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ABSTRACT

A New Family of Topological Invariants

Nicholas Guy Larsen
Department of Mathematics, BYU
Master of Science

We define an extension of the nth homotopy group 7, which can distinguish a larger class
of spaces. (E.g., a converging sequence of disjoint circles and the disjoint union of countably
many circles, which have isomorphic fundamental groups, regardless of choice of basepoint.)
We do this by introducing a generalization of homotopies, called component-homotopies,
and defining the nth extended homotopy group to be the set of component-homotopy classes
of maps from compact subsets of (0,1)" into a space, with a concatenation operation.

We also introduce a method of tree-adjoinment for “connecting” disconnected metric

spaces and show how this method can be used to calculate the extended homotopy groups
of an arbitrary metric space.

Keywords: algebraic topology, homotopy, fundamental group
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CHAPTER 1. THE EXTENDED HOMOTOPY GROUPS

1.1 INTRODUCTION

Consider the following subspaces of R%:

1 1 1
JR— 2 . -
X = l I {(a:,y) eR°:d <($,y)7 (2(11)a 2(1+1))) - 2(z+1)} and

1€EN

Y = X U{(2,y) € R*: d((z,y),(~1,0)) = 1}.

So X is a countable collection of circles and Y is the same collection of circles, converging
to a point contained in another circle. It is easy to see that for any choice of 2/, we have
m(X,2") =m(Y, o) = Z.

Imagine that instead of finding the path-homotopy classes of maps (1,01) — (X, ') or
(1,0I) — (Y,2'), we were to take a compact subset of the unit interval I with possibly
infinitely many components and map each of these as a loop into either X or Y. It is clear
with some consideration that we could construct such a map onto Y that is surjective, while
this is impossible for X.

The motivation for this thesis is to formalize this idea in order to define a family of
topological invariants which extend the homotopy groups (i.e., contain subgroups that are

isomorphic to the homotopy groups) while distinguishing a larger class of spaces.

1.2 COMPONENT-HOMOTOPIES

Let X be a topological space and let {X;};cs be the set of path components of X, indexed
by some set .J. For each i € J, fix z; € X;. Forn > 2, let I'"' = {z € I" : x,, = t}, where [
is the unit interval [0, 1].

For n € N, let U,, be the collection of nonempty open subsets of (0, 1)". For each U € U,

let OU denote the boundary of U in I". Now define R, (X, {z;}) to be the set of continuous



maps from elements U of U,, into X mapping OU into {z;}:

R,( X, {x:}) ={¢: (U,0U) = (X, {x;}) : U € U, }.

Notice that an element of R,, can be thought of as many “simultaneous” maps of I" into X,
each sending 01" to some element of {x;}.

For simplicity, we may refer to R, (X, {z;}) as R,, or R,,(X) when the choices of X and/or
{z;} are clear from context.

Let b be the self-homeomorphism of I™ defined by

(1, ..y xp) = (L= 2,29, ..., 2y).

For each U € U, let U_ denote b(U). By Lemma A.1.1, 9(U-) = (0U)_, so we will use the
notation OU_ to refer to both. For each ¢ : (U,0U) — (X, {x;}) € R, define ¢ as ¢ o b,
which we will call the reverse of ¢. We will show that reverses of elements of R, are also

elements of R,,.
Claim 1.2.1. For each ¢ € R,(X, {z;}), we have ¢ € R, (X, {z;}) as well.

Proof. Let ¢ : (U,0U) — (X, {x;}) € R, be arbitrary. We will show that ¢ : (U_,0U_) —
(X, {x:}) € R,..

Since b is a reflection across {Z € R" : z; = 1/2}, we have that U_ = b(U) € U,,. Also
since ¢ = ¢ o b and ¢ is assumed to be continuous, ¢ must be continuous.

