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CHAPTER I
INTRODUCTION

Recent progress in structural engineering has been
marked by the increased use of thin shells as load carrying
members. In particular, shells of revolution have been
widely utilized in the missile industry whereas shells of
arbitrary shape have been incorporated in the architectural
design of today's modern buildings.

Missile applications have been extensively studied
both statically and dynamically. However, architechural
applications have generally been limited to the statics
problem with little consideration being given to the dynanmic
behavior of these unique structures.

Statement of the problem

It was the purpose of this study to investigate the
dynamic behavior of thin shells with a particular emphasis
being given to the hyperbolic paraboloid, which is a common
shell structure used in architectural design. The major
objective was to determine the lowest natural frequencies
of vibration as a function of the physical characteristics
of the shell.

Purpose of the study

An accepted principle in engineering analysis is to
develop a mathematical model prior to the construction of a
physical prototype. The purpose of this study was to lay
-the analytical ground-work which is required before an ex-
perimental analysis can begin.

A hyperbolic'paraboloid was selected because this
particular surface readily lends itself to analysis and may
easily be constructed in the laboratory.



Method of approach

In order to gain an understanding of the problem the
first step in the analysis consisted of the derivation of
the equations of motion of a thin shell. These equations
were first developed for a shell of arbitrary shape defined
by a general curvilinear coordinate system.

The next step was the application of the general
theory to the special case of a thin shallow shell defined
in rectangular coordinates. The equations were then simpli-
fied by neglecting the longitudinal inertia terms and con-
sidering only the transverse vibrations. The conditions
under which this simplification is valid were established
through a fractional analysis of the governing equations.

The frequency determinate was evaluated for the case
of a hyperbolic paraboloid, of general profile, simply sup-
ported at its edges. The lowest natural frequencies were
then calculated and presented as a function of the physical
dimensions of the shell.

Finally an experimental study was proposed to help
answer the questions that arose in developing the mathemati-
cal model.

Review of the literature

An extensive literature search was conducted to deter-
mine the present status of the problem. In this search many
excellent article§ were found that dealt with the statics
problem in shell design but relatively few articles discussed

the dynamics problem.z'5
Foremost among those authors who have publishgd

papers in the area of thin shells was Eric Reissner. Many

of his studies were supported by the Office of Naval Research.
Since most of the periodical literature omitted the

derivation of the basic equations it was necessary to turn

to the various texts on shell theory.
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The earliest text found was "A Treatise On The Math-
ematical Theory of Elasticity" by A.E.H. Love® written in
1892. His work is considered by many present day authorities
as being the classic reference in the area of elasticity.
However, it is more difficult to read than are some of the
newer booOKkSs.

Among the more recent texts available are "The Theory
of Thin Shells" by V.V. Novozhilov,1 "Stresses in Shells" by
Wilhelm Flugge,4 and "The Theory of Plates and Shells" by
S. Timoshenko.7

It should be noted here that the majority of this
thesis is based on the general theory as presented by V.V.
Novdzhiloy and the applied work of Eric Reissner. (Both of
which have been previously referenced.)



CHAPTER II
THE GENERAL THEORY OF THIN SHELLS*

Introduction

A shell is a body bounded by two curved surfaces,
called the faces. The middle surface is defined as the locus
of paints which lie at equal distances from the faces.

The thickness of the shell is the distance between
the two faces measured perpendicular to the middle surface.
In practice the thickness of a shell does not vary with
respect to the other dimensions. The geometry of a shell
is completely defined when the middle sur face, thickness,
and the edges are specified.

I. BASIC ASSUMPTIONS

The present discussion of the theory of thin shells
is restricted to the study of the deformation of elastic
bodies under the influence of given loads. Thus, it will
be assumed that the material of the shell is isotropic and
obeys Hook's law and that the displacements at a point are
small in comparison with the thickness of the shell.

This latter assumption leads to linear differential
equations which are solved with much less difficulty than
their non-linear counterparts.

In the following analysis a shell will be called thin,
if the maximum value of the ratio'é&((where & is the shell
thickness and R is' the radius of curvature of the middle
surface), can be neglected in comparison with unity. This
restriction simplifies the basic equations considerably.

*This entire chapter consists of an outline of the
derivation of the equations of thin shells as presented in
the book "The Theory of Thin Shells" by V.V. Novozhilov,
(Ref. 1). The material herein will be presented without
further reference to the original text.
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Stated more precisely the practical range of thin shells is,

/ £ S v /
/000 — R - $0
In addition to the foregoing assumptiohs and defini-
tions the theory of thin shells is based on the two fundamen-
tal hypotheses proposed by G. Kirchhoff.

a) The straight fibers of a plate which are perpen-
dicular to the middle surface before deformation
remain so after deformation and do not change length.

b) The normal stresses acting on planes parallel to
the middle surface may be neglected in comparison
with the other stresses.

Thus it is apparent that the analysis of a thin shell
is reduced to a study of the deformation of the middle sur-
face in much the same way that the analysis of a beam is
reduced to the study of the deformation of the neutral axis.

II. GENERAL CURVILINEAR COORDINATE SYSTEM

In the classical approach to the theory of thin shells
considerable use is made of a general curvilinear coordinate
system. This system is related to the Cartesian coordinate
system through the use of the parameters c{;and Cllsuch that,

X=f(«,,9,),
CER NI W (1)
Z= f,(«,,%,),

where f,f.f are continuous, single-valued functions of the

19293 -
parameters ,,0l,.

If &, is held constant and &, is varied then a family
of curves called coordinate lines o, will be generated. 1In
a similar manner coordinate lines X, are found. The result
is the development of a double curvature surface.
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Furthermore, every point on the surface is specified by the
intersection of two coordinate lines (see Fig. 1).

