Brigham Young University

BYU ScholarsArchive

All Theses and Dissertations

2018-08-01
Model Predictive Linear Control with Successive
Linearization

Jesse Robert Friedbaum
Brigham Young University

Follow this and additional works at: https://scholarsarchive.byu.edu/etd
b Part of the Mathematics Commons

BYU ScholarsArchive Citation

Friedbaum, Jesse Robert, "Model Predictive Linear Control with Successive Linearization" (2018). All Theses and Dissertations. 7063.
https://scholarsarchive.byu.edu/etd/7063

This Thesis is brought to you for free and open access by BYU ScholarsArchive. It has been accepted for inclusion in All Theses and Dissertations by an

authorized administrator of BYU ScholarsArchive. For more information, please contact scholarsarchive@byu.edu, ellen_amatangelo@byu.edu.


http://home.byu.edu/home/?utm_source=scholarsarchive.byu.edu%2Fetd%2F7063&utm_medium=PDF&utm_campaign=PDFCoverPages
http://home.byu.edu/home/?utm_source=scholarsarchive.byu.edu%2Fetd%2F7063&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarsarchive.byu.edu?utm_source=scholarsarchive.byu.edu%2Fetd%2F7063&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarsarchive.byu.edu/etd?utm_source=scholarsarchive.byu.edu%2Fetd%2F7063&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarsarchive.byu.edu/etd?utm_source=scholarsarchive.byu.edu%2Fetd%2F7063&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=scholarsarchive.byu.edu%2Fetd%2F7063&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarsarchive.byu.edu/etd/7063?utm_source=scholarsarchive.byu.edu%2Fetd%2F7063&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:scholarsarchive@byu.edu,%20ellen_amatangelo@byu.edu

Model Predictive Control with Successive Linear Approximation on Robotic Systems

Jesse Robert Friedbaum

A thesis submitted to the faculty of
Brigham Young University
in partial fulfillment of the requirements for the degree of

Master of Science

Benjamin Webb, Chair
Jared Whitehead
Lennard Bakker

Department of Mathematics

Brigham Young University

Copyright (©) 2018 Jesse Robert Friedbaum
All Rights Reserved



ABSTRACT

Model Predictive Control with Successive Linear Approximation on Robotic Systems

Jesse Robert Friedbaum
Department of Mathematics, BYU
Master of Science

Robots have been a revolutionizing force in manufacturing in the 20" and 21! centuries
but have proven too dangerous around humans to be used in many other fields including
medicine. We describe a new control algorithm for robots developed by the Brigham Young
University Robotics and Dynamics and Robotics Laboratory that has shown potential to
make robots less dangerous to humans and suitable to work in more applications. We
analyze the computational complexity of this algorithm and find that it could be a feasible
control for even the most complicated robots. We also show conditions for a system which
guarantee local stability for this control algorithm.

Keywords: control theory, robotics, numerical analysis, model predictive control, mpc
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CHAPTER 1. INTRODUCTION

Robots have been a revolutionizing force in many industries in the 21 century, with the
number of industrial robots projected to exceed three million by the year 2020, which rep-
resents a doubling of the stock within a 7-year period [1]. Unfortunately, because current
robot technologies make them very dangerous to human bystanders, robots have primarily
only been able to work on tasks that include very little human interaction, often being placed
in cages in order to avoid contact with humans, see figure 1.1. Indeed, over 70% of robot
related accidents reported by the United States Department of Labor were fatal [2]. Regard-
less, there is an increasing need for robots in areas which require close human interaction
particularly in medical and nursing care due to the aging populace in the United States and
many other parts of the world [3].

There are two principle ways to make robots more safe for human interaction. The first
approach is software based and involves developing new control algorithms so that traditional
“hard robots” with rigid parts can move around humans in such a way that they are not likely
to cause serious injury. The second approach is hardware based and involves the creation
of new “soft robots” such as the King Louis robot in the BYU Robotics and Dynamics
(RAD) Laboratory shown in Figure 2.3. King Louis is built to be compliant so that it may
be pushed off of its course, making it less likely to injure a human even in the event of an
unplanned collision. Regrettably, the dynamics dictating the movement of such soft robots
are far more complicated than their hard counter parts and traditional control algorithms
have proven ineffective on these new robots [4]. Hence both methods for making robots safe
around humans will require the development of improved control algorithms. Here we will
examine mathematically a novel control algorithm developed by the BYU RAD Lab that
has already proven effective in controlling soft robots [4]. We give sufficient conditions on
the robotic system that guarantee the local stability of this new algorithm and examine its

computational advantages over traditional techniques.
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Figure 1.1: Industrial robot kept in a cage to prevent injuries from humans.

CHAPTER 2. ROBOTICS

2.1 HARD ROBOTS

We will begin by giving a brief explanation of robotic systems and the equations that govern
their evolution in time. We define a robot as a series of rigid elements called links connected
together end to end. We will call the connection between links a joint. Each joint has a
single axis around which the two links attached to the joint may rotate relative to each
other. We will call the angle at which the two links are rotated relative to each other the
bend in the joint. Figure 2.1 shows the Bazter Robot from Rethink Robotics with two of its
joints labeled. Throughout this thesis we will also assume one end of this robot is fixed to
the reference frame i.e. the base of the robot is fixed in space. For traditional robots (as
opposed to soft robots), we assume that there is an actuator motor at each joint capable of
applying torque to that joint. Instead of describing the position of a robot by the position
of its joints and links in space we will describe the position of a robot by the angle at which

each of its joints are bent. We call this description configuration space and note that it has
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(a) Full Robot (b) Joints labeled

Figure 2.1: The Baxter Robot from Rethink Robotics with 2 joints labeled on one arm. Used
with permission of BYU RAD lab

the advantage of being describable with a simple vector q(t) € R™ which contains the angle
at which each of the joints on an n jointed robot is bent at time ¢. It is a simple matter to
find the locations of the links and joints of a robot in space when we know the configuration
space description of the robot.

Newtonian physics gives us a model of our robot’s movement:

D(q)g=C(q,4)q+ F(q,q) +g(q) + 7 (2.1)

where D(q) € R™*" is a generalized mass matrix which represents the resistance of the robot
to acceleration and depends solely on the joint angles q. In this equation C(q,q) € R™*"
is the matrix of Christoffel symbols. The vector C(q, q)q gives the Coriolis forces acting
on each joint which are a naturally occurring phenomenon in rotating systems. We note
that this vector not only depends on the position of the robot but also its velocity. Next,
g(q) € R" is the torque which gravity applies to each of the joints of the robot which again
depends on the robot’s current position. Each of the terms explained above will typically
contain long sums, products and compositions of various trigonometric functions which grow

much more complex with the addition of each joint to the robot. To illustrate this, we will
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Figure 2.2: Diagram of a 2-joint robot

examine the equations of motion for the simple two joint robot in figure 2.2. We will leave
out F(q,q) in these equations as we have not yet discussed its meaning. The following table

defines all the terms needed for these equations of motion.