Let T € O(U-). As we have seen, d(U_) = (0U)_, so b(T) € OU. Then

which shows that ¢ : (U_,0U_) — (X, {x;}) € R.(X, {z;}), proving the claim. O



Consider the following homeomorphisms of R™:

Uxy, ... x,) = <%,x2,...,xn)

($1+2 )
r(zy,...,x,) = N ) I

Notice that ¢ and r have the following properties:
1. 00(U) =4(0U) and 0r(U) =r(0U) (by Lemma A.1.1),
2. for U e U, ((U),r(U) € U,,

3. for any U,V € U, L(U)N7(V) =0 and 0(¢(U) U r(V)) = oL(U) L ar(V). Also
U)UoLU) and r(V) U or(V) are disjoint closed sets.

We define a binary operation * on R, (X, {x;}). Let ¢ : (U,0U) — X and ¢ : (V,0V) —
(X, {x;}) in R, be arbitrary. Let W = ¢(U) Ur(V). Define ¢ x ¢ : (W, 0W) — (X, {z;}) by

O(3r1, T2, ..., Ty T1,y...,xy) € LU)UNU
(¢ %) (x1, ... 20) = ( ) ( ) € LU) VL)

v(3xy — 2,29, .., x,) (21,...,2,) €r(V)UOIr(V).
Equivalently,

(¢ ) (T) =

Now we will show that R,, is closed under *.
Claim 1.2.2. If ¢, ¢ € R, (X, {z;}), then ¢ x ¢ € R, (X, {z;}).

Proof. Let ¢ : (U,0U) — (X, {x;}) and ¢ : (V,0V) — (X, {x;}) in R, be arbitrary, and set
W =0U)ur(V).

By property 2 of £ and r, W = ((U)Ur(V) € U,,.

Recall that ¢ is continuous by assumption and that ¢ is a homeomorphism. Then since

(px1) =¢olton L(U)UIHU), ¢x*1 is continuous on £(U) U dL(U). Similarly, ¢ * 1) is



continuous on (V') U dr(V). Therefore ¢ * 1 is continuous by the pasting lemma, noting
that ((U) U 0L(U) and r(V) U Or(V) are disjoint and closed.

Let T € OW. By property 3 of £ and r, T is contained in exactly one of 9¢(U) and or(V).
Suppose that T € 00(U) = £(0U). Then T = £(7) for some y € OU, and

(6 ¥)(@) = (¢ %) (7)) = o(¢" (L)) = 6(7) € {xi}.

Similarly, if 7 € Or(V), (¢px¢)(T) € {x;}. Then (¢ *)(OW) C {z;}, proving the claim. [

With the reverses of elements of R, and the operation *, we are close to showing that
R, is a group. However, it is easy to see that * fails to be associative. In order for this to be
the case, we must define an equivalence relation ~ on R,. For ¢ : (U,0U) — (X, {x;}),¢ :
(V,0V) — (X,{z;}) € R,, we say that ¢ ~ 1) if there exists an open subset O of I"*! and

a continuous function h : (O, 00) — (X, {x;}) satisfying the following:
1. ONnIy =U x {0},
2. 0NI =V x {1},
3. h(-,0)|ux{o} = ¢, and
4. h(-, Dlvxpy =9,

where I' ={x € ["" 1z, =t} 2 ["fort € I.
Notice that in the special case where U =V = (0,1)", ¢ ~ 1 exactly when ¢ and 1 are
homotopic, with A as a homotopy. For this reason, when ¢ ~ 1 we will say that ¢ and v

are component-homotopic and that h is a component-homotopy between ¢ and .
Claim 1.2.3. The relation ~ is an equivalence relation.

Proof. We must show that ~ is reflexive, symmetric, and transitive.



Claim 1.2.4. ~ is reflexive.

Subproof. Let ¢ : (U, 0U) — (X, {z;}) be arbitrary. Let O = U x I and define h : (O, 00)
by
h(z,t) = ¢(T).

