputs. Relu variants such as leaky relu and
parametric relu also have this property. What makes crelu special is that it also preserves
the relative scale of its inputs. In order for a traditional activation function (one that does
not change the number of dimensions) to do this, it would have to have a constant slope.
But then it would be an affine function and unsuitable as an activation per the universality

theorems referenced in Section 3.1.

Lemma 3.10. Ifa: R — R be continuous, injective, and norm-preserving in the sense that

la(x)| = |x|, then a(x) is linear and therefore unsuitable as an activation function.

Proof. There are only four continuous functions from R to R with |a(x)| = |z|: z, —z, |z],
and —|x|. Of these, only x and —x are injective. A layer using x or —x as its activation
function performs an affine transformation, and the composition of affine transformations is

itself affine. Such layers are therefore completely redundant. O

Lemma 3.11. Crelu is continuous, injective, and norm-preserving (for any p-norm) while

also enabling universal approximation when used as an activation function.

Proof. The first three properties follow immediately from the definition of crelu. The last is
established by Lemma 3.9. O

Maintaining scale is important in practice. Sigmoid networks are an excellent example,
as they have long been known to struggle with ‘saturation” — the problem that occurs when
the input to a sigmoid function is very high or very low and the corresponding slope is
close to zero. In such cases, the neuron can ‘die’ and cease to receive meaningful parameter
updates.

We will also take advantage of the fact that crelu is norm-preserving during both phases
of backpropagation. During the forward pass, it maintains the magnitudes of the data being
processed. During the backward pass, it does the same thing for the gradient information

being sent back. This will make it possible to say how changes in initialization will affect the
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sizes of parameter updates, which will in turn allow us to avoid a common pitfall of gradient
descent.

In addition, when we consider the weights of the network as random variables (an ap-
propriate perspective due to random initialization), it will be clear that the choice of crelu
activations results in well-behaved distributions for which we can compute the moments we
need in order to determine the curvature of the loss surface and thus the appropriate choice
of learning rate.

Finally, we will show that crelu activations make it possible to initialize the network such
that the loss surface is smooth in a way that is not possible with traditional relu architectures,
resulting in better-behaved gradients and both faster and more predictable learning. This
advantage greatly increases our ability to train very deep networks in practice.

In short, crelu improves upon traditional relu by enabling us to analyze our networks
and make correct hyperparameter choices rather than follow heuristics or play guess-and-
check. It also enables faster, more consistent learning and greater network depths. We will
show that these improvements come at a negligible cost in terms of real-world computation,

suggesting that crelu would be a superior choice to relu in general.

3.3 ELIMINATING BIASES

The traditional formulation of neural networks uses two types of parameters — weights and
biases. With a little rearranging, we can arrive at an equivalent formulation that uses only
weights. It’s a small simplification, but one that makes the math significantly cleaner. It
does require that the data have an extra dimension added in preprocessing, as we will note

in that section.

Theorem 3.12. Define p : R? — R by

p(x) =
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For every relu network N, there is another relu network N’ that has no bias vectors but
achieves N'(p(z)) = p(N(x)). So relu (and therefore crelu) networks do not need bias vectors

to be universal approrimators.

Proof. Define ¢ : R™*™ x R™ by

Observe that relu(q(W,b)p(z)) = p(relu(Wx + b)). This shows that, once the input space
has been transformed by p, all of the relu layers in a network can be replaced by relu layers
without bias vectors. These new layers are one unit wider than the layers with bias they

replace. O

Now we develop an equivalent formulation for crelu networks which will be more conve-

nient for our purposes.

Definition 3.13. Let the Heaviside step function h : R — R be defined by

(

0 z <0,
Mz)=491/2 z=0,-

1 z > 0.

\

Definition 3.14. Let A : RY — R%? be the diagonal matrix
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Note that A(z)x = relu(x) and A(—x)z = —relu(—=z). We will refer to the matrices produced

by A as activation matrices.

Definition 3.15. A split crelu layer takes an input from R%» and returns an output in Rut,
The layer has two weight matrices P, N € R%ut*din  The output of the layer for an input «
is given by

PA(z)x + NA(—x)z.

Note that this is equal to

{p —N} crelu(x).

Definition 3.16. A split crelu network consists only of split crelu layers. The inputs to the
network come from X C R%». Let dy = d;, + 1. Let dy, ..., d, be the output dimensions for
the n layers of the network respectively, with d,, being equal to the dimension of the desired

output space.

Let zf = p(z*), where 2F € X and p(z) = [{]. For 1 <i <,

af = PZA(I?—JI?A + NiA<_x§—1)$l‘c—1a

3 7

where P, N; € R%*4i-1 are the weight matrices of the ith layer.

In a computer implementation, using diagonal matrices to compute the activations would
be wasteful. It might also be more efficient to concatenate P; and NV; into one large weight
matrix for reduced overhead. The point of the split formulation is to facilitate mathematical
analysis, and the insights from this analysis apply regardless of the details of an implemen-

tation.
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3.4 Loss FUNCTIONS

We define the two most common and important loss functions and give the gradients and
Hessians we’ll need to do quadratic approximations down the road. We also establish the
framework which one would use to apply the techniques and results in this paper to other

loss functions and give the conditions under which this would be valid.

Definition 3.17. The squared error loss function takes a network output z, and its corre-

sponding target y and returns the loss value

L(xnvy) = (wn - y)Q'

The gradient of this loss with respect to z,, is

The Hessian with respect to x,, is

H(z,) = 21.

Definition 3.18. Define logsumexp : R — R by

logsumexp(z) = In (e™ + ™ + - -+ 4 )

and softmax : R? — R? by

et

1 e
softmax(r) = — - -
er1 + er2 _|_ e + erd

ed
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Note that logsumexp is a smooth approximation to the max function and softmax is a smooth

approximation to the argmax function.

The categorical cross-entropy loss function takes a network output z,, and its correspond-

ing target y and returns the loss value
L(zp,y) = logsumexp(z,) — y’ z,.
The gradient of this loss with respect to x,, is
Vx,, = softmax(x,) — y.
The Hessian with respect to x,, is
H(x,) = diag(softmax(x,)) — softmax(z, ) softmax(x, )" .

Note that y must be a one-hot vector (one entry is 1 and the rest are 0) in order for this loss

function to work as intended.

3.5 BACKPROPAGATION

We derive the formulas for calculating the weight matrix updates recursively, then expand

these to give the explicit formula for a given weight matrix update.

Definition 3.19. For convenience, define
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Definition 3.20. Let V* denote partial derivatives of L(z¥,4"). For example,
V*P, = 0L(xy,y") /0P,
Lemma 3.21. For a given input ¥,

Vil = (W) Vil = (P A(ef) + Nin A(=af)) Vil
VAP, = Vhai (o) R = Vi (o) Alziy),

VEN; = Vi (o) TLY = VEai (af_)) T A(=aly).
Proof. These are obtained by differentiating
wf = A )l + NiA(=af )iy,

with respect to 2% | (and then shifting the indices), P, and N; respectively.

Definition 3.22. For further convenience, define
k kyik k k
Wa,b = Wa Wafl T WbJerb

for a > b. Ifa<b,letW£b:1.

Lemma 3.23. The gradients with respect to P, and N; for a given data point zf are

VEP; = (W:,i+1)Tvkx’;(xS)T(VVik—l,l)TR?’

kai = (Walf,z‘ﬂ)Tvkxﬁ(xlg)T(mlilJ)TLf-
Proof. By applying the definition of a split crelu layer recursively, we obtain

k _ k .k
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Similarly, repeated application of the first backpropagation rule from Lemma 3.21 yields
Ve = (W) Vi,
Combining these two gives us

ka?(ﬁ—l):r = (Walf,z‘+1)Tvk$Z($IS>T(W¢]€—1,1)T~

Multiplying by L¥ and RF completes the proof. ]
Definition 3.24. Given a set of data points 3, 232,..., 25 € R% and corresponding targets
vyl %, ..., y® € R the total network loss for a network N is

1 S
Ly = 3 Z L(xy,y").
k=1

Definition 3.25. Given a learning rate A > 0, the update matrices AP; and AN; are defined

as
1=
AP =-> V'R,
5 k=1
1
AN; ==Y V*N;
5 k=1
for 1 <7 < n. A single step of gradient descent consists of performing the parameter updates

P+ P, — MAP,

for 1 <4 < n. The network is trained by repeatedly updating its weight matrices in this

manner, until some stopping condition is reached.
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CHAPTER 4. OPTIMAL HYPERPARAMETERS

In this chapter, we answer the questions that naturally arise when a chosen architecture is
to be trained: How should inputs and outputs be preprocessed so as to better condition the
optimization problem? How should parameters be initialized? What should be the initial
learning rate? How should the learning rate change over the course of training? In each

case, we choose a straightforward metric for success and optimize accordingly.

4.1 INITIALIZATION SCALE

We show that initializing with centered Gaussians and scaling according to the size (number
of entries) of each weight matrix leads to proportional updates. We will refer to independent

and identically distributed random variables as being i.i.d. for brevity.

Lemma 4.1. Let x € R? consist of independent standard normal variables. That is, x; ~
N(0,1) and the x; are all independent. Let f : R? — R be the probability density function
for x. Then f is spherically symmetric in the sense that f(Mx) = f(x) for any orthogonal

matriz M € R4,

Proof. Because the entries of x are independent, f is simply the product of the pdf for each.