Variable | Meaning

oAl Bend in joint 1

T1 Torque at link 1

my Mass of link 1

0 Length of link 1

ley Distance from joint 1 to the center of mass of link 1

14 Moment of inertia of link 1 about its center of mass with respect to the z axis
G2 Bend in joint 2

Ty Torque at link 2

Mo Mass of link 2

lo Length of link 2

Lo Distance from joint 1 to the center of mass of link 1

14 Moment of inertia of link 2 about its center of mass with respect to the z axis




The equation of motion for the robot consisting of only joint one in the figure is simply

] =3 o] ] ]

However, when considering the entire robot depicted in the figure, the equations of motion

become

mllfl —f- mg(l% —I— ZEQ + 2[1[02 COS((]Q)) + ]zl —I— IZQ mg(lf2 —f- lllcg COS(QQ)) —I— 122 (_.].1

ma (1% + Ll cos(qo)) + Lo mal? + Lo Go
B —moalileosin(qa)ga  —malile sin(ge) (g1 + Go) a1
malileo Sin((h)fh 0 o
(mala + moly)g cos(qr) + maleg cos(qr + q2) T
+ + (2.2)
Maleag cos(q + ¢2) Ty

A similar jump in complexity can be expected for the inclusion of each additional joint.
The vector F(q,q) € R", which we previously ignored, represents the frictional forces
on our robot which result from complicated interactions between the materials inside the
joints of the robot. This friction could be modeled as Coulomb friction, viscous friction,
aerodynamic friction, or any combination of the preceding. In order to keep our system

tractable we will model this friction only as viscous friction. That is, we set

where F, € R™" is a constant diagonal matrix with nonnegative entries representing the
frictional coefficient for each joint.

Finally, the vector 7(¢) € R™ represents the torques applied by the actuator motors at
each joint at time . We will assume we can choose the value of this quantity at any time or

“control this quantity directly”. This is the only part of the robot we may control directly.



(a) Full Robot (b) Joints labeled

Figure 2.3: The King Louie soft robot from the BYU RAD Lab used with permission of the
RAD lab

It is useful to reformulate (2.1) as a first-order differential-equation. To do this we define

the vector x € R?" by

q
X =
q
in which case (2.1) can be rewritten as
. |0 =D Ha)(C(a,q) + F) D~!(a)
X = x + u (2.3)
0 I 0

where u = g(q) + 7. Note that any mass matrix D(q) coming from a real physical system

will be positive definite and therefore D=1 will exist.

2.2 SorT ROBOTS

The principle difference between soft and hard robots is that, instead of using actuator

motors to move the joints, soft robots contain two inflatable bladders for each joint. As



they inflate, one bladder applies a torque to the joint in the positive direction and the other
applies a torque in the negative direction. Because air is compressible this allows the robot’s
joints to be forced backwards if they come in contact with a person or other unexpected
object. The drawback to this design is that we can no longer pick the torques to apply to

each joint directly. Instead the torque at the joints is given by the equation

T = Sq -+ F+p+ — Fipi (24>

where S € R"*" is a stiffness matrix that represents the tendency of the robot to snap back
to its resting position. The vectors p* and p~ € R" are the pressures in the two air bladders
that apply torques to the joints in the positive and negative direction respectively. Both
', '~ € R™ ™ are constant diagonal matrices which represent how strongly the air pressure
in each bladder affects the joint to which it is attached.

Unfortunately, we are not even able to choose the values of p* and p~ directly. Instead
we may only directly control the pressure of the air in the tube that fills and drains each
bladder. We will refer to this pressure as p;, and p;,. This effects p* and p~ through the

following differential equation

P =a.p" +B8,p;, (2.5)

P =a-p +B.p, (2.6)

where a4, o, B, and B_ are n X n constant diagonal matrices.
The dynamics of a soft robot is then described by the system of ODE’s consisting of
(2.5), (2.6) and

D(q)g=C(q,q4)q+ F,q+g(q) +Sq+ T p" —T'p~. (2.7)



We can rewrite this as a first order ODE by defining

We then arrive at the system

. 0 I
y =
0 0
0 0
D' (a)g(a) 0 o
0 0 0
+ +
0 B, 0
0 0 B_

pin

pin

~DYq)S —DNa)(C(q,q) +F,) D @I D (g~

0

oy

(2.8)

Now that we have described the systems with which we will be working we are now

prepared to discuss the tasks we wish to perform on these systems.

CHAPTER 3. CONTROL THEORY

We now give a brief introduction to control theory and discuss the specific difficulties of

controlling robotic systems. Principally control theory asks: If we have a dynamical system

(such as the movement of a robotic arm) and we control one aspect of the system (such as

the torque produced by the actuator motors of that robot), is it possible to choose the aspect

of the system we can control so that the entire system moves to some desired state? This is

usually possible with robotic systems, but finding the right choice for the part of the system



we can control can be very challenging, particularly for soft robots. We will discuss several
well known control methods and one recently developed method from the BYU RAD Lab

that is uniquely effective with soft robots.

3.1 TECHNICAL DETAILS OF CONTROL THEORY

Suppose we have two distinct points in R", x¢ and Xg.q. (Although the principles of control
theory need not be limited to R™, we will limit ourselves to R™ because this is the space most

applicable to robotics.) We also have either a continuous-time first order differential-equation

X = f(t7X7 u) (31)
or a discrete-time dynamical system
Xnt1 = f(na Xy 'Ll). (33)

In (3.1) and (3.3) u is a function from R™ to R* in which m = n or m = 1. The function u
is called the control for our system and we will assume we have the freedom to decide what
this function is. With f, x¢, and Xy, known, we wish to choose u so that x is driven to
Xgoal- 1f we pick u to be solely a function of ¢ or a function of n, for the continuous and
discrete cases respectively, our control is known as an open loop control. If we pick u to be a
function of x, our control is known as a closed loop control. Generally speaking, closed loop
controllers are preferable to open loop controllers because they tend to have a property know
as robustness. A control is robust if it is effective at not only moving the system for which
it was designed to the desired location, but is also effective for slightly perturbed versions
of that system. Open loop controllers cannot adapt to perturbed systems. On the other

hand, if a closed loop controller is applied to a perturbed system and the perturbance causes



the system to move in an unexpected way, then the new location will be fed back into the
controller giving it a chance to modify its output to better fit the new system.