Then clearly ¢ ~ ¢, proving the claim. 0
Claim 1.2.5. ~ is symmetric.

Subproof. Suppose that ¢ ~ ¢, where ¢ : (U,0U) — (X,{z;}) and ¢ : (V,90V) — (X, {z;})
are elements of R,. Then by definition, there exists an open subset O of I"*! and a
component-homotopy h : (0,00) — (X,{x;}) between ¢ and 1. Define O = b,.1(O)
and h' = hob,,,. Then it is easy to see that A’ is a component-homotopy between ) and ¢,

proving the claim. 0
Claim 1.2.6. ~ is transitive.

Subproof. Suppose that ¢ ~ 1 and ¢ ~ 0, where ¢ : (U,0U) — (X,{x;}), ¥ : (V,0V) —
(X, {z;}), and 0 : (W,0W) — (X, {x;}) are elements of R,. Then there exist O; C I""! and
hy : (01,00;1) — (X, {x;}) satisfying the conditions of ~ to show that ¢ ~ 1) and Oy C ["*!
and hs : (Oq,003) — (X, {x;}) showing that ¢ ~ 6.

Let O = {(z1,...,Zn,Tps1/2) 1 T € O1} U{(21,...,&n, Tpn1/2 + 1/2) : T € Oy} and
define h : (0,00) — (X, {z;}) by

hl(xl,...,xn,anH) Tnt1 € [0,1/2]
h(z) =
ho(1, ..oy @y 2041 — 1) xpyq € [1/2,1].
Then h is a component-homotopy between ¢ and 6, proving the claim. O
Since ~ is reflexive, symmetric, and transitive, it is an equivalence relation. O



Now we define

pn(X, {xz}) = Rn(X7 {l’z})/ ~,

so pn(X, {z;}) is the set of component-homotopy classes of maps (U,0U) — (X, {x;}) for
U € U,. For simplicity we may refer to p, (X, {x;}) as p, or p,(X) when the choice of X

and/or {z;} is clear from context, as we did with R,,.

1.3 THE EXTENDED HOMOTOPY GROUPS

Recall that the obstacle to showing that R,, is a group under * was that * is not associative
on elements of R,,. However, we can show that x is associative on component-homotopy
classes, and therefore that p, is in fact a group. It is worth noting that this proof is very
similar to the proof that m, is a group, with the only significant differences coming from
the fact that the operation * compresses the first coordinate by a factor of three, while the

operation on 7, compresses the first coordinate by a factor of two.

Claim 1.3.1. The set p, (X, {x;}) has a group structure under *, defined by [¢]*[1)] = [p* )]
for [¢]7 [?/f] S pn(X7 {xz})

Proof. First we must show that x is well-defined with respect to ~.

Claim 1.3.2. The operation * on p, (X, {z;}) is well-defined with respect to ~.

Subproof. Let [¢], [Y] € pn(X,{z;}) be arbitrary. Let ¢y : (Uy,0U;) — (X, {x;}) and ¢ :
(Up,0Uy) — (X,{x;}) be representatives of [¢] and let ¢ : (Vi,0V1) — (X,{z;}) and
o o (Va,0Va) — (X, {x;}) be representatives of [¢)]. To show that x is well-defined, we must

show that [¢q * 1] = [¢2 * o], or equivalently,

(<Z51 * wl) ~ (¢2 * 1/12)-

Since ¢1, o € [¢] and 1,19 € [Y], @1 ~ ¢o and 11 ~ 1by. Then there exists some open
Oy C I and hy : (04, 004) — (X, {z;}), and some open Oy C I and hy, : (Oy, 00y) —



(X, {z;}) satisfying the properties of ~ to show that ¢; ~ ¢o and 1y ~ 1)y, respectively.
Let O = £(Oy4) Ur(Oy) and define h : (0,00) — (X, {z;}) by

ho((-1(F)) T € £(0,)
W) = ¢

hy(r=(z)) T €r(Oy).

