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ABSTRACT

New Computational Techniques in FJRW Theory
with Applications to Landau Ginzburg Mirror Symmetry

Amanda Francis
Department of Mathematics, BYU
Doctor of Philosophy

Mirror symmetry is a phenomenon from physics that has inspired a lot of interesting
mathematics. In the Landau-Ginzburg setting, we have two constructions, the A and B
models, which are created based on a choice of an affine singularity with a group of sym-
metries. Both models are vector spaces equipped with multiplication and a pairing (making
them Frobenius algebras), and they are also Frobenius manifolds. We give a result relating
stabilization of singularities in classical singularity to its counterpart in the Landau-Ginzburg
setting.

The A model comes from so-called FJRW theory and can be defined up to a full cohomo-
logical field theory. The structure of this model is determined by a generating function which
requires the calculation of certain numbers, which we call correlators. In some cases the their
values can be computed using known techniques. Often, there is no known method for find-
ing their values. We give new computational methods for computing concave correlators,
including a formula for concave genus-zero, four-point correlators and show how to extend
these results to find other correlator values. In many cases these new methods give enough
information to compute the A model structure up to the level of Frobenius manifold. We
give the FJRW Frobenius manifold structure for various choices of singularities and groups.

Keywords: FJRW Theory, Moduli Space of Curves, Frobenius algebra, Frobenius manifold,
cohomological field theory, genus-g, k-point correlators
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CHAPTER 1. INTRODUCTION

In the Landau-Ginzburg setting the structure of the A model, given by FJRW theory, is
defined up to the level of cohomological field theory, but in most examples cannot be explicitly
computed using known methods. We give new methods for finding the A model structure.
In many cases our new methods determine the A model Frobenius manifold structure. We
show the Frobenius manifold structure for most of the unknown unimodal and bimodal

singularities and corresponding groups.

1.1 BACKGROUND

Conjecture 1. The Landau Ginzburg Mirror Symmetry Conjecture.

There should be A and B model structures, each constructed from a singularity W associated
to a polynomial (see Equation and an associated group, G (see Definition , such that
the A model for W and G is isomorphic to the B model for WT and GT, where W1 and
GT are dual to the original singularity and group (see Definitions E] and @ Both the A
and B models should be graded vector spaces, Frobenius algebras, Frobenius manifolds, and

cohomological field theories. They should be isomorphic at each of these levels.

Although physics predicted its existence, a mathematical construction of the A model
was unknown until 2007 when Fan, Jarvis, and Ruan, following the ideas of Witten, proposed
a cohomological field theory .y to satisfy Conjecture (1] [1, 2, B]. This field theory, when
restricted in various ways, produces a vector space, a Frobenius algebra, and a Frobenius
manifold. A Frobenius algebra & is an algebra over a field (in this case C) which also has a
bilinear map (e, ) : &/? — C called a pairing, such that the product in the algebra respects
this pairing, that is, (a- 3,7) = («, 8- 7). A Frobenius manifold is a manifold M, such that
at each point p € M, the tangent space T,M is a Frobenius algebra, and such that these
Frobenius algebras vary continuously in p. A cohomological field theory is made up of a

class A in H* (%g,k) for each choice of genus g, number of marked points k, and k-tuple of



elements in the basis for the underlying space. These cohomology classes must also satisfy
a certain composition property described in Section [2.3.6]

To construct the B model dual to 4y, a singularity and symmetry group which are
dual to W and G are needed. However, in certain cases these are still not defined. In 1993,
Berglund and Hubsch first described the dual of a polynomial in [4], but it was still unclear
what the right choice for a dual group would be in the construction of the B model. In
2009, Mark Krawitz [5] constructed a dual group for invertible polynomials and conjectured
that it would fit in the mirror symmetry picture described in Conjecture[I} His construction
involves using a unique representation of each group element given as a linear combination
of the rows of the inverse of the exponent matrix (see Equation [2.2)). For non-invertible
polynomials, the exponent matrix is not invertible, so this construction will not work, thus
a dual group construction to use in the B model is still needed.

Given an appropriate choice of singularity W7 and symmetry group G*, the correspond-
ing B model structure has been partially defined and computed. In 1990, Intriligator and
Vafa described the B model vector space structure and claimed there should be a ring struc-
ture but did not compute it [6]. Kaufmann outlined many properties of the product, and
it was described completely by Krawitz [5] following a recipe from Kaufman [7, [, ©]. Thus
the Frobenius algebra structure of the B model is now known. The Frobenius manifold and
higher genus structures, however, are only known in certain cases. For example, when we
choose the maximal group for the A model construction (see Definition , the dual group is
then generated by only the identity element. In this case the B model is called unorbifolded,
the Frobenius algebra structure is just the Milnor ring, the Frobenius manifold structure is
given by the work of Saito [10], and the higher genus potential function was given by Givental
[11]. In the case where we do not use the maximal group for the A model, and therefore
have a nontrivial dual group, we call the B model orbifolded. In this case the Frobenius
algebra structure is given by the orbifold Milnor ring with product structure as described by

Krawitz, but the higher structure of the orbifolded B model is still unknown.