Fig. 1

Since the choice of system of parameters is arbitrary
it is convenient to choose (X, and X, as the lines of principal
curvature of the surface. This particular system will be
orthogonal, due to the fact that the directions of principal
curvature on a surface are mutually perpendicular. In the
derivation of the general equations of thin shells this sys-
tem of orthogonal curvilinear coordinates is adopted.

The three scalar equations (1) correspond to a single
vector equation, — -
r= r(dudz) (2)
whose projections on the X,4,2 axes are given by equation (1l).

It may be shown that an increase in one of the curvi-
linear coordinates corresponds to a shift of the vector T on
the surface in the direction corresponding to the increased
coordinate. Hence the vector

5= 2F g IF
ds = aac,d“""}?;d“z (3)
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is equal in magnitude and direction to the seément joining
the points (&,,d,) and (o +dd, &,tda,) of the surface. The
square of the length of this segment is given by

2 = - 12
_2_| a7 F o, 3F 7
sl oga]aer « A35, - 35 e+ [t o

Introducing now the notation

=2 2 2 2
7% 42 L [(ax), (2u (22
x| A= (.-)a(,) " (w,) +<aa,> ) )

b Ya

2 2 2
2 X d
s :;/4 = -é—— + Jii, + °z ’ (5)
oA, 2 . 3, a,
where the quantities A: ,A‘ are called the Lame' parameters
and the principal radii of curvature R,, R, are established by
the conditions of Codazzi and the condition of Gauss respect-

ively:
3 A;)= 1 A
Xk, \ R, R, da,’
(6)
O (AN, L A
da \A )" R, &’
Q[ 1 94 9 [/ JA,\ - _ AA
QOK‘(A, 30(.) * a;_(xz _a-z/ “;Jiz ’ 7

These relations were derived directly from the partial der-
ivatives of &, €, , &, with respect to &,, &,.



IIT. THE LAW OF VARIATION OF DISPLACEMENTS
ACROSS THE THICKNESS OF THE SHELL

Let a point on the middle surface before deformation
be designated as O (see Fig. 2) and let the vector F des-

cribe this point. Now, as a result of deformation let this

point undergo a small displacement & and designate the new
position as O’ . o, '

The deformed middle surface can be described by the vector

R=F+Z=F+u5,+7/‘§z+uf’én , (8)

where ({ ,V , W are the projections of the displacements of
the middle surface in the direction of é,, éi, é..‘ respectively.

Using the methods of vector analysis the displacement
of an arbitrary point in the shell may be expressed in terms
of the displacement of its corresponding point on the middle
surface. This relation is given by

Ug = U+ 2D,

7’/('-!} =V + 2 ‘”’
Wz = W, (9)

where L. Y;) « Wy are the displacements of the arbitrary
point, and



;= Low | u
A d«x, AR, ’
(10)
/! dw 174
= - + .

Equation (9) is referred to as the "law of variation
of displacements across the thickness of the shell.” This
law is consistant with the basic assumptions in that the
variation of displacements is linear and the normal displace-
ment : #{zis independent of Z.

IV. THE DEFORMATION OF A SHELL AND THE
DEFORMATION OF ITS MIDDLE SURFACE

/
if A, is defined as one of the Lame' parameters of
the deformed middle surface, then from equation (8)
JR

A\ 2
(4) =2 = 40146 i
where c -/ U i I A, .- _20_"'

- — I 4 .
! Al adl A.Az G‘“: R.
Now consider a segment of the line d,‘ in the middle

surface whose length before deformation is given by

ds, = A, dt,
and after deformation,
f
ds'=A dx, .
The strain experienced by this element is
/
S — 4ads,
ds,_— ds, = £ (12a)
as, U

In like manner the strain in the direction O(g is given by

9 I DAz

=  —

v
2= 7,3, YA 94,

Uu + - . (12b)
R,
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The shear strain, &) ., is equal to the cosine of the
angle between the lines O, and &, after deformation. Hence,

= (éf-" ézl) ’

il =
which upon substitution of the values for £, , e} becomes

& = 443 i/ljjy + A .é_/u') (12c)
Ay ao‘kAz.'/ A daz\ A,
Considering a surface ™
parallel to the middle surface \/—112 /772.
at a distance z (see Fig. 3), @hk”——_t——-“‘ﬁ2?z
\ /
CIS, = A‘d“‘ =m,mz ) \ /
m, \ R/
77?,_ /Q QA6 , \ I ./
le = R+2, /\\,/\Ae
Hence, :
Fig. 3
ds®=nmn = 4 (/f-%)o/d, . (13)
I

From equations (12) and (13) the deformation of any surface
parallel to the middle surface can be expressed in terms of
the deformation of the middle surface as follows:

A(2) _
<, '/*g/ﬂl (£ 7"2}()
(z?J
& /*%2 &+ 2 ) (14)
z)___ Z
1+ %4, 1+%4, A’i

+2 [/ (;77/)—2’-]2 'z},
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e e | — —— o m— | — — — e — " —

AA; do\A 3d; A,

go= oL 3 (1 gz‘_r-z\,ﬁ_/_ QA 1w _ i)
27 TA, 3a\A; ok, R, Ay 0 \A 3K, R, ]

| [ % 1 A dw _ 1 Az JW'\

T = —A‘Az \30(,30(3_ A Adz Sa- Az Jd[ sz )
. /(/Ju A I AV, S

TRNT S, TAA L) T RAK W AR W, D)

The parameters K‘, Kz‘ 7 characterize the change of curva-
ture and the torsion of the middle surface.

