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ABSTRACT

Developing Hybrid Thickness-Accommodation Techniques for New
Origami-Inspired Engineered Systems

Kyler Austin Tolman
Department of Mechanical Engineering, BYU

Master of Science

Origami has become a source of inspiration in a number of engineered systems. In most
systems, non-paper materials where material thickness is non-negligible is required. In origami-
inspired engineered systems where thickness is non-negligible, thickness-accommodation tech-
niques must be utilized to overcome the issue of self-intersection. Many thickness-accommodation
techniques have been developed for use in thick-origami-inspired-engineered systems. In this
work several thickness-accommodation techniques are reviewed and discussed. New thickness-
accommodation techniques including hybrid thickness-accommodation techniques and the split
vertex technique are presented and discussed. These techniques enable new capabilities of thickness-
accommodation in origami adapted design. Thickness-accommodation techniques have been de-
veloped in the context of developable origami patterns and the application of these techniques to
non-developable patterns is introduced here. The capability of non-developable thick origami is
demonstrated in an application example of a deployable locomotive nose-fairing.

Keywords: Origami, Deployable Mechanisms, Compliant Mechanisms
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CHAPTER 1. INTRODUCTION

The ancient art of origami has become a source of inspiration for scientists and engineers.

Origami has inspired the design of devices as small as medical stents [1] and as large as space

solar arrays [2]. The shape-changing ability of origami has made it attractive for many engineering

problems where space is a constraint or unique motion is desirable.

Origamists traditionally create objects by folding thin paper. Most engineering applications

however require devices that are made of strong and stiff materials. Many origami patterns can be

folded because paper is thin and can fold flat upon itself. If these same origami patterns folded

in paper were transferred to a thick material by adding hinges where the creases were located, the

pattern would not fold flat due to panel interference. Enabling origami patterns to fold in a material

with thickness is a critical step in creating an origami-based solution to engineering problems.

Origami can be seen as a series of hinges and panels [3]. Many techniques have been devel-

oped for accommodating thickness in origami design. These techniques involve either modifying

the origami pattern’s folding axes (hinges), panels, or the pattern itself. Each technique offers its

own set of capabilities and limitations. The thickness-accommodation technique that best suits a

particular design problem largely depends on the constraints of the problem and the origami pattern

involved. In chapter two, a review of the major existing thickness-accommodation techniques is

given. This chapter is taken from a review paper on thickness-accommodation in origami-adapted

design that has been accepted for publication [4].

Much effort has gone into the development of several different thickness-accommodation

techniques, however, until recently, efforts had not been made to combine the various techniques.

In chapter three, hybrid techniques, which combine two or more thickness accommodation tech-

niques are introduced here for the first time. Hybrid techniques offer an interesting alternative for

designers who wish to incorporate the strengths of multiple techniques into one application. This

chapter on hybrid techniques also comes from the recently accepted review paper [4].

1



Although several different thickness-accommodation techniques have been developed, there

still exists much opportunity to create additional techniques. One of the drawbacks of many

thickness-accommodation techniques is that they create holes in pattern at the vertices. While

small holes at the vertices may be acceptable in some applications, this becomes a challenge in

applications where a sealed surface must be maintained. To address the issue of verticial holes in

thick origami chapter four introduces a new thickness-accommodation technique called the split-

vertex technique. This technique involves modifying a crease pattern so that thick panels will have

space within the pattern to stack. The mechanisms that result from the split-vertex technique are

single-degree-of-freedom mechanisms composed of spherical linkages that do not have any holes

at the vertices. This new technique incorporates some of the methods of existing techniques and

can be classified as a hybrid technique with its own unique design considerations and capabili-

ties. Several application examples of this technique are also shown. This chapter is taken from a

conference paper that has been accepted for publication [5].

Chapter five introduces the application of thickness-accommodation techniques to non-

developable origami patterns. Because origami is traditionally folded from a flat piece of material,

the majority of patterns used in thick origami have been patterns that fold out flat. These pat-

terns are called developable as they can be flattened without any stretching of the panels in the

origami pattern. Because many engineering applications require shapes that are not flat, folding

non-developable shapes that are constructed from thick materials is an area of particular interest.

Chapter six applies these principals of thick origami to the development of a non-developable

thick-origami-based deployable locomotive nose fairing. The use of origami in an aerodynamic

application is a unique challenge because the folding principles of origami must be balanced with

aerodynamic considerations. This fairing must meet a highly constrained design space and the

shape is optimized using CFD analysis and optimization techniques. Origami is applied to the

resulting optimized shape to create a fairing which can easily stow and deploy within the design

constraints. Prototypes of the fairing are constructed and shown to validate its operational feasibil-

ity. This fairing is estimated to reduce overall aerodynamic drag on the locomotive by 16% at a 80

kph velocity.

The objective of this research is to enable new capabilities of thickness-accommodation in

origami-adapted design by developing new techniques. This will allow designers to create origami-

2



inspired engineered systems that overcome many of the challenges of existing approached and have

unprecedented performance. This objective is met by developing hybrid techniques which combine

existing methods, introducing the split-vertex thickness accommodation technique which solves

the issue of holes at vertices, applying thickness-accommodation techniques to non-developable

patterns, and showcasing these techniques in the development of a non-developable thick-origami

based deployable locomotive fairing.
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CHAPTER 2. A REVIEW OF THICKNESS-ACCOMMODATION TECHNIQUES

In this chapter, a review of the many techniques that have been developed to address the

challenges of folding mechanisms where the thickness of the facet materials is non-negligible in the

mechanism design will be presented. This review is part of a recently accepted review paper about

thickness-accommodation in origami-inspired engineering [4]. While thick folding mechanisms

have been demonstrated and used for decades, the first two decades of the current millennium

have been especially productive for their study; several research groups have developed distinct

techniques for handling thickness. This review summarizes the various approaches, including

those that have been developed at this University, and discusses their strengths and limitations.

2.1 Tapered Panels Technique

The tapered panels technique for accommodating thickness in origami was an early tech-

nique that fully preserved the kinematics of the zero-thickness model [6]. The underlying principle

governing this technique is that the same zero-thickness surface from the original origami model

still exists within the mechanism and thickness is added around that surface. Hence, another de-

scriptive name for this technique is “embedded zero-thickness surface” [7]. Figure 2.1 shows the

technique applied to a Miura-ori pattern.

How the tapered panels technique is generally applied is illustrated in Figure 2.2. As shown

by the “thickness added” step, material is added equally to each side of the zero-thickness surface

to thicken the panels to the required total thickness. To determine the taper necessary for each

panel in the mechanism to avoid intersection with its neighbors, a thickened model can be folded

and the volume of the panels trimmed along the bisection of the dihedral angle at each joint. To

maintain a non-zero panel thickness, the maximum fold angle of the thick origami mechanism

cannot reach 180◦.
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Figure 2.1: Tapered panels technique applied to the Miura-ori pattern.

zero-thickness model

thickness added

rotation about axes

tapered to rotational axes

Figure 2.2: The tapered panels technique.
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t cot(δ/2)

t

δ

Figure 2.3: Diagram detailing the length of a panel’s taper.

The length of the taper on the zero-thickness panel, as found in [6] and detailed in Fig-

ure 2.3, is given by

t cot(δ/2) (2.1)

where t is the half thickness of the panel (i.e. the maximum distance from the zero-thickness surface

to the outer face of the panel), and δ is the dihedral angle of the embedded zero-thickness facets at

the maximum folded state.

There are a few notable characteristics of the tapered panels technique. By adding material

to the outside of the vertices in a similarly tapered fashion, it is possible to limit the unfolded state

so that the zero-thickness pattern cannot reach its “flat” unfolded position, thereby achieving a

potentially desirable non-flat state and avoiding singularities in the motion space that could allow

undesirable movements. Also, as the technique cannot accommodate fold angles of 180◦ (in the

zero-thickness reference), singularities in the flat-folded state can be similarly avoided. However,

this property also carries with it two potential inefficiencies. First, in a single-DOF mechanism,

the relative spacing of all panel pairs is defined by a single quantity; at the maximally folded

state, some panels may be closely spaced, while others may be separated by larger amounts. It

is generally not possible to individually tune panel spacings for maximum packing. Second, the

packing efficiency of the mechanism generally decreases as the thickness of the panels is increased

because the motion must halt farther away from the flat-folded state. [6]

6



zero-thickness model

thickness added

rotation about axes

offset thick panels

Figure 2.4: The offset panel technique.

2.2 Offset Panel Technique

Edmondson et al. proposed a thickness-accommodation technique that also maintains the

same kinematics as the zero-thickness model, but rather than trimming material away from panels

to avoid interference, offsets are used to position the panels away from the zero-thickness sur-

face [8, 9]. This method, as illustrated in Figure 2.4, allows for a fully collapsed position where

panels lie parallel to and in contact with each other, and achieves the full range of angular motion

of the zero-thickness equivalent surface. The underlying principle behind the offset panel tech-

nique is that all the rotational axes lie within the same plane as the zero-thickness model in both

the unfolded and flat-folded states, creating a mechanism that is kinematically equivalent to the

original origami pattern. This allows the panels themselves to be displaced individually as needed

to avoid self-intersection.

This technique is implemented via a series of steps: thickening the origami pattern’s panels,

stacking the panels in the fully folded position, selecting a zero-thickness reference plane, creating

offsets that join the stacked panels to the rotational axis locations of the zero-thickness origami

model, and modifying panels to avoid self-intersection [9].
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Figure 2.5: A single offset panel vertex.

A characteristic of the offset panel technique is that, in the unfolded state, the pattern is

no longer planar but contains multiple elevations, as illustrated in Figure 2.5. The offset panel

technique offers flexibility to the designer in the choice of where to place the zero thickness plane,

how to construct the offsets, and allows the thickness of each panel to vary with respect to that of

the other panels.

However, the offset panel technique brings with it its own challenges. Those include the

stresses that occur at hinges due to long offset lengths, as well as accommodating the additional

geometry of the offsets themselves. Because all panels connect to the zero-thickness reference

model, cut-outs are also often required in some panels to allow the offsets of other panels to access

the zero-thickness reference plane.

Despite the challenges that arise in the offset panel technique, the ability to work with

any arbitrary origami pattern and the flexibility offered to use panels of varying thickness make

it a viable method for the design of products. Morgan et al. demonstrated the offset panel tech-

nique in the development of several potential product applications including a kinetic sculpture,

foldable circuit board, electrical engineers toolbox, and foldable table [10]. The same work also

demonstrated how the geometry of the panels can be varied not only in thickness, but also in any

other dimension, as long as the rotational axes remain in their relative positions and panels do not

intersect.
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zero-thickness model

thickness added

rotation about axes

shift rotational axes to edge

Figure 2.6: The hinge shift technique.

2.3 Hinge Shift Technique

The hinge shift technique as illustrated in Figure 2.6 accommodates thickness and avoids

interference by shifting the location of the rotational axes away from a single plane. While moving

rotational joints to the faces of thick panels can be seen even in 19th-century patent literature

[11–13], complexity with such an approach arises when dealing with interior vertices.

The simplest form of accommodating thickness, though only applicable to single line folds,

is to move the joint axis to the valley side of the fold, what Tachi called “axis-shift” [6]. The

method of shifting hinges at a thickened interior vertex to allow for folding was demonstrated by

Hoberman [14] for a symmetric bird’s foot vertex used in the Miura-ori pattern [15]. This thick

folding vertex, as shown in Figure 2.7, utilizes two levels of thickness (where the thicker portion is

simply twice the thickness of the other), with rotational axes placed on each of the faces to achieve

a one-DOF motion from a completely flat to completely folded state.

A limitation of this implementation of the hinge shift technique is that only the symmetric

bird’s foot vertex can be thus accommodated. Despite this limitation, there are many useful origami

patterns that make use of the symmetric bird’s foot vertex. We show an example in Figure 2.8
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Figure 2.7: A thick folding vertex demonstrated by Hoberman for the Miura-ori pattern.

of this approach applied to the Yoshimura pattern [16], also known as the arc pattern [17], or

accordion pattern [18].

Furthermore, by introducing different shifts, other types of vertices can, in fact, be accom-

modated, as we will presently show.