We can find a basis whose elements are consist of a pair of monomial and group element.
When the group element does not act trivially on any variable of W we call this a narrow
element, otherwise, it is called broad. The structure in the A model is determined by certain
structure constants called genus-g, k-point correlators, which come from the cohomology
of the moduli space %g,k of genus-g curves with k£ marked points. The Frobenius algebra
structure is given by the genus-zero, three-point correlators, the Frobenius manifold structure
by the genus-zero, k-point correlators for £ > 3, and the higher genus structure by the genus-
g, k-point correlators for all nonnegative integers g and k such that 2g — 2 + k& > 0. These
correlators are defined as integrals of certain cohomology classes A over %gvk. They are
difficult to compute, especially when they contain broad elements, so in some cases we still
do not know how to compute even the A model Frobenius algebra structure. In most cases
we do not know how to compute the Frobenius manifold or higher genus structures. In this
dissertation we make progress along these lines.

It is generally believed that the weights of a singularity and the choice of symmetry group
completely determine the A model structure. To our knowledge, no proof of this statement
has been given. We give a proof for a special case.

In classical singularity theory, it is well-known that if W € C[zy, ..., x,] is a non degener-
ate, quasihomogeneous singularity, then W and W= W42 41 are equivalent as singularities.
In this paper we describe when the A and B models are equivalent for W and W depending
on the choice of symmetry group for each.

In 2010, Krawitz proved the Conjecture [If at the level of Frobenius algebra for any

invertible polynomial W and G' = G}}**, the maximal symmetry group. It is more difficult to

determine the product structure in the A model when G' # G#*, because of the introduction
of broad elements. In 2011 Johnson, Jarvis, Francis and Suggs [12] proved the conjecture

at the Frobenius algebra level for any pair (W, G) of invertible polynomial and admissible

symmetry group with the following property:

Property 1. Let W be an invertible, non degenerate, quasihomogeneous polynomial and let



G be an admissible symmetry group for W. We say the pair (W, G) has Property if

1. W can be decomposed as W = Zf\il W; where the W; are themselves invertible polyno-

mials having no variables in common with any other W;.

2. For any element g of G, where some monomial [m ;g| is an element of iy, and for

each i € {1,..., M}, g fizes either all of the variables in W; or none of them.

An important fact about invertible polynomials, found in [13], is that such polynomials
can be written as a decoupled sum W = ). W; where no W, shares any common variables
with any W; for j # ¢ and such that each W; is an atomic polynomial: a chain, a loop, or a
Fermat (see Lemma [1J).

A corollary to the theorem in [12] is that any polynomial which is a sum of loop and
Fermat type polynomials or a two variable chain satisfies the Property [I} and will there-
fore satisty the Landau-Ginzburg mirror symmetry conjecture. Since the Frobenius algebra
structure is always computable in the B model, the above theorems allow us to determine
the A model algebra structure up to isomorphism for various singularities and groups, which
otherwise could not be computed.

Finding Frobenius manifold structures for each model is an important task, both as
it relates to the Landau-Ginzburg mirror symmetry conjecture, and because it may lead
to computing the full cohomological field theory of each model. A semi-simple Frobenius
manifold is a manifold M where the Frobenius algebra T, M at a generic point p is a semi-
simple algebra. A theorem by Givental states that a semi-simple Frobenius manifold will
determine the entire cohomological field theory associated to the model ([11]). Saito proved
that the unorbifolded B model associated to W is semi-simple ([10]). One open topic for
future research would be proving something similar for either the orbifolded B model, or for
any group in the A model.

Computing the full structure of either model is difficult, and has only been done in a few
cases. The easiest examples of singularities are the so-called “simple” or ADFE singularities.

Fan, Jarvis, and Ruan computed the full A model structure for these in [I]. The next



examples come from the “Elliptic” singularities Ps, Xg, J19, and their transpose singularities.
Shen and Krawitz calculated the entire A model for the Py, X{ and Jj,, with maximal
symmetry group [14].