Equations (14) may be simplified by expanding the1§k
terms in a power series of Z and neglecting terms 1‘ and
higher. This step is justified by the thin shell assumptions.
Thus, it is found that

£} /+£(Kl—£;/ﬂl))
% = &£+ 2(K,-E:/R,),

vz e 2{feg) 2],

In these equations the first terms represent the strain
distributed throughout the plane of the shell and the second
terms represent the bending strain. Also the coefficients
of 2 in the first two of the formulae above are equal to
the changes of curvature of the middle surface in the dir-
ections &,, &, .
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V. COMPATIBILITY CONDITIONS

To insure that the middle surface remains continuous
after deformation the six deformation parametersfl‘ '£z D
K, K_z, 7 must satisfy the following compatibility condi-
tions for shells of arbitrary form (first deduced by Gol'den-
weizer using the conditions of Gauss-Codazzi).

a“l T'J;z(.q Nl fL Ja: -2 qu ,R, J«ﬁ

Az oKz C)AZIA" x ) - J? JA +_/_ JA, w +

! ,éﬁg .Qﬁl Jé} - gfk - ] =
*/l [’4 Jafz+ Ja, “ A2 g Jn, 9L, (& -4)

LAY, 20T e, 1 A
fﬂ ch * .Z(k; ‘K ) Z J&( ‘Z‘hx' z + /? J A, w t

Y 2 _ A
[’42 T AT A Bl O 5)] y (18

Ke o 1 (0 1T, 92 My oy AW _34
R AAzLJd A LAZ JO(, d( \5‘;- ‘5, z u]dg 96(2 L)J

g___ )&, JA. A Jw e }
" iag Az[ 13 T (‘5 &) -7 o, I, a)]- -
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VI. FORCES AND MOMENTS

Consider an element cut from the shell as shown in
Fig. 4.

DEA

Let

0u, Uz be the normal stresses, acting on the faces of this
element,
02,02 be the shear stresses on these faces, acting paral-
lel to the middle sur face,
G593 be the shear stresses on these faces, acting normal
to the middle surface.
The resultants of the stresses T e Tz ¢+ Ty acting on the in-

dividual faces may be written as,
e
Sy = A doy [ @, (1#2/4,) dz,
=¥
+92

5.7 Agdla [ o (1#3/h) o,

e
SB::442<7QX2 073(73‘%222)19@3.
-%
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And the forces per unit length of a line O, are expressed by
the following,

7; —-/42_2; fﬂ‘,,((f— 2/p,) dZ,

7 g O i d

12 = 5 T _%U':z(/*' /R, ) @25 (17)
192

- R s A .
4= 2 —jy Gs( 1+ %/R,) d 2

In a like manner the forces per unit length of a line ¢,
become,

+92
72 =fﬂ‘zz (1+%R)d2,
2

fn;, (1+2/5)d2,

e
/ Gy (1#Zk) d2 .
e

Consider next the moments of the stresses T, V|, acting
on one of the faces of the element about the directions ez, e
respectively. These are the bending and twisting moments per
unit length of the line ,and are expressed by,

+92

M _Z;/ZZ(#Z/RZ)T,, dz,

(19)
t92
Moz [ F01# o) O2
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Also the bending and twisting moments per unit length of a
line A, are 14

M, =_/ 2(1+2R) 9, J2

e (20)

+4
My = LE(/*E/Q,)Q},JE

%

Thus the six forces Z-, 7,; A % Ty ,.,Vz and the
four moments /1'7,, My Me ,Af,, completely characterize the state
of stress of the shell.

VII. EQUILIBRIUM OF A SHELL ELEMENT

Introducing the vector notation,

TO2(78 7, 810, 8) Aydey , M= (M8 - My &) Adey
7= (LE+7, & 4 Ex) A da, /ﬁ(t)=[ma éz"/”z E ) A d&,

the forces on a free body diagram may be represented as
shown in Fig. 5.
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The condition of equilibrium requires that,

which leads to the following differential equations.

,4,/{12 [gjé,z * % jﬁz Tz *ﬁl‘-"z] % +3.20,
77 [J:; iy R YT, j—i- 7] 2 #9270,
/":_/:z[%%/l +%]-7%'% *fn =0 "
i HQ,M' ! Jﬁf" 3’;‘} Mz - ‘”‘ M,: N =0,
422 [.);4:( bz 4 J;;(:”z + jﬁ:M" 3’2,14, M =0,

Ta T+ - M g,
/ 2 )
These six equations of equilibrium involve ten unknowns and
hence the problem is statically indeterminate. However, the
solution is made possible by introducing the relations be-
tween stress and strain of an elastic body. This will be
done in the next section.
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VIII. THE STRAIN ENERGY FOR A SHELL

From the basic theory of elasticity it is known that
the equation for the potential energy of a material which is

homogeneous, isotropic, and obeys Hooke's law is given by,

V= 5ﬁq7:e” # U2p €2z +Uss Cyy + V138 + Vi3 65 + Ty ) do (22)

where

T, Gzes U35 are the normal stresses on three mutually
perpendicular faces of an element, cut from
the elastic body,

€., 6,6, are the corresponding strains,

Uz + T3 . Gzs are the shear stresses on these faces,

©e + €51 €33 are the corresponding shear deformations,

o9 is the volume of the element.

Also, by Hooke'!s law,

= (o0 2 9)

U2z = 752 (‘e" 7 /ﬁ,« e) ’

5, - /_f/% (e,, +/:Z“ e)’ (23)
Viz -z(/;) Zy

Z is Young's modulus,

&L is Poisson's ratio,

e - e,,*ezz*e_?g [
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Utilization of these concepts leads to the potential
energy of deformation for a thin shell given by,

— wl )

V= 2(/ /ﬁf "'é) Z(//“)( " 4 )_14,/42 dﬁ(.ala’z(-zl;)
[Js 2 Z .

+j4 (/./JZ) j‘/‘[(/(i e ) '2(/7“) (/(.Kg -7) | A, Az 5/0(' c‘jd’z

In this equation the first term represents the potential
energy of extension and shear, the second term represents
the potential energy of bending and torsion.

IX. RELATIONS BETWEEN THE FORCES, MOMENTS,
AND THE STRAINS OF THE MIDDLE SURFACE

-

Combining the results of the last three sections and
neglecting quantities of order ‘S/R compared with unity the
following approximate relations between the forces, moments,
and the strains of the middle surface are obtained.