Then h is a component-homotopy, proving the claim. 0
Claim 1.3.3. p, (X, {z;}) is closed under x.

Subproof. This follows immediately from Claim 2. O
Claim 1.3.4. p, (X, {z;}) has an identity element under .

Subproof. Fix o' € {x;}. Let ey : (I",01™) — (X, {z;}) be the constant map to z’. Then
clearly [e,] € p,. We will show that [e,/] is an identity element of p,. It suffices to show
that for each ¢ € Ry, (¢ * eyr) ~ ¢.

Let ¢ : (U,0U) — (X, {z;}) be arbitrary. Then since ~ is reflexive, there exists an open
set Oy C ™ and a component-homotopy hy : (Og, 004) — (X, {x;}) between ¢ and itself.

Let k be the homeomorphism of I"*! defined by

20+ 1
k(xl,...,xn,t):( 3+ (:El),:vg,...,xn,t>.

(Notice that k(xq,...,2,,0) = l(z1,...,2,,0) and k(xy,...,2,,1) = (21,...,2,,1).) Let
O, be an open subset of I"*! such that O, N I} = r(I"), and x; > 2/3 and z,,1; < 1/9 for

all T € Oy . Define O = k(Oy) U O, and h: (0,00) = (X, {z;}) by

ok~ (7)) T € k(Oy)
h(E) = ’

x S Ox/.

Then h is a component-homotopy between (¢ * e,/) and ¢, which proves the claim. O



Claim 1.3.5. Each element of p, (X, {x;}) has a two-sided inverse under .

Subproof. Let [¢] € pn(X,{x;}) be arbitrary. Let ¢ : (U, 0U) — (X, {z;}) be a representative
of [¢]. By Claim 1, ¢ : (U_,0U_) — (X, {z;}) € R,,. We will show that [¢] is a two-sided
inverse for [¢]. It suffices to show that (¢ * @) ~ e, for some 2’ € {z;}, since @ = ¢.

First notice that since ¢ ~ ¢, there exists an open set O, C I"*! and a component-
homotopy hy : (Og,004) — (X, {x;}) between ¢ and itself. Let O, = {T € "™ : 0 < 2y <
1, 2,41 > 2/3}. Let 0 be a homeomorphism from "™ to {z € I"*' : x,,1 < 1/3} such
that o(int([f)) = £(int({;) and o(int(I})) = r(int(L§)). Let O = 0(Oy) U O, and define
h:(0,00) — (X,{z;}) by

ho(o~ (@) T € a(0y)
W) = o 6

T T e OI/.

Then h is a component-homotopy between (¢ * ¢) and e, proving the claim. O
Claim 1.3.6. The operation * on p, (X, {z;}) is associative.

Subproof. Let [¢], [¢],[0] € pn(X,{x;}). Let ¢ : (U,0U) — (X,{z;}), ¥ : (V,0V) —
(X, {z:}), 0 : (W, 0W) — (X, {x;}) be representatives of these classes respectively. We must
show that ([¢] * [¢]) * [0] = [¢] * ([¢0] x [0]), or equivalently, that (¢ * 1)) x6 ~ ¢ (1 6). This
means that we must show that there exists some open O C I"*! and a component-homotopy
h:(0,00) = (X,{z;}) between (¢ x ) x 0 and ¢ * (1) x 0).

Since ~ is reflexive, there exist open sets Oy, Oy, Op and functions hg, hy, hg satisfying

the conditions of ~ to show that ¢ ~ ¢, 1 ~ 1, and 0 ~ 0, respectively. Define oy, 0y, and



09 to be homeomorphisms of U x I, V x I, and W x I, respectively, such that

2t +1

op(x1,. .., 2, t) = ( (I’l),l'g,...,l’n,t)

x1 + 4t + 2
op(T1,.. ., Ty, t) = (1T,x2,...,:vn,t>

00<x17"'>$n7t) = (Waw%-“vlﬁ?t) :
Then notice that o,(U x I)NIJ = 2(U), 0,(U x ) NI} =L(U), op(V x I)NIF = £(r(V)),
op(V x I)NIP = r(l(V)), op(W x I) NI} = r(W), and og(W x I) N I}* = r*(W). Let
O =04UxI)Uoy(V xI)Uog(W x I) and define h : (0,00) — (X, {x;}) by

(

he(o,'(T)) T eas(UxI)

h(@) = hy(o,' (@) T € op(V x 1)

ho(o, () T € ag(W x I).