If X 400 1s a stable fixed point for x = f(¢,x,u(t)) or x,11 = f(n,x,,0(n)) for some control
u(t) or u(n) respectively, we call the control i stable. Similarly, if x .4 is an asymptotically
stable fixed point, we call the control asymptotically stable.

It is often useful to have a deterministic way to compare the performance of different
possible controls. We do this by creating a cost functional J(x,u) which assigns a score to

any possible control. The typical forms of a cost functional are

J(x,u) = /OO(XTQX +u’ Ru)dt (3.4)

to

J(x,u) = / o (x7Qx + uT Ru)dt + x(t finat) T QX(% finat) (3.5)

to

where () and R are positive-definite matrices. Equation (3.4) is known as an infinite time
horizon cost functional and (3.5) is an finite time horizon cost functional. With a cost
functional it is often possible to find a unique optimal control u*(t), which minimizes the
value of the cost functional. This also applies to discrete-time control problems with the

discrete-time cost functionals

o0

J(x,u) = Z(x?@xi + u?Rui) (3.6)
i=0
N

J(x,u) = Z(X?Qxi +ul Rwy)dt + xnQxy. (3.7)

i=0
Unfortunately, the optimal u*(¢) is generally an open loop control and potentially not
very robust. However, in practice it is sometimes possible to write that optimal control as a
close loop control such as in the case of a linear quadratic regulator (LQR) where the cost
functional is of the form of (3.4), (3.5), (3.6) or (3.7) and the system’s dynamics are linear

in both x and u. In practice it is common to test and make adjustments to ) and R in

a trial and error process until the controller functions as desired. This process is known

10



as parameter tuning. This is usually necessary because it is very difficult to design a cost

function that prioritizes the desired performance without trial and error.

3.2 PD CONTROL

In order to understand the new control method developed by the RAD lab that we will
consider in this thesis, we will first review two commonly used controllers.
Perhaps the most widely used control algorithm in any application is the Proportional

Derivative or PD controller. For a single dimensional system, the PD controller is defined as

u = kp(xgoal — «Tf) + kd(a‘jgoal - :E)?

where £, and £, are positive numbers called gains. These values are usually adjusted through
trial and error (tuned) to perform well for the specific system being controlled. The first term
is known as the proportional term because it applies a force proportional to the distance from
the current state of the system to the desired state. If x represents physical displacement,
this term is identical to the the force that would be applied if an Ideal Newtonian Spring
with stiffness coefficient k, and natural length zero was attached to x and z40,;. This term is
responsible for pushing the system to the desired location. The second term is known as the
derivative term because it is proportional to the difference in derivatives between our actual
and desired system state. This can be thought of as a physical damper and reduces system
overshoot and oscillations. In practice it is common to ignore %4, because we usually wish

our system to be stationary (have a zero derivative) at X0, The control then becomes

U = kp(Tgoas — ) — kat.

This technique can be applied to higher dimensional systems by simply applying a differ-

ent PD controller to each individual element of the state, e.g. each joint of the robot. Our

11



control is then given by

u = Kp(xgoal - X) + Kd(xgoal - X)

or

u = Kp(xgoal — X) — KdX

where K, and Ky are now constant diagonal n X n matrices containing the gains for each
individual element of x. This control system is effective in a wide variety of situations and
provably stable when applied to robotic systems [5]. Unfortunately, in order to achieve
quick and precise movements in robotic systems the gains must typically be set to very large
numbers. This is equivalent to mounting extremely stiff springs and dampers between the
robot and the desired location of the robot, which gives the robot a propensity to move
through any obstacles with great force and makes the robot inherently dangerous to anyone
or anything in its vicinity. Moreover, this technique has also proven to be ineffective at
controlling more complicated inflatable “soft” robots, generally leading to wild oscillations
in the robot’s movement [4]. For this reason, more sophisticated controls such as the control

introduced in section 3.4 are needed.

3.3 MOobDEL PREDICTIVE CONTROL

Model Predictive Control (MPC) or Receding Time Horizon Control is a more sophisticated
and computationally expensive control technique when compared to PD control. In order
to implement this control a time horizon T" and a time step At must be chosen such that
T >> At. The time horizon T" will be used as a time by which we want to reach x;0, When
calculating our control. The time step At will be used as the amount of time we wait between
calculations of a new control. We will also require a finite time horizon cost functional that

may be tuned in order to improve performance. The MPC algorithm has the following steps:

(i) Calculate the optimal control u*(¢) with finite time horizon T.

12



(ii) Apply the optimal control for At amount of time.
(iii) Return to step (i).

Despite calculating the optimal control u*(¢), MPC is suboptimal because the control
problem changes with each cycle through the algorithm as the time at which our system is
supposed to arrive at its goal keeps getting pushed backwards (the receding time horizon).
These constant recalculations do, however, make this algorithm more robust to unexpected
disturbances, such as errors in our physical model or collisions with unknown objects. This
is because u is now calculated using x at each step and the controller has essentially become
a closed loop controller. The principle drawback of MPC is that it is very computationally
expensive to calculate and recalculate the optimal control after each time step At. For this
reason, it is not commonly applied to robotic systems, however the method introduced in

the following section modifies MPC in such a way that it is practical for robotic systems.

3.4 NEW CONTROL METHOD

We now explore a new control method developed by the BYU RAD lab to make traditional
robots less dangerous to use around humans and to effectively control soft robots for which
traditional control methods fail to work effectively.

We first implement PD controllers on each individual joint. We intentionally choose very
small gains that would typically lead to wild oscillations of the system. These small gains do,
on the other hand, make the robot less dangerous. (Recalling that small gains can be seen
as moving the joints with very weak springs and dampers should make these safety benefits
obvious.) In order to counteract the tendency of the controller to oscillate we replace Xgoq
with Xcommana- We then apply an MPC controller to choose Xcommang in order to move the
system to X,.q as quickly as possible. In essence, we switch our control from 7 t0 Xcommand-

If we are attempting to control a hard robot, we may rewrite the equations of motion as:

13



U = Xcommand T D_lg(q)

To make this control scheme more understandable, we again try to visualize this process
through the use of springs and dampers. This new control system amounts to attaching very
weak springs and dampers to the robot’s joints. Then, instead of attaching the other end
of the spring directly to the desired location, we intelligently pull on the other end of the
spring to move the whole robot to x4, as quickly as possible.