Trautz et al. demonstrated another implementation of shifting hinges, illustrated in Fig-

ure 2.9. This approach shifts the hinge axes by incorporating translation into the hinges them-

selves [19]. In this approach, the offset distances are constrained to the thickness of the panels and

the mechanism is allowed to fold through the use of sliding hinges. The sliding hinges give the

mechanism the added degrees of freedom to function, but consequently result in a vertex with sev-

eral additional degrees of freedom. In addition, the accumulated sliding can result in mechanical

interferences, therefore requiring a reduced range of motion [20].

De Temmerman et al. [21, 22] demonstrated an implementation similar to Hoberman’s for

a degree-6 thickened vertex used in the Yoshimura pattern [16] as shown in Figure 2.10. This type

of joint utilizes a single thickness layer with all fold axes placed on either the top or bottom face

of the panels. While such a joint can be used to create a thick panel folding Yoshimura pattern as

shown in Figure 2.11, De Temmerman alternatively utilized the joint in a folding bar structure.
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Figure 2.8: Photos of a thickened rigidly-foldable arc pattern prototype created using symmetric
degree-4 vertices shown moving from flat to folded.

Figure 2.9: The sliding hinge approach demonstrated by Trautz et al.

Figure 2.10: A thick folding vertex demonstrated by De Temmerman for the Yoshimura pattern.
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Figure 2.11: Photos of a thick folding Yoshimura pattern prototype comprised of symmetric degree
6 vertices.

More recently, Chen et al. showed an implementation that generalizes hinge shifting to

encompass the symmetric bird’s foot and Yoshimura-pattern axis-shifted vertices and also includes

non-symmetric thick vertices [23]. Their work made the connection between well-studied 4, 5, and

6R spatial linkages and the hinge-shifted vertices of a thick panel origami pattern.

For a 4R spatial linkage, the only known linkage is the Bennett linkage [24]. While the

vertex demonstrated by Hoberman is a Bennett linkage, it is only a particular case of the Bennett

linkage. Connecting this thick folding vertex to the Bennett linkage has enabled a greater range of

vertex geometries to be accommodated using the hinge shift technique. One example of how this

work has expanded the applicability of the hinge shift technique is shown in Figure 2.12 as it is

applied to a rigidly foldable square twist pattern.

The general case of a spatial 4R linkage being applied to a thick degree-four vertex is shown

in Figure 2.13. In this model, four sector angles (α1,α2,α3, and α4) and four offset distances (d1,

d2, d3, and d4) describe the geometry of the linkage. For the 4R spatial Bennett linkage, opposing

link pairs are equal in length and have the same rotational axis twist [25]. The criteria for the
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Figure 2.12: A thick rigidly foldable square twist developed using the generalized hinge shift
technique of Chen et al.

mechanism to achieve mobility given in [23, 26] are:

α1 +α3 = α2 +α4 = π (2.2)

d1 = d3,d2 = d4 (2.3)

d1

d2
=

sin(α1)

sin(α2)
(2.4)

It is interesting to note that the criteria listed in Equation (2.2) corresponds with the flat foldability

criteria which is:

α1−α2 +α3−α4 + . . .= 0. (2.5)

This establishes that, for a degree-4 vertex, the hinge shift technique can only be applied to flat

foldable patterns.

Chen et al. have also expanded this technique to encompass some higher-order vertices.

The 5R Myard linkage [27] gives rise to hinge-shifted degree-5 vertices and the 6R Bricard linkage

[28] was utilized for degree-6 vertices [29]. The 5R and 6R linkages implemented in these vertices

are single-DOF mechanisms and consequently the thick origami mechanisms are also single-DOF.
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Figure 2.13: A generalized thick folding vertex demonstrated by Chen et al.

2.4 Doubled Hinge Technique

The general principle of the doubled hinge technique is to split fold lines into two fold lines

thereby expanding the crease area to allow for the thickness of the panels. A method of splitting

fold lines for the purpose of accommodating stacked layers was demonstrated by Hoberman [30] in

the modification of a map fold pattern. While Hoberman’s method aims to allow panels to fold ef-

ficiently, it must be noted that it is a crease modification technique, not a thickness-accommodation

technique and would still require a subsequent step utilizing one of the thickness-accommodation

techniques discussed in this review paper. Zirbel et al. showed how Hoberman’s concept of split-

ting a vertex in conjunction with the membrane technique can be used in the design of solar array

packing [31]. The membrane technique (discussed in Sec. 2.6) approaches thickness accommoda-

tion similarly by widening a crease with flexible material.

Ku and Demaine introduced the offset crease technique for thickness accommodation [32],

which is an implementation of the doubled hinge technique where every crease is split in two.

They further provided detailed analysis of the desired splitting widths for arbitrary patterns. This

technique, as shown in Figure 2.14, modifies the zero-thickness model by splitting each fold line

into two fold lines. The modified zero-thickness model then remains in the middle of the thick

panels and material is trimmed away from the panels to prevent self intersection similar to the
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zero-thickness model

thickness added

rotation about axes

add gaps for folds

Figure 2.14: The doubled hinge technique (offset crease implementation).

tapered panels technique. An advantage that the offset crease technique has over the tapered panels

technique is that each fold line only undergoes folding of 90◦ rather than 180◦ and consequently

less material needs to be trimmed to prevent self intersection. Mechanisms using this technique

also maintain the ability to move from a fully flat state to a fully flat-folded state.

A requirement of this technique is that cutouts be present at the vertices of the pattern in

both the flat and folded states to prevent self-intersection during folding. A cutout disconnects the

folds at the vertex and, in concert with the doubling of the number of folds around the vertex, adds

additional degrees of freedom to the mechanism.

A simple degree-4 vertex, such as the one shown in Figure 2.15, using the offset crease

technique typically has a loop of eight creases, thus two degrees of freedom. One degree of free-

dom in the offset crease vertex is the amount by which the mechanism is folded; the other degree

of freedom is an orthogonal independent degree of freedom that allows “wiggliness” or play in the

vertex for a given intermediate fold state. It has been shown that a kinematic path exists between

the flat and fully-folded states generated by this technique [33].

In Sections 2.5 and 3.2, an implementation of the doubled hinge technique where select

creases are doubled for use in conjunction with the rolling contact technique [7] is shown. While

it is possible that an entire approach can be formed on the concept of selectively doubling hinges,

this is left open for future work.
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Figure 2.15: An offset crease implementation of the doubled hinge technique demonstrated for a
single degree-4 vertex.

Figure 2.16: The rolling contacts technique (SORCE implementation).

2.5 Rolling Contacts Technique

Like many concepts relevant to thick origami, rolling contacts have 19th-century roots; a

familiar example of a rolling contact joint is the Jacob’s ladder toy over a hundred years old [34,35].

Recent advances, however, have made it possible for this type of joint to be used in engineering

applications such as prosthetic knee joints [36], spinal implants [37], and robot fingers [38]. A sig-
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nificant refinement came with compliant contact-aided mechanisms that utilize compliant flexures

to maintain contact and to enforce a non-slip condition between the rolling faces [39, 40]. Such

joints can be used in thick-folding mechanisms; in fact, Cai gave a kinematic analysis of cylindrical

rolling joints that allow for folding of thick plate structures as an alternative method for thickness

accommodation in planar mechanisms [41].

In a further generalization of rolling contacts, Lang et al. presented a generalized tech-

nique that utilizes Synchronized-Offset Rolling-Contact Elements (SORCE) to achieve kinematic

single-DOF motion in thick origami-inspired mechanisms [7]. This technique, illustrated in Fig-

ure 2.16, utilizes rolling contacts with profiles that have been synthesized to achieve the same

dihedral angles as a zero-thickness origami model while creating dynamically varying transverse

offsets that address non-self-intersection. Prior to this work, rolling contacts had only been uti-

lized for planar mechanisms and had not dealt with thickness accommodation at interior vertices

of an origami pattern. A notable aspect of the SORCE technique is that it marries a fully flat un-

folded state (where all primary panel areas are coplanar, not necessarily including the joints) with

a folded state incorporating arbitrary offsets between panels; furthermore, the DOF of the mecha-

nism exactly reproduces the DOF of the zero-thickness model. Single-DOF mechanisms such as

the Miura-ori or split square twist will remain single-DOF when implemented as SORCE joints.

In fact, the technique can be applied to any arbitrary origami pattern containing any combination

of vertices of varying degree.

The SORCE technique overcomes some of the difficulties that arise in other techniques

because it is able to accommodate panels of arbitrary thickness, maintain the full range of motion,

and preserves kinematic single-DOF motion (if it was present in the zero-thickness reference).

The SORCE technique uses a unique way of achieving a translating zero-thickness plane for each

panel. All of the zero-thickness planes begin coplanar in the unfolded state and then each panel

offsets along an individual and specified path throughout the motion of the mechanism. The rate

of offset of the individual panels relative to the zero thickness model is synchronized between the

panels by the shapes of the rolling contacts to be pairwise consistent at each fold, hence the name

“synchronized offset”.

However, like all of the techniques, SORCE joints have their own special considerations.

The rolling contact surfaces are uniquely specified by the desired motion and offsets, but the cur-
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Figure 2.17: A prototype of thick vertex utilizing SORCE technique demonstrated by Lang et al.

vature and convexity of the rolling contact surfaces must be taken into account during design to

ensure robust joints.

In [7], the authors gave analytic prescriptions for computing the shapes of rolling contacts

for vertices in which the panel offsets were purely perpendicular to the panels (which apply to

any degree-4 vertex) and those that combine perpendicular and lateral offsets (which only apply to

certain special cases). Several examples were given along with proof-of-concept prototypes such

as the one shown in Figure 2.17.

There is an interesting duality between the SORCE technique and the hinge shift technique

of Trautz et al. [19]. In that latter, the panels are allowed to shift along the axes of the hinges

throughout the range of motion. In the former, the panels are allowed to shift in the two perpendic-

ular directions relative to the axes, and, in fact, that type of rolling contact cannot accommodate

any shift along the axes.

2.6 Membrane Technique

Though thin membranes have been used before for prototyping thick origami, using the

membrane itself to accommodate panel thickness was fully explored by Zirbel et al. [2]. Thin

membranes, such as fabric, were previously used primarily to simulate ideal hinges that have the
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zero-thickness model

thickness added on membrane

rotation about axes

add gaps for valley folds

Figure 2.18: The membrane technique.

center of rotation exactly at the seam between panels. However, a thin membrane can be used to

accommodate thickness in origami as illustrated in Figure 2.18.

When using this technique, the panels of the mechanism are connected by a thin membrane

that can, in contrast to the panels themselves, be treated as approximately zero-thickness. By

increasing the spacing between panels for valley folds, the membrane can not only serve as the

hinge, but also accommodate the thickness of the panels to allow folding. For a rigidly foldable

origami pattern, the maximum spacing between panels necessary for a 180◦ valley fold is 2t where

t is the thickness of the panels. When the final desired valley fold angle is less than 180◦, the

spacing can be decreased accordingly; for example, fold angles of 90◦ and 60◦ would require

spacings of
√

2t and t, respectively.

While conceptually simple to implement, modeling flexible membrane hinges is consider-

ably more complicated than mechanisms with discrete hinges. Recent work by Peraza-Hernandez

et al. laid out a computational model for such mechanisms [42]. Further complicating the model-

ing is the observation that the state space for motion is extremely high-dimensional, and the path

through state space of a folded state as it deploys is typically determined by energy minimization
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Figure 2.19: The strained joint technique.

along the path; thus, one must model strain energy within the curved hinges in order to determine

actual motion and reachability.

Mechanisms using the membrane thickness-accommodation technique have extra degrees

of freedom when compared to their ideal zero-thickness origami models. In this way, the technique

is closely related to the offset-crease technique (Sec. 2.4) as it widens the crease area to allow for

the panels to meet and does not guarantee consistent motion. As this crease widening increases the

number of hinge points, it results in the mechanism having extra degrees of freedom. However,

these extra degrees of freedom can be advantageous in allowing folding of a pattern that is other-

wise not entirely rigid-foldable [2,31]. Also, because of the flexibility of the membrane, it may be

necessary to keep tension at the edges of the mechanism in the unfolded configuration.