Hence

f(z) ﬁ ! eiiTx% (2 )*%efw 2 )7ge*|‘22”2
= — 7T _ 7T .
i V2

If M is orthogonal, then MTM = I. So ||Mx|]? = 2" MT Mz = 27z = ||z||*. Because f(x)

can be written as a function of ||z||* as above, f(Mz) = f(z). O
The converse is also true and was proven by J.C. Maxwell.

Lemma 4.2. (Mazwell) Let x € R? consist of i.i.d. random variables and let x have a
spherically symmetric distribution. The elements of x are normally distributed with mean

ZET0.
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Proof. See [31]. O

Lemma 4.3. If M € R*? is a matriz consisting of i.i.d. standard normal variables, then

E(MTM) = cI. In this sense, M is expected to be an orthogonal matriz, up to a scaling

factor of \/c.

Proof. Let M; be the ith column of M. The product M M; is the sum of the squares of ¢
independent standard normal variables, so M M; ~ x*(c). This tells us that E[MIM;] = c.
Let j # 1. So MZ-TM]- = My;Myj+MaiMmaj+- - -+mgimg;. Because my; and my; are independent,

Lemma 4.4. Let x; and xo be independent normal variables with means py and po and
variances Uf and Ug respectively. The sum x1 + xo 1S a normal variable with mean py + pio

and variance o3 + o3.

Proof. This can be verified by convolving the probability density functions of x; and xs.

Alternately, see [33]. O

Lemma 4.5. Let M € R®*? be a matriz consisting of i.i.d. standard normal variables.
Let x € R? be a fizred unit vector. The entries of y = Mz are i.4.d. standard normal

variables. In particular, this implies that y is spherically symmetric, that ||y||* ~ x*(c), and

that E[[ly|]*] = c.

Proof. The ith element of y is y; = mjxy + mpxs + -+ + mygry. By Lemma 4.4, y; ~
N(0,22 + 23+ --- + 22) = N(0,1). The elements of y are independent from one another
because they depend on disjoint subsets of the elements of M, all of which are independent

from one another. O

Theorem 4.6. Let all of the entries of all of the P; and N; be normal random variables with
mean zero. Denote by Py, the entry in the jth row and kth column of P;, and by Nyj, the
corresponding entry in N;. Let all of the parameters in a given layer have the same variance

o? > 0. That is, Pijk, Niji ~ N(0,02). Let Piji be independent from P,.s and Ny.s if i # g,
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Jj#r, ork#s. That is to say that P, is independent from every other network parameter
except perhaps Nyj,. Likewise let Nyj, be independent from every other network parameter

except perhaps Pij,. Then

EJARIY) _ ERIZ ENANI? _ EINI?
EIARIP ~ ElI5 E[IAN; 2] ~ B[N [2)

if and only iof

UZ-Q i \/djdj_l

02  Jdidi

where dy is the input dimension and d; is the dimension of the output of the ith layer.

Proof. Because P; is a d; x d;_; matrix of independent normal variables with mean zero and

variance o2, o; 2| Pi||* ~ x*(did;_,) and E[|| P;||?] = 02d;d;_,. This tells us that

BN _ oididiy

B[ 512 oidd;—y

Recall that
VhP, = (W:,iﬂ)Tvkxi(xlg)T(M/z”im)TRf‘

By applying Lemma 4.5 repeatedly, we obtain

E[”(W:Hl)TvkxﬁHQ] = E[H(Wﬁu)T(W/ﬁQ)T T (Wf)TvkfoHQ]

= 07 di B[ (W) (W)™ - (W) Ve[

= (07110712 op)(didsy - da )|V a2
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By the same method, we obtain

E[(xlg)T<Wik—1,1)T] = E[Wz‘k—mxlg]
= E[Wzk—IVVZk—Z T Wlkxlg]

= 07 di EIWS, W5 - - Wiag]

= (070507 ) (dids - - - diy) ||z |

Because (W), )"V} and (2f)"(WE )" are independent and [Juv”||* = [lu]/?*|jv||* for

column vectors u and v, we can simply multiply to obtain
1
BlI(Waisn) "V (26) (WEL)TIP] = —5 (o103 - 07) (dida -+ - dna) [l * V1
Because V¥ P; = (erf,iﬂ)Tvkxﬁ(fEé)T(M/ik—lg)TRi?,

1
B[V E) = 5 (0703 - 0n)(dads - du) |5 | VE |,

)

as long as the elements of x;_; have median zero. This is certainly the case for ¢ > 1 because
these elements are normal and centered per Lemma 4.5. In the case of the raw inputs x,

this can be guaranteed with preprocessing.

Because
1 S
-1y
s
k=1

it follows that
E[|AR|?] _ of

GRS
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By setting this ratio equal to the ratio of the expected squared magnitudes of the weight

matrices themselves, we get

Q

2 2
j ag; didi,1

2 2 :
i Ujdjdjfl

Q

This simplifies to
0'1-2 . \/ djdj,1
7V didiy

as desired. All of the same logic applies to the N; and AN; as well, completing the proof. [J

Q

Corollary 4.7. If there is a constant ¢ > 0 such that

<
(didi—1)"/*

ol ol \/ e oll”.

Hence ¢ = 1 is the only choice that doesn’t cause the network output’s magnitude to scale

o; =

for all 1 < i <n, then

exponentially with network depth.

Proof. Again by applying Lemma 4.5,

Elllznl’) = (o103 - on)(dida - dn) |5 |

2 2 2
Ellz*12] = ‘ ¢ ¢ didy - d)||x
2n
E k2 — dddn k|12
(T ( i ) Gl )

C
E(fla \/ H wg|*.

The ¢* term vanishes when ¢ = 1. O

Definition 4.8. In a proportional independent initialization for a crelu network, the entries
of each P, and N; are sampled independently from a normal distribution with mean zero and

variance o? = (d;d;_1)~'/2
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In a proportional symmetric initialization for a crelu network, the entries of each P,
are sampled independently from a normal distribution with mean zero and variance o? =

(didi_l)’l/ 2 and then each N; is set equal to the corresponding P;.

In the rest of the paper, we will prefer the symmetric initialization. Note that this method
causes the network to be linear upon initialization, in the sense that the outputs are linear
functions of the inputs. When P; # N, this is no longer the case. Balzduzzi et. al. have
shown that this property makes gradient descent more effective [32]. In addition, having all

of the WF to be equal upon initialization is very helpful for analysis.

Remark. Looking at unsquared magnitudes instead of squared magnitudes yields almost
exactly the same result. The only difference stems from the fact that the chi distribution

appears instead of the chi-squared distribution. The mean of x(d) is

(%)
0N

2

V2

which is very well approximated by v/d [33].

4.2 PREPROCESSING

After adding the extra dimension required to eliminate biases, we use a simple form of
normalization to ensure that features contribute equally. We show how the scale to which

data is normalized affects the scale of the outputs.

Lemma 4.9. Let N be an n-layer crelu network and let ¢ > 0. Let xq be a network input and
x,, the corresponding network output N(xo). Then N(cxo) = c¢N(xg) = cx,. Crelu networks

preserve positive scalar multiplication.

Proof. 1t is sufficient to prove that a single crelu layer preserves scalar multiplication. Let

x; = L;j(x;—1) denote output of the ith layer for an input z;_;. First, note that the step
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function h(z) obeys h(czx) = h(z) for ¢ > 0. Thus A(cz) = z and A(—cz) = A(—=z). Finally,

L(CIZ‘_l) = PiA(Cl'i_l)CI'i_l + NiA(—CZEi_l)ClL'i_l
= c(PiA(zi1)zio1 + NiA(=2i1) 1)

= CZ;.

Thus the entire crelu network preserves scaling in this fashion. O

Definition 4.10. We say that a dataset {x5}:_, C R% has been standardized when it meets

the following conditions:

(i) There exists a constant ¢ # 0 such that xlg,do, the dyth entry of z¥, is equal to ¢ for all

1<k <s.
(i) The sum Y, _; xf, =0 for all 1 <i < do.
(ili) The sum Y, (2f,)* = s¢® for all 1 < i < d.

In the terminology of machine learning, the coordinates of the data points are called features.

Standardization may be equivalently defined as follows:

(i) The last feature has the same nonzero value for all data points.
(ii) All of the features except the last have mean zero across the dataset.

(iii) All of the features have the same variance across the dataset.

Remark. In a standardized dataset, no two data points can be scalar multiples of each other
unless they are identical. Thus Lemma 4.9 does not contradict Theorem 3.12, which asserts
that crelu networks without bias are universal approximators under the constant-feature

condition.

Lemma 4.11. For an n-layer crelu network N with proportional initialization and a stan-

dn,
E [[lznll*] = \/d—ol\ﬂf’SHQ-

o1

dardized dataset {zf}i_,,



Specifically, the coordinates of the x* are normally distributed with mean zero and expected

variance

E li(l.k )2 o 02
5L - dod,

for 1 <35 <d,, where c is the constant from Definition 4.10.

Proof. The first equation follows immediately from Corollary 4.7 and Definition 4.8. The

second follows from the first and Lemma 4.5. ]

Remark. The choice of the constant ¢ in Definition 4.10 determines the scale of the network

outputs, so the correct choice of ¢ depends on both the loss function and the targets y/*.