\

Then h is a component-homotopy between (¢ 1)) * 0 and ¢ x (b x 6), proving the claim.

Since * is a well-defined, associative operation under which p,, is closed and has two-sided

inverses, p, is a group under . ]

CHAPTER 2. PROPERTIES OF THE EXTENDED HO-

MOTOPY GROUPS

2.1 RELATIONSHIP TO HOMOTOPY GROUPS

Now we show that p, is in fact an extension of m, by showing that 7, can be isomorphically

embedded in p,,.



Claim 2.1.1. The homotopy group m,(X, 2’) is isomorphic to a subgroup of p, (X, {x;}).

Proof. Notice that since 2’ is contained in the same path component as some element of
{z;}, we can assume without loss of generality that =’ € {x;}.

For an arbitrary ¢ : (I",0I") — (X, 2'), let [¢],, denote the homotopy class of ¢ (which
is an element of 7,) and [¢],, the component-homotopy class of ¢ (which is an element of
Pn)-

Choose [¢] € 7, (X, 2") and let ¢ € [¢]. Then ¢ is a continuous map (I™,9I") — (X, '),
which means that ¢ € R,,(X,{z;}). Define f : m,(X,2") = po(X, {x:}) by f([¢]r.) = (9],

Suppose that [¢]r, , [V]r, € m(X,2’). To avoid confusion, we will use * to denote the
operation in 7,(X,z’) and * to denote the operation that we have defined previously on

pn(X, {x;}). We will use the standard definition of *:

¢2£L‘1,x2,...,$n X, € 0,12
(@) (T) = ( ) o
(2w — 1, 29,...,2,) x1 € [1/2,1].

We claim that f is a homomorphism. We must show that

|:¢*¢:|Pn = [¢]pn * W]pn
(@ *9) ~ (¢ x1)).

Since ~ is reflexive, there exists an open O, C I"™' and a component-homotopy hy :
(04, 004) — (X, 2') between ¢ and itself. Similarly, there exists an open Oy C I"*! and

a component-homotopy hy : (Oy, 00y) — (X, 2’) between 1) and itself. Let o, and o, be

10



homeomorphisms of I"*! such that

(21, .., Zp, t)

(Maxﬂw”axnat)
6

33—t 3+t
0-7/1<1"1a'-'7$n7t):(( >x16+< ha )7$27"'7xn7t)'

Then notice that o,(I"™) NI} = {(x1/2,29,...,2,) : T € I"}, o,(I") NI} = (1),
op(I") NI = {x1/2+ 1/2,29,...,2,) : T € I"}, and oy,([") NI} = r(I"). Let O =
04(04) U0y (Oy) and define h : (0,00) — (X, {z;}) by

h(E) = he(oy (T)) T € 04(0y)

hy(o,1(T)) T € ay(Oy).

Then h is a component-homotopy between ¢x1) and ¢, proving that f is a homomorphism.
Now suppose that f([¢]) is the identity element of p, (X, {z;}) for some [¢] € 7,(X,2’),
¢ (I",0I") — (X,2'). Then ¢ ~ e, where e, : (I",0I") — (X, ') is the constant map

/

to 2/. By definition of ~, there exists an open O C I"™! and a component-homotopy h :

(0,00) — (X, 2') between ¢ and e,s. Notice that h is an extension of ¢ : (I™,0I") — (X, ')
to a map (int(1"™1), 01""!) — (X, z'), which means that [¢] is trivial in 7, and therefore f
is injective.

