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ABSTRACT

Spaces of Weakly Holomorphic Modular Forms in Level 52

Daniel Meade Adams
Department of Mathematics, BYU
Master of Science

Let M!(52) be the space of weight k level 52 weakly holomorphic modular forms with
poles only at infinity, and 32(52) the subspace of forms which vanish at all cusps other than
infinity. For these spaces we construct canonical bases, indexed by the order of vanishing
at infinity. We prove that the coefficients of the canonical basis elements satisfy a duality
property. Further, we give closed forms for the generating functions of these basis elements.
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CHAPTER 1. INTRODUCTION

Modular forms have applications in many areas, from Fermat’s last theorem to partitions,
the Monster Group, and sums of squares. These forms are even used in computing entropy
in black holes and string theory.

We say that a function f : H — C is a modular form of weight k£ € Z and level N € N if
the following conditions hold. First, f is holomorphic on H = {z € C: Im(z) > 0} together

with the set of cusps for level N. Second, f satisfies the equation

f (ZI;) — (cz+d)" f(2), forall (i 2) € Ty(N) (1.1)

where

To(N) = { <‘CL g) €SLy(Z) | c=0 mod N}.

When equation 1.1 is applied to the matrices [’01 f’l} and [} 1], we note that k& must be
even and that f is periodic of period 1. Since f is periodic, f has a Fourier expansion. Let
q =™ then f(2) = 3,5, ang" Where ng is the order of vanishing of f at infinity.

If f vanishes at each cusp, then f is said to be a cusp form. We write My(N) for the
space of all modular forms of weight k£ and level N, and Si(IN) for the space of cusp forms
of weight k and level N. Both of these spaces are finite-dimensional vector spaces over C.

By relaxing the definitions of the forms in My(N) to allow functions be meromorphic
at the cusps, we get the space M (N). Further adjusting to the functions of M}(N) to
allow the functions to be holomorphic at all cusps, except possibly at infinity, creates the
space ME(N). Of the functions in M?(N), the functions that vanish at each cusp other than
infinity form the subspace S,’i(N ). These last two spaces of weakly holomorphic forms are
the topic of this thesis.

In their paper Duke and Jenkins [3] focus on M,g(l) From this paper we point out the

following features.

(i) There is a canonical basis whose elements are in the form fj, ,,,(2) = q*m+z ax(m,n)q",
n>0+1
where ¢ is the greatest order of vanishing at infinity of any form in M, ,ﬂ( 1).



(ii) The generating function E Jr.m(7)g™ has the closed form E Jrem(T)q" = fk; EZ))fQ;’(j;(T) )
T) —
m>{ m>/l

(iii) The coefficients of the basis elements satisfy Zagier duality: ax(m,n) = —as_r(n, m).

(iv) The coefficients of the basis elements satisfy the divisibility n*~t|a,(m,n) for (m,n) =1

and k € {4,6,8,10, 14}.

They also show, for certain values of m, that the zeros of fj,,(%) are on the unit circle.

Many of these results have been generalized in other levels of genus 0. In levels 2 and
3, Garthwaite and Jenkins [5] look at the zeros of the basis elements of M (2) and M (3),
giving a lower bound for the number of zeros on the lower boundary of the fundamental
domain. Garthwaite and Jenkins utilize the generating function from El-Guindy [4] for their
calculations concerning where the zeros lie. For levels 2 and 3, Andersen and Jenkins [1] prove
several congruences for the weight zero basis element coefficients. Andersen and Jenkins also
give a basis of the same form as (i) for levels 2, 3, 5, and 7. Level 4 has similar results by
Haddock and Jenkins [6]. They give a generating function and show that the coefficients of
the basis elements satisfy Zagier duality. Similar to the other levels they also give bounds
for the zeros on the lower boundary of the fundamental domain. Jenkins and Thornton [§]
add coefficient congruences to Andersen and Jenkins’ work. In [7] Jenkins and Thornton list
basis elements in the form (i) above for levels 8, 9, 16, and 25 and give congruences. Work
is also underway for the other levels of genus zero. We seek to address the points (i)-(iv) in
higher levels under a few specific conditions.

In the mentioned levels, all of the canonical basis elements have integral coefficients.
However, this is not the case in all levels; for instance, levels 52, 56, 63, 66, 70, and 78 have
a canonical basis with rational Fourier coefficients. This implies that there is a congruence
between Hecke eigenforms modulo primes dividing the denominators of the rational coeffi-
cients. This initial difference raises the question of whether the same techniques applied in

lower levels will generalize.



In this paper we examine level 52, which is the lowest level where M (52) is spanned
by eta-quotients and its basis elements have rational Fourier coefficients. We expect that
the results of this paper could be easily generalized to give similar results for levels 56, 63,
and 70 since, like level 52, they are of genus 5, spanned by eta-quotients, and have rational
Fourier coefficients. These results may also generalize to levels 66 and 78 which have higher
genus, but are spanned by eta-quotients and have rational Fourier coefficients.

This paper is outlined as follows: In Chapter 2 we construct canonical bases for the
spaces M£(52) and S£(52), which are given in Theorems 2.10 and 2.11 respectively. Two

cases of the main result are listed here.

Theorem 2.1. S%(52) has a canonical basis of the form {gym(z)|m > =5, m # 0} where

Gom(2) =q ™+ az(m,0) + Z as(m,n)q".

n=>6
Theorem 2.2. M}(52) has a canonical basis { fom(2)|m > —13, m # —9,..., =12} where
12 oo
fom(2) =q¢ ™+ Z as(m,n)q" + Z as(m,n)q".
n=9 n=14

In Chapter 3 we prove a duality result similar to that of Zagier’s work in [12].

Theorem 3.3. Let the weight k be given. Let fyn(T) € MH(52) and go_pn(z) € SH(52).

Then we have
ar(m,n) = —by_g(n,m).

In Chapter 4 we give generating functions connecting the basis elements in Theorem 4.4.

Definition 4.1. Let fi,,(2) be basis elements as found in Theorem 2.10. Then the gener-

ating function Fy(z,7) is given by

Fi(z,7) = Z frn(T)q"

n=-—ng

where ng is the greatest order of vanishing at infinity of any form in M, ,5(52).



One case of the main result of that chapter is

Theorem 4.3. Let k = 2+12l andy = Tk—1. Let Fi(2,7) = fio—y(T)q Y +> 025, fren(T)q"
Then

e, =(4(2) = 9u(r)) " (furslDg2okaeal) + 2y ()gasa()

+ fomy(T)92-kyt2(2) + 2fk5-4(T)g2-ky-1(2) + frs—y(T)92-ky-3(2)
+ fes-y(T)92-ky11(2) + 2fr6-y(T)92-ky—2(2) + fro-y(T)92-ky-a(2)
+ fer—y(T)92-ky-1(2) + 2f57-y(T)g2-ky-3(2) + frs—y(T)92-ky-2(2)
+ 2fes-y(T)92-ky-4(2) + fro-y(T)g2-ky-3(2) + fr10-y(T)92-ky-4(2)

U]

The main result, in entirety, is Theorem 4.4. We give proofs of two cases. The omitted
proofs have their recurrence relation and revised generating functions given in Appendix B.

In Chapter 5 we state further work to be accomplished and conjectures for higher levels.



CHAPTER 2. CANONICAL BASES

In constructing a canonical basis, we want a basis which allows us to easily and uniquely
identify the linear combination of the basis elements used to create any other form in the
space. To do this, we will take a basis and row reduce to annihilate as many terms as possi-
ble. This gives elements which start with a given leading term and whose next term has an
exponent as large as possible. The goal is to have a basis for all weights similar to the bases

for weight 2 in the following theorems, which will be constructed in Section 2.3.

Theorem 2.1. S%(52) has a canonical basis {gsm(z)} where

Gom = q "+ az(m,0) + Z as(m,n)q", for allm > —5, m # 0.

n=>6

Theorem 2.2. M}(52) has a canonical basis { fom(2)} where

12 00
fom=q¢ ™+ Zag(m,n)q” + Z as(m,n)q", for allm > —13, m # —9,...,—12.
n=9 n=14

In order to construct a basis for Sg(N ), work in levels of genus zero makes use of the
Hauptmodul, a weakly holomorphic modular form of weight 0 with a pole of order 1 at
infinity. However, Hauptmoduln do not exist in levels of higher genus. To have a function
with comparable effect, we will need to find a function in the space Mg(N ) with pole of
minimal order at infinity. We then multiply the weight zero form by the forms in S3(52)
to create other forms that are meromorphic at the cusp at infinity but sill holomorphic
elsewhere. Note that multiplying a weight 0 form by a weight £ form will result in a weight
k form. This introduces forms with leading term ¢~ for m € N, with maybe some subset of
N unaccounted for. We then subtract off the previous forms to give a gap or multiple gaps

as described at the beginning of this chapter. As we will see, it is necessary to use a second



form to get all possible orders of vanishing at infinity in the absence of a Hauptmodul. We
use eta-quotients to find these two functions. To do this we need a deeper understanding

about the structure of our space.

2.1 ETA-QUOTIENTS

First we list the definition of the Dedekind eta-function [2].

o

Definition 2.3. The eta-function is defined by the formula 7(z) = ¢'/ H(l —q").

n=1
The modular transformations of the eta-function take the form

az+b\ 1/2 a b u
n (cz—l—d) = ¢€(a,b,c,d)(cz+d)/"n(z) for . d) € SLy(Z) and €(a, b, c,d)** = 1.