4.3 QUADRATIC APPROXIMATION

We compute the second-order Taylor polynomial of the loss function as a function of the
learning rate, then compute the expected values of the coefficients with respect to the random
initialization scheme described previously. This will facilitate a discussion of the optimal

learning rate and how it changes with network width and depth.

Definition 4.12. Let N be an n-layer crelu network to be trained on a dataset {zf}:_, with
targets {y*};_, and loss function L. Let the update matrices AP, and AN; be calculated as
in Definition 3.25. Define N* to be the updated network produced when the weight matrices
P, and N; are replaced with P} = P + AAP; and N} = N; + AMAN;, respectively. Define
zk(N\) = N*(af) and define Ly ()), the total network loss as a function of the learning rate,

as

In(N) = - L), )

In other words, Lx(0) is the current total loss and Ly () is what the new total loss would be

after a single step of gradient descent with learning rate A\. These allow us to approximate
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Ly () with a parabola by computing the second-degree Taylor polynomial

d 1., d?
Ly(\) = Ly(0) + )\ELN(O) + §A2WLN(O).

Definition 4.13. The following shorthands will be useful when discussing the derivatives of
Ly (A). Note that all of these are scalar quantities.
Akl = (xf))T(VVilfl,l)T (RéRf + LiL?) I/Vz'lil,lxlga
Wikl = (V$fz)TW:,i+1(in,,i—i-l)Tvxlm
Vigklm = (xé)T(VVil—l,l)T (Rin + LﬁLf) Wz'k—l,j+1(W$+1)Tvle»

Xi,gklm = (vmg)TW%—H(W:,j—&—l)TH<x:€z)W:,i+1(W7lz,i+l)Tvx£z'

Lemma 4.14. In the notation of Definition 4.13, the first derivative of the total loss with

respect to the learning rate is

n S S

o (0) ==~

i=1 k=1 I=1

d 1
- QG e 1Wi k-

Proof. Differentiating the formula in Definition 4.12 gives

d 1< wor [ d
ﬁLN(O) =- ;(wn) (5%(0)) .
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Expanding this formula gives

d
2 (0

1< .
~ s Z<V$Z)T Z erf,i+1AM/ikWi]€—171$§
k=1 2

.
=1

— _le Z szﬂ ZS: VPilRf + VNfo) Wf—l,lxlg
k=1

B _le Z Wr]fz+1 ZS: erz i+1)TV95l (95[ )T(W ) (Rle + LlLk) W -1 lxlg
k=1 =1
S S ST W (WP () TV )T (RS 4 LALE) W,
i=1 k=1 I=1

In terms of the shorthand from Definition 4.13, this becomes

%LN Zzzazklwzkl

i=1 k=1 [=1

Note that this value is necessarily nonpositive. O

Theorem 4.15. When a crelu network is initialized with the proportional symmetric ini-
tialization, the expected first derivative of the loss function with respect to the learning rate
18

d " diid; 1
E Ly(0)] =— =
L)

i=1

Proof. Corollary A.10 allows us to calculate E[a; x w; k1|, while most of the work of derivation

is done in Theorem A.9 and the lemmata it cites. O
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Lemma 4.16. In the notation of Definition 4.13, the second derivative of the total loss with

respect to the learning rate is

n -1 s s s

d2 2
W =3 E § E Qg ke,m Vi g ke 1, mWi ke 1
i=1 j=1 k=1 =1 m=1
1 n n s s s
+§ E ajkazyklmazk:l

i=1 j=1 [=1 k=1m

Proof. Differentiating the formula in Definition 4.12 twice gives

dd—;LN(O) = éi(Vmﬁ)T (dd—;xg(m) + (%x’;m))TH(mZ) (%932(0))

13wt (o) + 13 (o) meb (ko).

We expand these two sums separately for convenience. The first becomes

—va ( v (0 )>

=3 Z Z D (Van) Wi AWFWE G AWFWE jag

zl]lk’l

9 n i—1 s s
T 82 Z Z Z Z wik(wo)" (Wi )" (RiRS + LiLE) Wi, J+1AOka 1170

i=1 j=1 k=1 I=1

n 1—1 s s S
— % Z Z Z Z Z wi g (zh)T (W] ) (RIRE + LILEY W}, y+1(W%+1>Tvx§O‘juk’m'

i=1 j=1 k=1 I=1 m=1
So we can write

n i—1 s s s

- Z (V) <d)\2 n(O)) = %Z Z Z Z O ke Vi g e L mWi k-

i=1 j=1 k=1 I=1 m=1

95



The second sum expands to become

: (%xiz(m)TH(xZ) (5740)

1
= oSS S (@) HEE W (W) Ve g

- 3_13 Z Z Z Z Z O‘j,k,m(vme rTjJrl(va,j+1)T H(xfz)WTch,i+1(erz,i—l—l)Tvxizai,k,l'

i=1 j=1 I=1 k=1 m=1

So we can write

n n S S S

1< d T d 1
0 (55250) 16 (25250) = SE DS apsmssimanss

i=1 j=1 =1 k=1 m=1

Note that the indexing is different for the two sums, with j running from 1 to ¢ — 1 in the

former but from 1 to n in the latter. O

Lemma 4.17. When a crelu network s initialized with the proportional initialization, the

expected value of the first sum from Lemma 4.16 is zero. That is,

E [1 > (wat)” (5e))

k=1
Proof. This sum was shown in Lemma 4.16 to be equal to

n i—1

S S S
2
3 E E E E E :Ozj,k,m%,j,k,z,mwi,k,z,

i=1 j=1 k=1 l=1 m=1

With o km, Vijk1m, and w;p,; defined as in Definition 4.13. It suffices to prove that

E [ kmYijkpmWiki] =0,
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for all indices. This is done by defining

U= aj,k,m(xé)T(M/z‘l—m)T (Rin + LEL?) Wik—l,j—i-l(M/iTl,j-i-l)T:

v = (Wm)TVxnmw@k,l.

Note that wv = &;gmYijkimWiki. We can rewrite v = (W/im)T(W%H)TV@TwiM. Because
(W™T and (W), ,)"Vap'w;, are independent and W; is a matrix of Gaussians, v is easily
seen to have a spherically symmetric distribution. Because v and v are independent, we have

Eluv] = 0. O

Definition 4.18. Let N be an n-layer crelu network with input dimension dy and layer

widths dl,dg, R ,dn. Let 1 < ’L,j <n.

d—1 d—1
2 2 1 1
c :_ll 1 - _|| 1—— y

q=c q=c
d—1 d—1
1 2 1 1
Il (1+=)-=T[(1-=).
v (e 2 ) =510 5)

Let a = min(7, j) and b = max(i, j). Further define

Asjrim = pra(6) " xg(6) 25" + ra(ag) " g (26) 2,
Bijkim = @ab — Yap,

Cijrtm = pon(Vary,) " H(ay) (Vay') + o Tr(H(ay)) (Vay,) (Vay)).

Theorem 4.19. When a crelu network is initialized with the proportional symmetric initial-
ization, the expected second derivative of the loss function with respect to the learning rate

18

& "I Shadd ad, 1
E {—LN(O)} :Z ] — Asjiim Bijiim Cijkim.-
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Proof. Because of Lemma 4.17, we can ignore the first sum from Lemma 4.16 and focus on
the second. We do this by finding the expected value of &k mXi jkimik:. This requires
an entire appendix, which ends with Theorem A.14 and Corollary A.15. The latter applies

directly to this calculation in a crelu network with proportional symmetric initialization. [J

4.4 THE LEARNING RATE SCHEDULE

The loss surface of a crelu network is neither convex nor smooth in general. Nearly all of the
mathematical results on gradient descent require that the function to be minimized meet one
or both of these criteria. A particularly well-known result due to Nesterov establishes the

convergence of gradient descent for Lipschitz-smooth functions without requiring convexity.

Theorem 4.20. (Nesterov 98) Let F : RY — R be the function to be minimized and let VF
be the gradient of F'. Suppose that there ezists a finite L > 0 such that ||VF(z) — VF(y)|| <

L||z —vy||. Gradient descent with fized step size X\ < 1/L is guaranteed to converge to a point

where VF = 0.
Proof. Given in source [34]. O

Although this result does not technically apply to non-smooth functions, for which such a
Lipschitz constant does not exist, it gives a useful intuition. Consider a loss function F' with
such a Lipschitz constant L. Given a starting point x, the loss after a step of gradient descent
is F(x1) where 7 = zg — AVF(xo). We know that ||VF(z1) — VF(xo)| < Lljz1 — x| =
AL||V F(x0)||. If A < 1/L, this becomes simply ||VF(x1) — VF(xo)|| < [|[VF(z0)||. By the
triangle inequality, this implies |V F (z1)| < ||[VF(xo)||. So the gradient is guaranteed to
decrease with each step.

In the non-smooth case, gradient descent with a constant learning rate is not guaranteed
to converge. This can be seen even in the trivial case of minimizing F'(x) = ||z||, where any

fixed learning rate will ultimately result in an oscillating loss. To guarantee convergence, a
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decreasing learning rate is required. Say that the learning rate used at step i is \;. We have

the following classical result.

Theorem 4.21. (Monro and Robbins 51) Let F : R? — R be the function to be minimized.

If the learning rate \; satisfies

i)\i:oo and i)\?<oo,
i=1

i=1
then descent is guaranteed to converge as i — 0.