Unfortunately, this control method is every bit as computationally expensive as regular
MPC control and far too complex to be applied to any useful robotic systems. In order to
make this problem computationally tractable we make linear approximations of the system
at each time step At and calculate the optimal control for these greatly simplified linear

systems. Our method may now be described as:

(i) Create a linear approximation of the system around the current state of the system

x(t).

(ii) Calculate the optimal control on the linearized approximate system with finite time

horizon T.
(iii) Apply the optimal control for At amount of time.

(iv) Return to step (i).

Because the optimal control for a simple linear system is much easier to compute than
the optimal control for a complicated system such as (2.2) (or for most industrial robots
which are considerably more complicated) this control technique can be used to control

robotic systems in real time. There is considerable freedom in this method to choose how we

14



make the linear approximation to our system in step (i). The choice of which linearization
technique we use significantly affects the practicality of this method and will be the topic of

the next section.

CHAPTER 4. INTRODUCTION OF LINEARIZATION

TECHNIQUES

We now discuss several different methods to create the linear approximations of our system
required by the algorithm in section 3.4. We introduce some additional notation which will
aid us in discussing different linearization techniques. The linearization techniques we put

forward are designed for systems of the form

x = A(x)x + B(x)u. (4.1)

The equations of motion for a hard robot may be written this way by setting

Afs) = D Y@K, —DYq)(C(a,q)+ Fy+ Ky)

and

The equations of motion for a soft robot may be written this way by setting

[ D'(q)S D (@)(Cla,q)+F) D (g D (T
0 I 0 0
Alx) =
B Ka —B. K, ay 0
L /B—Kd /B—Kp 0 o _ i
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and

P
0O O
B(x) =
B, 0
L 0 IB__

We define X4+ to be the state of our system at the beginning of step (i) of our control
algorithm.
We now explore two linearizations techniques: the commonly used Fized State technique

and the new Coupled Torque method developed by the BYU RAD Lab.

4.1 FIXED STATE

Our first linearization technique comes from [6]. This technique simply assumes that the

matrices A and B remain fixed as x changes. This gives us the equation

X = A(Xstart)x + B(Xst,mg)u. (42)

We may then consider A = A(Xgyqr¢) and B = B(Xgqr¢) to be constant matrices. This system

has the advantage of possessing the easily computable analytical solution

X<t> = eA(xsmrt)thtart + (6A(X5tart)t - I)A_I(Xstart)B(Xstart)u' (43)

We refer to this system as the Fixed State Approximation of (4.1) because we assume, for
the sake of calculating A and B, that our state x remains fixed (at least for At amount of
time). The optimal control for this linear system is far easier to compute than the optimal
control for the full non-linear system and makes our control computationally practical in the
sence that it can be implemented on certain robotic systems [4]. Unfortunately, even using
this simplification, it is still too computationally expensive to implement this control on soft

robots. For this reason, we introduce an even more simplified model.

16



4.2 CoOUPLING TORQUE

In this method we not only assume that A and B are constant but that most of the terms
in the vectors Ax and Bu are also constant.

To do this we first create the coupling matrices

CA: 7CB:

where [ is the n X n identity matrix. Next we define

C~1A = 12n><2n - CA7 CN(B = ]-2n><n - C1B

where 1,,x,, is an m X n matrix of ones. That is C4 has ones where C4 has zeros and visa
versa. We will use o to represent the Hadamard Product, which is pointwise multiplication

of two matrices of the same dimensions. We now define

Adiag - CA o A(Xsta'rt); Bdiag - C(B o B<Xsta'rt)-

Note that these matrices contain the values of A(Xgq) and B(Xgyar¢) on the main diagonal

and the n** super and sub-diagonals and contains zeros elsewhere. We also define

Anond’iag = CA o A(Xstart)a Bnondiag = C'B o B(Xstart)-

These matrices are identical to A(Xsiart) and B(Xsiare) €xcept with the elements of the main
diagonal and the n* super and sub-diagonals replaced with zeros.

We then use the linearized system

X = Adiagx + Bdiagu + Anondiagxstart + Bnondiagustm’t' (44)

17



Note that the last two terms of (4.4) are constant. These terms represent the torque applied
on one joint from the movement of other joints, which are the terms that couple the dynamics
of each joint to the other joints. The Coupling Torque method assumes these coupling terms
can be represented by as constant torque, or at least may be approximated by a constant
torque over At amount of time. We note that there is also an easily calculable analytic

solution to the linearized Coupled Torque system in (4.4) given by
X<t) - eAdmngtart + (eAdmg - [)Acﬁtllg(Bdiagu + Anondiagxstart + Bnondiagu)~ (45)

This solution will typically be even easier to solve for than (4.3), because it will likely be
easier to take the inverse and matrix exponential of A, than the denser matrix A(Xgtart)-

The primary advantage of this method is that the resulting system consists of n decoupled
equations (one for each joint) and the optimal control for each of these equations may
therefore be calculated independently of the other joints. This opens the possibility of
solving all of these control problems simultaneously on separate processors, increasing the
speed of the algorithm and the complexity of the systems to which it may be applied. This
method is currently the only method that has proven capable of controlling real soft robots

in the RAD lab [4].

4.3 PROOFS OF LINEAR APPROXIMATIONS

Here we prove that both of these linear approximation become arbitrarily close to the non-
linear system they approximate when looking at a sufficiently small region about the point
at which the approximations are taken. Note that || - || will refer to the Euclidean norm in

R™.

Theorem 4.1. Let f : R?™ x R® — R?" be a continuous function of the form
f(x,u) = A(x)x + B(x)u.
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Let frs : R x R® — R?" be the Fized State approxvimation given by (4.2) and for :
R x R™ — R?*" be the Coupled Torque approximation given by (4.4) at some xo € R*.

For every e > 0 there exists a 0ps > 0 such that x € B(xg,0pg) implies

1f(x,u) = frs(x,u)]| <e¢,

and there also exists dcr > 0 such that x € B(Xq,dcr) tmplies

1f(x, ) = fer(x,u)|| <e

for allu € R".
Proof. Fix e >0 and u e R”

Note

frs(xo,u) = A(x0)x0 + B(Xo)u

= f(Xo,U)

and

fC’T(XU, Ll) = AdiagXO + Bdiagu + AnondiagXO + Bnondiagu
= A(Xo)XO —+ B(Xo)u

= f(Xo,U-)

Recall f is continuous and frg and for are linear and affine respectively and therefore

continuous as well. Then there exists d, d; and d, such that

l|x — x%o|| <0 =||f(x,u) — f(x0,u)|| < %
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and

|| — xo|| < 01 = [[frs(x, 1) = frs(xo, u)|| <

and

|[x = xo|| < b2 = || for(x,u) — for(xo,u)|| <

We now define dpg = min{d,d;, } and dcr = min{d, d2}. ||x — xo|| < dpg then implies

1f(x,u) = frs(x,u)|| = |[f(x,u) = f(x0,u) + f(x0,u) = frs(x, )|
< ||f(X,11) - f(x07u)|| + ||f(x0,u) - fFS(Xau)H
= ||f(X>u) _f(X07u)|| + ||fFS(X7u) _fFS(X()?u)H

.