The eta-quotient is defined by f(z) = H n(0z2)" with rs € Z.
5|N

The following theorem from Kilford’s text [9] lists when an eta-quotient is in the space
ME(N).

Theorem 2.4. Let f(z) = Hn(éz)” with rs € 7. If
5|N

(1) Z drs =0 mod 24,

SN

N
(i) > <75 =0 mod 24,

5IN

(7it) H 0" is the square of a rational number,
SIN

then f(z) is weakly modular of weight k = %Zm and level N.
SIN
The next theorem of Ligozat [10] gives us a way to compute the order of vanishing at

each cusp.



Theorem 2.5 (Ligozat’s formula). The order of vanishing of an eta-quotient f(z) at the

cusp ¢/d, where (¢,d) =1, is given by

N ged(d, §)?rs

orde/a(f) = 2% S ged(d, N/d)do

This formula allows us to test whether a weakly modular eta-quotient is in the space S,E(N ).
In [11], Rouse and Webb give a sharp bound on the exponents used in an eta-quotient.

Let 75 for 6| N be the exponents of the eta-functions n(dz) in an eta-quotient. Then

> min{ 2,ord,(N) }

+1
Z|7°6| SQk‘H (%

O|N p|N

This means that for a given level and weight, there are a finite number of possible eta-
quotient modular functions in My(N). We say that a space is spanned by eta-quotients if
it has a basis of eta-quotients. Rouse and Webb also state that spaces having a sufficiently

composite level should be spanned by eta-quotients.

2.2  THE SPACE M,(52)

Using SAGE, we can quickly produce a basis of My(52) for relatively low weights k €
{2,4,6,8}, yielding:



4 5 2 1 2
52) = {__7__9 S I = PN L) 17’
M>(52) = spanq q U U e B Bt (¢')

q2 _q6+q8 o 2q10 _ 2q12_'_0<q17>7

2 7 4 1 4
3 7 9 11 13 15 17
I — — _ _ _ = O

q4 N 2q6 +q10 N q12 +q14 +q16 —|—O(q17),

q5 . %q7 . §q9 . gqu . %qm + %qw —I—O(q”),
1+0(¢"),

q+4¢° + 64 + 8¢" + 13" + 12¢" + 249" + O(¢""),
q2 +4q6 . 2q8 + 6q10 + 8q14 . 6q16 + O(q”)

¢+ 3¢° +4¢" + 7¢"° + O(¢"")

g+ 0(61”)},

where the first 5 forms are a basis for S5(52). Verifying that M,(52) is indeed spanned by
eta-quotients is done by Rouse [11] where he references
http://users.wfu.edu/rouseja/eta/etamake9.data.
On this site, Rouse lists tuples containing the exponents rs from Theorem 2.4 to represent
eta-quotients, where the subscripts are the divisors of 52. There tuples are structured as

(r1,72,74,713, 26, 52). The eta-quotients spanning M,(52) are represented below.

(0,—4,8,0,0,0), (8,—4,0,0,0,0), (0,0,0,0,—4,8), (0,0,0,8, —4, 0),
(0,-2,4,0,—2,4), (4,-2,0,4,—2,0), (1,—2,3,3,-2,1),(3,-2,1,1, -2, 3),

(=3,7,-2,-1,1,2),(=2,7,-3,2,1, —1).

The next theorem gives us more structure about the spaces M (52).



Theorem 2.6. The form
h(z) = ¢ — 2¢*° + 3¢® — 6¢”° + O(¢™) € M15(52) (2.1)

has all of its zeros at infinity. Additionally, k = 12 is the smallest positive weight in which

such a form exists.

Proof. Using SAGE we create bases for weights 2,4,6,8,10 and 12 in level 52. After row
reduction on the basis, comparing the leading terms of the forms with the respective Sturm
bound, only M;j5(52) has a form with power of its leading term equal to the Sturm bound.

This form of weight 12 has a leading term ¢3*; by the valence formula we can verify this has all

of the zeros at infinity, since with k = 12 and N = 52, we have £ [SLy(Z) : [o(N)] = 84. [

Thus, the space M (52) has no form with all of its zeros at infinity for £ = 2, 4, 6, 8, 10. We

may also state another condition on S5(52).
Theorem 2.7. Then Si(52) has no form starting with a constant term.

Proof. Since the function h(z) = ¢3 — 2¢% + 3¢® — 6¢°° + O(¢??) (see 2.1) has all of its
zeros at infinity, multiplying (z) by any form g(z) € S%(52) with a constant leading term
will give a product h(z)g(z) in S14(52) (since it vanishes at infinity) whose leading term is

¢®*. However, computing a basis for S14(52) in SAGE shows no such form exists. [

We will now apply this result to find a form in M§(52) with a pole of minimal order at

infinity.

Theorem 2.8. The weakly holomorphic modular form

06(2) = ¢+ 207 + ¢ 2+ 2¢° + 3¢° + 2¢° + O(¢*?) € M{(52) (2.2)

has a pole of minimal order at infinity.



Proof. Given a form in M, ,5(52) with minimal pole at infinity, multiplying this form by any
cusp form in S5(52) results in a form in S5(52). By Theorem 2.7 this product will not have
a constant leading term. Since the basis elements of S5(52) have leading terms ¢°, ¢*, ¢3, ¢%,

~4 or ¢° as leading terms of the form of

and ¢, this eliminates the possibilities ¢~*, ¢72,¢ 73, q
weight zero. Using SAGE (see A.1), we first conduct a search for a form starting with ¢=°.
Using Theorem 2.4 we create tuples (11, r2, 74, 713, T'26, T'52) Where 15y = —r1 —1r9—1r4—113—T9g,
which guarantees the weight is zero. The |r;| are bounded to make computation reasonable.
To satisfy conditions (i) and (ii) of Theorem 2.4 we verify that Ligozat’s formula (2.5) gives
a nonnegative integer for d = 1, N; we also need the order of vanishing to be a nonnegative
integer at every cusp other than infinity. Condition (iii) is satisfied when 79 +19 = 0 mod 2
and 113 + 196 + 752 = 0 mod 2. Lastly, to get the order of vanishing at infinity to be —6 we
need » 55, 0" = —144.

With these conditions programmed into SAGE we found the form

1 (42)1°(262)

—6 —4 -2 2 6 8 12
o T = g0 1 27 P 424267 + 3¢° + 2¢° + O(¢").
o i(2s) ¢ ¢ +q ¢ +3¢" +2¢g (¢)

Since this form resides in My(52) and 1 € M(52), we may take a linear combination of these
two to get

0e(2) =q 4+ 27 +q¢ 2 +2¢° +3¢° +2¢° + O(q").

2.3 CONSTRUCTING THE BASIS FOR S5(52)

We can now create all the canonical basis elements of 33(52) with leading terms ¢°, ¢*, ¢3, ...
and any leading term of negative power not congruent 0 modulo 6 by using the elements of
S5(52) and g(z)! for some integer [ > 0. However, we should be able to create all negative
powers for the leading term. Thus, we need another form of weight zero and a pole at infinity

of order between 7 and 11 (we don’t want 12 since we can achieve that with ¢32).

10



Theorem 2.9. The weakly holomorphic modular form

1 2 4 2 2 1 ) 7 1 5)
-7 -5 -3 -1 3 5 7 9 11 13 15 17
= g P Ty S S SR P S 200 M - B S0
Y(z) =¢q 3(1 3C] 3CI 3q 3q 3q 3Q q 3q 3q 39 (¢)

is an element of ME(52).

Proof. Again with similar criteria, we change the order of vanishing at infinity to —8 in our
SAGE code (A.1) (we didn’t find an eta quotient with leading term ¢~") and find two forms,
which are listed as the tuples (—3,7,—2,—1,5,—6) and (3,—2,1,1,2,—5). Using a linear
combination of the corresponding forms to cancel out the first term gives us the form

U(2) = ¢ T30+ 307030 30+ 3+ 307+ 20+ 10 + 3¢ + 3¢+ 0(¢). O

Using f,7(z) with ¢g(z) and the forms in S3(52), we are able to create all of the forms
with any negative leading power in S%(52).
Looking back at S5(52), we label the cusp forms as:
1 2 4 1 1
5 7 9 1 13 15 17
5(2)=¢"—=¢" —=¢" —=q" — = = O
92-5(2) =€ = 34" = 3¢" — 3¢~ — 3¢ + 347 +0(¢")
92,74(2) :q4 . 2q6 4 q10 o q12 + q14 + q16 + O(q”)
2 7 4 1 4
3 7 9 11 13 15 17
3(2)=¢ —=¢" — = = -q° — = @)
92-3(2) =¢" = 34" = 3¢ + 30" + 347 — 307 +0(@)
92-2(2) =¢* — ¢" + ¢" — 2¢"" — 2¢"* + O(¢""),

4 7 5 9 2 11 1 13 2 15 17
() =q— —¢" = = St Zgi3_ = O(¢"").
g2,-1(2) =¢q 20— 34 T30 —ga — g+ (")

As discussed we will multiply these terms by ¢ and ¥(z) to obtain leading terms with any
arbitrary negative exponent. To get a basis element we then subtract off a linear combination
of the previous terms to cancel out as many terms as possible. As a reminder, by Theorem

2.7 there is no form ¢, ¢(z). Continuing with the basis elements, we have:

11



921(2) = 5(2)6(2) = 2021(2) + 302, 5(2) + 392, 5() =™+ 0(¢)
922(2) =g2-4(2)96(2) + 3g2.-2(2) + g2.-4(2) =q¢ "+ 0(¢")
923(2) =02 5(2)0(2) — 201(2) — 5021(2) + =00 5(2) + 205 5(2) =7+ 0(¢’)
924(2) =g2,-2(2)p6(2) — 2922(2) + g2,-2(2) — g2,-4(2) =q"+0(d")
925() =02 1(2)6(2) — 2025(2) — 921(2) + 502, 1(2) + 22 5(2) +4ga () =7 +O(¢")
926() =921 (V) — 3024(2) — 2022(2) + 0 922(2) + 50,42 =4 +0(¢")

Hence, 5’5(52) has a canonical basis consisting of the functions
Gom(2) = ¢ ™+ az(m,0) + > as(m,n)g",
n=>6

which are defined for m > —5, m # 0. Note that Theorem 3.2 shows as(m,0) = 0 for all m.
Similarly we start with the eight forms in M5(52) and perform the same process to get a

canonical basis for M}(52) consisting of the functions

fom(z) =q ™ Zazmnq +Za2mn

n=14

which are defined for m > —13, m # —9,—-10, —11, —12.