2.7 Strained Joint Technique

The strained joint technique for accommodating thickness, introduced by Pehrson et al. [43],

is related to the membrane technique. Instead of using a thin membrane, the thick material itself

acts as an effective membrane, i.e., one in which the “fold” is distributed across a region, rather

than being a discrete revolute joint. In this case, the panel material itself is dissected so as to be

flexible along desired hinge lines as seen in the illustration of the strained joint technique shown in

Figure 2.19. This gives an entirely monolithic mechanism, as can be seen in Figure 2.20.
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Figure 2.20: The strained joint technique applied to a degree 4 vertex.

To create flexible joint areas in the otherwise rigid panel material, surrogate folds are in-

troduced in the design. A surrogate fold is “a localized reduction in stiffness achieved through

geometry to allow non-paper materials to achieve similar behaviors to a fold in paper” [44]. An

important characteristic of these surrogate folds is that the folding motion does not cause the ma-

terial to plastically yield; all deformations remain within the elastic regime despite large-angle

flexing. Although putting strategic cuts in materials to reduce stiffness has been used previously

to improve the accuracy and decrease the effort required in sheet metal bending where yielding is

desired [45], it has not been widely used for the purpose of repeated motion, i.e., motion remaining

within the elastic regime.

Surrogate folds are compliant joints [46]; examples of some geometries that can be used

as surrogate folds can be found in [47]. Delimont et al. have evaluated several other potential

geometries for use as surrogate folds in origami-inspired mechanisms that are suited to either resist

or be predisposed to particular motions and deflections [44, 48].

By arraying these surrogate fold geometries in series and parallel, the amount of deflec-

tion can be customized and tailored to meet the fold characteristics required at each crease of the

origami pattern. The strain allowed in the surrogate folds without material yielding is what en-

ables the motion of the origami, hence, the term “strained joint technique.” It should be noted that

the membrane technique also involves strain, localized within the membrane hinges. In this case,

however, the strain takes place within the same material that constitutes the panels.

Pehrson et al. have outlined the primary design approach for applying the strained joint

technique to a fold pattern [43]. Material and origami crease pattern selection occur first. Mate-

rial selection holds particular importance in this technique for thickness accommodation because

the motion of the joints in the mechanism results from material deflection, which is, in turn, gov-

erned by material properties. When using arrays of lamina-emergent torsion (LET) joints for the
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surrogate folds, a material with a high ratio of yield strength to shear modulus of elasticity is

desired [49].

After material and crease pattern selection, the creases are tagged according to how many

layers of material must be accommodated by the joint at that crease; only then can the joints them-

selves be fully designed. Because the motion of the mechanism is a result of material deflection,

fatigue must also be considered in the design of the joints.

When using the strained joint technique, not all combinations of materials, thicknesses,

and mechanism sizes are feasible. Mechanisms using this technique are more constrained than the

others that we have reviewed thus far since the panel material itself is used to realize the deflection

that achieves motion. The area used for the distributed flexible joints takes away from the area

used for the rigid panels; using a relatively thick and stiff material for the mechanism will require

significantly larger joint areas to achieve the same folding angles than a mechanism using thinner,

more flexible material. For any given combination of material and thickness there is a minimum

mechanism size because, as a pattern size decreases, the ratio of joint area to panel area increases

until eventually, the panels are entirely consumed by the joint areas.

Like the membrane and offset crease techniques, a key characteristic of mechanisms made

with this technique is that they contain additional degrees of freedom compared to the zero-

thickness reference. These extra degrees of freedom are a result of the motion and deflection

possible in the compliant joints acting as surrogate folds. Because of the extra degrees of freedom,

the same motion planning problems that exist with the offset crease and membrane techniques also

exist with the strained joint technique. However, in another similarity to the membrane technique,

the extra degrees of freedom and possible parasitic motion in the joints can be beneficial when

used to accommodate thick folding of patterns that are not quite rigidly foldable or flat-foldable.
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CHAPTER 3. HYBRID TECHNIQUES

This chapter introduces new hybrid approaches for accommodating-thickness in origami-

inspired design. The concept of combining various thickness-accommodation techniques within

a single origami-inspired-engineered system to improve overall system performance is introduced

and discussed here. It is shown in this chapter that a combination of thickness-accommodation

techniques can offer a better solution to origami-inspired engineering applications than a single

thickness accommodation technique alone. Two ways that techniques can be combined are pre-

sented and discussed. Several hybrid technique mechanisms are presented and prototypes of them

shown. This chapter is part of a recently accepted review paper about thickness-accommodation in

origami-inspired engineering [4].

3.1 Combining Techniques

The concept of combining thickness-accommodation techniques was demonstrated by Lang

et al. by selectively doubling hinges (doubled hinge technique) and implementing those doubled

joints as SORCE joints [7]. They also discussed the possibility of combining SORCE joints with

ordinary revolute joints by taking some offset functions to be zero and others to be non-zero. In

this section, we expand upon those ideas introduced in [7] and show that it is possible to combine

many of the thickness-accommodation techniques discussed here and that the resulting techniques

offer their own unique strengths and limitations. While we do not cover every possible technique

combination—obviously, the combinatorial possibilities are great—we have chosen to illustrate a

few. The combinations presented here are various combinations of the rolling contact, doubled

hinge, offset panel, and hinge shift techniques.

In particular, we cover two different ways that techniques can be combined: in a pattern,

and at a vertex. Techniques that are combined at the pattern level we will call hybrids, and tech-

niques that are combined at the vertex we will call composites.
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Figure 3.1: An implementation of the doubled hinge technique where the vertex is only split along
the primary fold axis.

3.2 Rolling Contact/Doubled Hinge Composite

In [7], which was discussed in Section 1, a vertex that combines the technique of doubling

hinges with rolling contacts was presented. We classify this vertex as composite, as it combines

multiple techniques at the vertex. The doubled hinge implementation used has only two non-zero

crease widths in a degree-4 vertex as illustrated in Figure 3.1. The separation distance between

the split creases is not fixed, but, via rolling contacts, varies throughout the range of motion of

the vertex. Once split, the modified fold pattern is translated into a thick folding mechanism by

applying SORCE joints at each fold line. The advantage of using the split pattern rather than the

basic SORCE concept (perpendicular motion only) is that with the addition of a dynamic split, the

joint surface profiles can be more circular, thereby avoiding complex geometries.

Based upon the same bird’s foot geometry, we present another variation that makes use of

fixed rotational axes in combination with SORCE joints shown in Figure 3.2. By combining fixed

rotational axes with rolling contact joints we are able to produce a mechanism that is self-contained

within the thickness of the panels. This is an improvement over the all-SORCE configuration,

which results in some of the contact joints protruding beyond the panels, as shown in Figure 3.3.

3.3 Offset Panel/Hinge Shift Hybrid

The offset panel/hinge shift hybrid technique utilizes the hinge shift technique to join offset

panel units together as illustrated in Figure 3.4. While the hinge shift technique can be employed

in flat-foldable degree-4, -5, or -6 configurations as shown by Chen et al., we limit our geometry to
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Figure 3.2: A rolling contact/doubled hinge composite vertex where traditional hinges are used
together with rolling contact joints.

Figure 3.3: A prototype of rolling contact/doubled hinge composite vertex.

zero-thickness model

thickness added

rotation about axes

offset panels and shift axes

Figure 3.4: The offset panel/hinge shift hybrid technique.
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Figure 3.5: A pattern consisting of two degree-4 vertices.

the symmetric case demonstrated by Hoberman [15]. By utilizing the symmetric degree-4 vertex,

the geometry of the hinge shift vertex is simplified such that hinge offsets pairs d1 and d3 are twice

that of d2 and d4.

We apply the offset panel/hinge shift hybrid to a simple fold pattern consisting of two ver-

tices, the simplest form possible for a hybrid, as shown in Figure 3.5. Note that, in this pattern,

one of the vertices is symmetric to enable use of the hinge shift joint demonstrated by Hoberman

and the other is an arbitrary degree-4 vertex that satisfies the flat-foldability criteria listed in Equa-

tion (2.5). We first apply the offset panel technique to the non-symmetric vertex on the right. We

then use the hinge shift technique at the symmetric vertex on the left. Because the offset panel ver-

tex shares two panels with the hinge shift vertex, the lengths of the offsets in the hinge shift vertex

become twice the length they would be if employed at the first vertex due to the panel offsets of

the offset panel vertex. The axis locations of the hinge shift vertex are then defined by the shared

panels and axes of the offset panel vertex and Equations (2.2)–(2.4).

The resulting mechanism, as shown in Figure 3.6, is one that cannot be realized using hinge

shift or offset panel technique alone. For hinge shift, only patterns such as the square twist where

Equations (2.2)–(2.4) are satisfied at each vertex are possible. For the offset panel technique, this

pattern would require cut-outs in some of the panels to allow otherwise intersecting offsets to pass

through.

The combined offset panel/hinge shift hybrid can also solve issues that arise in the offset

panel technique when dealing with tessellations (large-scale repeating patterns). In a tessellating

pattern, such as the Yoshimura pattern [16], the folding/unfolding motion can go from a long flat

pattern with many sections to a zero-thickness plane where all of the panels are stacked on top of
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Figure 3.6: An offset panel/hinge shift hybrid mechanism.

Figure 3.7: A Yoshimura pattern created using offset panel/hinge shift hybrid technique shown
deployed and folded.

each other. If the offset panel technique were applied to a pattern such as this, the length of the

offsets would continue to increase layer by layer, making the technique impractical when many

stacking layers are involved. By using the offset panel technique in combination with hinge shift,

a tessellating pattern using offset panel technique, as shown in Figure 3.7, can be realized, that

scales to arbitrarily length (at least in one direction, sometimes both).

The Yoshimura pattern used in this hybrid mechanism can be realized using the hinge shift

technique alone as shown in Figure 2.8. However, this is due to the symmetric nature of the pattern.

In Figure 3.8, we show a prototype of a bird-base hybrid mechanism that utilizes offset panel and

hinge shift, but cannot be realized using symmetric hinge shift vertices alone, and would introduce

cutouts if the offset panel technique were to be used alone. It is possible that the generalized hinge
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Figure 3.8: A bird-base pattern created using offset panel/hinge shift hybrid technique.

Figure 3.9: A two-vertex pattern where the left vertex has the crease doubled.

shift technique demonstrated by Chen et al. could be applied to this pattern, however, the design

complexity would increase due to the non-symmetric vertices.

The bird-base pattern used in this mechanism is comprised of four non-symmetric degree-4

vertices and one symmetric degree-6 vertex. The two halves of the pattern are comprised of degree-

4 vertices and each half utilizes the offset panel technique to accommodate thickness. These two

halves are connected together by a single degree-6 vertex which uses the same degree-6 hinge shift

vertex presented by De Temmerman [22]. It is, in total, a single-DOF mechanism.

3.4 Offset Panel/Doubled Hinge Hybrid

To illustrate the offset panel/doubled hinge hybrid, we use the same pattern shown in Fig-

ure 3.5 but split the symmetric vertex as illustrated in Figure 3.1. This pattern, shown in Figure

3.9, is now comprised of three degree-4 vertices rather than two. To combine the two techniques
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Figure 3.10: A hybrid mechanism where the right vertex utilizes the offset panel technique and the
left vertex utilizes the doubled hinge technique.

together, we first begin with the doubled hinge vertex. While we could use a SORCE+doubled

hinge composite for this vertex, we have decided instead to use panels for both intermediate sec-

tions and offset the panel of the mountain fold to avoid interference. The offset panel technique is

then applied to the non-symmetric vertex on the right where the zero-thickness plane is determined

by the doubled hinge vertex on the left. Because the hinge plane of the mechanism is driven by the

doubled hinge vertex and does not lie in the middle of the panel stack of the offset panel vertex,

cutouts are required for the offset panel vertex on the right.

The resulting mechanism is shown in Figure 3.10. In this generic form, any advantages of

this mechanism over the one shown in Figure 3.6 are not readily apparent; discrimination between

the two is going to be application-specific. Nevertheless, the fact that these two techniques can be

combined gives a designer more options in the design of a thick folding mechanism.