— — =€
2 2 ’
and ||x — xo|| < dcr implies

1F (¢, 0) = fer(x, w)|| = |[f(x,0) = f(x0,u) + f(x0,0) = for(x, u)|
< [[f(x,0) = f(x0, w)[| + ||/ (%0, 1) = fer(x, u)]
= [1f(x,0) = f(x0, w)[| + || for (%, u) = for(xo, )]

Another way to state this result would be that as x — x( our linear approximations of

f(x,u) approaches the real system.
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CHAPTER 5. COMPARING LINEARIZATION TECH-

NIQUE PERFORMANCE

5.1 INTRODUTION OF GENETIC ALGORITHMS

In order to compare the performance of the linearization techniques put forward in the previ-
ous chapter, we must first understand how the optimal control from part (ii) of the algorithm
put forward in section 3.4 is calculated in the "real world.” The BYU RAD lab, where this
control method was developed, has found the most effective algorithm for calculating the
optimal control to be a genetic algorithm introduced in [7].

Genetic algorithms get their name from the fact that they were designed to simulate the
evolution of genetic code in living organisms. In order to perform a genetic optimization
algorithm on a certain problem, there must be a way to combine a certain number of potential
solutions to create new and distinct potential solutions. This process is known as mating
and is meant to mimic how living organisms mate to create distinct organisms that to some
extent possess a mixture of the attributes of its parents. Genetic algorithms also require
a process that makes random changes to a potential solution. This process is known as
mutation and represents the random changes that occasionally occur in the DNA of living
things.

All genetic algorithms follow the same basic steps:
(a) Start with a population of candidate solutions P.

(b) Calculate the performance of each element of P. (In the case of optimal control this
means to find the value of the cost functional that would result from applying each

control.)

(c) Select a subset of the elements in P and mate them together to get a new population

C of the same cardinality as P.
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(d) Apply mutations to some or all of the elements of C.
(e) Return to step (a) replacing P with C.

Each new population of candidate solutions P is called a generation. After a certain stopping
requirement is met the algorithm is carried out until step (ii) is reached and the highest
performing candidate is returned. Although a variety of stopping criterion could be used,
in the case of using a genetic algorithm inside of the algorithm introduced in section 3.4,
the natural choice for stopping criterion is to simply go through the loop a set number
of times. This is because there is a set time, At¢, within which the calculation must be
completed. Other stopping criterion run the risk of not finishing the calculation before a
result is needed.

Although all genetic algorithms follow this same basic outline there still exists a consid-
erable amount of freedom in how they are implemented, particularly in the way the subset
of P from step (iii) is chosen and how its elements are grouped for mating. That subset
is usually chosen to contain primarily well performing candidates to represent the principle
of “survival of the fittest.” There is also a substantial amount of freedom in how many
mutations are applied in step (iv).

When applying genetic algorithms to our particular control problem we note that it is
impossible to apply any control varying continuously in time on actual hardware. For this
reason when actually calculating controls we divide the time horizon, T, into S > 0 equally
sized subintervals and assume that our control is constant on each of these intervals. This is
equivalent to making a step function approximation of a control that is continuous in time.
With this assumption the space of possible controls becomes a subset of R¥*N where N is
the dimension of the control (equal to the number of joints in a hard robot and twice the
number of joints in a soft robot). If we define u;; to be the j* component of the control
vector in the i*® time interval of some potential control u, we can then define a mating
algorithm. If {u*}™ | is a set of controls, we can mate them to make a new control @ where

Ui j = uf ; for some randomly chosen k. We can apply mutations to a control u by adding
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some randomly generated number to w;; for randomly chosen 7 and j. Now that we have
described a mating and mutation algorithm we can compare the computational complexity

for a genetic algorithm using both Fixed State and Coupled Torque linear approximations.

5.2 COMPARING COMPUTATIONAL COMPLEXITY WITH GENETIC ALGO-

RITHMS

There are two concepts to keep in mind when calculating the computational complexity of a
genetic algorithm. First, it is important to keep track of the number of operations that must
be performed in order to carry out each step in order to estimate how long it will take to
complete a single loop through the algorithm. Second, we must have some estimate on how
quickly the algorithm will converge, or how many generations we must pass through before
we arrive at an acceptable solution. Precise calculations of the convergence rates of genetic
algorithms are often very difficult to derive and, although we touch on this briefly, we will
spend the majority of this section examining the cost per loop of the algorithm.

We will first examine the cost of each step of the Genetic Algorithm presented in section
5.1. We will present the steps in increasing order of complexity.

Step (e) has no significant cost.

Step (a) only has significant complexity cost on the first pass through the loop when
we must create our first population of candidates. Because we anticipate numerous passes
through the loop we will therefore view its cost as negligible.

We will calculate the complexity of step (c) using the mating algorithm put forward in
section 5.1. This process involves looking up a random number and replacing a value for
every element of every candidate control at every time step and should then run in O(NS|P|)
time for each iteration of the loop; where N is the dimension of the control vector, S is the
number of time steps our horizon is broken into and | P| is the number of candidate solutions
considered in each generation. This step will most likely also involve sorting the elements

of P by their performance (calculated in step (b)) in order to find the highest performing
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candidates to mate together. A good sorting algorithm should run in O(In|P|) time and is,
therefore, negligible compared to the cost of the rest of this step.

We will use the mutation algorithm in section 5.1 to calculate the complexity of step
(d). Tt is only necessary to look up three random numbers and replace one value for each
mutation using this algorithm. This step will then run in O(M) time where M is the number
of mutations applied. If the number of mutations applied is proportional to the number of
values that could potentially change, then our cost becomes O(NS|P]).

Finally we will now show that step (b) has considerably larger complexity than the other
steps, but that its complexity is significantly lower for Coupling Torque linearziations than
Fixed State linearziations. This step requires that we calculate the trajectory of the system
for every candidate control. This may be approximated in several ways. We will use Euler’s
method here because it is what current RAD Lab control code uses, but using a Runga-
Kutta method or calculating the analytic solutions found in (4.3) and (4.5) should yield
similar results. We now count the number of floating point operations (flops) necessary to
perform step (b).