2.4 (CHALLENGES IN INCREASING AND DECREASING THE WEIGHT

In constructing bases in other weights we will use h(z) (see equation 2.1), the form of weight
12 with all of its zeros at infinity. Multiplying by h(z) increases weight by 12 and dividing
by h(z) decreases weight by 12. Multiplication by h(z)¢ for £ € Z introduces a possible pole

only at infinity. Thus, to construct the general basis it is sufficient to know the structure of

12



M (N) and Si(N) for k = 2, 4, 6, 8, 10, and 12. These weights serve as a residue system
for any weight modulo 12. Below is a table listing the exponents of the leading terms for all

possible forms in the respective spaces.

Space M2<52) M4(52) M6(52) Mg(52) M10(52) M12(52)
Exponent | 0-8, 13 | 0-22, 26 | 0-36, 39 | 0-50, 52 0-65 0-78, 84
Space 52<52> 54(52) 56(52) 58(52) 510(52) 512(52)
Exponent | 1-5 1-18 1-31, 33 | 1-44, 46, 47 | 1-57, 59-61 | 1-70, 72-75

Note that we can take different forms in M (52) and multiply by powers of ¢g(z) or 1(z)
to get any negative leading exponent in M£(52). With the information in this table we are

able to construct a canonical basis for M (52) or S%(52) for any weight.

2.5 CANONICAL BASES: M£(52) CASES

In the preceding table we took the first 6 spaces for My(52) and S(52) and found what
leading terms were in this space. By use of pg(2) and 1(z) we can create a basis for M£(52)
and S£(52) for k = 2, 4, 6, 8, 10, and 12. To list the canonical basis for M,E(E)Q) for any
given weight k& we apply the following steps. Take the basis ]\/[tj/j (52) where ¢ = k mod 12.
Multiply or divide the basis elements by a power of h(z) (see equation 2.1) which increases
or decreases the weight by a multiple of 12 to get back to a form of weight k. Row reduction
will change the bases previously found into canonical bases. Noting the sets of numbers in
the table and translating them by multiples of 84 will give the structure for the canonical

bases.

13



Theorem 2.10. For a general weight k € 27 we have the following cases for the canonical
basis of M} (52).

Case 1: k=0 mod 12.

Let k =121 and let y = Tk. Then M£(52) has a basis of functions

y—1 [e']
fom = a4 3 awlmm)g® + > arlm,n)g”,

n=y—> n=y+1

which are defined for all m > —y, with fym(z) =0ifm=5—y,...,1—y.
Case 2: k=2 mod 12.
Let k =121+ 2 and let y = Tk — 1. Then M£(52) has a basis of functions

y—1 e’
fomZ = a4 3 almm)g®+ > axlm,n)g”,

n=y—4 n=y+1

which are defined for all m > —y, with fym(z) =0ifm=4—y,...,1—y.
Case 3: k=4 mod 12.
Let k=121 +4 and let y = Tk — 2. Then M,E(52) has a basis of functions

y—1 00
fn@ =a"+ 3 amn)g+ 3 awm,n)g",
n=y—3 n=y+1

which are defined for all m > —y, with frm(z) =0ifm=3—y,2—y, or 1 —y.
Case 4: k=6 mod 12.
Let k =121 + 6 and let y = Tk — 3. Then M,g(52) has a basis of functions

y—1 0
S =a+ Y amn)g + 3 axlm,n)g",

n=y—2 n=y+1

which are defined for all m > —y, with frm(z) =0ifm=2—y or1—y.
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Case 5: k=8 mod 12.
Let k =121+ 8 and let y = Tk — 4. Then M,E(SQ) has a basis of functions

fem(2) ="+ ar(m,y — )¢ + > ag(m,n)q",
n=y-+1

which are defined for all m > —y, with fym(z) =0ifm=1—y.
Case 6: k=10 mod 12.
Let k =121+ 10 and let y = Tk — 4. Then M£(52) has a basis of functions

fem(2) = a7+ Y ax(m,n)q",

n=y+1

which are defined for all m > —y.

2.6 CANONICAL BASES: S%(52) CASES

The same process of multiplying or dividing by h(z) and row reducing applies to the space

52(52). This gives the following theorem.

Theorem 2.11. For a general weight k € 27 we have the following cases for the canonical
basis of SE(52).

Case 1: k=0 mod 12.

Let k =121 and let y =Tk — 9. Then 52(52) has a basis of functions

Gem(2) = ¢+ br(m,y — 4"+ Y bi(m,n)g",
n=y+1

which are defined if m > —y, with ggm(2) =0 if m =4 —y.
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Case 2: k=2 mod 12.

Let k =121+ 2 and let y = Tk — 9. Then 52(52) has a basis of functions

Gem(2) = ¢ "+ be(m,y =5)¢" "+ Y be(m,n)g",
n=y+1
which are defined for all m > —y, with gm(z) =0 if m =5 —y.
Case 3: k=4 mod 12.

Let k =12l + 4 and let y = Tk — 10. Then S£(52) has a basis of functions

Gem(2) ="+ Y bp(m,n)g",
n=y+1

which are defined for all m > —y.
Case 4: k=6 mod 12.
Let k =121+ 6 and let y =Tk — 9. Then 52(52) has a basis of functions

Gem(2) = ¢ " +be(m,y — )" + Y be(m,n)g",
n=y+1

which are defined for all m > —y, with gxm(z) =0 if m=1—y.
Case 5: k=8 mod 12.
Let k =121+ 8 and let y =Tk — 9. Then 52(52) has a basis of functions

Gem(2) = "+ be(m,y = 2)¢" >+ Y be(m,n)g",
n=y+1

which are defined for all m > —y, with gm(z) =0 if m =2 —y.

16



Case 6: k=10 mod 12.
Let k =121 + 10 and let y = Tk — 9. Then S£(52) has a basis of functions

Gem(2) = ¢+ be(m,y = 3)¢" 2+ D be(m,n)g",
n=y+1

which are defined for all m > —y with ggm(z) =0 if m =3 —y.
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CHAPTER 3. DUALITY

Zagier duality expresses a relationship between the coefficients of fy,.(z) € M:(52) and of
those in gy_pn(2) € Si_.(52). This relationship was first proved for certain half-integral
weight modular forms in [12]. This result hinges on the fact that forms in S%(52) have no

constant terms. To show this we will note a few key facts.

3.1 THE THETA AND SLASH OPERATORS COMMUTE

Recall that 6 := qdi = ;=L Also, if f € My(N), then 6(f) € Mj(N). Recall fory = [2}] €
SLy(Z) that f(2)|[Y]x = (cz+d)~*f (“Z+b) The first theorem of this section relates how the
|[Y]x and the 6 operator commute for weight 0, so that when we take the derivative of forms

from M§(52), we know what happens at the cusps.

Theorem 3.1. Let f(z) € My(N). Let v =[24] € I'. Then, we have

Proof. Let f(z) be a weakly modular function of weight 0. Let v = [¢4] € I". Note that

since v € I', then ad — bc = 1. Then

BB =0 (s s (0) | = o (20 ) (=)

b 1 b
az + 2_(02 + d)72f/ (ﬂ) )

1
27T (CZ+ >2f( +d)(ad—bc): T cz+d

Also note that 6 increases the weight by 2. Hence,
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Now we can track the order of vanishing at the cusps from the derivatives. To do this
we first look at (0[f(2)])|[v]e = 0(f(2)|[v]o), where v moves the cusp in question to where
we want it. Then, applying 6 will annihilate any constant term. Note that if f(z)|y is
holomorphic at infinity, then 0(f(z)|y) = (0f(z))|y vanishes at infinity. Thus, if f(z) €
M} (52), then 0f(z) € S4(52).

3.2 FORMS IN S%(52) HAVE NO CONSTANT TERMS

From SAGE (A.2) we can create the first few terms of our basis:

5862) = {¢" ~ 347 +0(a"), ¢t~ 2"+ O(g"),
¢’ - §q7 +0(¢"), ¢ —4°+ 4+ 0(g"),
q— %cf +0(¢"), q ' - §q7 +0(q"),
% =2¢" - ¢+ 0(¢") q° - §q7 +0(q"),
=2+ 0le), -2 +0)
7% =3¢+ ¢+ 0(g"), g - gq7+0(q9),...}.