3.5 Doubled Hinge/Hinge Shift Hybrid

We can similarly combine the doubled hinge technique with the hinge shift technique. To

combine these two techniques, however, we utilize a symmetric vertex at both the left and right

vertices, albeit dissimilar ones. The resulting mechanism, as shown in Figure 3.11, offers designers

yet another option when considering combining thickness-accommodation techniques.
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Figure 3.11: A doubled hinge/hinge shift hybrid mechanism.

3.6 Other Hybrid and Composite Techniques

Many other combinations of techniques can also be achieved. The membrane and strained

joint techniques can be easily combined with other methods due to the flexibility in their motion.

For example, in a thick rigid origami mechanism, part of the mechanism may not require thickness

and strength and could be replaced with a thin membrane. Surrogate hinges could also be used in

combination with traditional hinges. Rather than attempting to cover every possible combination—

which would be combinatorially challenging—we simply present these few examples as illustra-

tion, and note that the ability for a designer to utilize different thickness-accommodation tech-

niques at different locations within a thick origami mechanism gives them the ability to create a

mechanism tailored for their specific application.
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CHAPTER 4. SPLIT-VERTEX TECHNIQUE

A novel thickness-accommodation technique for origami based mechanisms is introduced

in this chapter. This technique modifies a zero-thickness pattern by splitting each vertex along the

minor folds into a system of two vertices. The modified fold pattern then has thickness applied to

it and the resulting mechanism is kinematically equivalent to the modified fold pattern. Origami

patterns that are rigid-foldable and only have two panels that stack between folds are utilized in

the technique. The technique produces thick origami mechanisms where all panels lie in a plane in

the unfolded state without any holes or protrusions and maintain a single degree of freedom. Steps

for synthesizing split-vertex mechanisms are presented and examples of split-vertex mechanisms

are shown. Advantages and potential applications of the technique are discussed. This chapter has

been submitted as a conference paper and has been accepted for publication [5].

4.1 Introduction

Origami patterns have served as the basis of folding structures [22,50,51], meta-materials [52,

53], medical devices [1, 54], and space mechanisms [55, 56]. Origami is traditionally folded from

paper, which is thin, and the accumulation of thickness in fold patterns generally is not an issue.

In many engineering applications however, it is desirable to create folding structures out of thick

materials for structural, thermal, acoustic, or other reasons. When origami mechanisms are cre-

ated using thick materials, thickness accumulates and can limit the foldability of the pattern. The

thick panels interfere with each-other when folded, and for the mechanism to maintain its range of

motion, the issue of panel interference must be resolved.

Many thickness-accommodation techniques have been introduced which overcome the is-

sue of panel interference in thick origami [4]. Some of these techniques maintain the original

kinematic model of the flat origami pattern and address the issue of interference by either trim-

ming the interfering edges [6], or by moving the panels away from the zero-thickness pattern via
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offsets [9]. Another approach to solving the issue of interference is to use compliant hinges such

as membranes [2] or surrogate folds [43] that allow the panels to distance themselves from each

other in the folded state. Other approaches utilize different kinematic mechanisms than the zero-

thickness model, such as sliding linkages [19], spatial linkages [15, 23], linkages where each joint

of the pattern is split into two joints [33], and cam-based linkages [7]. Hybrid techniques which

combine two or more techniques together have also been developed [4].

Each respective technique for accommodating thickness has a unique set of capabilities and

limitations. For example, many of the alternative kinematic-linkage based thickness-accommodation

techniques result in mechanisms that have holes at the vertices at some point in the folding motion.

The membrane-hinge-based approach overcomes the issue of holes at vertices but lacks single-

degree-of-freedom movement. The tapered-panel technique maintains single-degree-of-freedom

movement while not creating holes at the vertices but panels are limited in their range of motion.

By combining techniques together, new combinations of capabilities and limitations can also be

achieved [4].

This paper presents and illustrates a novel thickness-accommodation technique which does

not introduce holes at the vertices, and maintains the single-degree-of-freedom movement and

range of motion of the zero-thickness origami pattern. This work builds upon the work presented

in [32] by changing the fold pattern to introduce more folds in the zero-thickness pattern. This

technique, which we will call the split-vertex technique, modifies a rigidly foldable origami pattern

for thickness accommodation purposes by splitting each vertex into two vertices. The resulting

patterns maintain rigidly-foldability and allow for thickness to be added without interference. The

thick folding mechanisms can also be constructed such that panels do not protrude from the face

of the mechanism and a perfectly flat face can be achieved. The technique has strong potential in

foldable container applications or in other applications where a sealed surface is desired.

4.2 Background

An origami pattern can be seen as a system of spherical linkages where panels are links

and fold lines are hinges [3]. Some origami patterns rely on the ability of paper to fold and bend

not only at the creases, but in the panels as well. Rigidly-foldable origami patterns only require

deflection of the creases to fold and when modeled as a linkage will have a positive mobility. In
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Figure 4.1: A degree 4 vertex with sector and fold angles labeled.

constructing a thick origami mechanism, it is advantageous to use rigidly-foldable patterns as most

thick materials do not bend easily. For the mechanisms presented in this paper, all will be based

on rigidly-foldable origami patterns.

Origami patterns are typically created from a single sheet of flat paper, a developable sur-

face. Some patterns used in engineering applications, however, can be non-developable such as

eggbox patterns [57], tube patterns [58, 59], or three-dimensional polyhedra based patterns [60].

While these patterns are useful and it is possible that the split-vertex technique could be applied to

these patterns, for simplicity, we only examine developable patterns here.

The basic building block for many origami patterns is the degree-4 vertex as shown in

Figure 4.1. This example vertex is comprised of three valley folds, indicated by the dashed lines,

and one mountain fold indicated by the solid line. These fold lines are often grouped into two pairs

which are called the minor pair and the major pair. The major pair consists of the two opposing

lines that share mountain/valley assignment and the minor pair consists of the two opposing lines

that have opposite mountain/valley assignment. The angle between fold lines in the pattern are

called sector angles and are represented by α1,α2,α3, and α4.

A subset of origami that is of particular interest is flat foldable patterns. Flat foldablity

describes an origami pattern’s ability to fold into a completely flat state. In other words, all of the

creases undergo 180 degrees of motion from the flat unfolded to the flat folded state. Flat foldablil-

ity is ensured by the Kawasaki-Justin theorem [61] which states that for flat-foldable vertices,

α1−α2 +α3−α4 + ...= 0. (4.1)
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Figure 4.2: A non flat-foldable degree 4 vertex in its folded state with fold angles labeled.

For the examples presented in this paper, only flat-foldable patterns will be modified using the

split-vertex technique. It is interesting to note that as we modify a flat-foldable pattern via the

split-vertex technique we will convert a system of flat foldable vertices into a system of non flat-

foldable vertices.

For a degree-4 vertex, the folded state may be described by the fold angles γ1, γ2, γ3, and

γ4 as shown in Figures 4.1 and 4.2. These angles are the angles between the normal vectors of

the sector faces. For the developable flat-foldable degree-4 vertex in Figure 4.2 the relationships

between sector angles and fold angles is given by:

tan 1
2γ2

tan 1
2γ1

=
sin 1

2(α1 +α2)

sin 1
2(α1−α2)

. (4.2)

When dealing with developable non flat-foldable vertices, such as the one illustrated in Fig-

ure 4.2, the relationships between sector angles and fold angles is more complex. These relation-

ships have been previously derived by Huffman [62], and simplified by Lang et al. [63, Appendix

A] and are:

γ2 = 2sin−1
[

sin(
1
2

γ4)

√
sinα3 sinα4

sinα1 sinα2

]
(4.3)

γ1 = 2cot−1
[

cot(1
2γ2)(cotα1 + cotα3)cscα2− cot(1

2γ4)(cotα2 + cotα4)cscα3

cscα3 cscα4− cscα1 cscα2

]
(4.4)

γ3 = 2cot−1
[

cot(1
2γ2)(cotα2 + cotα4)cscα1− cot(1

2γ4)(cotα1 + cotα3)cscα4

cscα3 cscα4− cscα1 cscα2

]
. (4.5)

We will use these equations to determine resulting fold angles of the spacer panels that are added

as a result of splitting a vertex into two vertices.
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Figure 4.3: The offset-crease technique.

4.3 Split-Vertex Technique

The split-vertex technique builds upon many of the existing thickness-accommodation

techniques. It bears similarity to the offset-crease technique presented by Ku et al. [32] as it

introduces spacer panels at fold lines to accommodate thickness. The offset-crease technique, as

illustrated in Figure 4.3, adds spacer panels at every crease or fold line. Similarly, the split-vertex

technique, as illustrated in Figure 4.4, adds spacer panels, but only at select fold lines and leaves

other fold lines undivided. The differences between these techniques becomes apparent at the ver-

tex level, as shown in Figure 4.5. A degree-4 offset crease vertex is comprised of eight panels (4

sector and 4 spacer) that are connected in a loop and do not converge to a point at the center but

rather there is a hole at the center to allow movement and prevent interference of the panels dur-

ing folding. A degree-4 split-vertex vertex is comprised of six panels (4 sector and 2 spacer) that

converge to two distinct vertices. This results in different kinematics between the offset-crease and

split-vertex techniques. Offset crease degree-4 vertices are made of a 8R spatial linkage that typ-

ically has two independent degrees of freedom. A split-vertex linkage based on the same origami

vertex is comprised of two spherical 4R linkages that are coupled and as a result exhibits a single

degree-of-freedom. The desire to use the advantages of the offset-crease technique but to result in

a single-degree-of-freedom is one motivation for the development of the split-vertex technique.
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Figure 4.4: The split-vertex technique.

Figure 4.5: A comparison of the (a) offset-crease technique and (b) split-vertex technique for a
single vertex.

Design considerations for the split-vertex technique are presented in the following subsec-

tions. For the synthesis of split-vertex mechanisms we only present the involved steps as they

relate to degree-4 vertices. While it is possible that higher order vertices can be split using the

same methods, as illustrated in the degree-6 vertex of the bird base pattern presented in section

4.3.6, we leave the synthesis of higher-order split vertices for future research.
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4.3.1 Compatible Patterns

Determining if the origami pattern is conducive to the split-vertex technique is important

because the technique does have limitations in which patterns can be accommodated. One limita-

tion is that no more than two panels can stack between the two panels of any one fold. In other

words you cannot have nesting vertices in the pattern. For a single degree-4 vertex the maximum

number of panels that can stack between any one fold is two, so it can have thickness accommo-

dated by the split-vertex technique. Origami patterns such as the bird-base pattern [32], modified

Yoshimura [64], and some rigidly foldable polygons meet the criteria of only having a maximum

of two panel thicknesses between any one fold in the folded state. Patterns such as the Miura-ori,

where more than two panels stack between certain folds, cannot be accommodated by the methods

described in this paper.

Another consideration that must be taken into account is the rigid-foldability of the split

pattern. A pattern which begins as a rigid-foldable pattern, once split, may no longer be rigid

foldable. This is due to the fact that a two-vertex system, once split, becomes a loop of four

degree-4 vertices which is an over-constrained system that is normally not rigid foldable [65]. For

the system to achieve mobility, certain geometric relationships must exist [66, 67]. To ensure that

the degree-4 vertex loops created by the split-vertex technique maintain rigid-foldability, we utilize

symmetry in each loop. We illustrate this idea in Figure 4.6 where a symmetric and non-symmetric

two-vertex system are shown. The symmetric system, when split, will maintain rigid-foldability

as long as each split line maintains symmetry as well. The non-symmetric system, however, will

not be rigid-foldable when split as the degree-4 vertex loop does not have any special geometry.

To ensure rigid-foldability in the split-vertex system, all the examples shown in this paper utilize

symmetric origami patterns.

4.3.2 Splitting Creases

The goal behind splitting a vertex is to separate the sector panels from each other to give

room for thick panels to stack. To do this we split the vertex along the fold line that has panels

that stack between its adjacent panels. For a degree-4 vertex, this fold line is always one of the

fold lines from the minor pair. For the vertex to maintain rigid foldability and the same panel
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Figure 4.6: A symmetric, split-crease-compatible, two-vertex system (left) and a non-symmetric,
non-compatible, two-vertex system (right).