_ £4S
7'--/

* ULz), % —/j;J (&2 +.45) ,

£d w
712 = Z2s =(/;4() 2

M= Gl tAh) . M= gy Ve k),

(25)

R A
Ma= Mo = 2ty ©

Thus equations (21) and (25) are sufficient to solve -
the problem of the theory of thin shells.

However, use of the equations (25) results in some
contradictions in the shell theory. Specifically, not all
the deformations of the elastic body can be expressed as
potential energy of deformation. Also the six equilibrium
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equations (21) are not identically satisfied.

Even though the use of the approximate equations leads
to the above contradictions the author of the original der-
ivation (V.V. Novozhilov) contends that the mathematical in-
accuracies do not exceed the inaccuracies due to the initial

assumptions.



CHAPTER I1II

TRANSVERSE VIBRATIONS OF SHALLOW SHELLS

Introduction

The previous chapter was concerned with the general
theory of thin shells and is applicable to any coordinate
system. This general approach is useful in deriving the
basic equations but before a particular problem can be solved
the coordinate system must be specified.

Thus in this chapter the equations of a thin shell
will be presented using the Cartesian coordinate system.
Furthermore, the theory will be restricted to the case of
shallow shells, i.e., those whose height to span ratio is
small compared to unity. This restriction leads to simpli-
fied equations in which the longitudinal inertia terms are
‘negligible.

I. BASIC DIFFERENTIAL EQUATIONS

Let the middle surface be defined in Cartesian co-
ordinates by an equation of the form
2?=ff(k;g):
where Z is a second-degree equation representing a surface
which has a rectangular projection on the base plane (see

Fig. 6). o
- X
é% l ‘dng

|
|
I
[
l

Fig. 6
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Following a procedure similar to that in Chapter 2,
the German scientist K. Marguerre formulated the equations
for the linear theory of shallow shells. These are presented

in the following form. 2

INx J/l(ry
(1a)
JX Jg :
Iy INg _ ¢ U .
x g Tt g (o)
ohx , 8 9 JZ J 492 -JW' (2)
W Ty R Ut ”’9] Jg[Jx”"“ 3y 1y ] 5
IMey  IMy 5 (3b)
xSy &y =9,
= - o'W S'w ' (4a)
Hx 0(Jx= +”35‘)’
"o 32 | JiS
”{ﬂ- -D<352 7V C}Xt_/\ , (4b)
ol 3w
My = =(/ V)‘Dgx 3 ; (5a)
U JZ29W _ Me-v Wy
X Taxax T A5 tsp)
c)lf IZ JW _ My -V M , (5¢)
Yy ég dy ~  £4&
QU L JYV L JZIw  JE W My (54)

Jy TIX T IX Iy Jy Ix T 44
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In the foregoing relations the middle surface is
given by the equation Z=Z(Xy)and the components of displace-
ment in the X, y ,Z directions are 4., 7/, W respectively.
In addition,

time

density of the shell material
shell thickness

tangential stress resultant
transverse stress resultant
stress couples

bending stiffness, 5{4;04;)
Young's modulus

Poisson's ratio

Q'\Q:R_D:tovtok

Introduction of equations (3),(4),(5) into (1) and (2)
leads to three simultaneous equations in 2, % , %/ . For £
and <S constant these equations reduce to the following form.

LYz,  1r23 [Ju IV /-Y[)z JW e
Z V‘“Lz Jx(.;x J5)+ 2 \JXVW’LFVE) (6a)
a
Y 3 [z dw | dzow ) _ e du
Y2 \oxax Yoy )T FiE
(D2, 117 3 [u, I, /-7 (32 Wz
(AL, b T Y+ 257 2
z T2 i\ 2 ()5‘7” Jg V%) (e
L LY (2 Jw | 9z Jw) - e 3¥r
z dy\dxJax Tagay) T F 7%

&
ot o ZE[VET 2 Sy, iz o S iE
J

/739X Lox T ax 3x \Jy Jy Jy.
JZ Jw /Ju dz Jay, oy Iz [du J
5y 3y TAR TIx )Y Iy L3y 7

QZ Jw |, dZ Jur|] _ o[ Jz.Jzz 42 )]
J;(-d_g“/—jg??]} = (og ______ (6c)

+

W27 "ox 32 "Iq 32
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It may be appropriate at this point to quote a state-
ment made by Eric Reissner concerning the complexity of these
equations.?

*...an indication of the difficulties associated with
this system of equations (is) that no successful at-
tempt is known of an evaluation of the frequency
determinant obtained from this theory for what is
probably the simplest of these spherical-shell pro-
blems, the problem of the complete shell segment with
clamped edge."

II. SIMPLIFIED EQUATIONS*

A common method of solving simultaneous equations in
problems of statics is to introduce a new function, called
the stress function.

In problems of dynamics this approach is prevented by
the presence of the longitudinal inertia terms in equations
(1). However, for the class of dynamic problems in which
.vibrations take place principally transversely the equations
(6) may be reduced to two simultaneous equations involving
the vertical displacements, ¢/, and the Airy stress function,

F .

The stress funétion,/? , 1s defined such that

_ 9~ -~ .
=37 0 M /“‘-‘/“Jxéj

satisfy equations (1) when the longitudinal inertia terms are

(7)

neglected. Utilization is also made of strain compatibility
which gives an ecuation of the form,

O (u , d2 Jw-\ (sz Jz2 Jw\ d* [Ju | Jr
Sur\ax T 3x ax T xE\3y T 5y JH}D)XJH\JH T x

Ja o)w Ji‘_&_ zg J¢wS J 2 2
» 92 Ju 3z Jwr %W
oy T3y 3x ) 2)::45 Jydx Ingq ,)Agfé.