Since f is an injective homomorphism, we have that

(X, 2') = f(7(X, 7)) < pu(X, {zi}). =

It follows easily from this proof that when X is path-connected, p,(X) = 7,(X).

2.2 TREE-CONNECTED SPACES

Now we introduce a method for calculating p, (X, {z;}) when X is a metric space. Suppose

that X is a metric space, with metric dx. Further suppose that the set of basepoints {z;}cs

11



is a closed subset of X. We define T'(X, {x;}) to be the quotient space of

(i|€|][0, 1]1) UX

formed by
1. 0j ~ O for all j,k € J
2. 1, ~z;foralli e J
3. tj ~ty whenever t <1 — Ldx(z;,zy).

Let K denote the “tree” part of T(X, {z;}); i.e., K = T(X,{x;}) \ (X \ {z;}). Then K is
a metric space under the shortest-path metric dx. Also notice that we can replace dx with

the topologically equivalent metric dy defined by

d'y (pi, pj) = min{dx (p;, p;), dx (pi, x;) + 2 + dx(x;,p;)}

for p; € X;,p; € X;. Then it is easy to see that T'(X,{z;}) is a path-connected metric
space, with a metric d which agrees exactly with dy on X and dx on K. We claim that we
can calculate the nth extended homotopy group of X by finding the nth homotopy group of
T(X).

Claim 2.2.1. 7,(T(X, {x;}), 2") = pn(X, {x:}).

Proof. As before, we will let [¢],, denote an element of 7, and [¢/],, denote an element of
Pn, Where ¢ and 9 satisfy the necessary conditions. Also since T'(X, {x;}) is path-connected,
(T (X, {x;}),2’) is independent (up to isomorphism) of the choice of basepoint, so we may
suppose without loss of generality that 2’ € {z;}.

Let (@], € m,. Choose ¢ : (I",0I") — (X,2') € [¢|r,. Notice that X is closed in

n

T(X,{z;}), since T(X)\X = U,,[0,1); is open. Also X\{z;} is open. Let U = ¢~ (X \{z;})

12



and define ¢ = ¢|uary. Then we claim that ¢’ : (U,0U) — (X,{z;}) € R (and so
[0 € pn)-

We have that ¢/(U) C X by definition. Since ¢ is continuous and X — {z;} is open, so is
U, so U € U;. Also since ¢ is continuous, so is ¢’. To see that ¢/(0U) C {x;}, let = € OU.
Then by definition there exists a sequence {s,} in U that converges to x. Since U is open
and x € QU, then z ¢ U. Since X is closed and ¢'({x;}) C X, then ¢'(z) € X, since ¢’ is
continuous. Since U = ¢ (X \ {z;}) and = € U, then ¢'(x) € X \ {x;}. Then it must be
the case that ¢'(x) € {z;} and therefore ¢'(0U) C {z;}.

Now define f : m,(T(X, {z;}), %) = pn(X,{2:}) by f([¢]r,.) = [¢],,. We claim that f is

an isomorphism.

Claim 2.2.2. f is well-defined.

Subproof. Suppose that [¢1]., = [¢2]r,, where ¢; and ¢y are maps (1™, 9I™) — (T(X, {x;}), 2).
Then there exists a homotopy h : (I"™1,9I"") — (X, 2') between ¢; and ¢5. Let O =
h™'(X \ {;}), which is an open subset of I"*!. It is easy to see that ' = h|ouso) is a

component-homotopy between 6 and ¢, 0 f([1lx,) = [61], = [64],, = F([62]x,) and f is

well-defined. ]
Claim 2.2.3. f is injective.