Proof. Given in source [35]. O

A simple learning rate schedule such as A\; = A\;/(1+ai), with a > 0, therefore guarantees
convergence. However, the convergence may be too slow to matter in practice. Further, it
is possible that the loss will actually increase at the outset if \; is too large, only coming
down when \; has gotten sufficiently small. Not only is this behavior undesirable in theory,
but it can cause computer implementations to fail in practice. So it is important to choose
both an appropriate initial learning rate and an appropriate schedule.

Here, we concern ourselves with the initial learning rate. In Section 4.3, we look at the
loss as a function of the learning rate, approximate this function with a parabola, and then
calculate the expected values of the coefficients of this parabola. A simple, greedy choice
is to choose our initial learning rate so as to minimize the value of the loss after the first
step of gradient descent. In terms of our approximation, this means choosing the value of A

which puts us at the vertex of this parabola. This motivates the following definition.

Definition 4.22. Let F': RY — R be a function to be minimized with gradient descent. For
r € RY let F,(\) = F(x + AVF(x)). If F(0) > 0, the greedy learning rate at x is
£(0)

S0}
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This is a greedy choice in that it maximizes the single-step decrease in the second-order
Taylor appoximation of F,. Note that this is equivalent to using a single iteration of Newton’s

method to solve F/.(\) = 0.

In practice, an initial learning rate is always chosen before neural network training begins.
So when selecting a learning rate for a crelu network with random initialization, a sensible
approach is to consider the average case produced by that initialization. Of particular prac-
tical interest is the way the greedy learning rate changes depending on network architecture.
Looking at the expressions in Theorem 4.15 and Theorem 4.19, we see that the expected

first derivative is proportional to
n
> Vdiid
i=1
and the expected second derivative is approximately proportional to

n

i=1 j=1 i=1
This leads us to the following definition.

Definition 4.23. The scaling factor for a network N with dimensions dg, dy, ..., d, is
n n—1 9
eyl (1)

If we have two networks /Ny and N, to be trained on the same dataset, we get the following

approximate relationship between their greedy learning rates Ay, and Ay,:
/\leNl ~ )\NQSNQ-

The scaling factor is useful when training multiple architectures on the same dataset.

Rather than find an effective learning rate for each architecture, one can find a good learning
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rate for a single architecture and use it to predict which learning rates will be similarly
effective for others.

Once an initial learning rate has been established, it remains to be determined how the
learning rate will change over time. Rather than choosing a schedule before training, it is
common in practice to change the learning rate adaptively. For example, a simple approach
is to use a fixed learning rate until the loss fails to decrease for some set number of steps,
then begin a decreasing schedule that guarantees convergence. However, more sophisticated
methods exist and have recently been the subject of rigorous analysis by Ward et. al. and

others [36, 37].

4.5 EXPERIMENTS

To show how the choice of learning rate affects training in practice, we consider two simple
problems to be solved by full-connected networks.
The first is to approximate the cosine function. Specifically, we sample the ¥ uniformly

from [0, 27) and compute y; = cos(x¥). Then we standardize the inputs by computing

For this regression application, we use squared error loss.

The second is to classify points according to a checkerboard pattern. In this case, the
x* are distributed uniformly on [—2,2]? and assigned labels y* € {0, 1} based on which 1x1
square they fall in. The z* are normalized and given an extra dimension as before. For this
classification task, we use binary cross-entropy loss.

We train crelu networks of several sizes (given in Table 4.1 ) on both data sets, using the
proportional symmetric initialization. First, we try a wide range of candidate learning rates
and train the networks for a single step of gradient descent. To get an accurate picture, we

average the results across 20,000 initializations for each architecture. As expected, the loss
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Name | dy,dy, ...

7dn
3x10 | 2,10, 10,1

0,1
3x20 | 2,20,20,20, 1
5x10 | 2,10, 10,10, 1
5x20 | 2,20,20,20,2

Y Y

0,10, 1
0,20, 1

Table 4.1: We use networks with the following dimensions to show how the optimal learning
rate changes with architecture.

initially decreases with the learning rate but soon begins to increase with growing speed.
The results are shown in Figure 4.1.

Cosine Data Set Checkerboard Data Set
Loss After One Descent Step Loss After One Descent Step

20.0 4.0
— 3x10 — 3x10
| 3x20 | 3x20
17.5{ 2% S [————
— 5x20 — 5x20
15.04 3.0
12.5 2.51
(9] [%]
8 10.01 8 2.0
- -
7.5 1.51
504 104 /
2.5 0.5
0.0 - : . 0.0 . . . .
0.000 0.005 0.010 0.015 0.020 0.0 0.2 0.4 0.6 0.8 1.0
Learning Rate Learning Rate

Figure 4.1: The average loss across 20,000 trials after a single step of gradient descent. Note
that these values are on a log scale because they grow so quickly.

In order to get a more informative visual, we restrict ourselves to the range of learning
rates that caused the loss to decrease or stay the same. Figure 4.2 shows that the loss, as a
function of of the learning rate, strongly resembles a parabola over this interval for all four
architectures. The parabolas have their vertices at different learning rates, indicating that
the optimal value is indeed different for each architecture.

However, the fact that a learning rate yields a largest improvement on the first step does
not necessarily imply that it will yield the largest improvement in the loss over many steps.
For this reason, we train each model for 50 steps from 1,000 different initializations. The
averages across these trials are shown in Figure 4.3. Interestingly, the results are nearly flat

in ranges around the values that produced the largest drops on the first step, suggesting some
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Cosine Data Set
Loss After One Descent Step

Checkerboard Data Set
Loss After One Descent Step

6 0.95
— 3x10 — 3x10
3x20 3x20
5] — sx10 — 5x10
— 5x20 0.901 — sx20
4
0.85
4 4
o3 o
- -
0.80
2,
N 0.75
0 y T T 0.70 T ; T T - . -
0.00000 0.00375 0.00750 0.01125 0.01500 0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40

Learning Rate

Learning Rate

Figure 4.2: Trimming the higher values from the previous plot and using a linear axis, we
see that the loss does indeed resemble a quadratic function of the learning rate.

robustness to the choice of learning rate. The loss continues to decrease slowly through this
range until the models suddenly cease to learn. For all four architectures, there is a point
somewhere between the one-step optimum and its double at which gradient descent starts
to diverge. This suggests that the optimal learning rate for long-term training is somewhere
near the one-step optimum because such a value will cause a faster decrease in loss than
smaller ones while avoiding the risk of divergence that comes with larger ones.

Cosine Data Set Checkerboard Data Set

Loss After Fifty Descent Steps

Loss After Fifty Descent Steps

6 0.95
— 3x10 — 3x10
3x20 3x20
5{ — 5x10 0.90{ — 5x10
—— 5x20 —— 5x20
4 0.85
1%} (9]
g3 2 0.80 1
- —
21 0.75
11 0.70 \\\
0 —_— : : 0.65 -
0.00000  0.00375  0.00750  0.01125  0.01500 0.00 0.05 0.10 015 020 025 030 0.35 0.40

Learning Rate Learning Rate

Figure 4.3: When we let the models train for fifty steps and average across 1,000 trials, we
see that there is a range around the optimal learning rates in which performance is good.
Above this range, gradient descent diverges.

To see whether the learning rates scale as predicted, we scale these plots by multiplying

the learning rate by the scaling factor for each architecture. Sure enough, in Figure 4.4, we
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see that the single-step loss curves nearly line up under this scaling. The slight mismatching

likely stems from the fact that the scaling factor is an approximation of the true ratio and

ignores some of the smaller terms from the expressions for the expected derivatives.

Cosine Data Set
Loss After One Descent Step

— 3x10

3x20
5{ — 5x10
— 5x20

0

Learning Rate * Scaling Factor

00 01 02 03 04 05 06 07

0.8

0.95

Checkerboard Data Set
Loss After One Descent Step

— 3x10

3x20
— 5x10
1 — 5x20

5 10 15 20
Learning Rate * Scaling Factor

25

Figure 4.4: When we scale each model’s curve horizontally by the scaling factor for its
This shows that the curvature does vary as

archtecture, they line up almost perfectly.

predicted.

When the fifty-step plots are rescaled in the same manner in Figure 4.5, they too line

up very well. It becomes particularly easy to see that divergence becomes a problem some-

where between the one-step optimum and its double. Recall that, on a parabola, divergence

happens at precisely double the optimal learning rate.

Cosine Data Set
Loss After Fifty Descent Steps

— 3x10

3x20
51 — 5x10
—— 5x20

0

Learning Rate * Scaling Factor

00 01 02 03 04 05 06 07

0.8

Checkerboard Data Set
Loss After Fifty Descent Steps

— 3x10

3x20
{ —— 5x10
—— 5x20

5 10 15 20
Learning Rate * Scaling Factor

25

Figure 4.5: As before, the plots line up when multiplied by the scaling factor, suggesting
that the optimal learning rate and the ideal range both scale in the same way.
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These experiments show that it is not necessary to start the learning rate search from
scratch when trying a new network architecture on a known dataset. Because the optimal

learning rates scale predictably, the computational cost of this process can be avoided.
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CHAPTER 5. LOOKING FORWARD

There are many ways in which this work can be expanded upon in the future, both for the
sake of greater practical applicability and in the interest of pure mathematical understanding.