Much of the work that has been done so far in this area has used a set of axioms which help
calculate exact values of correlators in certain cases as described in Section [2.3.6] Primarily,
these axioms have been used to compute genus-zero three-point correlators, but many of
them can be used to find information about higher genus and higher point correlators. One
of these is called the concavity axiom. When this axiom applies to a correlator, it gives a
formula for the cohomology class A associated to a given correlator, in terms of the top Chern
class of a sum of derived pushforward sheaves. In this dissertation, we use a result of Chiodo
[15] to compute the Chern characters of the individual sheaves in terms of some cohomology
classes in the moduli stack of W-curves %, in genus zero. Then we use various properties
of Chern classes to compute the top Chern class of the sum of the sheaves given the Chern
character of each individual sheaf. Much is known about the cohomology %g,k, and not a lot
about #; 1, so we push down the cohomology classes in #; . to certain tautological classes 1;,
kq and Aj over # . In this way, we provide a method for expressing A as a polynomial in
the tautological classes of %g,k. To compute our correlator values we must integrate A over
%g,ky which is equivalent to calculating intersection numbers. Algorithms for computing
these numbers are well established, for example in [16, 17]. Code in various platforms (for
example [16] in Maple and [18] in Sage) has been written which computes the intersection
numbers we need. I wrote code in Sage which performs each of the steps mentioned above
to find the top Chern class of the sum of the derived push forward sheaves, and then uses
Johnson’s intersection code [I§] to find intersection numbers. This allows us to compute
certain correlator values which were previously unknown. In particular, we give an explicit
formula for computing any concave genus-zero four-point correlator. We follow ideas found
in [1], and give a complete proof. We also describe how to compute higher point correlators,

and use the reconstruction lemma to find values of non-concave correlators, with an aim



to describe the full Frobenius manifold structure of many pairs (W, G) of singularities and
groups. In some cases, these new methods allow us to compute Frobenius algebra structures
for certain singularities and groups which were previously unknown.

There are eleven pairs (W, G) of elliptic singularity and symmetry group which have
unknown Frobenius manifold structure. In this paper we use our new methods to find the
full Frobenius manifold structure for seven of these eleven combinations. In [I9] Arnol’d
lists 33 other invertible unimodal and bimodal singularities. From these we find 36 pairs of
singularities and group with unknown Frobenius manifold structure. Using our new methods,

we are able to fully describe the Frobenius manifold structure for 26 of these pairs.

1.2 OVERVIEW

We begin by reviewing the construction of the A and B models in Chapter[2] After describing
the vector spaces and pairings for each model, we define multiplication and other known
structure information for each. This includes a brief description of the moduli space of
curves and the moduli stack of W-curves. We also give a proof that the weights and group
determine the FJRW structure in a special case.

In Chapter |3| we compare stabilization of singularities in classical singularity theory to
what occurs in both the A and B models when we add an extra squared variable to the
singularity, and make various choices for G.

Chapter 4| contains an explanation of the concavity axiom and Chiodo’s formula for the
Chern character of the derived pushforward sheaf. Using these, we provide a formula for the
class A in terms of some of the tautological classes in H *(]g,k), a formula for computing
concave genus-zero four-point correlators, a description of how to compute higher point
correlators and a brief review of the reconstruction lemma.

Chapter |5| contains our results for computing the Frobenius algebra and Frobenius man-

ifold structure for the unimodal singularities with all possible symmetry groups.



CHAPTER 2. REVIEW OF QUANTUM RING CONSTRUCTION

We begin by reviewing key facts about the construction of the A and B models.

2.1 ADMISSIBLE POLYNOMIALS AND SYMMETRY GROUPS

The A and B models require the choice of a singularity and an associated symmetry group.

2.1.1 Singularities. A singularity is given by a polynomial W € C|xy, ..., z,], where

i

W = chﬁx?” (2.1)
j=1

Definition 1. A polynomial W, as in Equation is called quasithomogeneous if there
exist positive rational numbers q; (called weights) for each variable x; such that each mono-

mial of W has weighted degree one. That is, for every i where ¢; # 0,

Z Qj&i,j =1.
J

The central charge of the polynomial W is

e=Y (1-2g).

J

Definition 2. A polynomial W € Clxy, ..., x,] is called nondegenerate if it has an isolated
singularity at the origin, that is, if

ow oW oW

= 0 has an isolated solution at the origin, and
2. The weights of the polynomial W are uniquely determined.

Definition 3. We say that a nondegenerate quasihomogeneous polynomial is invertible if

it has the same number of variables and monomials.



If a polynomial W is invertible, then it is possible to rescale variables to make all coeffi-

cients equal to one.