Subproof. Suppose that [f(¢)],, = [f(¥)],., where ¢ and ¢ are maps (I",0I") — (T'(X, {z;}), 2').
Then there exists a component-homotopy & : (O,00) — (X, {x;}) between f(¢) and f(v).
Since our goal is to show that [¢]., = [¢]x,, if we find a homotopy between ¢ and ¢ then
we are done.

Let W = cl(O) UdI™*!. Notice that we can extend h continuously to a map h; on W by

defining hy = ¢(x) on If, hy = ¢(x) on I}, and h; = 2’ otherwise. Now we must show that

we can extend h; continuously to the rest of I™*!,
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Since it is a finite union of closed sets, W is closed, so 9W C W. Consider W¢ = "1\ W.
By definition, OW = 0W*, so hy(OW€) is defined. We wish to show that h;(OW¢) =
hiy(0W) C K.

Recall that OWe = W C 9cl(O) U dI?* and let x € W€ be arbitrary. If z € dcl(O), then
by definition hy(x) € {x;}, so hi(z) € K. Then suppose that x € dI" ' NWe. If x & IJU I},
then hy(x) = 2’ € {z;} by construction, so suppose that = € I'r U I}, so either hy(z) = ¢(x)
or hy(z) = 1(x). Also notice that clearly W N O = (), since O C W, so we know that
r & 0. Let Uy = ¢~ (X \ {z;}), so that we have f(¢) : (U, 0Uy) — (T(X,{z;}),2"). Define
Uy similarly. Recall that by definition, O N 01} = Uy and O N 917 = Uy, so since = ¢ O,
then = & U, and = & Uy. Since by definition, Uy = ¢ (X \ {2;}) and Uy = =X \ {z:}),
hi(z) & (X \ {z;}). But since K = T(X, {z;}) \ (X \ {z;}), this means that hy(z) € K.

Let hy : OW¢ — K be defined as hq|gwe. Notice that OW€ is a closed subset of the
normal space W¢ (since W¢ C I"*1). Since K is an absolute retract for normal spaces, hy
can be extended continuously to a map hs : cl(W¢) — K. [1] Define A’ : I"™! — T(X, {x;})
by

hi(z) x € c(W)
W(x) =
hs(x) x € cl(W°).

By construction, h; and hg agree on the intersection of their domains, OW = 0W*¢. Then
by the pasting lemma, A’ is continuous and therefore A’ is a homotopy between ¢ and 1,

proving the claim. U
Claim 2.2.4. f is surjective.

Subproof. Let [¢],, be arbitrary. Choose ¢ : (U,0U) — (X, {x;}) € [¢],, We want to show
that there exists [¢],, and ¢ € [¢],, such that ¢|y = ¢, so that f([¢],,) = [¢],,

Let V = I"\cl(U) and let V,, be a component of V. Notice that ¢ is defined on 0V = oU
and that ¢(0V) C {z;}.
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Define ¢’ : OV U OI™ — K by ¢'(0,as,...,a,) = ¢'(1,ba,...,b,) = 2’ and ¢'(x) = ¢(z)
otherwise. Then since 0V U 01" is a closed subspace of V and K is an absolute retract

for normal spaces, ¢’ extends continuously to a map ¢” : V. — K. Define ¢ : (I",01") —
(T(X, {xi}), 2") by

o(z) xecl(U)
(r) =
¢ (x) xecl(V).

Since cl(U) Necl(V) = 0U = 0V and ¢(0U) = ¢"(0U) by construction, ¢ is continuous by
the pasting lemma. Then [¢)] € m,(T(X,{z;}),2") and f([¢]r,) = [¢],,, which proves the

claim. 0
Claim 2.2.5. f is a homomorphism.

Subproof. Let [¢],, and [¢],, be arbitrary. Letting x denote the usual operation in ,, it

suffices to show that

F(@lmn * Wr) = F([ D) * F([¢]r,)
Fe*¥l,) = f([9lx) * f([¢]x)
(0% ) ]p, = [¢]p * [¥],.
(ox9) ~ ¢ x 0.