There are no constant terms, which is a key point to proving duality.
Theorem 3.2. S§(52) contains no forms with a constant term.

Proof. Take fim(z) € M£(52) and go_pn(2) € Sg_k(52). Let F(2) = fum92—kn. Note that
F(z) € S4(52), and the leading power of F(z) is —m — n. Considering the basis elements

of 5%(52), we have leading terms ¢°, ¢*, ¢% ¢*, ¢*

, and every other negative power (by
Theorem 2.7 there is no form starting with a constant term). If —m —n > —5 we can verify
with SAGE that there are no constant terms in the first 10 basis elements of S4(52), and we

know that F'(z) is a linear combination of these first 10 basis elements. Hence F(z) has no

constant term.
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Now if —m —n < —6, we know that the functions 6(fy,) for £ < —6 have no constant terms
and are in S4(52) by Theorem 3.1. Thus, we can list {0(fo.0)} N {gam(2) : =5 > m > —1} as
another basis for S4(52). Therefore, we may form a linear combination of the 6(f,,) along
with the first few forms of S%_, (52) to create F(z). Thus no form in S3(52) has a constant

term. =

3.3 PROOF OF DUALITY

With the previous results we can give the following theorem.

Theorem 3.3. Let the weight k € 27 be given. Let fim(2) € ML(52) and go_in(2) € SE(52).

Then we have
ar(m,n) = —by_g(n,m).

Proof. Let frm(z) € ML(52) and go_jn(2) € SE(52).
Case 1: k=0 mod 12.
Let k = 12, and y = Tk = 84l. For ngk we have 2—k = —12/+2 and 84(1+1)+90) = 6—y.

Then our basis elements are in the form

y—1 o)
Jem(2) =q¢7 ™+ Z ag(m,r)q" + Z ax(m,r)q", which is defined if m > —y and is zero
r=y—5 r=y+1

ify—5<m<y—1, and
Go—kn(2) = ¢ " + bag(n, —y)g~¥ + Z bo_k(n,r)q", which is defined if n > 5 — y and is
r=6—y

zero if n = y.

Then (fem(2))(g2-kn(2)) =

e+ F anirs 5 atmoie) (st 5 o)

r=y—>5 r=y+1 r=6—y

has constant term ag(m,n) + by_r(n,m). Since the indices match, there are no other terms
which contribute to the constant term. By Theorem 3.2, ax(m,n) = —ba_x(n,m).
The other cases are similar. See Theorem 2.10 and Theorem 2.11 for the structure of the

basis elements in the omitted cases. O
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CHAPTER 4. GENERATING FUNCTIONS

Recall the definition of the generating function.

Definition 4.1. Let fi,(z) be basis elements for M?(52) as found in Theorem 2.10. Then

the generating function Fy(z,7) is given by

where ng is the greatest order of vanishing at infinity of any form in M?!(52).

By taking the function ¢g(z) = ¢7% +2¢7* + ¢72 + 2¢*> + O(¢°) (equation 2.2), we can
multiply this weight 0 form by any basis element fy,,(z) and with the tool of duality in
Theorem 3.3, we will create a recurrence relation that will be used to get a closed form of
the generating function for our basis elements. Here we give an exposition on a generating

function that behaves akin to those in lower levels.

Theorem 4.2. Let k = 121410 and let y = 841+ 66. Let Fy.(z,7) =>_,° | fin(T)q". Then

Fi(z,7) =

(26(2) = 26+ (frsu(T)g2ka1(2) + Fray(T)2 ks2(2) + frso(7) g2 hsa(2)
2y (1) kar1(2) + Fra-y(T)92kysa(2) + 2fray(7) g2k s2(2)
o (TG karss(2) + 21y (1)92 ks (2) + frag(7) g2k (2)

+ fk,—y(T)QQ—k,y+6(Z) + 2fk,—y(7)92—k,y+4(2) + fk,—y(T)gz—k,y+2(2)>-
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Proof. Let k= 121 + 10 and let y = 84¢ 4 66. For the 2 — k weight, 2 — k = —12¢ — 8 and
19+ 84(—¢ —1) = —y. Then

Jem(2) =q¢ ™+ Z ax(m,n)q" is defined for all m > —y and
n=y+1

Go—rm(2) =q¢ ™+ Z bo_r(m,n)q" is defined for all m >y + 1.
n=—y
To obtain the recurrence relation multiply ¢g(2) by a general basis element f ,,(2).

6(2) frm(2) = <q6 +207 g7+ ) ch7"> <qm + > ag(m, n)q”)

r>2 n=y+1

=2 T g Y g ) an(mon)g"

r>2 n=y+1
+2 Z Qg <m7 n)qn—4 + Z ak(m> n)qn—Z + Z ak (ma n)qn Z err'
n=y+1 n=y+1 n=y+1 r=2

Note that ¢s(z) fem(2) € M,E(52), and has leading term ¢~ %. Hence, we can write the
product ¢g(z) frm(z) as the basis element fy 46 and a linear combination of a few other
basis elements. Using the canonical basis, g™ is identified with fg,(2). We then list these
basis elements in a linear combination. For convenience we will omit the (z) part of the

function notation.

m+y y+6
fk,m+6 :@Gfk,m - 2fk,m+4 - fk,m+2 - Z Crfk,m—'r - Z ak(my n)fk,ﬁ—n
r=2 n=y+1
y+4 y+2
- Z 2ak(m7 n)fk,4—n - Z ak(ﬂ% n)fk,Z—n-
n=y+1 n=y+1

Further grouping of the basis elements gives
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Jrmi6 =06 fkm — 2fkmya — femre
= (ar(m,y + 1)) frs—y — (an(m, y + 2)) fra—y
— (ag(m,y + 3) + 2ap(m,y + 1)) fr3—y
— (ax(m,y +4) + 2a(m, y + 2)) fr2-y
— (ag(m,y +5) + 2ar(m,y + 3) + ar(m,y + 1)) fri1—y

— (ax(m,y +6) + 2ai(m,y +4) + ar(m,y + 2)) fr.—y

m+y

- Z Crfk,m—r-
r=2

Using the result of duality, Theorem 3.3, we have the following recurrence relation:

Jrm+6 =06 fm — 2 kmea — Jrms2
+bo i (y+1,m) frs—y + boi(y +2,m) frra—y
+ (bo—i(y +3,m) + 2bo_r(y + 1,m)) fr3—y
+ (bo—i(y +4,m) + 2ba_i(y + 2,m)) fr 20—y
+ (bo—i(y + 5,m) + 2ba—i(y + 3,m) + bo_i(y + 1,m)) fr1—y

+ (bsz(y + 67 m) + 2b27k(y + 47 m) + b2*k<y + 27 m))fk,*y

m—+y

- Z Crfk,mfr'
r=2

Now, we compute the generating function.

Fu(z,7) =Fe = Y fin(D)d" = Y frnsa(r)g""

n=—y n=—y—6

=fiy(T)0 Y + [ea—y ()@ Y + froy (7)Y + fra—y(T)* Y + fray(T)g* Y

[e.e]
+ fos (M + Y frnie(T)d",

n=-—y

where we separated the first terms to get to a point where we could use the recurrence
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relation. By substituting in the recurrence relation and simplifying we have

o =fi—y(T)q + fra—y(T)0" 7 + fromy(T) Y + frz—y(T)q* Y

+ fk: 4—y(7_) -y + fk 5—y(7—)q5_y

+ Z |: fkn ) 2fk7n+4<7-) _fk7n+2(7_)

n=-y

+ (ba-r(y + 1,1)) frs—y () + (bo-i(y + 2,1)) fra—y(7)

+ (ba—i(y + 3,m) + 2031 (y + 1, 1)) fr3—y(7)

+ (ba—k(y +4,n) + 202 1(y +2,n)) fro—y(T)

+ (bo—i(y +5,1n) 4+ 2by_(y + 3, 1) + bo_p(y + 1,1)) fro1—y(7)

+ (ba—r(y +6,n) + 2021 (y + 4, 1) + ba_i(y +2,1)) fr,—y(7T)

n+y
- Z Cifk,n—i(T):| qn+6
1=2
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Summing over each term gives

Fe =fr—y(M) a7 + frn—y(T)@ 7 + fro—y(T)E Y + fra—y(T)g*

+ fk,4—y(7')q4_y + fk,5—y(7')615_y

+(26) (M) Y fren(™d" = 20" D fonea(D)d" = D frnsa(T)q"

n=-y n=-y n=—y
+ 0 frosy(T) Y Dok + 1,0)q" + ¢ framy(7) Y boi(y +2,m)q"
n=_y n=—y
6 - n
+ 0 frsy(T) D (bai(y+3,n) + 2by i (y + 1,n))g
n=—y
6 - n
+ ¢ fr2—y(T) Z (b2—k(y +4,n) + 2bo—i(y + 2,n))q
n=—y
+ 0 fray(T) D (b k(y +5,1) +2by 1 (y +3,n) + by k(y + 1,1))q"
n=—y
+ ¢ fiy(T) Y (bai(y +6,1) + 2bsk(y +4,n) + by_i(y +2,n))q"
n=—y
oo  nty
— "> cifomi(T)"
n=—y =2

Now we identify the basis elements of Sg_k(52) and replace the sums above. We will also

identify the generating function and replace it where necessary.