α
1α

2

α
3

α
4 α

3
α

4

β
1β

2 ɣ
1

Split line

ɣ
3

ɣ
4

Valley spacer panel

Mountain spacer panel

ɣ
2 

Figure 4.7: Splitting of a degree 4 vertex. Flat folding un-split single vertex (left) and split vertex
with new parameters labeled (right).

geometries, we split the vertex along the minor axes and add an additional fold line that connects

the two vertices. As a result two new sector panels which we will call spacer panels are created

as illustrated in Figure 4.7. This creates a pair of degree-4 vertices from what once was a single

degree-4 vertex.
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For panel faces to fold flat against each other the lines of the new minor axis fold lines must

be parallel. The distance between these lines is driven by the material thickness and the resulting

fold angles of the spacer panels.

4.3.3 Split Angles

The angle of the line that connects the two vertices is called the split angle and is a pa-

rameter that can vary within a solution space and can still allow the mechanism to maintain rigid-

foldability and flat-foldability for the two vertex system. This angle (β ) determines the resulting

fold angles of the spacer panels in the fully folded state and as a result effects the required distance

of the split. The resulting fold angles are given by Equations 4.3-4.5 but now we replace α1 and

α2 with β1 and β2 as shown in Figure 4.7 to distinguish the new angles formed by the split. In

choosing a split angle we are mainly concerned with the resulting fold angles in the fully folded

state or when γ4 is equal to 180 degrees. Setting γ4 equal to π and replacing α1 and α2 with β1 and

β2, Equations 4.3–4.5 simplify to

γ2 = 2sin−1
[√

sinα3 sinα4

sinβ1 sinβ2

]
(4.6)

γ1 = 2cot−1
[

cot(1
2γ2)(cotβ1 + cotα3)cscβ2

cscα3 cscα4− cscβ1 cscβ2

]
(4.7)

γ3 = 2cot−1
[

cot(1
2γ2)(cotβ2 + cotα4)cscβ1

cscα3 cscα4− cscβ1 cscβ2

]
. (4.8)

In the split vertex, because the α sector angles are already defined, assigning one of the

interior β values determines the value of the other because three of the four sector angles are now

defined. The solution space for valid split angles is all angles in between where β1 is equal to α1

and β2 is equal to α2. The solution space does not contain these points, however because these

points are where the introduced split line (labeled γ2 in Figure 4.7) becomes collinear with one of

the major creases and a straight-major vertex forms where it is not possible for all four creases to

be partially folded at the same time [63].

In the selection of a split angle we must determine desirable outcomes by which to com-

pare split angle selection. Desirable outcomes might include: minimum mountain spacer width,
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Figure 4.8: Fold angles γ1 and γ3 as a function of split angle β1 for the example vertex shown in
Figure 4.7.

minimum valley spacer width, or minimum combined mountain and valley spacer widths. To il-

lustrate the trade-offs involved in choosing a split angle we will consider the vertex illustrated in

Figure 4.7, a flat-foldable degree-4 vertex with a non-straight minor pair. For this particular vertex

α1=120◦, α2=80◦, α3=60◦, and α4=100◦. Using Equations 4.6-4.8 we evaluate the resulting fold

angles γ1 and γ3 which correspond to the spacer panel angles with respect to the flat parallel faces

of sector panels α1 through α4 for all split angles β1 in the solution space. The resulting fold angles

γ1 and γ3 are plotted in Figure 4.8. Because the goal of splitting the vertex is to separate panels α1

and α2 from α3 and α4 by two panel thicknesses in the fully folded state, fold angles of +/- 90◦

will give the shortest distance between split lines, or the smallest spacer width needed, to span the

gap of two panel thicknesses. The resulting fold angle in the fully flat position will also affect how

much panel material needs to be removed to avoid intersection, a detail we will discuss in more

depth later. In any case, the minimum amount of material that needs to be removed also occurs

when the resulting fold angles are +/- 90◦.

In order to identify split angle choices that result in desirable folded geometries, we define

a spacer panel angle µ which represents the difference of the resulting fold angles from an ideal

angle of +/- 90 degrees or:

µ =

∣∣∣∣|γ|− π

2

∣∣∣∣. (4.9)
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Figure 4.9: Spacer angle µ as a function of split angle β1 for the example vertex shown in Figure
4.7.

The spacer panel angle (µ) is plotted in Figure 4.9 for this same vertex. For this vertex, and

for any non-straight minor vertex for that matter, there is no split angle β1 that will result in both

spacer panels folding perpendicular to the sector panels. Instead we must choose between having a

perpendicular mountain spacer (γ3= +/-90◦), a perpendicular valley spacer (γ1= +/-90◦), a solution

that minimizes the difference from perpendicular spacers overall, or another solution. The angle

choice that minimizes µ for both spacers is when β1=β2, or in terms of sector angles:

β1 =
α1 +α2

2
. (4.10)

In the case of a straight-minor vertex, the solution where β1=β2 is also the solution where

both the mountain and valley spacer are perpendicular to the sector panels in the fully folded state.

The straight-minor vertex is a special case that allows this. For patterns comprised of straight-

minor vertices, the obvious choice for split angles is β1=β2=π/2.

Other factors that might influence a split angle choice may not be related to resulting spacer

panel angles at all but might be related to other concerns. For example, in the bird-base pattern

shown later in section 4.3.6, the split angle of β1=90◦ is not chosen to minimize µ , but is chosen to
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Figure 4.10: Split distances d1 and d2.

maintain the same sector panel sizes from the original fold pattern. For this fold pattern, the only

split angle that will preserve sector panel geometries is one where all the split lines are parallel to

each-other.

4.3.4 Split Distance

The split distance d is defined as the distance between each set of parallel lines in the split-

vertex as illustrated in Figure 4.10. The split distance is a function of panel thickness that needs

to be accommodated as well as the angle that the spacer panels form between the separated sector

panels. Because each set of parallel lines is connected to each other through the two vertices, given

a split angle β1 or β2, if one split distance is specified (d1 or d2) then the other is a function of that

split distance and the split angle.

To determine the required distance between split lines we must first know the spacer panel

angle µ for both the mountain and valley spacers. If both the mountain and valley spacer have the

same µ value (β1 = β2) then d1 = d2 and their distance required to accommodate panels with a

uniform thickness of t will be

d =
2t

cos(µ)
= 2t sec(µ). (4.11)

We note that as the spacer panel angle µ approaches π/2 the spacer width d goes to infinity. This

illustrates why it is desirable to keep µ to a minimum.
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When the split angles β1 and β2 are not equal then the split distances d1 and d2 will have

different values and will have to be evaluated independently. Because each distance can be written

as a function of the other distance and the sector angles, the corresponding distances for each split

distance are also evaluated. The largest distance must then be selected to accommodate two panel

thicknesses.

4.3.5 Addressing Intersection

After modifying the fold pattern to accommodate the stacking of thick panels, we then

add thickness to the pattern. Adding thickness uniformly to one side of the pattern will cause

interference in the folding motion. To address panel intersection we employ two methods: shifting

panel thickness, and trimming panel edges. The first method as illustrated in Figures 4.4 and 4.5b

shifts the mountain or valley spacer panels (depending on which side thickness is added) to the

opposite side of the zero thickness reference plane. The second method as illustrated in Figure 4.11

keeps the thickness on the same side of the zero thickness reference plane and trims the corners that

would interfere when folded. This method uses the same approach of the tapered panel technique

described in [6]. An advantage of applying the split-vertex technique before trimming interfering

edges is that much less material needs to be trimmed and only certain edges require trimming while

others do not.

When the first method is used, a subsequent step of the second method may also be re-

quired. Such is the case with the vertex shown in Figure 4.5b. The mountain spacer which has

been shifted to the opposite side of the zero-thickness reference plane would intersect with the

valley spacer when fully folded. To avoid this, the inside edge has been trimmed the amount that

would otherwise intersect. Non-straight minor vertices would also require a subsequent trimming

step if the panel thickness shift technique were used, as the spacer panels do not end up perpen-

dicular to the sector panels and because of the spacer panel angle, one of the spacer panel edges

would interfere with the sector panels.
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Figure 4.11: Split-vertex technique with alternative interference accommodation method.

4.3.6 Applying the Split-Vertex Technique

Although a single vertex mechanism can be useful on its own, the majority of origami-

based engineering applications utilize folding patterns comprised of multiple vertices. We present

in this section several examples of thick origami mechanisms that can be created using the split-

vertex technique.

The first example is that of a rigidly foldable hexagon twist shown in Figure 4.12. This

pattern is based on rigidly foldable twist work presented in [68]. The minor folds in this pattern

are highlighted in red. We then split the vertices along the minor folds and add a connecting split

line. For the split angle in this pattern we choose and an angle such that β1 = β2, minimizing the

required width of the spacers. We then calculate the width of the spacers from Eq. 4.11 based on

the chosen panel thickness and add thickness to the pattern.

We note that for the pattern to maintain the same sector angle relationships, some of the

edge lengths of the exterior panels change as a result of adding the spacer panels. Intersecting edges

are then trimmed and the mechanism folds as shown in Figure 4.13. Because all of the hinges of

the mechanism lie on the flat top face of the mechanism, and all the tapered and cut edges are on

the backside of the mechanism, this technique is ideal for fabrication by machining. A hexagon

prototype machined out of polypropylene is shown in Figure 4.14. The prototype achieves motion
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through the use of living hinges which are machined into a solid piece of polypropylene. Pockets

are also machined out of the back of the panels to reduce weight but maintain stiffness.

The second example is the bird base pattern shown in Figure 4.15. This pattern is comprised

of degree-4 vertices as well as one degree-6 vertex in the center. For the degree-6 vertex we split it

along the mountain fold to give room for the surrounding sector panels to stack. The other vertices

are split along the minor fold creases. For the split angles in this pattern, instead of choosing fold

angles that minimize the width of the spacer panels we choose a fold angle β1 = 90◦ that maintains

the same edge lengths of the exterior panels. This results in all of the split lines being parallel with

each other. A prototype of this mechanism is shown in Figure 4.16.

Other patterns that have been explored using the split-vertex technique include the rigidly

foldable square patterns shown in Figure 4.17. The mechanism at the top of Figure 4.17 is a square-

twist-based fold pattern similar to the hexagon twist shown in Figure 4.13, the difference being

number of sides of the central polygon. Any even-number-sided polygon can be constructed in a

similar manner. The mechanism shown at the bottom of Figure 4.17 is a square-twist pattern with

straight-major fold pairs. This pattern simply becomes a grid where each fold is folded independent

of the others. The split-vertex technique is able to accommodate thickness in straight-major fold

patterns whereas some thickness-accommodation techniques cannot.

4.4 Discussion

The split-vertex technique offers several advantages as a thickness-accommodation tech-

nique. One advantage is the ability for the pattern to lay completely flat without holes or height

variations on the upward facing surface. Another advantage is that the mechanism retains its

single-degree-of-freedom movement. While some techniques maintain a smooth flat surface, and

others maintain single DOF movement, thickness-accommodation techniques to date have not been

able to achieve both criteria. This makes the split-vertex technique an appropriate thickness-

accommodation technique for applications where a smooth surface without holes and single-

degree-of-freedom movement is important. Table 4.1 compares some of the attributes of the split-

vertex technique with existing techniques. The main disadvantage of the split vertex technique is

that it cannot be applied to arbitrary fold patterns. The axis-shift technique also cannot be applied

to arbitrary patterns but the fold pattern geometry requirements are different for it than for the split-

45



Figure 4.12: Split-vertex technique applied to hexagon pattern.

Figure 4.13: CAD model of split-vertex hexagon pattern going through folding motion.

Figure 4.14: Monolithic prototype of split-vertex hexagon pattern machined out of polypropylene.
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Figure 4.15: Split-vertex technique applied to bird base pattern.

Figure 4.16: Prototype of split-vertex bird base thick origami mechanism fabricated from foam
board and red polypropylene tape, demonstrating a flat surface with no holes.