(8)

*The next two sections consist of a complete review of a
paper written by Eric Reissner on the vibrations of thin
shells (see Ref. 2).
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Substituting equations (5) and (7) into (8) gives

the first of two simultaneous equations in A4 and &,

4~ _ %2 w2 Yw_ 2 3w
VA _7£J[24x35 IXdy TS Iy* Jyt ox* J

Similarily substitution of equations (3),(4), and (7)
into (2) yields the second simultaneous equation,

2 JF . J% JF 4 '2 3£

= - . (II)
Jtz Ixdy Ixdy 7 dn? dy* = Jy* Jx*

D

ITI. JUSTIFICATION OF THE SIMPLIFIED
DIFFERENTIAL EQUATIONS

The conditions under which the longitudinal inertia
terms may be neglected involves an extensive order-of-
magnitude analysis of the displacement differential equations.
A common method of approach is outlined as follows.*

1. Normalize the main variables.

2. Normalize the coefficients of the derivative terms
by dividing by any one of the coefficients.

3. Arrange the resulting parameters to get more suit-
able ones as desired from physical considerations.

4. Through the use of fractional analysis the insigni-
ficant terms are eliminated thus simplifying the
original problem.

Refer now to equation (6). The variables are normalized
by introducing the following dimensionless parameters,

5:%’ ?: :3—-’ Z'F-’WZL, (9alblc)

w=WF¥, U = Ug 5 v=Vk, (10a,b,c)

*See Appendix I.
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such that the functions ¥, 9 , X and their derivatives
with respect to 5 Y a 72 are at most of order of magnitude
unity. The constants Y ,IJ ,V are arbitrary but { and Z
are characteristics of the system. In addition, let

4 A
Zx = Z- VX ) Z‘j = Z' Vﬂ ’ (lla:b)

v p7 p,
Zxx = Zz— C‘)xx ? z'.’.” :2—-2— qu , ny — Z_; Vxﬂ’ (12)

where once again . Yy « Y » "l)ly'%y are at most of order of
magnitude unity and where (@2)2 is negligibly small compared
with unity. This last statement specifies a shallow shell
i.e., one for which the maximum height to span ratio is less
than, say 1/8.

Substitution of equations (9) to (12) into equation (6) yields
the following: From (6a),

ZFew rFom]r _/z—[%-j 5 * 75 Ko

/Z‘Z/ /’/4/,(@23‘;.; fa)*""’?(z,‘l/”‘ A‘(/”)]

e [ ) (2 ]

(B ) () ] = e

Considering only the representative types of terms, the

above equation becomes

74 H, W 174 w?
Loy My o fh e By e = B0
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Since equation (6b) is analogous in structure to (6a) it will
contain the same representative types of terms and need not

be considered separately. Now, from (6c),

£8° W P R SR A (2 H, W,
2 (1-0%) F [ﬂflﬂ'f ’ J C)-9F L% '-/xx{[/( 9z +A (”xjfg

+} + oo = plut [Wf" 'Z/.i/w"' Ugyp - ] . (13b)

It is expected that longitudinal straining will exert an in-
fluence on transverse vibrations, therefore it is necessary
that in (13a) terms involving both f and g remain signi-
ficant,i.e., of order unity. This is accomplished by setting

= -Z’ZW. (14)

Substituting this value for [/ into (13a) yields,

WV o HW YW _ et yW
e 358 ¥ e Vg ¥ g Vg v = G

which, upon dividing through by H%Zj‘, reduces to the
following-equation:

0 . tpt
Ggg + VeSpp # TV Fp #2000 = 'p:_‘:.“ §zer. (15)

Since terms in (15) can be at most order unity* it is a neces-
sary restriction on the simplified equations that the relation
between _{ and / is established as,

/i
_f. - O(I) , (including << 1) , (16)

*See Appendix I
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This restriction means that representative vibration

wave lengths £ are at most of the order of magnitude of the
representative shell shape wave lengths /4 . This condition
is particularly important in problems involving shallow shells.
If it happens that the coefficient on the right of (15),

?“ﬁ%;? , is small compared to unity then longitudinal inertia

will be negligible. To obtain information on this point sub-
stitute Zf:fW into equation (13b).

£8° W[_, £E H
2079 F | s +] ey (/xx”M 9p + f;]

" } #eee = pboO* [W,., WlinQ'zz+--'] .

Dividing through by ZW and collecting terms,

AN ]l H5
2(1-v°) 2 [_jgfft * ] +/;yz 727 @4x{Ek-+lﬂxi} + | ]

§w* z
+ooo} 4 e00 = ef l: 27 2{2 4/4\’ ge? +"’} o (17)

Since transverse inertia is to be important, it is necessary
to match the coefficient of f,p with at least one of the coe-
fficients on the left side of (17).

Thus, let
/ §2 _ pw?*
2009 oF T TF (18a)
or B
/ A pw?

-v* L% T F Hee)
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With this, and taking into account the fact that for shallow
z
shells (%) << 1,

{"f;sss +] "l f‘_%,["“{[g”' " f5]+"°} F = See, Gon)

AR
& e s+ J+ %{[9; *Mg]*'”]*"' = Spg, )

Since the coefficients of all significant terms must be at
most order unity then equation (19a) is applicable as long
as,

e
5
while equation (19b) is applicable as long as,

/2 =0(1), (0r <<1) (20a)

2 LY &*
/2 03H%

=0(Z), (pR << 1) (20b)

And the two regions of parameter values complement each other.,
By introducing (18a) and (18b) into (l5a) the coef-
ficient on the right of (15a) becomes,

/ $Z
/2 (V) p* 7
and
/ HE A
(/-vV°) 4% L

respectively.

From these two relations it is assumed that not only
is "'Zz << 1 put also 52,;((1_ In fact, this assumption is
necessary i1f the effects of transverse shear deformation are
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to be neglected. Now, since &£=0@7then it is observed that
both the above longitudinal inertia coefficients are small
compared with unity. Accordingly, as long as the represent-
ative wave length £ and frequency & are related as in (18a)
of (18b) and as long as 4%'=0(1}then the effect of longitudinal
inertia in the theory of shallow shells is negligible compared
with the effect of transverse inertia.
Summary

From the foregoing discussion the conditions where by
the simplified differential equations I and II are justified

are as . follows:
2
/7)
L) << 1
(L ?