25



Fe =fi—y(M) a7 + frn—y(T)@" 7 + fro—y(T)E Y + fra—y(T)g*

+ fk,4—y(7')q4_y + fk,s—y(T)Q5_y

4—y 2—y
+ (M) Fy — 2 (Fk -y fk,n<r>q") g (Fk -y fk,nmq”)

+0° fiosy (T)(G2-ty1(2) = 71 +0° framy (T)(G2-ky2(2) — 77%)
+0° fra—y(T)(G2-ny+3(2) — a7 7%) +2¢° fra—y (T) (G2-tyr1 (2) —¢7¥77)
+0° fro—y (T)(G2-ky4(2) — 71 +20° froomy (T) (92 y42(2) — ¢7¥7%)
+ 0 fra-y (T)(G2-ky45(2) = a77°) +26° fin—y (T)(G2-ky+3(2) — a7 7%)
+ ¢ fray (1) (G2-ky41(2) — 77

+ 0 fr—y (T)(G2-ryro(2) = ¢77°) 42 froy (T) (G2-ryra(2) — ¢¥77)

+ ¢ fry (T) (G2 y42(2) — a7V 7)
co n+y

— " D> cifomi(T)q"

n=-—y =2

Note hat —g* (3 fia(rle") (i i) =~ () (st — a0~ 20t =),

Substituting thianf_tyer canceling a few items, we have the following.
Fy, =6(7)q° Fr — 2¢°Fy — ¢'F},
+ ¢ iy (T) G2k y1(2) + @ oy (T) g2k y+2(2)
+ ¢° fra—y(T)g2-kyt3(2) + 2¢° fie 3y (T) G2k y41(2)
+ ¢° fro—y(T) g2k yt4(2) + 20° fro—y (T) g2k y12(2)
+ QGfk,l—y(T)QQ—k,y+5(Z) + 2q6fl~c,1—y(7)92—k,y+3(2) + q6fk,1—y(7)92—k,y+1(2)
+ quk’,—y<T)g2—k,y+6<Z) + 2q6fk,—y(T)92—k,y+4(Z) + QGfk,—y(T)gz—k,erz(Z)

+ Fy, — % p6(2) Fy, + 2¢° Fy + ¢* F.
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Regrouping terms and factoring yields:

(06(2) = 06(7)) Fie =fr5-y(T)92-ky11(2) + fra—y(T)g2-ky12(2)
+ Jr3—y(T)92-ky+3(2) + 2fi3-y(T)g2-ky+1(2)
+ fr2—y(T)92-ky+a(2) + 2fi2-y(7)g2-ky+2(2)
+ feay(T)92-kyt5(2) + 2fk1-y(T)g2-ky43(2) + frr—y(T)92-ky41(2)

+ fk,—y(T)QQ—k,y-i-ﬁ(Z) + 2fk,—y<7_)g2—k,y+4<z) + fk,—y(T)g2—k,y+2<Z)-

Dividing by (vs(z) — w6(7)) gives the desired result. O

4.1 CHALLENGES IN OTHER WEIGHTS

The need for h(z) = ¢® + O(¢®) (see equation 2.1) to move up and down weight has split
most of our work into a residue system modulo 12. Likewise, the work on the generating
functions is also split into cases for the respective weight modulo 12. Note that the recurrence
relation in each case is similar, but the indexing on the bases elements f, ;_, is not consistent.
This is due to how these basis elements are defined. Thus, the recurrence relation can change
subtly. This same indexing of the basis elements causes the infinite sum in the definition of
the generating function to be rewritten to match the indices where the basis elements are
defined.

We will give the proof in one more case to give the reader a chance to view the recurrence

relation being substituted back in to cancel terms, and the difference in the basis elements.
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Theorem 4.3. Let k = 2+12l andy = Tk—1. Let Fi(2,7) = fix—y(T)a ¥ +> 05, frn(T)q"

Then

e, =(40(2) = 9u()) " (furslDg2onaeol) + 2y ()asa()

+ oy (T)g2-ky2(2) + 205y (T)g2-ky—1(2) + fr5—y(T)92-k,y-3(2)
+ Sos—y(T)g2-ky+1(2) + 2fr6-y(T)g2-ky—2(2) + fro-y(T)g2-ky-1(2)
+ Jrr—y(T)g2-ky-1(2) + 2fi7-y(T)g2-ky-3(2) + frs—y(T)g2-ky—2(2)
+ 2 e s—y(T)92-ky-4(2) + fro—y(T)92-ky—3(2) + frs10-y(T)g2-ky-4(2)

n 2fk,_y<7>gz_k,y_z<z>) .

Proof. Let k = 2+12] and y = 7Tk—1. For the 2—k weight, 2—k = —12¢ and 76+84(—(—1) =
5 —y. Then

y—1 [e'e)
Jem(2) =q¢ ™+ Z ag(m,n)q" + Z ar(m,n)q" is defined for all m > 1 —y and is 0 if
n=y—4 n=y+1
m=4—vy,...,1 —y, and

Go—km(2) = ¢ "+ bog(m, —y)qg ¥ + Z ba_r(m,n)q" is defined for all m >y —4 and is 0
n=5—y

ifm=uy.

Noting pg(z) = ¢ ¢+ 2¢7* + ¢72 + 2¢* + 3¢° + 2¢% + 2¢'? + 2¢** + O(¢'%), we have no terms

of odd power for small powers of ¢. If pg(2)fem(z) = ¢ +2¢*+q 2+ Zcrqr, then
r>2

Cqy = Cq0 = 0.

Note that we will drop the (z) function notation for convenience.
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To obtain the recurrence relation we have:

y—1 o]
©6 frm = (q_6 +27 7 + Z err) (q_m - Z ar(m, n)q" + Z ax(m, n)q”)

r>2 n=y—4 n=y+1
y—1 fe’e)
=q ™ 4 Z ar(m,n)q" % + Z ar(m,n)q"°
n=y—4 n=y+1
y—1
+2¢7 ™ 42 Z ar(m,n)g"* +2 Z ar(m,n)g"*
n=y—4 n=y+1
y—1 [e’e)
+q T Y ag(mn)g" T+ Y ak(m,n)g
n=y—4 n=y+1
+ap(m,y— 49> g™V +ap(m,y —3) Y g
r>2 r>2

+ ag(m,y — 2) Z &gV +ap(m,y — 1) Z c g vt

r>2 r>2
+ E oq M+ E ag(m,n)q" E cq.
n=y-+1 r>2

If n >y + 1 we will remove the terms containing a ¢" that are accounted for in the infinite
sum in the general basis element. Also, using the fact that ¢, = 2, ¢, = 0 for r = 3,4, 5, and

fri—y(2) =+ = fra—y(z) =0, we rewrite the sums.

fk,m+6 :Qpﬁfk,m - 2fk,m+4 - fk,m+2

ap(m,n) feo—n — ar(m,y + 1) frs-y — ar(m,y + 6) fi
)

4

y—1
n=y—4
y—1
-2 Z ax(m,n) fra—n — 2ax(m,y + 4) fr—y
n=y—

(m,n) fromn — ar(m,y + 2) fr,—y
y+m—>

_Cm-i-yfk,—y - Z Crfk,m—r-

r=2
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Further grouping gives

Jrm+6 =06 [em — 2fkmea — Jrms2
— (ag(m,y + 6) + 2a(m,y +4) + ar(m,y + 2)) fr,—y
— (2ax(m,y — 1) + ar(m,y — 3) + ar(m,y + 1)) frs—y
— 2ar(m,y — 2) + ar(m,y —4)) fr,6—y
— (ag(m,y — 1) + 2ax(m,y — 3)) fu,7—y
— (ag(m,y — 2) + 2ar(m,y — 4)) fr.s—y
—ap(m,y —3) fro—y

— ag(m,y — 4)fk,107y
y+m—>5

- ak(mv Yy — 2)62fk,fy - Cm+yfk,fy - Z Crfk,mfr-

r=2

Using duality, we have the following recurrence relation.

Jrm+6 =06 frm — 2fkmea — femse
+ (bo—i(y +6,m) + 2by_i(y +4,m) + bo_i(y +2,m)) fr,—y
+ (202—k(y — 1,m) + by_i(y — 3,m) + bop(y + 1,m)) fr5—y
+ (202—k(y — 2,m) + bar(y — 4,m)) fr6—y
+ (bo—i(y — 1,m) 4 2by_y(y — 3,m)) fr,7—y
+ (bo—i(y — 2,m) 4 2by_(y — 4,m)) fr5—y
+ b2k (y —3,m) fro—y

+ b2—k(y - 4a m)fk,lO—y
y+m—>

+ bek(y - 27 m)Cka,fy - Ceryfk,fy - Z Crfk,mfr-
r=2
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Now, we compute the generating function, substitute in the recurrence relation, and simplify.