Table 4.1: Comparison of different attributes of some thickness-accommodation techniques.
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Axis Shift X
Offset Panel X X

Tapered Panel X X X
Offset Hinge X X

Rolling Contact X X
Membrane Folds X X X

Strained Joint X X
Split-vertex X X X
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Figure 4.17: Rigidly-foldable square patterns realized using the split-vertex technique. Top: square
twist based fold pattern. Bottom: straight-major square-twist pattern. The red surface demonstrates
the ability to create a flat surface with no holes.

vertex technique. For the axis-shift technique a certain sector angle, axis shift distance relationship

must be maintained for the mechanism to achieve mobility. This same sector angle relationship

does not apply to the split-vertex technique but fold patterns that have nesting vertices cannot be

accommodated.

The split-vertex technique is a promising technique for applications in folding containers

or products where a folding mechanism with no holes is desired. Because the technique does

not require offsets or hinges located on different faces, split-vertex mechanisms can be fabricated

from sheet materials. Monolithic mechanisms that utilize living hinges can also be fabricated by

machining or removing material on one side of the sheet.

4.5 Conclusions

A novel thickness-accommodation technique, the split-vertex technique has been presented

and discussed. The technique offers the advantage of accommodating thickness without introduc-

ing holes or protrusions in the mechanism while maintaining single-degree-of-freedom kinematics.

The technique is applicable to patterns comprised of degree-4 vertices where vertices do not nest
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inside of each other. The technique is also able to accommodate straight-major fold patterns. The

technique shows promise in applications where a sealed surface must be maintained such as in col-

lapsible containers or shelters. The flat construction of split-vertex mechanisms lend themselves

well to planar fabrication techniques. More work can yet be done in applying the split-vertex

technique in engineering applications.
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CHAPTER 5. THICKNESS-ACCOMMODATION IN NON-DEVELOPABLE ORIGAMI

This chapter introduces the use of thickness-accommodation techniques for non-developable

origami patterns. Thickness-accommodation techniques have been developed in the context of de-

velopable origami patterns. While most origami patterns are developable, many useful patterns

exist which are non-developable. Methods for applying thickness-accommodation techniques to

non-developable origami patterns are discussed. For spherical-mechanism-based techniques, few

if any changes to the technique are needed to apply to non-developable patterns. For spatial-

mechanism-based techniques, additional constraints must be taken into account. Example non-

developable thick-origami mechanism are discussed and prototypes are shown.

5.1 Introduction

Origami has served as inspiration in a wide range of engineered systems including folding

structures, space mechanisms, medical devices, and consumer products. Characteristics of origami

that are often exploited in these applications include shape transforming behavior, single sheet

construction, kinematic motion, and aesthetic appeal. The use of paper in origami has resulted in

patterns with desirable attributes including the ability of a large pattern to stow compactly, simple

manufacturing, low cost construction, and the ability to create curved crease patterns. While pa-

per as a material is suitable in art and some engineering applications, the majority of engineering

applications require materials that are stronger, stiffer, and can withstand harsh environments. In

many cases it is desirable to use thick materials for increased stiffness and strength. When thick-

ness is introduced in an origami-based mechanism, that thickness must be accommodated for to

prevent self intersection of panels. Many techniques have been introduced which accommodate

for thickness in origami-based mechanisms.

When designing origami-inspired engineered systems, some of the traditional characteris-

tics of origami can be disregarded. One example is that of developability. A developable surface, or
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a Euclidean surface, is one where double curvature does not exist and can be flattened into a plane

without stretching of the material. Because origami starts with a flat sheet of paper and is folded

into a 3D shape, it can likewise be unfolded back into a flat sheet and is therfore developable. Al-

though cutting and gluing is typically eschewed in origami, in engineering design some interesting

and useful designs have come about by cutting and gluing paper, including eggbox patterns [57],

tube patterns [58, 59], and three-dimensional polyhedra based patterns [60].

Thickness accommodation techniques have been applied primarily to developable patterns.

This work seeks to expand the scope of many thickness accommodation techniques to include

patterns that are non-developable. Additional considerations that must be made when dealing with

non-developable thick origami and the constraints that some techniques have with non-developable

vertices will be discussed.

5.2 Background

The basic building block for many origami patterns is the degree-4 vertex as shown in

Figure 5.1. This example vertex is comprised of three valley folds, indicated by the dashed lines,

and one mountain fold indicated by the solid line. These fold lines are often grouped into two pairs

which are called the minor pair and the major pair. The major pair consists of the two opposing

lines that share mountain/valley assignment and the minor pair consists of the two opposing lines

that have opposite mountain/valley assignment. The angle between fold lines in the pattern are

called sector angles and are represented by α1,α2,α3, and α4. The angles that the panels of vertex

form with each other are called fold-angles and are represented by γ1, γ2, γ3, and γ4.

An origami pattern can be seen as a system of spherical linkages where panels are links

and fold lines are hinges [3]. Some origami patterns rely on the ability of paper to fold and bend

not only at the creases, but in the panels as well. Rigid-foldable origami patterns only require

deflection of the creases to fold, and when they are modeled as linkages have positive mobility.

A subset of origami that is of particular interest is flat foldable patterns. Flat foldablity

describes an origami pattern’s ability to fold into a completely flat state. In other words, all of the

creases undergo 180 degrees of motion from the flat-unfolded to the flat-folded state. Flat fold-
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Figure 5.1: A developable degree-4 vertex in its unfolded state (left) and partially folded state
(right).

ablility is ensured by the Kawasaki-Justin theorem [61] which states that for flat-foldable vertices,

α1−α2 +α3−α4 + ...= 0. (5.1)

5.3 Non-developable origami

Although definitions for non-developable vertices have been assigned in various research

fields, we limit the definition of a developable origami vertex to one that can only fold flat without

any cutting. In other words the sector angles of a developable origami vertex must sum to 2 π . If

the sum of the sector angles is less than 2π we call the vertex under-developed, and if the sum is

greater than 2π we call the vertex over-developed. An under-developed vertex is still developable

in mathematical terms by means of cutting and flattening, however an over-developed vertex is not

developable, even with cutting and flattening because when the vertex is flattened there is overlap

of the sector edges which makes it impossible to fabricate from a single planar medium [69].

Example under-developed and over-developed vertices are shown in Figures 5.2 and 5.3.

It is interesting to note that on both the under-developed and over-developed vertices, one

of the creases of the major crease pair changes from mountain to valley assignment throughout

the folding motion. The behavior of under-developed and over-developed vertices can be quite

different than developable vertices and is an area that warrants further research.
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Figure 5.2: An under-developed degree-4 vertex going through its folding motion.

Figure 5.3: An over-developed degree-4 vertex going through its folding motion.
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5.4 Non-developable Thick Origami

It is desirable to apply thickness-accommodation techniques to non-developable patterns

because most engineering applications of origami require the use of materials with non-negligible

thickness. Because the majority of origami patterns are developable patterns, thickness-accommodation

techniques have been developed in the context of developable patterns.

Because thickness-accommodation techniques utilize different mechanisms in their con-

struction, (e.g. spherical linkages and spatial linkages), transitioning from a developable pattern to

a non-developable affects the techniques differently. These differences are discussed in this work.

In engineering applications of non-developable origami, patterns such as tubes [58] and

egg-box patterns [57] have been found to have promising potential in structures. These pat-

terns along with other non-developable patterns are used here to demonstrate the application of

thickness-accommodation techniques to non-developable origami.

5.4.1 Tapered and Offset-Panel techniques

The spherical linkage utilized in the tapered-panel and offset-panel techniques is the same

mechanism used in the zero-thickness origami pattern. Because the spherical linkage applies to

under-developed, over-developed, and developable vertices, the transition from a developable thick

origami mechanism to a non-developable thick origami mechanism is simplified. Changes that

occur in the zero thickness mechanism also occur in the thick-origami counterpart. The same steps

used to create a developable-thick-origami mechanism can be followed with a non-developable

pattern. In Figures 5.4 and 5.5 the offset panel technique is shown applied to an under-developed

hexagon pattern and an under-developed box pattern.

5.4.2 Axis-shift technique

The axis-shift technique shifts the hinge lines rather than the panels of a zero-thickness

pattern to accommodate thickness. An example degree-4 axis-shift vertex is illustrated in Figure

5.6. As seen in this figure, because the hinge lines have been shifted, they no longer lie in the

same plane when folded flat and they no longer intersect at a point throughout the folding motion.

This the linkage is no longer a spherical mechanism but is a spatial 4-R mechanism known as the
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Figure 5.4: An under-developed hexagon pattern modified using the offset-panel technique.

Bennett Linkage, where opposing link pairs are equal in length and have the same rotational axis

twist. The criteria for the mechanism to achieve mobility are [23]:

α1 +α3 = α2 +α4 = π (5.2)

d1 = d3,d2 = d4 (5.3)

d1

d2
=

sin(α1)

sin(α2)
(5.4)

The first criteria listed in Equation 5.2 corresponds with the flat foldability criteria given

in Equation 5.1. This means patterns modified with the axis-shift technique must be flat foldable

to achieve mobility. Another consequence of Equation 5.2 is that the sum of all the sector angles

α1 through α4 must equal 2π . This means that the axis-shift technique for degree-4 vertices as

discussed in [23] is only applicable to developable origami patterns.

The spatial 4R linkage equations given by Chen et al. [23] only apply to developable ver-

tices. This linkage discussed in [23] however, is a special case of the general Bennett linkage. The
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Figure 5.5: An under-developed box pattern modified using the offset-panel technique.

general Bennett linkage equations are the same as listed above, however equation 5.2 in its general

form is:

α1 +α3 = α2 +α4. (5.5)

The traditional Bennett linkage is often described as having opposing links that are equal

in length and have equal twist angles. However, the linkage in [23], as shown in Figure 5.7, does

not share the same twist angle on opposing links but opposing link pairs are compliments. Because

opposing twist angles are compliments, the sum of the twist angles must equal 2π , constraining

origami mechanisms of this type to developable patterns.

The traditional Bennett linkage as shown in Figure 5.8 has opposing link pairs that are

equal in length and share the same twist angle. Because the panel sector angles of this linkage are

greater than π/2, the sum of the sector angles is greater than 2π , resulting in an over-developed

vertex. A singularity where only two links can achieve mobility arises in this mechanism when it

is developable, i.e. when sector angles equal π/2. Because of this, the traditional Bennett linkage

only applies to non-developable origami patterns whereas the compliment-type Bennett linkage

only applies to developable origami patterns.
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Figure 5.6: An example axis-shift vertex. Hinges are indicated by red dashed lines.

Figure 5.7: A symmetric-compliment-type Bennett linkage where opposing twist angles are not
equal but are compliments.

To show example applications of the non-developable-type Bennett linkage we apply the

axis-shift technique to origami tube patterns and egg-box patterns. An optimization of the geom-

etry of these thick origami tubes is discussed in [70]. A symmetric thick tube design is shown

in Figure 5.9. This tube is comprised of under-developed, developable, and over-developed ver-

tices. The Bennett linkage is applied to all vertices, the compliment-type to the developable vertex,

57



Figure 5.8: A symmetric Bennett linkage where opposing links have equal lengths and twist angles.

Figure 5.9: Foam-board prototype of symmetric-non-developable-thick tube.

and the traditional-type to the over-developed and under-developed vertices. These three different

types of vertices of the tube are shown in Figure 5.10.

In [70] a non-symmetric thick tube as shown in Figure 5.11 is discussed. Because of

the non-symmetric geometry of this tube, Bennett linkages cannot be utilized at the vertices. To

overcome the constrained geometry of this tube, two degree-4 vertices are replaced with a single

6R Bricard linkage [71]. This higher-order linkage provides the extra degrees-of-freedom needed

to achieve mobility. The resulting mechanism maintains a single degree of freedom.
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Figure 5.10: The three different linkages used in the symmetric-thick-origami tube. Left: an under-
developed-traditional-Bennett linkage. Center: a developable compliment-type Bennett linkage.
Right: an over-developed-traditional-Bennett linkage.

Figure 5.11: Foam-board prototype of non-symmetric non-developable-thick tube.

We also apply the axis-shift technique to the non-developable-egg-box pattern and egg-box-

inspired-tube pattern shown in Figures 5.12 and 5.13. These patterns consist of over-developed and

under-developed vertices. For the over-developed vertices, traditional Bennett linkages are utilized

and for the under-developed vertices, under-developed-spherical linkages are used.
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Figure 5.12: Eggbox pattern comprised of over-developed Bennett linkages and under-developed
spherical linkages.