For Fixed State at every time step except the last time step and every control we must:
(i) Calculate this steps contribution to the cost function which has two parts:

e Calculate u! Ru; ((2N — 1)(N + 1) flops)

e Calculate x/ Qx; ((4N — 1)(2N + 1) flops)
(ii) Calculate the position at the next time step as follows:
e Calculate x; + A(x¢)x; + B(xo)u; ((6N — 1)2N flops)

In the last time step we only calculate the contribution to the cost function. Adding all of
these costs together and multiplying by the number of time steps and size of a generation

we arrive at the result:
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Theorem 5.1. The number of flops required to perform step (b) of a genetic algorithm for
a control problem that has been linearized with the Fixed State method grows at a rate of

O(N?T|P|) with leading term behavior 22N?T|P)|.

For Coupled Torque we may look at every element of the control vector separately. We
will define x; ; to be the j* and j+n'™ elements of x;. We also define ]\//.7] to be the submatrix
of a matrix M containing the elements found j* or j 4 n** row and the j** or j +n'" column.
Let 7;; be the j element of the main diagonal of R. Then at every time step except the

last time step and every element of each control we must:
(i) Calculate this steps contribution to the cost function

e Calculate u/;r;;u;; (2 flops)

e Calculate xfj@jxm (9 flops)

(ii) Calculate the position at the next time step

— ——

—_—
e Calculate x; ; + Admgjxm + Bdmgjuo + Ammdmgjxol-,j + Bnondmgjum’j (16 flops)

—

Here we assume that the values of A@g X047+ Bnondmgjlloi,j were already calculated when
we constructed the linearization. As before we need only calculate the contribution to the
cost function in the last time step. Adding the cost of each piece together and multiplying
by the number of time steps, size of a generation and dimension of a control vector we arrive

at the result:

Theorem 5.2. The number of flops required to perform step (b) of a genetic algorithm for
a control problem that has been linearized with the Coupled Torque method grows at a rate

of O(NT|P|) with leading term behavior 2TNT|P|.

Comparing theorems 5.1 and 5.2 shows a significant improvement in computational com-
plexity when using Coupled Torque compared to Fixed State, but in a real world implemen-

tation the advantages of Coupled Torque would likely be even more pronounced. There are
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a couple reasons for this. First, we have not yet considered the possibility of solving the
decoupled optimization problems coming from the coupled torque approximation in parallel.
Using Coupled Torque, we could divide these calculation evenly over multiple processors up

to N processors. This would lead to greatly improved performance:

Theorem 5.3. The temporal complezity of step (b) of a genetic algorithm for a control
problem that has been linearized with the Coupled Torque parallelized over n < N processors

method grows at a rate of O(NT|P|) with leading term behavior 27 [2] T|P|.

It seems reasonable, however, to assume that one might design the hardware to solve this
control problem specific to the robot being controlled. In which case we would ensure there

were at least N processors. In this case our performance would be even better.

Corollary 5.4. The temporal complexity of step (b) of a genetic algorithm for a control
problem that has been linearized with the Coupled Torque parallelized over N processors

method grows at a rate of O(T|P|) with leading term behavior 27T |P)|.

Secondly, in our previous calculations we assumed that the number of candidate solutions
in a generation for each decoupled optimization problem in the Coupled Torque problem
would be the same as the cardinality of each generation for the single optimization problem
that must be solved for the Fixed State approximation. The space of potential candidate
solutions for these simplified problems would be much smaller and would most likely require
a smaller generation size in order to solve the problem effectively. [8] presents a rigorously
calculated bound for convergence of a genetic algorithm. This bound, however, requires that
the set of all possible solutions to the problem, which we will call E, to be finite. This would
necessarily be the case with a computer implementation of a genetic algorithm, but for our
problem it may be expedient to limit the number of candidate solutions even more by picking
a finite number of values, E;, that the ¥ component of the control vector can take. If we
were to then look at our decoupled control problem for just one element of the control we

would see the possible number of controls for this problem would be significantly smaller
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than the number of possible controls for the problem of calculating the entire control vector

at once. [8] give the bound
" = | < {1 = [BP = (1B = B ()11} (5.1)

where k represents the generation number and ||p* — p™|| is the difference between the
distribution of solutions given in generation k and the final distribution of solutions the
algorithm converges to. The value p,, represents the minimum probability of changing
from one potential solution to another potential solution via a mutation and p, is another
probability related to the system. From this inequality we see that if we have a smaller
number of possible solutions we may then be able to get similar convergence while using
a smaller population size. This suggests that we could get similar convergence rates for
solving a Coupled Torque linearization as a Fixed State Linearization while using smaller
generation sizes. This would improve the computational complexity of solving a Coupled

Torque Problem even more when compared to a Fixed State problem.
CHAPTER 6. PROOF OF NEW CONTROL METHOD

Several proofs of the global stability of the MPC control algorithm exist [9], and the modified
control introduced in Section 3.4 has shown itself to be effective on a variety of robots [4],
but the rigorous stability results for regular MPC do not apply to this new method. We will
show that the usual control theory assumptions of Lipschitz continuous system dynamics
and a compact set of possible controls are insufficient to show global stability for the control
method introduced in 3.4. We will also prove in this chapter that this algorithm is stable
inside of a small region of the goal x40, When both the regular control theory assumptions

and a few additional assumptions are made.
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Figure 6.1: Phase plot of equation (6.1)

6.1 GLOBAL INSTABILITY

In this section we give a counter example to stability. Consider the system

T 3r—y
= u
Y 9z — 4y
This is of the form (4.1) with
3r —y
A(z,y) =0, B(z,y) =
9z — 4y

Figure 6.1 shows a phase plot of

T 3r—y

Y 9z — 4y
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as well as a starting location and a goal location for our control problem and the linearized
dynamics at the starting location. By choosing u to be either positive or negative, we may
move either forward or backward along phase trajectories respectively. One can clearly see
form the picture that choosing v < 0 will cause us to move backwards along a trajectory
right to the goal, so the control problem does have a solution. However, using the linearized
dynamics it will clearly be favorable to pick positive u to move closer to the goal. This,
unfortunately, will drive us closer and closer to the fixed point marked in red, from which
there will be no escape. In this example we see that the control method from Section 3.4 is
not globally stable. That is, for certain systems this control method will utterly fail to move
from certain starting conditions, X, to a certain goal, Xgoq.

We now turn our attention to showing local stability, but before that we will prove several

preliminary continuity results to help build intuition.