Fk( ) Fk—fk y y+ Z fkn q —fk: y —y+ Z fkn+6 n+6

n=5—y n=—1-y

=frmy (T + [rsy(NC Y+ frooy(T) Y + frr—y(T)d Y + frs—y(T)g*

+ fro—y (7)Y + frao—y ()7 + Z Frmre(T)g" O,

n=>5—y

Fk :fk,—y (T)q_y + fk,5—y(7_)q5_y + fk,ﬁ—y(T)qﬁ_y + fk,?—y (7_>q7—y + fk,S—y(T)qs_y

+ fro—y ()Y + fra0—y(T)g"" 7Y

+ Z |:S06 fkn - 2fk,n+4(7—) B fk7"+2(7—)

n=o—y

+ (bai(y +6,1) + 20y 4(y +4,1) + by 4 (y + 2,n)) fi (1)
+ (2be—(y — 1,n) + bo—g(y — 3,n) + bo—g(y + 1,1)) fr5-y(T)
+ (202-k(y — 2,1) + by—k(y — 4,1)) fr6-(7T)

+ (ba—k(y — 1,1) + 265k (y — 3,1)) fro7—y(7)

+ (be-k(y = 2,n) + 2b2i(y — 4, 1)) frs-y(T)

+ boi(y = 3,1) fr9—y(T)

+bo—k(y — 4, 1) fr10-y(T)
y+n—>5

ooy — 21) foy(7) — enry iy — 3 crfm_T(T)} o,

r=2
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Summing over each term gives

By =fiy(Ma Y + frsy(DE Y+ froy(T) Y + frroy(T)ad Y + frs—y(T)g® Y

+ fro—y(T)@" ™Y + frao—y(T)g" 7Y

+@6(T) D fen(ME =2 > frnsa(r)g™t - Z Srnra(T

n=5— Yy n:5—y n=>5— Y

+ fr—y( Z (by—i(y + 6,1) 4 2bo_(y + 4, 1) + by_p(yy +2,1))g"*°

n=>5—y
+ framy(T) > (2bai(y — 1,n) + bap(y — 3,1) + bog(y + 1,m))g" "
n=5—y
+ fro-y(T) D (2baily = 2,1) + bay(y — 4,n))g" "
n=>5—y
+ frz-y(T) D (beily = 1,n) + 22y (y — 3,n))g" "
n=>5—y
 frs—y(T) D (beoi(y = 2,0) + 22y (y — 4,0))g" "
n=5—y
+fk,97y(7—) Z bsz(y—3,n)q”+6+fk,m y Z bg k y 45 n) n+6
n=5—y n=>5— Y
o) oo y+n—>5
+cafey(T) Y baily —2,m)q"" chﬂ,fk DT =D e frna (T
n=5—y n=5—y n=>5—y r=2
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Note that the first 2 terms of the double sum are 0 since the fj ,, basis elements are 0 when

m=25—y,...,2—1y. Changing the double sum to a product gives

oo Yy+n—>5 oo  Yy+n—>5
Do Y ehenar(Md = D0 Y eofinmn(m)g"
n=5—y r=2 n=7—y r=2
=q° (Z fk,n_r(f)q”> (Z crq’">
n=—y r=2

=° (Fx = fryq ") (06(2) —q° =207 —¢7%).

As for the last sum, we have

o=y (7) Z

n

Cniyd" 0 = fr—y(7)¢° (

Z Cn+yqn> = fkry(T)qG_y (Z qun)

Y n n=>5

= fr—y(T) Y (06(2) —q =27 — 7% — a?) .
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Now we identify the basis elements of ngk(f)?) and pieces of the generating function, then

replace them. This gives us

Fe =fr—y(T)a0Y + frs—y(T)C Y + fro—y(T)d® ¥ + fk,7fy(7—)q77y + frs—y(T)* 7Y

=+ fk,g—y(T)qg_y + fk,w—y(T)qlo_y

+@6(1) (Fr — fry(1)q7%) ¢° — 2¢7 (Fk — fr—y(T)gY — 2_: fk,n(T)q”>

n=>55—y

—q* <Fk — fr—y(T)qY —

+ fry (M) (G2-byr6(2) = a7 = by i(y + 6, —y)g )"

+ foy(T) (202 ky4a(2) = 2777 = 20y 4 (y + 4, —y)g¥)¢°
+ foy(T)(G2kyr2(2) — 727V = bak(y + 2, —y)g )¢’

+ fr5y(T)(202-ky-1(2) = 2¢" Y — 20y 4(y — 1, —y)g~¥)¢°
+ frs—y(T)(G2-ky—3(2) = 7Y = ba(y = 3, —y)g*)¢°

+ fesy(T)(G2kyi1(2) =@ —bak(y + 1, —y)g )¢

+ fro-y(T)(202-ky—2(2) = 2¢°7Y = 2b2 1 (y — 2, —y)q™¥)¢°
+ froy(T)(G2-ky-a(2) = ¢ = bar(y — 4, —y)qg )"

+ frry (1) (G2ry1(2) = @7 = bai(y — 1, —y)g )"

+ ey (T) (292 ky-3(2) = 2¢°7Y = 2by 1 (y — 3, —y)g™¥)¢°
+ frsy(T)(G2ry—2(2) = @7 = by i(y — 2, —y)q )"

+ frs—y(T)(292-ky-1(2) — 24" 7Y — 2bok(y — 4, —y)q )¢’
+ fro-y(T)(G2-ky—3(2) — ¥ = bor(y — 3, —y)q ¥)¢°

+ frg0-y(7)(G2—ky—a(2) = ¢* 7Y = bai(y — 4, —y)qg¥)¢°

+ Cafry(T)(G2-ky—2(2) = 7Y = bai(y — 2, —y)g )¢’
— frmy(M) a7 (06(2) —q7° = 207" — ¢ 7% — 2¢?)

— " (Fi = fr—ya ™) (ps(z) —q ® —=2¢7" = ¢77) .
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Using the recurrence relation on fj _,16(%), we note that the sum yields

Semmr6(T) =06(7) fr.—y (T) = 24—y (T) = fr2—y(7)
+ (bo-i(y + 6, —y) + 201 (y + 4, —y) + bor(y + 2, —y)) fr,—y (7)
+ (2boi(y — L =y) + bo—i(y — 3, —y) + boi(y + L, =9)) fr5—y(7)
+ (2ba k(Y — 2, =y) + bok(y — 4, =) fr6-y(T)
+ (ba—k(y — 1, —y) + 2ba_1(y — 3, =) frr—y(T)
+ (be-r(y = 2, =y) + 2b4(y — 4, —y)) frs—y(7)
+ bk (y = 3, =y) freo—y(7) + o (y — 4 =y) fr10-4(7)

+ba k(Y — 2, —y)cafu,—y (7).

Multiplying this by ¢°7¥ and solving for ¢g(7) fi,—,(7)¢° ¥, we will now replace the extra

terms above.
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e =fi—y(T)q + frs—y(T) Y iy (7@ Y + frg—y(T)g* Y

+ fro—y (7)Y + frao—y ()@Y + @6(7) fro,—y (T)¢° Y

+ o6(7) (Fi — fr—y(T)a7Y) ¢° — 2¢° (Fk — fro—y(T)g Y —
6—y

—q' <Fk —fe(Ma = fk,n(T)qn)
—5—y

+ frmy (T)(g2-kyr6(2) — ¢°7¥)g°
+ from(7)(292-k 44 (2) — 247 7¥) "
+ frmy (T)(G2-ky2(2) — ¢27¥)g°
+ fr5-y(7)(202-ky—1(2) — 2¢'¥)¢"°
+ frs—y (T)(G2-ky-3(2) — ¢*7¥)g°
+ frsoy (T)(G2-ky1(2) — a7 7¥)g"
+ froo-y(T)(202-ry—2(2) — 26" )"
+ fro-y(T)(92-ky-a(2) — ¢*7¥)¢°
+ fror—y(T)(G2-ky1(2) — ¢ 7¥)¢°
+ fr7-y(7)(292-1y-3(2) — 2¢°7")g°
+ fros—y (T)(G2-ky—2(2) — ¢*7¥)g°
+ fros—y(T)(292-1y-1(2) — 24" )¢
+ fr9-y (T)(g2-ky-3(2) — ¢*7*)g°
+ fr10-y(T) (92 y—1(2) — ¢*7)¢°
+ oy (T)(G2-ky—2(2) — ¢*7¥)°

2

— foy(T) a7 (06(2) — ¢ ° = 207" — ¢7% — &2?)

— " (F = fr—ya ) (ps(2) —q® = 2¢7" = ¢7?).
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Canceling yields:

0 =6(7) (Fi) 4° — 4" F (6(2)) + fr—y () 926 (2)0" + 25—y (7) g2k yra(2)a"
+ fry (1) 92k +2(2)0° + 2fi5-4(T) G2y -1(2)0° + fr54(T) G2 ky-3(2)¢°
+ fis-y(T) G2 ky1(2)8° + 216y (T)g2-ry—2(2)0° + fro6-y (T)g2-ry-1(2)d°
+ frr-y(T) g2 ky1(2)8° + 27—y (T)go-ry-3(2)0° + fros—y(T)g2-1y—2(2)d°
6

+ 2fk,8—y(7)92—k,y—4(2)q6 + fk,g—y(T)QQ—k,y—3(Z)q6 + fr10—y(T)go—ky—a(2)q

+ C2fk,fy(7)927k,y72(z)q6'

Therefore, setting co = 2 and solving for Fj gives the generating function. O

4.2 THE GENERATING FUNCTIONS

We will list all of the generating functions here but save the proofs for the other cases for the
appendix. Again the key change in these generating functions is when we have undefined
basis elements after the f; _, term (cf. Theorem 2.10), since these determine the number of

terms we must break off of the summation before we can use the recurrence relation.