We highlight just a few natural areas for exploration.

5.1 NEURAL NETWORK TOOLS

As discussed in Chapter 2, many tools are used to aid in the training of neural networks. It

would be particularly interesting to see how these theorems generalize to address:

e Stochastic Gradient Descent - While we focused here on full-batch gradient descent,
neural networks are almost always trained with mini-batches in practice. Depending

on how the data is distributed, the resulting noise can affect the optimal learning rate.

e Momentum - Adding momentum to gradient descent sometimes leads to significantly
faster convergence that cannot be achieved by increasing the learning rate. It would
be fascinating to work out a theory of optimal learning rate - momentum constant
combinations, especially one that also took into account methods for adapting the

learning rate.

e Dropout - While here we only worry about training performance, most practical ap-
plications are also concerned with how that performance will generalize to test data.
Techniques for inserting noise into the training process to promote generalization likely

have an effect on training speed and stability.

e Batch Normalization - This would pose a particular challenge, as batch normaliza-
tion effectively changes parameters in between steps of gradient descent. Given its

popularity and effectiveness in some cases, it certainly merits analysis.
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5.2 SPECIAL LLAYERS

Highly versatile tools are rarely the best for a specific task. As universal approximators,
fully-connected networks are as versatile as tools come, so it is unsurprising that they are
easily outperformed by custom layers such as convolutions for image data and recurrent units
for natural language processing. Extending these results to models with such layers would

be extremely useful.

5.3 OPTIMAL ARCHITECTURES

Being able to predict a learning rate given an architecture is quite helpful, but it doesn’t
inform the choice of architecture itself. Nor are universality theorems particularly helpful in
that regard. Theorems relating the number of layers in a network, and their widths, to per-
formance on a given data set would pair spectacularly with optimization-focused works like
this one, potentially leading to an automated process of creating and training networks tai-
lored to their data. This would decrease the need for so-called ‘graduate student descent” —

the process of coming up with and testing many combinations of hyperparameters manually.

5.4 (CONCLUSION

Ali Rahimi famously compared machine learning to alchemy, encouraging machine learning
researchers to bring more mathematical analysis and scientific rigor to their work. By con-
structing a network to have useful mathematical properties and pinning down some basic
properties of its loss surface, we have made the process of training a fully-connected neural

network a little less alchemical.
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APPENDIX A. EXPECTATIONS

Throughout this appendix, we use E[z]| to denote the expected value of z, where z is a

function of one or more random variables.

Lemma A.1. Let A be an | x m matriz of independent and identically distributed elements
with Ela;;] = 0, E[a;] = 1, and E[a}}] = pa.
Let B be an m x n matriz, independent from A, of identically distributed elements with

E[bfj] = pp. Suppose that there exist constants vy, vy, Ty, and n, such that

M = E[b?jbij]a
v, = E[b7;b7],
™ = E[b}; by,

no = E[bi;bibr;brl,

forall1<i<k<mandl <j<l<n.
Let C = AB. Then C is an | x n matriz of identically distributed elements with E[c;j] =0

and B[c};] = mE[b};]. There exist constants ve, Ve, Te, and n. for C' analogous to those for

4

B. These constants and p. = Elcj;] can be computed as follows:

pe = Mpapy + 3m(m — 1)y,

Ye = mpy +m(m — 1)y,

Ve = mpaVy + m(m — 1)1, + 2m(m — 1)n,,
T, = myy + m(m — 1),

Ne = mvy +m(m — 1)n.
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Proof. The elements of C' are defined as

m
Cij = ) ighy;.
g=1

Because the elements of A and B are identically distributed (within their respective matrices
— elements of A do not necessarily have the same distribution as elements of B), the elements
of C' are as well. Because a;, and b,; are independent, E[a;b,;] = Ela;g] E[by;] = 0. So
Elcij] = 0m = 0.

We compute E|c})] explicitly.

q=1
= Z Qighq; Z Qirby
q=1 r=1
Z Z azqazrbqj brj
q=1 r=1
E[C?]] = Z Z Elaiqai] E[bq;by]
q=1 r=1

Blet) = S Bl B + 30 3 Blas] Ela | Elbyb

q=1 qa=1 r#q
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Now we derive p..

m 4
C?j = <Z aiqbqj>

q=1

m m m m

= E aiqbqj E airbrj E aisbsj E aitbtj
g=1 r=1 s=1 t=1
m m m m

:E E E E aiqairaisaitbqurjbsjbtj
q=1 r=1 s=1 t=1
m m m m

Pc = Z Z Z Z E[aiqairaisait] E[bqurjbsjbtj]~

qg=1 r=1 s=1 t=1

Most of the terms of the sum vanish because E[a;qa;ra;5a:+] = 0 unless one of the following
istrue: q=r=s=t,q=r#s=t,q=s#r =t orq=t+#r=s. Because the indices

are interchangeable, the last three cases produce the same sum.

Pe = Z E[a?q] E[bf,‘j] +3 Z Z E[azzq] Elaj] E[szsz]

q=1 q=1 r#q

=mpapy + 3m(m — 1)v.

Next, we derive .. Assume i # k.

m 2 m 2
2 2
CijiCrj = E :aiqbqj E :akﬁbsj
q:l s=1
m m m m
:g aiqbqj E airbrjg aksbsjE aktbtj
q=1 r=1 s=1 t=1

m m m m

:E E E E aiqair&ksaktbqurjbsjbtj
q=1 r=1 s=1 t=1
m m m m

Ye = Z Z Z Z E[aiqairaksakt] E[bqurjbsjbtj]-

qg=1 r=1 s=1 t=1
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In this case, E[a;,a;raxsar] is only nonzero if g=r=s=torg=r#s=t.
m

Ve = Z E[aqu] a’kq + Z Z E zq akzs [b2j bgj]

q=1 =1 s#q

=mpy +m(m — 1)y.

The derivation for v, is similar. Assume j # [.

2 2
CiiCi = E Aighy; E Q;sbg
q:l s=1

m m m m
- E aiqbqj E airbrj E aisbsl E aitbtl
q=1 = s=1 t=1
m m m
qg=1 r=1 s=1t
m m m

qg=1 r=1 s=1t

Ms

Qiq Qi Qs Qg bqj b bsl btl
1

Ms

E azqair Qs ait] E[bqj brj bslbtl] .
1

Now Ela; aira;sai) is only nonzero if g =r =s =t g=r #s=1t,q=s#r =1t, or

g =1t #r =s. Only the last two of those cases are equivalent.

ve=> Elajy] E[b%b%)] +ZZE a2 E[b2 b2 +2ZZE az] E|[by;0i0g1br]

q=1 q=1 s#q q=1 r#q

=mpavy + m(m — 1)1, + 2m(m — 1)n,.
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Next, we derive 7.

m 2 m 2
Czjckl = Z alq qJ Z aksbsl
q:l s=1

- Z aiqb(ﬂ' Z airbrj Z a/ksbsl Z aktbtl
q=1 r=1 s=1 —1

=2.2.2.2
g=1 r=1 s=1 t=1

=D 2> > Blaigaiarsai] Blbybrsbabal.
g=1r

=1 s=1 t=1

Qg Qi Qs At bqj br‘j bsl btl

As with ., Ela;,airagsar] is only nonzeroif g=r=s=torqg=r#s=1=.
m

.= Ela}) Ela},] E[b203] + ZZE a2 ElaZ,] E[b2,02)]

q=1 =1 s#q

=mv, +m(m — 1)1,

Finally, we derive 7.

m m m
CijCilCrjCrl = E a; bq] azr rl § aks sj § aktbtl
q:l r=1 t=1

m m m m
:§ § E § alqazraksaktbq]brleJbtl

g=1 r=1 s=1 t=1

— Z Z Z Z Elaiqairagsari] Ebg;bribs;by).

g=1 r=1 s=1 t=1

Once again, E[a;,a;-apsay) is only nonzero if g =r=s=torg=r#s=1.
m

Ne = Z E[a2 ] [akq b2 b + Z Z E zq a’ks [ijbqlbsijZ]

q=1 =1 s#q

=muv, +m(m — 1),

Thus all five equations are proven.

72



Corollary A.2. Let A, B, and C be as in Lemma A.1. If g # i, then E[cgecqrcgneij] = 0.

Proof. Suppose g # i.

o (o) (S ($0) (510
q=1 r=1 s=1 =1
Z Z Z a’dqadragsaitbngrfbshbtj

1 r=1 s=1 t=1
m m

1 r=1s=11

NE

<
I

NE
Ms

E[Cdecdfcghcz] = E adqadragsait] E[bqebrfbshbtj]‘

1

q

Because g # i, g and @ cannot both be equal to d. Without loss of generality, say i # d.

This gives Elagq@aragsai] = Elagqaarays) Elai] = 0. O

Corollary A.3. Let A, B, and C be as in Lemma A.1. Suppose that E[bgcb;bgnby;] = 0 if

one of e, f, h, and j is distinct from the other three. Then C' has this property as well.

Proof. Suppose that one of e, f, h, and j is distinct from the other three.