Define 6y, 6, : (1™, 0I™) — (T(X, {x;}),2) as follows:

Oo(a,...,a,) = (p*x¥)(a,...,a,)
o(3ai, as, ..., ay,) a; € [0,1/3]
el(alﬂ""an): x a1€[1/3,2/3]

’QZ)(3CZ1 — 2 as,... ,an) a € [2/3, 1]

\

It is easy to see that [0p)r, = [01]x,, so there exists a homotopy h : (I"*! 9I""!) —
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(T(X,{zi}), ') such that h|pn = 6y and h|;p = 6;. Define O = h™'(X) and b’ = hlo.
Then k' is a component-homotopy between (¢ x ¥) and ¢’ x ¢/, since 01|op = ¢’ x¢)'. This

shows that (¢ x 1) ~ ¢ x ¢’ and that f is a homomorphism. O

Since f is a bijective homomorphism, we can conclude that
Tu(T(X, {@i}), 2) = pu(X, {2:}). O

2.3 EXAMPLES

Example 2.3.1. For i € N, let

1 1 1
— 2. _
X = {(m,y) €eR":d ((x,y), (2(1-1)’ 2(i+1))) T 9(i+1) } ’

and let Xo = {(0,0)}. Let 2; = (557,0) for i € N and let 29 = (0,0). Let X = [J2) X.

It is an easy corollary of Claim 6 that p;(X,{z;}) is isomorphic to the Hawaiian Earring

Group H.

We will see from the next example the importance of the inclusion of the limit point

(0,0) in the previous example.

Example 2.3.2. For i € N define X; and z; as in the previous example. Let X' = (J, oy Xi.

Then (X', {x:}) = (Y, {yi}) = Uien(Yi, v:), where
Yi={(z,y) eR* :d((2,y), (i, 1)) = 1}
and y; = (4,0). Letting Z = (Y, {y;}) U{(2,0) : x € R}, it is easy to see that

pX' i) = (Y ) = m (T (D)) = m(2) = DL
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APPENDIX A. LEMMAS

A.1 LEMMAS

Lemma A.1.1. Suppose ¢ : X — Y is a homeomorphism and A C X. Then 0¢p(A) =
®(0A).
Proof. 1f 0¢(A) = (), then by definition, ¢(A) is both open and closed. Since ¢ is a homeo-
morphism, A is both open and closed, and therefore ¢(0A) = ¢()) = ) and we are done.
Now suppose that 9¢(A) # (. Choose p € d¢p(A). Let U be a neighborhood of ¢~(p). It
suffices to show that U N (X \ A) # 0. Since ¢ is a homeomorphism, ¢(U) is a neighborhood
of p, and by definition, ¢(U) N (Y \ ¢(A)) # 0. Choose ¢ € ¢(U) N (Y \ ¢(A)). Then
¢ Hq)€eUand ¢ (q) € A, s0 ¢~ (q) e UN(X \ A) # () and we are done.
Notice that the reverse inclusion follows from a similar argument by considering the

homeomorphism ¢! : Y — X. O
Lemma A.1.2. For U e U,,, ({(U))- =r(U-) and (r(U))- = £(U-).
Proof. Recall that we used the notation U_ to signify b(U), where b(z1,...,2n, Tpi1) =
(x1,...,Zp, —Tpy1). Then to show that (¢(U))- = r(U-), we must show that b({(U)) =
r(b(U)).

Let 7 € U € U,. Then

b(U(T)) = b(z1/3,22,...,2,) = (1 —x1/3,29,...,x,) and
r(b(@) =r(1 — 21,29, ... ,2,) = (1 =21 +2)/3, 29, ..., 2,)
=(83—x1)/3,x9,...,2,)

=(1—-x1/3,29,...,2,),

so b({(T)) = r(b(T)) and therefore (¢(U))_ = r(U-).
The proof that (r(U))- = ¢(U-) is similar. O
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