Theorem 4.4. Case 1: k=0 mod 12. Let k = 121, and y = Tk = 84l. Let Fi(z,7) =

Jr,—y(T)q7Y + Zzozﬁ_y Jen(T)q". Then

File,m) =(i00(2) = 06() - (fimsl(M)-tro(2) + 2y 1)k 14(2)
F fims(M)92mk2(2) + 2oy ()00 -2(2) + Froy(T)r-iya(2)
+ Jrr—y(T)g2-ky—1(2) + 2fu7—y(T)g2-ry—3(2) + fr1—y(T)g2-ky—5(2)
F fes(M)rmky2(2) + 2fisy(7)0oy-a(2) + Fromy(T)roiy-s()
2y (1)mt5(2) F Fitoy()0oky-a(2) + Fienoy(T)roiys(2)

+ 2y ()92 -2(2) ).
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Case 2: k=2 mod12. Let k =2+ 12l andy = Tk — 1. Let Fy(2,7) = fr (7)Y +

2202573; fk,n (7')(]". Then

e, =(4(2) = 9u()) " (furslDg2onaol) + 2y ()asa()
+ fr—y(T)g2—ry+2(2) + 2fi5-y(T)g2-ry—1(2) + fr5—y(T)g2-1y—3(2)
¥ fus a7 kst (2) + 2 (T by-2(2) + Frso(D)s ka2
+ fer—y(T)g2-ky—1(2) + 2f57-4(T)g2-ry—3(2) + frs—y(T)g2-ky—2(2)
42y (T)s k() + Fro oD k() + Frtoo(T) by 4(2)

n 2fk,_y<7>gz_k,y_z<z>) .

Case 3: k=4 mod 12. Let k =12l +4 andy = Tk — 2. Let Fy(z2,7) = fi—y(7)qg7¥ +

Z;Zw:4—y Jrn(T)q". Then

i) =(0(2) = 00) " (BTt + 2T

+ [y (T)g2-ry+2(2) + fra—y(T)go-ny+2(2) + fra—y(T) g2k y—2(2)
+ 2fk,5—y(7)g2—k,y—1 + fk,5—y(7)92—k,y—3(z) + fk,5—y(7')92—k,y+1(z)
+ 2fk,6—y(7)92—k,y—2(2) + fk,?—y(T)QQ—k,y—l(Z) + 2fk,7—y(7)g2—k,y—3

+ frs—y(T)92-ky-2(2) + fro—y(T)92-hy-3(2) + 2fk,y(7)gzk,y2(2)> :
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Case 4: k=06 mod 12. Let k =121+ 6 and y = 84l + 39. Let Fi(2,7) = fr_y(T)qg¥ +

2202373; fk,n (7')(]". Then

-1

Filz ) =(6(2) = ol (fk,y(7)92k,y+6(2) + 2 (7 g2k (2)

+ [y (T) G2 kyr2(2) + fr3—y(T)G2-ky+3(2) + 2fr3-y(T)G2—ky+1(2)
+ fr3—y(T) 92—k y—1(2) + fra—y(T)g2—ky+2(2) + fra—y(T)g2—ry—2(2)
+ 2 fre5—y(T) G2k y—1(2) + [r5-y(T)G2—k,y+1(2) + 2fr6—y(T)g2—ky—2(2)

+ frr—y(T) 92—k y—1(2) + frs—y(T)g2-ky—2(2) + ka,—y(T)gz—k,y—2(2)> .

Case 5: k=8 mod 12. Let k = 121 + 8 and y = 84l + 52. Fy(z,7) = fo—y(7)q7¥ +
Z;’ig_y Jrn(T)q". Then

e, 1) =(4(2) = 9u(r)) " (FralPg2omaeol) + 2y ()gasea()

+ fr—y(T) G2k y+2(2) + fro—y(T)G2—ky+a(2) + 2fk2-y(T) G2k y+2(2)
+ fra—y(T) G2k y43(2) + 2f13-y(T)g2-ky+1(2) + frz—y(T)g2-ky—1(2)
+ fk,4—y<7'>g2—k,y+2(2) + 2fk,5—y(7)g2—k,y—1(2) + fk,5—y(7')92—k,y+1(2)

+ fk,?y(T)gzk,y1(2)> :

Case 6: k = 10 mod 12. Let k = 120 + 10 and let y = 84l + 66. Let Fy(z,7) =
Z;.O:_y Jrn(T)q". Then

Fi(z,7) =(p6(2) — ¢o(7)) " - (fk,5-y(7)gz-k,y+1(2) + fea—y(T)g2-ky+2(2)
+ o3y (T)92-ky+3(2) + 2fk3-y(T)92-ky+1(2) + fr2—y(T) g2k y+4(2)
+ 2fr2—y(T)g2-ky+2(2) + fea—y(T)g2-ky+5(2) + 2fe1—y(T) g2k y43(2)
+ fea—y(7)g2-ky+1(2) + fo—y(T)g2-ky+6(2) + 25—y (T) 92—k y44(2)

+ fro(T) g2 hsa(2)).
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CHAPTER 5. FURTHER WORK AND QUESTIONS

This research has extended some of the previous known facts from the lower levels into a
level spanned by eta-quotients, and whose basis elements have fractional Fourier coefficients.
The techniques used here should be applicable in other levels.

Some further work that could be done includes extending the techniques used in lower
levels to study the divisibility of coefficients in spaces whose basis elements have fractional
coefficients. Additionally, it would be interesting to identify which spaces are like level 52
(those that are spanned by eta-quotients and have fractional Fourier coefficients in their basis
elements) which have forms for some weight that have all their zeros at infinity. Another
natural question is to identify lower levels spanned by eta-quotients without fractional Fourier
coefficients and determine if these techniques also apply there.

Further questions to consider include finding a condition to tell when a space contains
a form with all of its zeros at infinity, studying whether the genus affects the weight where
we will find this form, and listing the conditions when the weight zero form with a pole of
minimal order can be found by using eta-quotients.

Though the authors of [1], [3], [6], [7], and [8] gave congruences for the coefficients in the
lower levels, this thesis does not treat that particular subject. However, we will provide a

few conjectures on the subject from our observations.

Conjecture 5.1. For any basis element fi,,(z) € ML(52), if m is odd, then a,(m,n) = 0

for n even. Likewise if m is even then a,(m,n) =0 for all n odd.

Conjecture 5.2. Let fi.(2) € M£(52). If fim(2) has fractional coefficients, then m must

be odd, and the denominator of all the non-leading term coefficients is the same.
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APPENDIX A. COMPUTER CODES

A.1 ETA-QUOTIENT FINDER

R.<q> = LaurentSeriesRing(QQ)
def eta_from_tuple(myTuple, N, prec): # N is the level
w = gexp-eta(QQ[[q]],prec)
e=20
prod =1
divList = divisors(N)
for i in range(len(myTuple)):
¢ += divList[i]*myTuple[i]
prod *= w(q divList[i]) “myTuple][i]
return ¢~ (int(e/24))*prod
def order_vanishing(etaTuple, N, d): #d represents the denominator of the cusp
if (d == 0):
e=20
divList = divisors(N)
for i in range(len(etaTuple)):
e += divList[i]*etaTupleli] # the leading term is q" (sum delta * r_delta)/24
e /=24
return e
else:
sum = 0
divList = divisors(N)
g = ged(d,N/d)
for i in range(len(divList)):

sum += (ged(d,divListli])"2*etaTupleli]/(g*d*divList[i]))
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sum *= (N/24)
return sum

# Note: order_vanishing() when d=0 is the leading power of the fourier expansion

def eta_weight(myTuple): # this assumes that N is understood and therefore doesn’t
depend on it.
sum = 0
for i in myTuple:
sum +=1

return sum / 2

leadingPower = -6
MAX =7 # usually |leadingPower|+1
numbers = range(-MAX MAX+1)
def checkNum(r1,r2,r4,r13,r26,r52):
if (((r24126)%2)==1 or ((r13+r26+152)%2)==1):
return false
myTuple = (r1,r2,r4,r13,r26,r52)
if (order_vanishing(myTuple, 52, 0) != leadingPower):return false
for d in [1,2,4,13,26]:
ord = order_vanishing(myTuple, 52, d)
if (ord<0 or ord>abs(leadingPower) or ord.is_integer() == false):
return false
return true
import time
t0 = time.time()

myList=]]
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for r1 in numbers:
print rl
for r2 in numbers:
for r4 in numbers:
for r13 in numbers:
for r26 in numbers:
r52 = -r1-12-14-r13-126 #if not weight 0 do 2*weight minus all else
if (checkNum(rl,r2,r4,r13,r26,r52) == true):
myList.append((rl,r2,r4,r13,r26,r52))
print(rl,r2,r4,r13,r26,r52)
t1 = time.time()

t1-t0
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A.2  GENERATING S%(52)