5.4.3 Split-vertex technique

The split-vertex technique shows much potential in non-developable-origami applications.

Because this technique utilizes spherical linkages like the tapered-panel and offset-panel tech-

niques, the technique does not have the constraints of the axis-shift technique. The application of

the split-vertex technique to non-developable patterns, however, is more complex than the tapered-

panel or offset-panel technique because symmetry must be maintained in the split-vertex loop. The

fold angle of the spacer panel must also be taken into consideration to design optimum configura-

tions.

The sector-angle and fold-angle relationships given in [5] are for developable vertices. To

derive these relationships for non-developable vertices is more complex [63]. One way to avoid

these complexities is to begin with a non-developable pattern that utilizes symmetric-degree-4

vertices. As discussed in [5] the splitting of a symmetric-degree-4 vertex is the only case where a

minimum-width spacer panel can be used and is the easiest case to design.
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Figure 5.13: Eggbox inspired non-developable tube comprised of excess-vertex Bennet linkages
and deficient-vertex spherical linkages.

The application of the split-vertex technique to a under-developed-hexagonal bowl is shown

in Figure 5.14. This pattern uses symmetric vertices to simplify the design. An interesting bi-

product of the split-vertex technique applied to non-developable patterns is that the spacer panel

acts as a chamfer between the neighboring panels. This has a smoothing effect on the geometry and

can be seen in the hexagonal bowl shown in Figure 5.14. This makes the bowl geometry smoother

on the inside surface. The split-vertex technique applied to non-developable origami patterns has

great potential in folding packaging, or container applications where the deployed shape is often

non-developable and a sealed inside surface is required.

5.5 Conclusions

This work has shown how thickness-accommodation techniques can be applied to non-

developable origami patterns. The Bennett linkage for non-developable and developable applica-

tions has been discussed in detail. Examples of non-developable thick origami mechanisms have
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Figure 5.14: Split-vertex implementation of a non-developable hexagon pattern.

been demonstrated here using the offset-panel technique, axis-shift technique, and split-vertex

technique. While other existing thickness-accommodation techniques could also be applied to

non-developable origami patterns we leave this area for future research. Non-developable-thick

origami mechanism have potential for applications in various origami-inspired engineered sys-

tems.

62



CHAPTER 6. DESIGN OF AN ORIGAMI-INSPIRED DEPLOYABLE AERODYNAMIC
LOCOMOTIVE FAIRING

The design of an aerodynamic origami-inspired deployable fairing for locomotives is dis-

cussed in this chapter. Because freight locomotives may or may not be in the lead position and

the constrained space between coupled locomotives is small, it is desirable for the fairing to be

stowed flat in the non-lead position. The fairing is based on non-developable thick origami. Thick

origami has traditionally only been applied in the context of developable patterns. Considerations

for applying thick origami to non-developable patterns is discussed. The fairing geometry is opti-

mized using CFD analysis and multi-dimensional polynomial regression. Prototypes of the fairing

are constructed to validate its operational feasibility. The fairing is estimated to reduce overall

aerodynamic drag on the locomotive by 16% at a 80 kph velocity. This translates into an estimated

fuel savings of over $2,000,000 a year per fleet of 1,000 trains.

6.1 Introduction

Aerodynamic drag is one of the largest contributing factors to the fuel consumption of large

vehicles at cruising speed. Large freight vehicles would benefit from aerodynamic improvements

in their design but are often constrained by functional requirements such as accessibility and overall

size.

Origami has been used as a source of inspiration in solving some of the most difficult space

constrained problems ranging from space [55] to medical applications [72]. This project utilizes

the principals of origami to create a transformable aerodynamic add-on device for locomotives.

The device, which we will refer to as the fairing, can transform its shape from an aerodynamic

form to a collapsed form so that the functional requirements of the locomotive is maintained. The

basic concept of this reconfiguration is shown in Figure 6.1. The deployed configuration is meant

to decrease pressure drag on the lead locomotive of a train. The stowed configuration is meant to
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Figure 6.1: Initial concept for an origami-inspired deployable fairing based on rigid folding panels.
Left: The fairing in its deployed state. Right: the fairing in its stowed (folded) state.

allow coupling of locomotives without restricting the walkway between locomotives for when the

locomotive is not in the lead position.

The fairing design presented here is based on thick origami. When thickness is introduced

in an origami-based mechanism, that thickness must be accommodated to prevent self intersection

of panels. Many techniques have been introduced which accommodate thickness in origami-based

mechanisms. These techniques include changing the shape of the panel to prevent intersection

[6,9], moving the hinges of the pattern out of plane to prevent interference [23], replacing revolute

joints with flexible hinges that allow out of plane movement [31, 43], and modifying the crease

pattern to create space for stacking panels [32].

The foldable fairing presented here is also based on non-developable origami. A devel-

opable surface is one where the Gaussian curvature is zero i.e. it can be flattened into a plane

without stretching the material. Because traditional origami starts with a flat sheet of paper and

is folded into a 3D shape, it can likewise be unfolded back into a flat sheet and is therefore de-

velopable. In terms of origami, we define a developable pattern to be one that does not require

cutting and gluing to achieve its final shape. Although cutting and gluing is typically eschewed in

origami, in engineering design some interesting and useful designs have come about by cutting and

gluing paper to create non-developable patterns such as egg-box patterns [57], tube patterns [59],
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and three-dimensional polyhedra-based patterns [60]. Thickness-accommodation techniques have

been applied primarily to developable patterns. This work explores the potential of thickness-

accommodation techniques being applied to patterns that are non-developable. We will discuss the

additional considerations that must be made when dealing with non-developable thick origami and

the constraints that some techniques have with non-developable vertices.

This document outlines the approach taken and the results achieved to design a foldable

locomotive fairing based on non-developable thick origami that can meet the general requirements

of both the deployed and stowed states. Additional constraints and functional requirements that the

design must achieve are discussed. A final fairing design that has been shown to meet all the space

constraints and functionality requirements and decreases aerodynamic drag by over 16 percent is

discussed and prototypes shown.

6.2 Background

The block-like shape of modern freight locomotives makes for poor aerodynamics when

compared to the shape of high-speed passenger trains [73]. The design of today’s locomotives has

been driven largely by operational constraints and cost to manufacture rather than its aerodynamic

performance. The resulting locomotive shape is unfortunate because it results in high aerodynamic

drag and contributes to higher fuel consumption at cruising speed.

The attachment of a nose fairing to a locomotive could reduce the total drag on a train.

However, for such an attachment to work with current locomotives, it must not interfere with the

functionality of the front locomotive coupling action. Locomotives are often coupled at the front

and rear of a long train. A locomotive with a large static nose-fairing attached would need the

fairing to be taken on and off every time it were coupled and uncoupled with other locomotives.

Modern freight locomotives have many features at the front that could potentially interfere

with a fairing. Some of these features include the windshields, headlights, front door, stairs, walk-

way, coupler, snow plow, hand rails, and electrical and pneumatic connectors. The implementation

of a fairing on the front of a locomotive must take these functions into consideration. The foldable

fairing presented here seeks to overcome the challenges inherent with a static fairing by providing

stowed and deployed configurations that can meet the requirements of both the lead and non-lead

locomotive positions.
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Figure 6.2: A degree-4 vertex.

6.2.1 Thick Origami

An origami pattern can be seen as a system of spherical linkages where panels are links

and fold lines are hinges [3]. A subset of origami patterns are called rigidly-foldable patterns.

Rigidly-foldable origami patterns do not require the bending of facets while folding and only re-

quire deflection of the creases to fold. When modeled as a linkage these patterns will have a

positive mobility. This is important in thick origami applications because thick panels are often

too stiff to provide deflection similar to what can occur in traditional origami. Using rigid foldable

patterns in thick origami ensures that strain energy is not stored in panels and the mechanism will

be easier to actuate.

The degree-4 vertex, such as the one shown in Figure 6.2, is the building block of many

origami patterns. The angles between fold lines are called sector angles and are represented by

α1 through α4. For a degree-4 vertex to fold flat it must satisfy the Kawasaki-Justin theorem [61]

which states that for flat-foldable vertices:

α1−α2 +α3−α4 = 0. (6.1)

When paper is creased, its stiffness is reduced along the crease line allowing the paper to

act as both the links and hinges in a mechanism [74]. When designing thick origami mechanisms,

the crease lines of an origami pattern are replaced by a surrogate hinge [44]. These hinges can
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be revolute joints, compliant members, or rolling contact based joints [75]. For the locomotive

fairing, the load carrying capacity of the hinges is an important consideration. The wind load that

a fairing experiences during operation translates into large forces so traditional pin-joint hinges are

used in the fairing design.

Thickness-accommodation techniques considered for use in the foldable fairing include the

axis-shift technique [23] and the offset-panel technique [9]. These techniques are chosen due to

the fact that flat panels are used in their construction, special hinges or an extra number of hinges

are not required, and revolute joints can be used.

The offset-panel technique accommodates thickness through the use of panels that are off-

set from the zero-thickness origami pattern but maintain the same hinge locations as the zero-

thickness origami pattern. An example degree-4 offset panel vertex is illustrated in Figure 6.3.

We can see from this figure that the hinge lines intersect at a point, maintaining the same spherical

linkage as the original origami pattern. The offset panel technique has been utilized in various thick

origami applications [10], however the application of the technique to non-developable patterns is

a new area of exploration. An advantage of using the offset panel technique for non-developable

patterns is that the same techniques and methods used for developable patterns can be applied.

This is because the technique does not modify the spherical linkage of the zero-thickness pattern.

The axis-shift technique shifts the hinge lines rather than the panels of a zero-thickness

pattern to accommodate thickness. An example degree-4 axis-shift vertex is illustrated in Figure

6.4. As seen in this figure, because the hinge lines have been shifted, they no longer lie in the

same plane when folded flat and they no longer intersect at a point throughout the folding motion.

Because of this the linkage is no longer a spherical mechanism but is a spatial 4-R mechanism.

This mechanism is know as the Bennett Linkage where opposing link pairs are equal in length

and have the same rotational axis twist. The criteria for the mechanism to achieve mobility given

in [23] are:

α1 +α3 = α2 +α4 = π (6.2)

d1 = d3,d2 = d4 (6.3)

d1

d2
=

sin(α1)

sin(α2)
(6.4)
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Figure 6.3: An example offset-panel vertex. Hinges are indicated by red dashed lines.

The first criteria listed in Equation 6.2 corresponds with the flat foldability criteria given in

Equation 6.1. This means patterns modified with the axis-shift technique must be flat foldable to

achieve mobility. Another consequence of Equation 6.2 is that the sum of all the sector angles α1

through α4 must equal 2π . This means that the axis-shift technique for degree-4 vertices as dis-

cussed in [23] is only applicable to developable origami patterns. The foldable locomotive fairing

design presented here, however, is based on a non-developable origami pattern and therefore axis-

shift technique cannot be utilized in its design. Due to this constraint, the offset-panel technique

was utilized to accommodate thickness for the foldable fairing mechanism.

6.3 Approach

The first step in designing a foldable fairing was to determine the space in which a deployed

and stowed fairing could occupy on the front of a locomotive. For a deployed fairing it was

determined that the space as shown in Figure 6.5 could be occupied without interfering with the

view of the engineer, the headlights, plow, or other frontal features. For the stowed position it was

determined that the fairing could occupy the space as shown in Figure 6.6 without interfering with

the walkway between locomotives or any of the coupling mechanisms between locomotives. In
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Figure 6.4: An example axis-shift vertex. Hinges are indicated by red dashed lines.

Figure 6.5: Design volume for the deployed fairing. Usable area is highlighted in yellow.

addition to the spatial requirements of the fairing, operational considerations such as the difficulty

and time required to deploy and stow the fairing had to be taken into account. The reliability and

maintenance requirements were also considered.
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Figure 6.6: Design volume for the fairing in the stowed configuration. Usable area is highlighted
in yellow.

The approach taken to design the fairing involved iteration in the following process: Con-

cept Generation, Concept Evaluation, Concept Selection, Design Optimization, and Design Vali-

dation.