Y

— =0(1),

L
and the repres.atative wave length £ and the frequency &
are related by

/ §?  _ pw?
20-v%) o4 ~ T F °
or
/ #Z  _ Pw?

(-v3) L4 ~— £ °



CHAPTER IV

APPLICATION OF THE SIMPLIFIED SHELL
EQUATIONS TO A PARTICULAR HYPER-
BOLIC PARABOLOID STRUCTURE

Consider the hyperbolic paraboloid shown in Fig. 7,
whose middle surface is defined by the equation,

Fig. 7

If the edges are supported by a structure which is
rigid in its own plane but non-resistant perpendicular to
its own plane then it may be taken that the displacements
at the edges are negligible compared to the displ;cements
of the shell itself. Also the stresses normal to the edge
must go to zero. Such a supporting structure is called a
*diaphragm.” 4 These conditions may be expressed as,
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@ = (2)

Y
X 5_-2 g A{\’-:/Vj:o (3)

In addition to the displacements at the edges being
negligible it is assumed that for a thin shell the effect of
the moments introduced by the supporting structure are also
negligible. This assumption is justified by the fact that
the effect of the moments only penetrates the shell for a
distance usually not exceeding the thickness of the shell.”’
This momentless edge condition may be expressed as,

Yewr - xS =0 (4)
dxX*  Jy?

Statement of the problem

X=y=:2,

To find the lowest natural frequencies and modes of
vibration of a shallow shell described by the equation (1)
and subject to the boundary conditions (2),(3), and (4).

The modes will be determined by the solution of the set of
partial differential equations (I) and (II) of Chapter III.
The frequencies of vibration will be determined by the char-
acteristic equation.

Solution

Substituting the given equation (1) for the middle
surface into the simplified differential equations (I) and
(II) of the previous chapter leads to the following set of
equations.

¢ _ GHES [ w _ Yw
Ve = T 5w T
v 08 Jw | 44 [IF _ A7

WETy 3 T i ey T e

(5)

()
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The boundary conditions for %/ are derived from equation (2).
and equation (4). Hence,

Xx=31lh 3 W=0,UL, =0,
:il/z ; W=0, w‘;ﬁzo'

The boundary conditions for /& are derived from equation (3)

(7a,b)

and the relations between the stress function and the normal
forces (see Chapter III, Egq. 7). Hence,

=1 99' 3 /§§‘=0 3 /; =19:

‘_"=1L/2 M 5;'—'-'0, F;H‘—'-'O-
The form of the equations (5) and (6) and the boundary

(8a,b)

conditions allows the following modes of vibration¥

COS Cgny X COS Bany 9,

Wixy,e)=Ae™" o)
5/”“14 X J‘/A/@Zn 5 )

\ COS Kany X €COSBapn Y,

F/x,er,t)=£c"‘”t } (90)
75//v Olgq X S/N Bzn y

-

where, from the boundary conditions, -

| L |
o(m-_-727— ,  Bm= 77-7 (10)

*See Appendix II for complete discussion.
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Consider the particular mode,

("Upg Z‘

Woe (X,4,2) = Aoy € S Ao X STV Bg Y

Fag (X,4,t) = Bpg e’ S//L/O(P)( SINPBg Y
Substitution into equations (1) and (2) yields,

2 . 2

- 2 d 2" z
l(fxﬁég ) - 5| A *L;?é/ﬁf '“ﬁz)]ﬁ,’ag

The vanishing of the determinant of the above equation leads
to the frequency equation (also referred to as the character-
istic equation). Thus, solving for Wpg o

BHE | (6% -9p7)
4 F3 FA
& (" 657
The first term on the right corresponds to the frequency of

a flat plate. The second term is called the shell-curvature
correction factor.2 Notice that when 2 equals € the shell-

z 3 2
Dpg = ﬁfdp +6°) +

curvature correction term vanishes. This is clearly a trivial
solution.¥

(6"~ o) = 7 (57-p7) =0 s peg

*See Appendix II for a complete discussion of this particular
problem.



CHAPTER V
PROPOSED EXPERIMENTAL INVESTIGATION

Objective

In order to further investigate the vibration charact-
eristics of the hyperbolic paraboloid it is proposed that an
experimental study be undertaken. The object of this study
would be as follows:

1. To establish the boundary conditions imposed upon
the mathematical model.

2. To verify the' analytical predictions. In particular,
to determine the physical significance of the tri-
vial solutions of the frequency equation.

3. To extend the results of the theory to such non-
homogeneous, anisotropic materials as steel re-
inforced concrete and glass reinforced plastic.

To aid the experimenter in his study the frequency
equation has been programmed on the Bendix G-15 digital com~
puter and the lowest non-trivial frequencies have been cal-
culated for several possible prototypes (see Fig. 8 and
Table I).

Prototype construction

The prototype should be made of a homogeneous, isotropic
material that is inexpensive and easy to work with. A possible
choice is Zytel, a nylon manufactured by Dupont. This material
has the following physical characteristics:

£ = 0.2 x 10° 1b/in2,
¥ = 71.0 lb/ft3,

7V = 0.4.

The hyperbolic paraboloid surface may be generated by

running wire diagonally between two paralled sheets of plywood,
upon which a pattern of holes have been drilled representing
the desired parabola. Tais surface is then covered with fiber-
glass and epoxy. After cucing, the resﬁltant shell is used to
make a plaster of Paris mold. -The prototype is then formed

by heating a sheet of plastic, placing it on the mold, and
allowing it to cool.
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Method of support

The structure should be rigidly mounted only at the
corners. The edges are to be supported by a hinged structure
that prevents vertical displacement but allows transverse
movement with respect to the plane of the shell. Further,
the edge supports must be capable of transmitting shear loads
to the cofner mounts. The complete assembly may then be moun-
ted on a suitable vibration platform.