CdeCifCyhClj = (Z adqbqe> (Z airbrf> (Z agsbsh> (Z ak‘tbtj>
q=1 r=1 s=1 t=1

m m m m

= E § E E adqairagsaktbqebrfbshbtj
qg=1 r=1 s=1 t=1

m m m m

E[cdecdfcghcgj] = Z Z Z Z E[adqairagsakt] E[bqebrfbshbtj]-

qg=1 r=1 s=1 t=1
By the assumption, E[byb, rbspbi;] = 0. So we see that E[cgecarcgneyi] = 0. O

Corollary A.4. Let A, B, and C be as in Lemma A.1. Suppose that if i # j, then

E[be;bgrbnsbri) = 0. Then C has this property.
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Proof. Suppose that i # j.

CejCqfChfCli = (Z aeqbqj> (Z a'grbrf) (Z ahsbsf> (Z aktbti>
r=1

q:l s=1 t=1

= Z Z Z Z aeqagrahsaktbqurfbsfbti
qg=1 r=1 s=1 t=1
E[ce]cgfchfcm Z Z Z Z E aeqagrahsakt] E[bqubesfbti].
g=1 r=1 s=1 t=1
By the assumption, E[by;b, rbssbii] = 0. O

Corollary A.5. Let A, B, and C be as in Lemma A.1. Then E[ceicyrenrcr] = 0 if one of

e, g, h, and k is distinct from the other three.

Proof. Suppose that one of e, g, h, and k is distinct from the other three.

CeiCqfChfChi = (Z aeqbqi> (Z agrbrf> (Z ahsbsf> (Z aktbm’>
q=1 r=1 s=1 t=1

m m m m

= Z Z Z Z aeqagrahgaktbqibrfbsfbti

q=1 r=1 s=1 t=1

m m m
=1 s=1

E[ceicgfchfcki] = Z
1 s=

q=1r

m

E[aeqagrahsakt] E [bqibrfbsfbti] .
t=1
Without loss of generality, say e is not equal to any of g, h, and k. This gives E[ae,a4ansart] =

Elac| Elagransar] = 0. O

Lemma A.6. Let my,...,m, € N. For1 < q <n, let A; be an m,; X m,_1 matriz. Let
all of the elements of all of the A, be independent and identically distributed. Denote by ag;

the element in the ith row and jth column of A,. Let Elayj] = 0 and Ela;;;] = 1. Define

5] =
p1 = Elal,.].

qty

Let B, = Ay---Ay. Then By is an my X mg matriz of identically distributed elements

with Blbg;] = 0 and B[bZ;] = my---mg_1. For all 1 < q < n, there exist constants py, g,
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Vg, Tq, and 1y such that

pq = E[b;lzj]v
Yq = E[bgijbzkj]a
Vg = E[bgijbgu]»

Tq = E[bg -bﬁm],

qij

Mg = Elbgijbqinbaribqri],
foralll <i<k <mgand1l<j<l<my. These constants obey the relations

Pa+1 = MqP1pg + 3mg(mq — 1)7,,

Va1 = MgPq + Mg(mg — 1)7q,

Vg1 = Mgp1Vq + mg(mg — 1)7 + 2my(mg — 1)ng,
Tg1 = Mglq + mg(mg — 1)1,

Ngr1 = Mgl +mg(mg — 1)1,
with vy =v1 =7 =1andn, = 0.

Proof. Everything here follows by repeatedly applying Lemma A.1 to B,y = Ag41B,. O

Corollary A.7. Let B, be as in Lemma A.6. Then B, has all of the properties ascribed to
C in Corollary A.2, Corollary A.3, Corollary A.4, and Corollary A.5.

Proof. In each case, the corollary is applied by induction to A, and B,_; to show that B,

has the desired property. O
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Lemma A.8. If py = 3 in Lemma A.6, then the constants in question can be calculated

directly as follows:

q—1

po = 3 [[mr(im +2),
r=1
q—1
Vg = Hmr(mr + 2)a
r=1
q—1
Vg = Hmr(mr +2),
r=1
14 2 I
Tq = g Hmr(mr + 2) + g Hmr(mr - 1))
r=1 r=1

10 19
Ny = gHmT(m’" +2) — 3 HmT(mT —1).
r=1 r=1

In particular, these formulas hold when the aq; are Gaussian.

Proof. If p; = 1, then the recurrence relations for p,41 and 7,41 become

Pat1 = 3Mgpy + 3my(my — 1)7g,

Vg+1 = MgPg + mg(my — 1)7.

Since we have v, = 1, this means that p, = 3, for all 1 < ¢ <n. This allows us to simplify

the expression for pyi; to

Pa+1 = 3Mgpq + mg(mg — 1)pq,

= mg(my + 2)pq.
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By applying this simple rule repeatedly, we get

q—1

Pq = Squ(mq + 2),
r=1
q—1
Vg = qu(mq +2).
r=1

Similarly, if p; = 3, the recurrence relations for v 41, 7,41, and 7,41 become

Vgr1 = 3mglq +mg(my — 1)1, + 2mg(mg — 1)ng,
Tgr1 = Mglq +my(my — 1)1y,

Ng+1 = Mqlg + mg(mg — 1)n,.

Since we have v; = 71 = 1 and n; = 0, this means that v, = 7, + 2n, for all 1 < ¢ <n. This

allows us to simplify the expression for v, to

Vg1 = 3mglq + mg(mg — 1)74 + 2me(mg — 1)1,
= 3mgvy + my(mg — 1)(74 + 21,
= 3myvy + my(my — 1)y,

= mgy(mg + 2)v,.
By applying this rule repeatedly, we get

q—1
v, = HmT(mr +2).
r=1

Interestingly, this means that v, = v, for all 1 < ¢ <n.

Finally, taking the difference of 7,4, and 7,4, gives a useful relation:

Tar1 — Ngr1 = Mg(mg — 1) (74 — 14).
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It follows that

qg—1
Mg = Hmr(m -
r=1

This allows us to obtain the following formulas for 7,.; and 7,:

1 2
Tq g(Tq+2nq)+3( Tg = Ng)
10 247
=3 mr(mr+2)+§Hmr(mr—1),
r=1 r=1
1 1
Tlq g(Tq + 21,) 5(7— — 1)
1t +2) H
- - (my — =1 | m.(m
3 :
This completes the proof. n
Lemma A.9. Let my,...,m, € N. For1<gq <mn, let A; be an my, x my_1 matriz. Let all

of the elements of all of the A, be independent and identically distributed. Denote by ag;; the

element in the ith row and jth column of A,. Let Elay;| = 0, ElaZ,.] = 1, and E[a,,;] = 3.

qzy] qz]]

Let By, = A, -+ A, forq>r. Let 1 <i<n. Let z,y € R™. Let w,v € R™. Thus
E [IT(BZ‘—LI)TBi—l,lwaBn,z’—H(Bn,i—l-l)TU} =mimsg--- mn—le?ﬂUTU-

Proof. First, note that 7 (B;_11)"B;_11y and w? B, ;11(By+1) v are independent. This

allows us to factor the expectation as
E [xT(Bifl,l)TBifl,lwaBn,z#l(Bn,iJrl)T'U} =E [ﬁT(Bzel,l)TBzel,ly} E [wTBn,i+1(Bn,i+1)TU} )

and work out the two simpler expectations separately. Further, because the two have fun-

damentally the same structure, we only have to work out the details for the first.
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To keep the subscripts manageable, define the shorthands B = B;_11, n = my, and
m = m,;_1. Note that  and y, are n X 1 while B is m X n.

First, we derive an explicit formula for 27 BT By.

2T BTBy = Z(Bx)d(By)d

d=1
=2 D baewe Y burys
d=1 e=1 f=1
=222 babyreyy
d=1 e=1 f=1
Then we take the expected value.
E[{L‘TBTBy] = Z E[bdebdf]xeyf.
d=1 e=1 f=1

Because E[bg.bg] = 0 when e # f, this simplifies readily.

=22 Elbirey..
d=1 e=1
By Lemma A.6, E[b2.] = mimy---m;_. Recall that m = m;_;.
=mqiMmsg + - - mi_ley.
In the language of the lemma statement, this tells us that
E [ZL'T(Bi_Ll)TBi_Lly} = mims--- mi_ley.

Applying the same logic to the other expectation in question gives

E [wTBn,i—&-l(Bn,i—i-l)TU} = mM;Miq2 - ‘mn—leU-

79



The desired result is obtained by multiplying the two.
E [27(Bi_11)" Bio11yw” Bis1(Bnit1) 0] = mima - - -my_yz" yw'v.

It is noteworthy that this expression does not depend on 1. O

Corollary A.10. Let all be as in Theorem A.9 except with each A, scaled by a factor of

o4 > 0, causing ElaZ;;] = o7. Then

2 2 2
U 0‘ PR 0‘
T T T T 102 n T T
E [27(Bi_11)" Bio1jyw”" Buit1(Bni1) v] = oz M2 Moy T YW v,
5
If o; = (mi_1m;)~V/4, then this simplifies to
m;—1m; T
' yw' v
momy,

Proof. Each of the A, occurs twice in the product except for A;, which does not occur. Hence

the scaling by

2 2 2
0'10'2...O'n

2
a;

—1/4

When o; = (m;_1m;) , this becomes

A/ Ti—1Ty;
VMMM -« - Mp_14/My

mimsg - - - mn,1$TwaU.