R.<q> = LaurentSeriesRing(QQ)
def eta_from_tuple(myTuple, N, prec): # N is the level
w = gexp-eta(QQ[[q]],prec)
e=20
prod =1
divList = divisors(N)
for i in range(len(myTuple)):
e += divList[i]*myTupleli]
prod *= w(q divList[i]) "“myTuplel[i]

return ¢~ (int(e/24))*prod

def order_vanishing(etaTuple, N, d): #d represents the denominator of the cusp we are
looking at
if (d == 0):
e=10
divList = divisors(N)
for 1 in range(len(etaTuple)):
e += divList[i]*etaTupleli] # the leading term is ¢~ (sum delta * r_delta)/24
e /=24
return e
else:
sum = 0
divList = divisors(N)
g = ged(d,N/d)
for 1 in range(len(divList)):

sum += (ged(d,divListli])"2*etaTupleli]/(g*d*divList[i]))
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sum *= (N/24)
return sum
# Note: order_vanishing() when d=0 is the leading power of the fourier expansion
def eta_weight(myTuple): # Assumes that N is understood and doesn’t depend on it.
sum = 0
for i in myTuple:
sum += i
return sum / 2
zeroTup=(0,-2,4,0,2,-4)# q"-6 eta-quotient weight 0
zztup=(3,-2,1,1,2,-5)# ¢ -8 eta-quotient weight 0
gzero=eta_from_tuple(zeroTup,52,30)-24# -2 since 1 is in M§(52) and so is gzero+2
gzz=eta_from_tuple(zztup,52,30)
print gzero
print gzz
func=[] func.append((q"5 - 1/3*q"7 - 2/3*q"9 - 4/3*q"11 - 1/3*q"13 + 1/3*q 15 + 2*q"17
- 2%q"19 + 1/3*q 21 + 2%q 23 - 2/3%q"25 + 4/3%q 27 - 2/3%q 29 + O(q"30))*gzero*gzero)
func.append((q“2 - q"°6 + q"8 - 2*q"10 - 2*q 12 + 2*q 18 + q"20 + 2*q"22 - q"24 + q"28
+ O(q"30))*gzz)
func.append((q - 4/3*q"7 - 5/3*q"9 + 2/3*q 11 - 1/3*q 13 - 2/3*q 15 + 2*q"17 - 2*q"19
-2/3%q"21 + 4%q"23 + 1/3*q"25 - 8/3%q"27 + 10/3*q 29 + O(q"30))*gzero)
func.append((q°2-q°6 + q"8 - 2*q"10 - 2*q 12 + 2*q 18 + q"20 + 2*q 22 - q"24 + q"28
+ O(q"30))*gzero)
func.append((q°3 - 2/3*q"7 - 7/3*q"9 + 4/3*q 11 + 1/3*q 13 - 4/3*q"15 + 17 - 2*q"19
+ 2/3*q 21 + 2%q"23 + 5/3%q"25 4+ 5/3%q 27 + 2/3*q 29 + O(q"30))*gzero)
func.append((q"4-2*q"6 + q"10-q 12+ q 14 + q"16 + 4*q 18 - 2*q"20 - 4*q"22 - 2*q 24
- q°26 + O(q"30))*gzero)

func.append((q°5 - 1/3*q"7-2/3*q"9-4/3*q 11 - 1/3*q"13 + 1/3*q 15 + 2*q 17 - 2*q"19
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+ 1/3*q 21 + 2*%q"23 - 2/3*q"25 + 4/3*q 27 - 2/3%q 29 + O(q"30))*gzero)
func.append(q - 4/3*q"7 - 5/3*q"9 + 2/3*q 11 - 1/3*q 13 - 2/3*q 15 + 2*q 17 - 2*q"19 -
2/3%q 21 + 4%q"23 + 1/3%q"25 - 8/3%q"27 + 10/3*q"29 + O(q"30))
func.append(q"2 - "6 + "8 - 2*q 10 - 2*q 12 + 2*q"18 + q"20 + 2*q 22 - q"24 + q"28
+ 0(q"30))
func.append(q”3 - 2/3%q"7 - 7/3*q"9 + 4/3*q 11 + 1/3*q"13 - 4/3*q 15 + q"17 - 2*q"19
+ 2/3*q 21 + 2*%q 23 + 5/3*q"25 + 5/3%q 27 + 2/3*q"29 + O(q"30))
func.append(q™4 - 2*q"6 + q"10- q 12 + " 14 + ¢ 16 + 4*q 18 - 2*%q 20 - 4*q"22 - 2*q"24
- q°26 + 0(q°30))
func.append(q”5 - 1/3*q"7 - 2/3*q"9 - 4/3%q"11 - 1/3*q 13 + 1/3*q" 15 + 2*q 17 - 2*q"19
+1/3%q°21 + 2%q"23 - 2/3%q°25 + 4/3%q"27 - 2/3%q"29 + O(q"30))
M=Matrix(QQ,len(func),(17))

for i in range(len(func)):

for e in [0..16]:
M[(i,e)]=func][i][e-7]

MM=M.rref()
newFunc=]|]
for i in range(len(func)):

f=0

for e in [0..16]:

f+=MM][i,e|*q" (e-7)

newFunc.append(f)

for 1 in newFunc:

print latex(i)
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APPENDIX B. GENERATING FUNCTIONS: RE-
CURRENCE RELATIONS FOR THE OMITTED

PROOFS

B.1 k=0 mod 12

Let k£ =12[, and y = 7Tk = 84l.

The recurrence relation:

Jrm+6 =06 fem — 2fkmea — Jrms2
+ (bo—i(y + 6,m) 4+ 2bo_i(y + 4, m) + bo_i(y + 2, m)) fir -y
+ (2b2—k(y — 2,m) + bo—i(y — 4, m)) fr6—y
+ (bo—g(y — 1,m) + 2ba_y(y — 3,m) + ba—i(y — 5,m)) fr7—y
+ (bo—i(y — 2,m) + 2bo_i(y — 4,m)) frs—y
+ (bo—(y — 3,m) + 2ba_i(y — 5,m)) fr.9—y
+ bo_i(y — 4,m) fr 10—y

+bo k(Y —5,m) fra1-y
y+m—6
+ b2—k(y - 2; m>62fk:,—y - Cm+yfk,—y - Z Crfk,m—r'

r=2

The generating function:

Fe(2,7) =fry(T)0Y + froy (7)Y + frry(T)d Y + frs—y(T)E Y + fro—y(T)d" Y

+ fr10-y(T)" 7Y + frai—y (7)Y + Z finteq"0(7).

n=2—y
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B.2 k=4 mod 12

Let k=12l +4 and y = 7k — 2.

The recurrence relation:

Jrm+6 =06 frm — 2frmea — femse
+ (ba—r(y +6,m) + 202 1 (y +4,m) + ba_r(y +2,m)) fr,—y
+ (be—k(y +2,m) +ba(y — 2,m)) fray
+ (2byi(y — 1,m) +ba_p(y — 3,m) + bap(y +1,m)) fr5-y
+ 202k (y — 2,m) fr 6y
+ (bo—i(y — 1,m) + 2ba_i(y — 3,m)) frr—y
+bak(y —2,m) frs—y

+ b k(Y —3,m) fro—y
y+m—4
+ CQb?—k(y -2, m)fk,—y - Cm-l—yfk,—y - Z Crfk,m—r-

r=2

The generating function:

Fe(2,7) =fry(T)0 Y + froay (M) + Frs—y(T)@ Y + froy(T) Y + frr—y(T)d" ¥

+ frs—y (MY + fro-y(T)" ™ + Z frmred" (7).

n=2—y
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B.3 k=6 mod 12

Let £ =121+ 6 and y = 84[ + 39.

The recurrence relation:

Jrm+6 =06 frm — 2femea — frmae
+ (b2 (y +6,m) + 2021 (y +4,m) + bo_r(y +2,m)) fr,—y
+ (b2 (y +3,m) + 20y 1 (y +1,m) +ba_r(y — 1,m)) fr3—y
+ (byk(y +2,m) + ba (Y — 2,m)) fray
+ (ba—i(y + 1,m) + 2by_(y — 1,m)) fr 5y
+ 2ba k(Y — 2,m) fr6-y
+bo i (y — 1,m) frr—y

+bok(y —2,m) frsy
y+m—3
+ 02b2—k(y - 27 m)fk,—y - Cm-i-yfk,—y - Z Crfk,m—r-

r=2

The generating function:

Fe(2,7) =fry(T0 Y+ fray(T)E Y + Fray(T)a Y + frs—y ()Y + fro—y(T)d" Y

+ frr—y () + frs—y(T)d* Y + Z femred" (7).

n=2—y
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B4 k=8 mod 12

Let k£ =121 + 8 and y = 841 + 52.

The recurrence relation:

Jrmee =06 frm — 2fkmea — frme2
+ (bo—r(y + 6,m) 4 2021 (y + 4, m) + ba_i(y +2,m)) fr,—y
+ (ba—i(y +4,m) + 2bo_i(y +2,m)) fro—y
+ (ba—k(y +3,m) + 2bo_p(y + 1,m) + bo_i(y — 1,m)) fr.5—y
+bo—k(y +2,m) frra—y
+ (bo—i(y + 1,m) 4+ 2bo_i(y — 1,m)) fr5—y

+ b (y — 1,m) frr—y
y+m—2
_Cm—l-yfk,—y - Z Crfk,m—r-

r=2

The generating function:

Fo(2,7) =fr—y(T)0Y + fro—y(T)E Y + fra—y(T)@ Y + fray(T)g" ™Y + frs—y(T)d" 7Y

+ fk,6—y(7—)q6_y + fk,?—y(T)q7_y + Z fk,n+6qn+6 (7—)

n=2—y
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