Instrumentation

The frequencies of vibration and the corresponding
displacements should be measured at several locations sim-
ultaneously to determine the mode shapes. A suitable trans-
ducer for this purpose would be the linear transformer vel-
ocity pickup.8 The transformer core, which can be made very
‘light weight, would be mounted directly on the surface of
the shell and the coil would be fixed directly above the core.
The output velocity would then be integrated to obtain dis-
pPlacement as a function of time. The fundamental frequency
could be determined with the use of an oscilloscope in series
with a low-pass filter.

Anticipated results

The following graph and table indicate the anticipated
results for the case of a hyperbolic paraboloid made of Zytel
plastic. The calculations are based on a model with the fol-
lowing physical dimensions.

Base: 3 ft. by 3 ft.

Height: 1 in. to 6 in.
Thickness: 1/16 in. and 1/8 in.
The value of frequency presented is the lowest numerical
value calculated that was consistant with the mathematical res-
trictions dmposed upon the solution (see Chapter IV).
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The corresponding mode shape is indicated by the sub-
scripts 4 and 2 defined by equations (9) and (10) of the pre-

‘vious chapter.

s ¥ R %

LOWEST [REQUENCY,C.AS.
N
S

§=7% m

MATERIAL: ZYTEL
BASE: 3F¢X 3 47

L 1 1 1 1

20 30 4o S0 6.0

HEWGHT, 10
Fig. 8

LOWEST FREQUENCY v.s. HEIGHT AND THICKNESS
OF A THIN SHELL HYPERBOLIC PARABOLOID

Height 1/16 in. Thick 1/8 in. Thick
qu Mode ﬁpq Mode

0.0 1.9 1,1 3.9 1,1
1.0 13.7 1,2 16.2 1,2
2.0 20.9 2,3 27 .4 1,2
3.0 27 .8 2,3 35.6 2,3
4.0 34 .4 3,4 41.7 2,3
5.0 38.8 3,4 48 .4 2,3
6.0 43.5 3,4 55.5 2,3

TABLE I
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APPENDIX A
FRACTIONAL ANALYSISS3

Definition of terms

Fractional analysis: Any procedure for obtaining some
information about the answer to a problem in the absence of
methods or time for finding a complete solution.

Variables: Those quantities which can vary inside a
given system.

Parameters: Those quantities which are constant in

any one system, but which can vary from one system to another.
I. PROCEDURE FOR NORMALIZATION

The term "normalize" will be used to mean, to make
non-dimensional according to the specified procedure which
now follows:
(1) Make all the variables in the equation non-dimensional
in a prescribed way to be specified below.
(2) Divide by the coefficient in front of one of the terms

to make the entire equation non-dimensional.

Method of Step (1):
(a) Define all dependent non-dimensional variables so

that they are approximately unity over a finite distance
but nowhere exceed unity in the domain of concern.
(b) Define all independent variables so that their in-
crement is approximately unity'over the same domain.
This means that the boundary conditions will run from
zero to one (or one to two, etc.) in the new variable.
It will be noted that the dimensionless parameters of a normal-
ized equation are the dimensionless coefficients of the equation.
It is sufficient to normalize the governing equations
and boundary conditions and extract the dimensionless para-

meters by inspection.
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II. THEOREMS ON HOMOGENITY

Homogenity is usually defined as follows. If upon
insertion of the quantity AX for a variable X in a given
equation A identically cancels, then the equation is said
to be homogeneous in X.

Theorem I. If the governing equations are homogeneous
in a given variable, and if this variable can be expressed in
the same homogeneous form in the boundary conditions, then
that variable can be eliminated as a parameter in the govern-
ing dimensionless groups by proper normalization.

Theorem II. If a given parameter is homogeneous in
each term of the governing equations, and if this parameter
does not appear in the boundary conditions, then the solution
for the dependent variable is independent of the given para-
meter.

IIT. APPROXIMATION THEORY

In normalizing an equation each term in the non-
dimensional variables is made approximately unity in magnitude.
Under these circumstances it is possible to compare the mag-
nitude of the pi groups. If any of these are small compared
to the others, we can attempt to drop them from our model cor-
relation. We also drop the associated terms from the equation
to see if we can find a simpler approximate equation that is
more readily soluble but still gives a satisfactory solution.
This procedure with its limitations and conditions is called
"approximation theory." Two theorems related to this theory

will now be stated.
Theorem IfI. Given a dependent variable / , a function

of K independent variables X.; sufficient but not necessary
conditions for (1) Provision for uniform estimates in the
range 9% X; £ /-, and (2) Accurate use of approximation theory

in this same range for a very broad class of equations, to
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be defined are that in the range g< x; €7 :

Al L 21¢9)
and 7.; arf' O(Z)
dX: T T

where 2;=£2u n is the highest order derivative in each X;,

and /' is ‘any integer such that 4n.

Note: A problem is said to have uniform behavior if it is
possible to supply a single extimate for each variable in
such a way that each term containing variables in the govern-
ing equation is made approximately unity over a finite range
in the domain of interest and equal to or less than unity
throughout the remainder of the domain. It is useful to
normalize is such a way that the dependent variable is made
of order unity and the independent variable runs from zero

to unity in terms of the boundary conditions.

Theorem IV. If the governing equations can be re-
formulated by transformation to non-dimensional variables
so that each term in the equation containing variables (and
functions of the variables) can be made unity order, and if
the limits of integration of all orders required can all be
made of finite size in terms of the same non-dimensional
variébles, then approximation theory can be applied.