Cancellation gives the simple form above. m

Lemma A.11. Let my,...,m, € N. For1 < q <n, let A, be an my X mqy_1 matriz. Let all
of the elements of all of the A, be independent and identically distributed. Denote by ag;; the

element in the ith row and jth column of Ay. Let Elag;] = 0, ElaZ;] = 1, and Elag;] = 3.
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Let By, = Ay--- A, forq>r. Let1 <1< j<n. Let x,y,z € R™. Then

E [(ZL‘TB;F_LIBZ'_Lly) (ZETB]T_LIBJ‘_LlZ) | AZ‘, Ce ,Aj_l}

Bl [ 22TyaTz + 2TayTz 2Tya”z — alay"s Ty
_ éﬁ’l”F ( P [+ 2) + 2 o (- 1) )
= r=1

r=1
Here || - || denotes the Frobenius norm.

Proof. To keep the notation manageable, let B = B;_1;, C' = BJ»T_MBj_M, n = mg, and

m = m;_1. With this new notation, we derive
E [(«"B"By) (+"B"CBz) | C].

Note that =, y, and z are n x 1, B is m X n, and C' is m X m.

First, we derive an explicit formula for 27 BT By.

' BTBy = Z(Bx)d(By)d
d=1

= Z Z bdexe Z bdfyf
d=1 e=1 f=1

m n

DY bachapreys

d=1 e=1 f=1
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We do the same for 27 BTCBz.

" BTCBz = f:(Bx)g(C’Bz)g
g*l
= Z Z bgrn Z cgi(Bz);
g=1 h=1
= Z Z bgrxn Z Cyi Z bijz;
g=1 h=1 i=1  j=1

We combine the two to obtain a formula for 27 BT Byz” BTCBz.

n n

:CTBTBinTBTCBZ = Xm: Zn: Zn: bacbarxeys Zm: Z Zm: bgnbijcgitnz;
d=1 e=1 f=1 g=1 h=1 i=1 j=1

n m

m
Z bdebdfbghbz]ng-r ThYrzs-

By Corollary A.7, E[bgebarbynbij] = 0 if g # . This lets us simplify a little bit.

E[z"B"By2" B"CBz | O] = Z Z Z Z Z Z Z E[baebarbgnbijlcgitexny sz,
d=1 e=1 f=1 g=1 h=1 i=1 j=1

=> > > D > > Elbabybubylesgrernyrz;.

d=1 e=1 f=1 g=1 h=1 j=1

By Corollary A.7, E[bgebarbgnby;| is nonzero in four cases: e = h # f = j, e = j # f = h,

e=f#h=j,and e= f = h = j. We break the sum up accordingly.

E[z" BT Byz" B"CBz | C]

m n m m n

= 3 30 Elbucbarbyebgylcggrereyszs + Z > " Elbacbarby pbgelcaget sy ze
d=1 e=1 f#e g=1 d=1 e=1 f+#e g=1

+ Z Z Z Z E[baebacbgnbgn]cogternyezn + Z Z Z E[ b?lebf]e CgTeleYeZe-

d e=1

=1 e=1 g=1 hz#e d=1 e=1 g=1
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We break the sum apart again to handle the cases d = g and d # g.

E[z" BT Byz" B"CBz | C]

=3 > > Ebibilcanrereyrzy + > Y 0> BB by cater iy

d=1 e=1 f#e d=1 e=1 f#e

+ Z Z Z E[bZebglh]Cddmexhyezh + Z Z E[bf}e]cddl’exeyeze

d=1 e=1 h#e d=1 e=1

SN Elbacbabgebgrleggrereyrzr + Y > > Y ElbacbarbyrbyelcogTem s e
d=1 e=1 fe g#d d=1 e=1 f+e g#d

n

+ Z Z Z Z E[bzebﬁh]cggxexhyezh + Z Z Z E[ bzeb?]e CogTeXeYeZe-
d=1 e=1

=1 g#d h#e d=1 e=1 g#d

+

We substitute in the constants from Lemma A.1 and sum over d and g to separate Tr(C')

from each sum.

E[z" B Byz" B'CBz | O]

=, Tr(C) Y were D ypzp +  T(C) D weze D yyy

e=1 f#e e=1 f#e
+ 14 TI'(C) Z Tele Z ThZh + Pb TI'(C) Z Telelere
e=1 h;ﬁe =
+ np(m — 1) Tr(C ereryfzf—l—nb — 1) Tr(C ZacezeZa:fyf
e=1 f#e e=1 f#e
+ p(m — 1) Tr(C Z Tele Z xpzn + (m — 1) Tr(C Z TeXeleZe-
e=1 h#e
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Defining w = >""_, 22y.z. allows us to simplify further.

E[z" BT Byz2" B'CBz | C]
=13, Tr(C) (#"zy"z — w) + 1, Tr(C) (2" 22"y — w)
+ 1, Tr(C) (2" ya" 2 —w) + pp Te(C) (w)
+ny(m — 1) Te(C) (z"2y"z — w) + p(m — 1) Tr(C) (2" 22"y — w)

T m(m — 1) TH(C) (7" — w) + 3(m — 1) Te(C) (w)

Recall from the proof of Corollary 2 that p, = 31, and v, = 7, + 21,. This allows us to

combine terms and arrive at a much simpler expression.

E[z" BT Byz" B"CBz | C]

=Tr(C) (v (z"2y" 2 + 22"y 2) + mp(m — 1) (2" 2y" 2z + 2" yaz"2) + 7(m — 1) (a7y2"2)) .
Substitute in the explicit expressions for v, 1, and 7, from Corollary 2.

E[z" B Byz" B"CBz | C]

=Tr(C) (z"zy" 2z + 22" yz"2) (ﬁ m.(m, + 2))
" = =
+ Tr(C) (27zy" 2 + 2Tyz"2) (mi_y — 1) (5 7[[1 my(m, +2) — 3 H m,.(m, — 1))
= g i=2
+ Tr(C) (27yz"2) (mi_y — 1) <§ Tl_[lmr(mT +2)+ 3 Tl—Ilmr(mr - 1)) :
With some rearranging, we find an even nicer form.

E[z" B Byz" B"CBz | C]

Tr(C) (22TyaTz + 2TayT2 = rTyxTz — aTay’ 2 =
= ( 2 Hmr(mr—i-Q)—l— 3 HmT(mr—l) :
v r=1

r=1
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Finally, note that Tr(C) = || Bj—1./%-

E[z" BT Byz" B"CBz | C]

Bi i3 [ 22TyxTz + aTayT 2 i_l aTyzTz — aTayTz 2
:” j—1, ||F ( Yy Yy Hmr<mr+2)+ Yy ) Hmr(mr_]-) '
r=1

mi—1 3 3 el

This completes the proof. O

Lemma A.12. Let my,...,m, € N. For1 <q <n, let A, be an my X my_1 matriz. Let all
of the elements of all of the A, be independent and identically distributed. Denote by aq;; the

element in the ith row and jth column of Ay. Let Elag;] = 0, ElaZ;] = 1, and Elag;;] = 3.

Let By, = Ay--- A, forq>r. Let1 <1< j<n. Then

B 7 Bl
g [ I1Bivllz | J+1||F1_ Hmer+2+ Hmr m, —1).

mi—1

Here || - || denotes the Frobenius norm.

Proof. To keep the notation manageable, let B = B,_1,41, C = A;, D = Aj, ¢ = my_1,

r =m;, s =mj_1, and t = m;. With this new notation, we derive
E [|BO|ZIDB%] -

Note that Bis s xr, C'isr x ¢, and D is t X s.

First, we derive ||BC|% as a sum.

IBCI7 =) > (BO);

e=1 f=1

S5 (B

s q r

- Z Z Z Z begbehcgfchf.

e=1 f=1 g=1 h=1
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We take the expectation given B to eliminate the ¢ terms.

s q r r
E[IBCIE1B] => 3 3 begben Elcggeny]
e=1 f=1 g=1 h=1

S

SN
e=1 f=1 g=1
S T

LY,
e=1 g=1
We do the same for ||DB||%
t r
IDB|7 =Y "> (DB),

i=1 j=1

= Z Z (Z dzkbkj>

lljl

= Z Z Z Z brj by dikdi.

i=1 j=1 k=1 I=1

As with the ¢ terms, the independence of the d terms causes most of them to vanish.

E |:”DB||§7' ’ B Zzzzbkjblj zkdzl

i=1 j=1 k=1 [=1

We combine the previous two expressions to obtain the object in question.

LB{IBCIIDBIE] =303 3" Bl

e=1 g=1 j=1 k=1
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As always, it is essential to break up the sum based on which indices might be equal.

EIDBI3 | B] =YY E[bl]

e=1 g*l

DR IECTD

619 1 j#g

+ZZZE6%

elg 1 ke

DI

e=1 g=1 j#g k#e

Substitute in the constants from Lemma A.1.
E[||[DB|; | B] =srpy+ sr(r — L)vy + sr(s — )y, + sr(s — 1)(r — 1)7

Now we can return to our original notation and use the expressions from Corollary 2.

o [IBivally 1B I T
=13l F I+l F
=3m;m;_ my(m, + 2
Mi—1 mj :| ’ lrl:—[i-l ( )
j—2
+mj_ym;(m; — 1) H m,.(m, + 2)
r=i+1
j—2
+mjami(m; 1 —1) ][ me(m, +2)
r=i+1
1 th
-+ gmj,lmi(mj,l — 1)(ml — 1) H mr(mr -+ 2)
r=i+1
;2 ( 1)( 1) H 1)
3m] 1M (11 1 l+1m7« r .