6.4 Concept Generation

With the functional requirements of the fairing in mind, concepts for reconfigurable designs

were generated. Many concept fairings, such as those illustrated in Figures 6.1 and 6.7, were

generated including inflatable concepts, tension fabric concepts, and folding rigid panel concepts.

Although origami was the initial source of inspiration for the foldable fairing project, concepts

were not limited to origami-related ideas. Many possible methods of deployment were considered

as long as the concept could achieve the desired deployed and stowed shapes. Over 40 different

concepts were generated by project participants.

6.5 Concept Evaluation

All of the concepts generated could achieve the desired deployed and stowed shapes so the

large number of initial concepts was narrowed down by evaluating them for robustness, cost, ease

of use, and maintenance requirements. By evaluating the various concepts against the require-

ments, the number of concepts was narrowed to two: a rigid panel fairing and a tension fabric

fairing. Inflatable fairings were ruled out due to maintenance concerns and the time involved in
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Figure 6.7: Fabric-based design concepts. Left: inflatable fairing concept sketch. Right: tension-
fabric-based fairing concept.

inflating and deflating. The other concepts could be considered subsets of these two main types

of fairings. To select between the two main categories, the concepts were explored in more depth

with prototypes.

6.5.1 Flat-panel-based concept

A flat panel based concept was created that utilized two foldable halves. This concept, as

shown in Figure 6.8, folds into two flat panel stacks with a space between the panel stacks that

would leave the deck-to-deck walkway between locomotives open.

The pattern of the flat-panel-based concept was designed to approximate the shape of a

bullet with flat panels. Because a bullet is a non-developable shape, the origami pattern created to

approximate it was also non-developable. This is uncharacteristic of origami as origami is usually

folded from paper which is a developable surface.
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Figure 6.8: Proof-of-concept prototype of the non-developable origami-based flat panel design.

Each half of the rigid-panel-based folding fairing is comprised of degree-4 vertices. The

prototype shown in Figure 6.8 utilizes two degree-4 vertices in each half. For each half of the

fairing to be able to fold flat, every vertex must be flat foldable.

6.5.2 Fabric-based concept

The fabric-based concept is based on a fabric membrane stretched across a folding frame.

The concept is inspired by many collapsible fabric-based structures such as tents and awnings.

The requirements of a nose fairing however are very different from that of many fabric based

deployables. Tents and awnings usually deform easily in strong winds. A fabric-based fairing

however would need to maintain its shape in strong headwinds to provide consistent aerodynamic

performance.

A fabric-based design is shown in Figure 6.9. The design utilizes two folding frame mem-

bers for each half and an architectural fabric that is stretched across the frame. The fabric and

folding frame members are attached to a rigid frame. The two halves are secured by means of a

zipper that joins the fabric.
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Figure 6.9: Scaled prototype of tension-fabric concept.

6.6 Concept Selection

After evaluating both the rigid-panel and tension-fabric designs, the rigid-panel-based fair-

ing was chosen for further development for a number of reasons. First the rigid-panel fairing was

evaluated to be more robust against colliding objects. Second the ability of a rigid-panel fairing to

maintain its shape under heavy wind loads was much greater than a fabric-based fairing. Third, a

simpler geometry simplified the optimization process to reduce drag.

6.7 Design Optimization

To determine an optimal geometry for a nose fairing within the design volume, an optimiza-

tion study was conducted [76]. In this study fairing geometries were evaluated using computational

fluid dynamic (CFD) software STAR-CCM+, based on the K-epsilon turbulence model at a steady

state 80 KPH fluid flow. Over 140 different nose fairings were evaluated and a multidimensional

polynomial regression was used to determine optimal geometries.

This study was conducted in two parts. The first study evaluated a parametric nose fairing

design where fairing length (α), tip width (β ), and tip height (δ ) as illustrated in Figure 6.10, were

varied within a constraint space. The resulting optimal design of is shown in Figure 6.11.

The resulting geometry of was significantly different than the starting geometry. The front

face of the optimal design had a slope of 70 degrees, much steeper than anticipated. It is hy-

pothesised that this steep angle helps to direct flow up onto the top of the locomotive rather than
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Figure 6.10: Parameters used in the first study (left) and the second study (right).

Figure 6.11: Optimized shape of the first CFD study.

stagnating on the blunt windshields. This fairing geometry reduced drag on the locomotive by

approximately 15 percent.

The second study took the optimized shape of the first study as the starting point and then

varied four angles: the inside top angle, outside top angle, top-plane side angle, and the bottom-

plane side angle. The resulting optimal design is shown in Figure 6.12. This design reduced drag

on the locomotive by approximately 17 percent.

The geometry of this second study is similar to the first firing in size and they have similar

trailing edge angles, but the front face is concave rather than flat. Concave counter-intuitive geom-

etry supports the conclusion that directing more flow onto the top of the locomotive helps reduce

drag more than directing flow to the sides. When examining the sides and top of the locomotive,

the sides tend to have more features that would create drag (e.g. hand-rail supports, vents, wheel

assemblies). The fluid flow around around a locomotive is highly complex and a counter-intuitive
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Figure 6.12: Optimized shape of the second CFD study.

fairing shape can reduce flow separation and consequently overall drag. Following these studies,

wind tunnel tests were also performed to validate the CFD models. The results of the wind tunnel

tests showed the same drag reduction trends as the CFD model and overall drag reduction values

were the same.

Because the shape of the second study is a curved surface and the goal was to have a flat-

panel fairing, the curved shape would have to be approximated with flat panels. Based on the

hypothesis that channeling fluid flow over the top of the locomotive is what helped achieve higher

performance, flat panel designs which would do the same where explored. A design which proved

to have similar performance as the curved design is shown in Figure 6.13. This design was created

by taking the geometry of the first study and adding vanes to each side to help channel the flow

onto the top of the locomotive. CFD analysis showed that this flat-panel design reduced drag by

over 16%. Although not as high as the 17% drag reduction for the curved shape, the trade-off in

stowability and manufacturability was deemed acceptable and the simplified geometry with vanes

was chosen for the final design.

6.8 Final Fairing Design

The fairing shape shown in Figure 6.13 was selected and the folding pattern to fold the

non-developable shape into the allotted space (see Figure 6.6) was designed. The folding pattern

for one half of the final fairing design is shown in Figure 6.14. Because it is a non-developable

surface, it cannot be folded in a single piece of paper. It starts out as two pieces which are then
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Figure 6.13: Simplified shape that gives performance similar to the curved shape of the second
study.

Figure 6.14: Fold pattern of the non-developable fairing design. Red lines indicate where the face
panel attaches to the side panel. Green lines indicate where the panels attach to the frame.

attached together along the diagonal of the other piece to form the vane. The green lines in Figure

6.14 are attached to a static frame which is attached to the locomotive. The frame and the three

panels which attach to it form a degree-4 origami vertex, or a spherical mechanism. The other

panels of the fairing form an open loop non-spherical spatial linkage once the fold axes are shifted

to accommodate for thickness.

An eighth-scale prototype of the final design, as shown in Figure 6.15, was constructed

as a proof of concept of the folding motion and thickness-accommodation methods. 0.85 mm

sheet metal was used as the panel material and steel piano hinges were used at the fold lines. The

prototype was assembled using spot welds. Offsets in the panels were created by spot welding
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Figure 6.15: Eighth-scale prototype constructed from sheet metal.

additional strips of sheet metal between the panels and hinges so that the correct offset distance

was achieved. Magnets were used in this eighth-scale prototype to secure the panels in either the

deployed or stowed positions, where latches would be used in the full-scale design.

The eighth-scale prototype shares many of the same design aspects as the full scale design

but there are some differences such as the panel material choice. Although solid steel panels

worked well for the eighth scale prototype, for the full scale prototype this would be prohibitively

heavy, a concern not for the locomotive’s sake but for the operator who must manually deploy

and stow the fairing. A high-strength steel and high density polyethylene foam (HDPE) sandwich

panel, shown in Figure 6.16 was selected as the material for the production version of the fairing.

This material keeps the weight of the fairing within an acceptable range for one person operation

without compromising stiffness or strength. The material is also economical when compared to

aluminum sandwich panel options.
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Figure 6.16: Composite high-strength steel and HDPE foam sandwich panel selected as the panel
material for the full scale fairing design.

6.9 Design Validation through Full-Scale Prototype

To validate the operational aspects of the folding fairing, a full-scale prototype was con-

structed. The prototype, as shown in Figure 6.17, was constructed with plywood and piano hinges.

Latching hardware was used to secure the fairing in the open and closed positions. The prototype

was installed on an operational locomotive. Figure 6.18 provides a perspective of the size com-

pared to a 158 cm tall person. When deployed the fairing is 2.35 meters wide, 1.9 meters tall from

the top of the train deck, and is 1.7 meters off the ground. The functionality of the foldable fairing

design was validated by demonstrating it could be deployed and stowed by one person in under 30

seconds. The fairing also did not interfere with the features or functionality of the locomotive.

6.10 Conclusion

The design of an origami-inspired deployable locomotive fairing has been presented. The

fairing design is based on non-developable thick origami. Considerations for the design of non-

developable thick origami mechanisms has also been discussed and we have shown that the offset-

panel technique has advantages when it comes to accommodating thickness in non-developable

patterns. The geometry of the fairing was optimized using CFD analysis and multi-dimensional
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Figure 6.17: Full-scale prototype on a freight locomotive shown in both the stowed configuration
(right) and deployed configuration (right). Photo has been modified to remove locomotive identity.

polynomial regression. The resulting fairing design is estimated to reduce drag by over 16% for a

locomotive cruising at 80 kph. The design was verified with wind tunnel testing. The deploy-stow

functions were demonstrated on a full-scale prototype attached to a freight locomotive. The fairing

can be easily deployed and stowed by one person in under 30 seconds and does not interfere with

any of the features or functionality of the locomotive. Using statistics of freight hauling trains, it is

estimated that the addition of the nose fairing onto a fleet of locomotives can save over $2,000,000

a year in fuel costs per fleet of 1000 trains.
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Figure 6.18: The top of the fairing stands 3.6 meters tall from the ground. An 158 cm tall person
provides a visual indication of the fairing size. Photo has been modified to remove locomotive
identity.
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CHAPTER 7. CONCLUSION

7.1 Conclusions

Thickness-accommodation techniques enable designers to create novel and useful mech-

anisms in origami-inspired engineered systems. Because every technique has its capabilities and

limitations, the selection of which thickness-accommodation technique to utilize depends on the

application. The detailed review of existing techniques here provides a valuable tool for those un-

familiar with thickness-accommodation in origami-inspired design. Hybrid techniques which have

been introduced here, enable new capabilities that are unique for each technique combination. Hy-

brid techniques will allow designers to create origami-inspired engineered systems that overcome

many of the challenges of existing approaches and have unprecedented performance.

The split-vertex technique that has been presented offers the advantage of accommodating

thickness without introducing holes or protrusions in the mechanism while maintaining single-

degree-of-freedom kinematics. The technique shows promise in applications where a sealed sur-

face must be maintained such as in collapsible containers or shelters. The flat construction of

split-vertex mechanisms lend themselves well to planar fabrication techniques.

The application of thickness-accommodation techniques to non-developable origami pat-

terns has been introduced here. The considerations that must be made when dealing with non-

developable patterns in thick-origami are discussed. For some thickness-accommodation tech-

niques the transition from developable to non-developable patterns is minor but for other tech-

niques such as the axis-shift technique, there are major changes that must occur.

The design of an origami-inspired deployable locomotive fairing has been presented. The

fairing design is based on non-developable thick origami. The resulting fairing design is estimated

to reduce drag by over 16% for a locomotive cruising at 80 kph. The deploy-stow functions of this

fairing were demonstrated on a full-scale prototype attached to a freight locomotive. The fairing

can be easily deployed and stowed by one person in under 30 seconds, does not interfere with the
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features or functionality of the locomotive, and can save millions of dollars a year in fuel costs for

rail lines.

7.2 Future Work

I propose the following areas of potential future research that would provide value to the

field of origami-inspired engineering projects.

• Further develop the theory and applications of non-developable thick origami.

• Further develop thickness-accommodation techniques which are based on compliance in the

folding mechanism and do not require rigid-foldable patterns.

• Utilize the principles of thickness-accommodation for novel and useful applications.
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