APPENDIX B

DETAILED DERIVATION OF THE EQUATIONS
PRESENTED IN CHAPTER IV

2#21. .
For Z=fZ;{X-5). Equations (I) and (II) of Chapter III become

[sz ] o

¢ % V£ g ,
VW E g t A/Z[ng Jx‘J @
. _ #HES § ., _

were, = TS, hem - s = Dy

Assume product solutions of the form,

(X, Y,¢) =6 (X4) 7 (3)

FX4,2) =H(X5y)5(2) (4)

Substituting equations (3) and (4) into equation (1),
yields

viriy) _ T
Aj [54’4\’ ()‘Cé{) - Jgg (X:‘JH - .5(f)

In equation (5) the right-hand side is independent of (X, y
while the left-hand side is independent of (Z ); hence their

(5)

common value must be a constant, say A . Thus,

70 = ) (se)

),
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Equations (3) and (4) may now be rewritten, using equation (6),

as

WXy, t) = & (xy) 7(¢): (3a)
Floge) = #ny) [ 7)) - (42)
Substituting Egs. (3a) and (4a) into Eg. (2),
[V G (x, Lj)} T() = £, G (XY) 7t¢)
» Lty ny) -Heing) | 70O

Dividing through by 7&/, transposing terms, and then dividing
through by }{15()(,9); the variables are separated and equation (7)

may be written as

Az
Vfé-(/\;ﬁ’) —7-[://{-,'-5.1 (X;ﬁ’) _/741(1\’(’\’:9)] _ 7-”(2.‘)
£ G (%Y) T

(8)

In Eq. (8) the right-hand side is independent of ( X, 4 ), while
the left-hand side is independent of (Z ); hence their common

value must be a constant, say/a . Thus,

7 () -7 =0 . (9)

.Since the vibration problem is harmonic in nat-ure,/LC must be
negative, say/a:-wz. Thus,

7) 0t 7E) = © (10)
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The solution of equation (10) is readily found to be

7_/?_‘)___/46:«)2" (11)
The form of Egs. (1) and (2), i.e. even order derivatives,

suggest the following relations for & (4.4) and #(XY).
' Goy) = D, Siwa, x sy, (12)

HY).= Dy stv o X svpyy - (13)

Substituting Egs. (12) and (13) into Egq. (5),
z z 2

Z)z(ofz * B, ) S G X f/mng - 7

£0, (65 -o?) swoix siwg y

.In order for Eq.(l4) to be equal to a constant for all values

(14)

of X and 4 then it is necessary that

Cﬂ =5Xi.

P =2

Thus, Egs. (12) and (13) assume the form

GNYy) = 4 SvxX SHBY (15)
HXY) = Dy sev XX sovBy - (16)

Another set of solutions may be shown to be

=

Gny) = D, cos Xx cosFy (17)
KXy = D, coSEX cosBy - (18)
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The complete form of the solution is found by applying the

following boundary conditions

_+ L _ Jfwr _
Onw: X—-— 2 W-— > sz_ 0,
_ + L. _ diwr _
4="2> WEDs gy T
L, -
ODF, X:i':z", /L;ﬂ =4 , /-Xx::a’
H:i'-zé; f;x—o, ng_an
For x= 3 £ ana all y and y
w=0 :
Wiy =0 S | swaF swpy =0,
L1,
Fyy =d cosxz cosgy =4,
Fex =0 b
2 e 77
o e d'— 2/72:_. /1:-/72’.{'-00

X =(@2Zn+r) E
For H:-g- and all X and Z

Wyy=90| ——, J

Cd

H=423 ...

[

swax swp4 =9,

corax X ca&ﬁfgf =J.

(19)

(20)

(21)
(22)

(23)

(24)
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From Egs. (3a), (4a), (15), (1le), (17), and (18) it is apparent
that the solution allows the following modes of vibration.

-

wi | COSKapyX COS {0,,,,, o

Wk y2)= Ae’ (25)

SINV Kgn X SIN B2n Y

‘wl COS Kzppy X COSPony Y
Flryz) = Be'” 5 (26)

SN Kzn X S Bay Y
Where, from Egs. (23) and (24),

v
O(M—L i
- 7
?”' Z

Egs. (23) and (24) imply that for L and g both odd integers
allows the following mode of vibration.
wZ

W= A coscox cosgy y

- ]uf

F=Be’" cosxpX cos Bg .
And when /0 and g are both even integers then

- jw?D
w=Ae SN XpX SV o,

'w?
Fz 8 swopx sy
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However, when p and g are equal the shell-curvature
correction term of the frequency equation vanishes and the
shell apparently behaves like a flat plate. Since this be-
havior is not logical from physical reasoning, then it is
concluded that the frequency equation does not apply to the
shell problem when g and g are equal.
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NOMENCLATURE
(Chapters III & IV)

Cartesian Coordinates

Displacements in the X-,y-,z-
Directions respectively

Time

Density of shell material

Shell thickness

Tangential stress resultant
Transverse stress resultant
Stress couples

Bending stiffness, fcfj//z//-z)r') .
Young's modulus

Poisson's ratio

Airy stress function

Defined by Equation (10), page 32
Characteristic Equation (Frequency)
Any integer greater than zero
Characteristic wave length

Shell height (Page 30)

Shell length (Page 30)
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ABSTRACT

The vibration characteristics of a thin shell structure
were analyzed. In particular, the frequency determinant was
derived for a thin shell hyperbolic paraboloid simply'supported
at the edges.

The method of solution consisted of a fractional analysis
of the governing differential equations, wherein the insignificant
terms were neglected and the relationship between the remaining
terms was established. The frequency equation was then derived
for the special case of shallow shells considering only the
transverse inertia terms.

It was found that under certain conditions the fredquency
equation yielded an almost trivial solution. An experimental
investigation was proposed to determine the physical significance
of such behavior.

An important result of the analysis was that as the
curvature of the hyperbolic paraboloid was reduced to zero the
solution of the frequency equation approached that of a flat plate,
a condition that is a necessary physical limit.
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