All of this simplifies in a straightforward way to a nicer expression.

B'f 7 2 z
|Bj—vill7 | B +1HF:| — Hmr my +2) + - Hmr m, — 1).

mi—q
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This completes the proof. O]

Lemma A.13. Let my,...,m, € N. For1 <gq <n, let A, be an my X my_1 matriz. Let all
of the elements of all of the A, be independent and identically distributed. Denote by ag; the

element in the ith row and jth column of A,. Let Elay;| =0, E[az;.] = 1, and Ela;,;.] = 3.

qzj] qzy]

Let By, = Ay~ Ay forq>r. Let 1 <i<j<n. Let w,v € R™ and let P be m, x m,

and symmetric. Then

E [w By j11B, ]+1PBn,i+1Bq{,i+1U | Aii, - - 7Aj]

1

n—1 n—
_ ||Bj,i+1||%7 (Q’LUTPU + TI(P)U)TU HmT m, + 2) TPU — TI' ’LUT?J Hmr m, — 1 >

ms; 3
j i

Here || - || denotes the Frobenius norm.

Proof. To keep the notation manageable, let B = Bj1,, D = BjT7i+lBj7i+1, n = m,, and

m = m;. With this new notation, we derive
E [w"BB"PBDB"v | D].

Note that z, y, and z are n x 1, Bisn xm, Pisn xn, and D is m X m.

First, we derive an explicit formula for the elements of PTBBTw

(P"B)es(BTw)y

NE

(P"BB"w), =

~
Il
—_

MS [ Elﬂs

Zpge 9f Z brpwn
>

Z bgfbhfpgewh.

1 g=1 h=1

~
Il

88



We do the same for BDBTv.

(BDB™v), = Z(BD)ei(BTv)i

—Zzbejd]zzbkzvk
i=1 j=1

= Z Z Z bejbkidjivk-

=1 j=1 k=1

These formulas let us compute w” BBT PBDB"v = (P* BBTw)"(BDB"v).

m n n n

w BB PBDB"v = Zn: YN Zm: Zm: bejbgbn fbridipgewnvy.

e=1 f=1 g=1 h=1 i=1 j=1 k=1

By Corollary A.7, E[be;b,bnsbri] = 0 if ¢ # j. We get to remove one index.

n n n m n

E [w"BB"PBDB"v | D] =) >N Z E[beibg0n bl diipgewn vy

e=1 f=1 g=1 h=1 i=1 k=

By Corollary A.7, E[be;by by sbk;] is nonzero in four cases: e =k # g =h, e =g # h =k,

e=h#g=k,and e = g = h = k. We break the sum up accordingly.

E[w' BBY PBDB"v | D]

n

= Z Z Z Z E[b20Y 02 ] dsipgewqve + ; fz; ; Zl: E[beibe tbnrbnildiipecwnvn

elf lgyéezl

#3003 Blbabushbldapety + 35 S EIRE v

e=1 f=1 g#e i=1 e=1 f=1 i=1
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We break the sum apart again to handle the cases i = f and i # f.

Elw" BBTPBDB"v | D]

n

- Z Z Z E[bgfbif]dffpgewgve + Z Z Z E[bgfbif]dffpeewhvh
e=1

e=1 f=1 g#e =1 f=1 h#e

Y NS BBy pgewevy + > > ElbE s ppecweve
e=1 f=1 g#e e=1 f=1

+ Z Z Z Z E ei gf zngewgve + Z Z Z Z E[beibefbhfbhi]diipeewhvh
e=1 f=1 g#e i#£f e=1 f=1 h;ée 1#f

+ Z Z Z Z E bezbgfbefbgz iiPgeWeVg + Z Z Z E bgzbgf iiPeeWeVe-
e=l f=1 g#e i#f e=1 f=1i#f

We can now identify the constants from Lemma A.1 and separate out Tr(D).

E[w"BB"PBDB"v | D]

n

=, Tr(D) Z Z PgeWqgVe + 7 Tr(D) Z Z DeeWn U

e=1 g#e e=1 h#e
+ v, Tr(D) Z Zpgewevg + pp Tr(D) Z PeeWele
e=1 g#e e=1
+ 1(m — 1) Tr(D) Z z:pgewgv6 + ny(m — 1) Tr(D Z Zpeewhvh
e=1 g#e e=1 h#e
+ mpy(m — 1) Tr(D Z Zpgewevg + v(m — 1) Tr(D Zpeewefu6
e=1 g#e

Use the relations from the proof of Corollary 2 to simplify. Replace A with g so that terms

match.

Elw"BB"PBDB"v | D]

D) <’7b Z Zpgewgve + o Z Z PecWyUy + Ty Z Zpgewevg> .

e=1 g=1 e=1 g=1 e=1 g=1

+ ( - 1 TI' <Tb Z Zpgewgve + b Z Zpeewgvg + b Z Zpgewevg)

e=1 g=1 e=1 g=1 e=1 g=1
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These sums can now be expressed conveniently in the language of linear algebra.

Elw" BBTPBDB™v | D]
=Tr(D) (w" Pvy, + Tr(P)w" vy, + v" Pwy,)

+ (m — 1) Te(D) (w” Pury, + Tr(P)w" vy + v" Puwn) .
Substitute in the expressions from Lemma A.8.

E[w"BB"PBDB"v | D]

Tr(D
_Tx(D) (w" Pv+ Tr(P)w"v + v Pw) m < H m,.(m, + 2)
m r=j+1
n—1 n—1
Tr(D 1 2
+ % (w" Pv) mj(m; — 1) (5 H my(m, + 2) + 3 H my(m,. —
r=j+1 r=j+1
Tr(D
+ i )(Tr(P)w v—l—vTPw) m;(m ( H m,(m, +2) — = H m,.(m
m r=j+1
Rearrange.

E[w" BBYPBDB"v | D]

_Ti(D) (wTPv + Tr(P)wTv + v Pw ’ﬁ (4 2)>

m; ,
J .

mj 3

TP, _ T
+Tr(D) <2w Py — Tr(P)wTv UPmer T_1>

Use the symmetry of P to simplify.

E[w' BBY PBDB"v | D]

Te(D) {2w”Pv + Tr(P)w v 1 w? Py — Tr(P
— " ( 3 Hmrmr%—Z)—i—
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Recall that D = BJ,, | B; 11 and so Tr(D) = || Bj it |-

Elw" BBTPBDB"v | D]

n—1 n—1
|Bjivil% [ 2w” Pv + Tr(P)wv w? Pv — Tr(P)w™v
= Jmf F z Hmr(mr+2)+ 3 Hmr( -1 .
J r=j =j
This completes the proof. O
Theorem A.14. Let my,...,m, € N. For 1 < q <n, let A, be an m, X m,_1 matriz. Let

all of the elements of all of the A, be independent and identically distributed. Denote by agj
the element in the ith row and jth column of A,. Let Elag;;] = 0, ElaZ,;] = 1, and Elag,;] = 3.
Let By, = A, -+ Ay forq>r. Let 1 <1 <j<n. Let x,y,z € R™. Let w,v € R™ and let

P be m,, x m,, and symmetric. Define

2TyaT s — aTayTz 3
m,.(m, + 2) + i 3 Y

r=1 r=1

i1
20l yatz + aTay’ 2

fij 3

m,(m, — 1),

19 21
9 =3 Hmr(mr +2)+ 3 Hmr(mr - 1),

2wl Pv + Tr(P)w v "= w? Py — Tr(P)wTv T
hij =~ ; (P) [T (m, +2) + 3( ) [T (m. —1).

r=j r=j

Then
E [(xTBiT_llei,l,ly) (.CIZ'TBJT_LlBj,1712) (wTBn,JLi,lB£j+1PBn7i+1B£i+lv)i| = f’ngzjh’Lj
Proof. Let

CcC = (:CTB;'TleBifl,ly) (‘TTB]Tfl,lijl,lz) (wTBn7j+1BT PBn,i+1B7j7;i+1U) .

n,j+1
Because each A, is independent of all the others, we can factor the expectation as

E[C] = E[C | Ai,Ai+1, RN ,An] E[C | Al,AQ, .. .Aifl,Aj,Aj+1, Ce ,An] E[C | Al,AQ, . ,Ajfl].
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Lemma A.11, Lemma A.12, and Lemma A.13 establish that

Ele| Aj, A, - Ad) = iy,
Elc| A1, Agy o A, Aj Ay, o A = g4,
E[C | AleQ, e 7Aj—l] — h‘zg,

respectively. ]

Corollary A.15. Let all be as in Theorem A.14 except with each A, scaled by a factor of

o4 > 0, causing ElaZ;] = 07, and Elay,;] = 30;. Then

E [(xTBiT_l,lBi—l,ly) (I’TBJT_LIB]‘_LlZ) (wTBw»HBinPBmHBziHv)}

4 4 4

_ 0102 On e

= 2 9 fijgijhi;.
070

In particular, if oy = (mqmq_l)_l/4, then the expectation becomes

(mi_ymgmy;_ym;)'/?

2,,2 2
m0m1m2 A m,n_l n

fijGijhij-

Proof. If i < j, then each of the A, appear four times in the above product except for A;

and Aj;, which each appear twice. If i = j, then each of the A, appear four times except for

A;, which does not appear at all. O
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