6.2 CONTINUITY RESULTS

We will define the set of viable controls as the controls that we may apply to a given system.
In terms of robotics this is typically limited by the amount of torque that can be created
by the actuator motors in hard robots, and in soft robots this is limited by the amount
of pressure that can be produced by the air compressors. In continuation we will assume
that the set of viable controls is compact and a subset of the Banach of space L™[to,t final]
functions. To simplify notation in continuation, unless otherwise specified L> will refer to
L>[to, t finail-

We show that the optimal control of a system is continuously dependent on the system

that is being controlled.

Theorem 6.1. Let V be a subset the space of bounded differentiable functions from R?*" x R™

to R?", W be the compact subset of L™ functions from R to R?*" which are viable controls

29



and Z be the set of cost functionals of the form 3.5. Define C':' V X Z xR — W by
C(f(z,u), J(z,u),x0) =u”
where u* is the optimal control for the problem

x = f(x,u)

X(to) = Xy

tfinal
J<X7 ll) - / (XTQX + uTRu)dt + X(tfinal)TQX<tfinal)

to

Assume that C' is well defined, e.g. there exists a unique optimal control u* for every combi-
nation of f € V, J € Z and xo € R?>". Then the output of C in the L norm is continuously

dependent on the input f(x,u) in the L™ norm.
In order to prove this, we will first need several lemmas.

Lemma 6.2. Suppose ¢(t) is the unique solution to

x = f(t,x(t),u(t))

x(ty) = Xo

Then ¢(t) is continuously dependent on u(t) in the L* norm.

Proof. By the Main Theorem for Ordinary Differential Equations in B-spaces [10] ¢(t) is

continuously dependent on both xq and u(t) where a unique solution exists. ]

In the next lemma we will use the function J; x, : W — R defined by

Jg,xo (11) = / fmal(¢TQ¢ + uTRu)dt + ¢<tfinal)TQ¢<tfinal) (62)

to
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where ¢ is the solution to

Lemma 6.3. The output of the function defined in (6.2) is continuously dependent on the

imput u in the L>° norm when g s differentiable.

. t ina . . . . .
Proof. Fix € > (. Because ftof "u” Rudt is the composition of a continuous functions and,

therefore, continuous itself. Then there must exist ; > 0 such that |ju —a||,_ < d; implies

tfinal tfinal
/ u” Rudt — / ﬁTRﬁdt‘ <§

to to

Similarly, there must exist §, > 0 such that ||¢ — @||,.. < J implies

<

N

' </ fi"“’ ¢TQ¢dt + ¢(tfmaz)TQ¢(tfmaz)) N </ - éTQ&)dt * (}(tfmal)TQ(}&(tfmal))

to

By lemma 6.2 there must exist d; > 0 such that ||u — @[z~ < d5 implies |[¢ — @[z~ < J,.

Define § = min{d;,d3}. Let ¢ be the unique solution to
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Then ||u — 0|z~ < ¢ will imply

o (1) = Ty ()] = / " (ST Qb+ uT Rt + bt fima) Q{1 sinat)

- /t fmal([ﬁTQé + éTRé)dt i é(tfmal)TQé(tﬁ”“l)

tfinal tfinal
/ u’ Rudt — / u’ Rudt

<
to to

. ( / T Qb + ¢<tﬁmz>T@¢<tﬁml>)

- </t " éTQ(%dt + é(tfinal)TQé(tfinal)) ‘

For the next and final lemma we will need one additional definition.

Definition 6.4. Let Q be the set of possible values for ¢(t), the solution to

for t € [to, tfmal]-

Lemma 6.5. Suppose ¢ is the solution to

where f is differentiable. then ¢ is continuously dependent on the function f(t,x,u) in the

L>([to, t fina] X @ x W) norm.
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Proof. Fix ¢ > 0 and define ¢ to be the solution to

Define
F(t,y,\) = f(t,y,u) + A

where A is a function in L>([to, ¢ fina] X 2 x W). Note that ¢ solves

and & solves

By the Main Theorem for Ordinary Differential Equations in B-spaces [10] we know that

the solution to

y=F(t,y,A)

y (to) = Xo.

is continuously dependent on A. Then there exists 6 > 0 such that

||f(t,x, u) — f(t,X7u)||Loo([t07tfinal}XQXW) < 0 implies ||¢p — g?)||Loo <€ O

We are now prepared to prove Theorem 6.1
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Proof. Fix € > 0. Define the open ball B(u*,¢) = {u € W : |[|[u* — ul|z~}

Consider

K :=W — B(u*¢)

=W N B(u*, ¢)¢

B(u*,€)¢ is closed because B(u*,e¢) is open. K is then the intersection of two closed sets
and also closed. K is then a closed subset of the compact set W and compact itself. Then
the continuous function (Lemma 6.3) Jf«,(u) achieves its minimum in K by the generalized
extreme value theorem [11]. Define

a = min Jf.xo (1)

and let

B = — Jrx,(0¥).

B > 0 because u* is the unique minimum of Jyx,(u) in W. Further
Je(w) = Jy(u*) = 6

for any u € K.
Let

c(B(t)) = / " STQ)dt + Bt ponat) T QD(E ).

to

c¢(@(t)) is continuous so there exists some & > 0 such that |[¢(t) — ¢(t)||L~ < &y implies

e(d(t) — c((1))] < B/2.
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Let ¢ be the solution to

X(to) = Xp

and ¢ be the solution to

By Lemma 6.5 there must exist § > 0 such that ||f — ||z~ < § we have that ||¢(t) —

&(t)||z < 61. then ||f — f]|z~ < d implies that for any u € W

tfinal
/ " ST+ uT Ru)dt + bty QD)

to

1J5(w) = Jp(w)]| =

_ / fmal(éTQé +u” Ru)dt + &(tfmal)TQ‘%(tfm“l)

to

/ " ¢TQ¢dt + d)(tfinal)TQd)(tfinal)

to

[ Qb+ bl @l

to

c(¢(t)) — c(¢(1))]

<

o™

which in turn implies

and
B

35



Then for any f such that ||f — f||... < d, and any u € K

Ji(u) — Jp(a") = Jp(a) + [=Jp(u) + Jp(w)] + [ Jp(u”) + Jp(u”)] — Jp(u”)
= [Ji(u) = Jr(0)] + [Jy(u) = Jp(u")] + [J(u") — Jp(u")]
> Jp(u") = Jp(u") + B+ Jr(u) — J5(u)

B B

2

>__ J—
y T

>0
This implies
Jf(u) > sz(u*)

and u cannot be the optimal control for the system

Then the optimal control must lie within B(u*,¢) and C' depends continuously on f m

With this result we are prepared to show that we may force the system using the optimal
control from the linearized dynamics to follow the system using the optimal control for the
full non-linear dynamics arbitrarily closely by requiring that our initial condition x, be close

to our goal Xgpq-

Theorem 6.6. Consider the optimal control for the problem

X = f(X, u) (6 3)

X(to) = %o (6.4)
tfinal

J(x,u) = / (x'Qx +u’ Ru)dt + X(tfmal)TQx(tfmal) (6.5)
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where f € V, J €Z and u € W as defined in theorem 6.1.
Let f(x,u) be a linearization (either Coupled Torque of Fized State) of f(x,u). let u*be
the optimal control for the problem defined by (6.3), (6.4) and (6.5) and u* be the optimal

control for the problem defined by
x = f(x,u),

(6.4) and (6.5). Define ¢* and ¢ to be the solutions to

x = f(x,u")
X(to) = Xp
and
x = f(x,u")
X(to) = Xp

respectively. Let Q* = {"(t)|t € [to,  finarl }
For every € > 0 there exists § > 0 such that ||¢* — ¢ ||L. < € whenever x, € B(Xgoal,0)

and ||@*(t) — Xgoal|| s non-increasing in t.

Note that the requirement that ||¢"(f) — X40q|| is non-increasing in ¢ would have to be

true in some small region of x,,, in order for us to be able to effectively control our system.

Proof. Fix € > 0. By lemma 6.2 there must exist §; > 0 such that ||[u* —a*||p~ < §; implies
|¢p* — & ||L. < e. By theorem 6.1 there must exist d5 > 0 such that ||f — Fll@sxw) < 0
implies ||[u* — @*[|z~ < 0;. By theorem 4.1 there exists d;3 > 0 such that x € B(xo,03)
implies || f(x,u) — f(x,u)|| < d,. We then choose § < % Then Xo € B(Xgoa1, ) implies that
B(Xgoa1,0) C B(zo,d3). Because ||¢"(t) — Xgoa|| is non-increasing " C B(Xgoa1,0). Then

I = fll@xw) < & and [|¢" — @ ||1.. < e 0
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This thereom tells us that, for all bounded differentiable f(x,u) for which the optimal
control is unique, starting close enough to Xz, Wwill force our control using the linearized
system to follow the actual optimal control arbitrarily closely. Because the true optimal
control is usually stable this suggests that the control method introduced in section 3.4 may
also be stable. Regrettably, this is insufficient for a proof of local stability. This proof also
requires a concept of a certain rate of convergence to the optimal control at the starting

location x( approaches Xg,q. In the next section we define this concept precisely.

6.3 LOCAL STABILITY

Definition 6.7. Let Q be the subset of bounded differentiable functions such that there
exists v > 0 and A > 0 such that ||¢*() — Xgearl| < ||X0 — Xgoat]|€ ™ When x¢ € B(Xg0a1,7)-
Further, there exists & > 0 such that for all § > 6 > 0 there exists a value € > 0 such that
xo € B(Xgoar,0) implies ||¢p*(t) — ¢ ()] < &t —to) and € < Ad and € < & where ¢ and ¢

are defined as in Theorem 6.6.

We note that Q should be non-empty because there exists systems for which the Fixed
State and Coupled Torque aproximations are exactly identical to the original system, and
one of these systems would lie in Q if it was possible to find an asymptotically stable control

for that systems.

Theorem 6.8. Suppose f(x,u) € Q. There exists a > 0 such that for all « > & > 0 there

exists At such that ||xo — Xgoat|| = & implies X*(At) € B(Xgoal, ().

Proof. Let a = min{~,0}. If @« > & > 0 and ||xg — Xgoa|| = & This yields

|17 (At) = Xgoar|| = [[X*(Al) — x*(Al) + X"(Al) = Xgoal|
< [[x(At) = x*(AD)|] + [[x"(At) = Xgoal|

< EAL + ||xo — xgoal||6_)‘m
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Note

[1%7(0) = Xgoar|| = 0.
Taking the derivative with respect to At yields

d . _ . _
g (EAL + 130 = Xgoarl|e™2) = & = A0 = XgoalJe

Now if we set At =0 we find

d . _ .
— (EAL + [[x0 — Xgoat||e AAt) = € — Al|x0 — Xgoul|

dAt Ar—0
Because
€< A < \||xo — Xgoal |
we have
%(%At +[x0 = Xgoul €2 <0,

At=0

This means there must exist some sufficiently small value of At such that

|17 (A) = Xgoarl | < [[X7(0) = Xgoar|| = ||%0 = Xgoa]]

This means that x*(At) € B(Xgoal, &).

]

Because all of the hypothesis of theorem 6.8 are still met if we set xo = X*(At), this

theorem can be applied again in the next step of our control. This is significant because it

means that if we choose proper At we can make a trapping region around X,,q arbitrarily

small when using the algorithm presented in section 3.4.

Corollary 6.9. When using the control algorithm form section 3.4 on a system in Q, for

any € > 0 there exists At such that B(Xgeal, €) S a trapping region.

This condition is slightly stronger than stability but not as strong as asymptotic stability.
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CHAPTER 7. CONCLUSION

The new control algorithm developed by the BYU Rad lab has shown itself in practice to
be uniquely capable of controlling complicated robotic systems and especially those found in
so-called soft robots in both simulations and in the real world [4], but has also shown itself
to be particularly difficult to analyze mathematically. We have shown that, when using the
Coupled Torque technique for linear approximations, this technique can be computationally
feasible for use in even the most complicated robots. Of particular note is the fact that as
long as computational hardware is designed specifically for the robot to be controlled we
can virtually eliminate the growth in computational complexity as the number of joints, and
therefore the dimension of the system, increases.

Via counter-example, we found that global stability for this control method using the
standard control theory assumptions of Lipschitz continuous dynamics and a compact space
of controls was insufficient to prove global stability (asymptotic or not) of this method. We
did, however, show the existence of arbitrarily small trapping regions around the desired
location for a specific subset of control problems. This result although slightly stronger than

local stability is not as strong as local asymptotic stability.

7.1 FUTURE WORK

It is no easy task to look at the dynamics of a specific system and determine whether it
is part of the subset of differentiable systems (called Q in this paper) that where we have
proved local stability as it is currently formulated. To make these results more applicable
to the real world it would be useful to have sufficient conditions for a system to reside in
Q. It would also be a clear improvement to the results of this thesis to find conditions
which guarantee the new control method is locally asymptotically stable or guarantee global

stability.
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