The following lemma from Kreuzer [13] is helpful in classifying the nondegenerate, quasi-

homogeneous, invertible singularities.

Lemma 1. If W s a quasihomogeneous nondegenerate invertible polynomial, then it can be
written as the decoupled sum W =Y. W;, where W; does not share any variables with any

W; fori # j, and each W; is one of the following atomic type polynomials:
1. Fermat: z°
2. Loop: x{'xy + x5°T3 + ... + 201y
3. Chain: x{'wy + 25213 + ... + 20" @y + 20m.

n—1

To each nondegenerate quasihomogeneous polynomial, W as described in Equation [2.1]

we can associate an exponent matrix, Ay by

A = [a; ). (2.2)

Recall the following result from [IJ.

Lemma 2. If a nondegenerate quasihomogeneous polynomial W is invertible, then its expo-

nent matriz Ay is an invertible matriz.

Proof. The requirement that the weights of W be unique is equivalent to saying that the

rank of the matrix Ay, is equal to the number of variables, n. O

Example 1. The singularity W = J is defined by the polynomial 3 + y3 + yz2. This is a

quasthomogeneous polynomial with weights q, = %, qy = %, and q, = %

ew=(1-2/3)+(1—2/3)+(1—2/3) =1.



We can check that this is a nondegenerate singularity, since

ow
32, —— =3y + 2% — =2z,
0z

ow

or
have a common zero only at the origin. Also, W has three variables and three monomials,
so it is an invertible singularity. W is a sum of the Fermat polynomial 2* and the chain
polynomial 2%y + v°.

The exponent matriz for W and its inverse are given below.

300 1/3 0 0
Av=1030|; Av=| 0 1/3 0
01 2 0 —1/6 1/2

2.1.2 Symmetry Groups. The construction of both the A and B models require the
choice of an admissible symmetry group G for the singularity given by W.

We begin by defining the maximal symmetry group
Definition 4. The maximal symmetry group Gy** is the group of elements of the form
g=1(g1,.--,9x) € (Q/2)" such that
W(e* gy ™92y . ™ 9ng,) = W(xy, Ta, ..., 7).
Lemma 3. If W is a nondegenerate polynomial, then the mazimal symmetry group Gy®
for W s finate.
Proof. See [1]. O

Lemma 4. If W is an invertible, nondegenerate, quasthomogeneous, invertible singularity,

then G37* is generated by the columns p; of A;Vl.



Proof. Notice that an n-tuple g € (Q/Z)" fixes the monomial m; = ], 2"’ exactly when

T
ain Qo ... o |9 €Z

This means an n-tuple g is in G3** if and only if

for some integer vector n. For an invertible singularity, this is the same as

gt =A"1n

Y

which means that g is a linear combination of the columns p; of A™L.

]

Notice that if ¢1,¢qs, . . ., ¢, are the weights of W, then the element J = (¢1,...,q,) is an
element of Gj**. This element is called the grading element.

An FJRW ring requires the choice of a subgroup G of Gj}** which contains the element
J. Such a group is called admissible. We denote (J) = G}#", and any subgroup between

G™" and G™* is admissible.

Example 2. For W = J}, we have

: 0 0
AT=10 1 0
0 4 4

Since p3 = 3py mod Z", GJ** = (p1, p2), so |G| = 18. On the other hand, J = (%, %, %),

so |GU™ = 3. In this example, it turns out that there are four admissible symmetry groups:

<J> ) <(1/371/375/6)> = <p1 +p2>7 <(1/37070)7<071/371/3)> = <,01,4,02>; and G%asc‘

10



We shall use
G =((1/3,0,0),(0,1/3,1/3)), (2.3)

for the rest of the examples in this section.

The B model, or Orbifold Milnor ring also requires a singularity and a symmetry group,

and it is necessary that they be dual to the singularity and group chosen for the A model.

Definition 5 (Berglund and Hubsch). The transpose singularity W7 is the one deter-

mined by the transpose matriz Al,. That is, if
Aw = lai],

then,
W=y e ]
i J

Definition 6 (Krawitz). If G is an admissible symmetry group for a polynomial W, then

the transpose group G' is defined by
GT ={h = (AT)f1 rl|lr-geZ forallge G,r e (2)"}

Here g is expressed as a n x 1 vector, and r as a 1 X n vector.

Example 3. For W = J& and G as in Equation [2.5,

300
AT=10 3 1
00 2

So, WT = 23 + 32+ 22, and GT can be found in the following way. If
M= (1/37 0, O) and 2 = (07 1/37 1/3>7 (24)

11



then

GT ={(A") T r € (2)°, ", ar” € Z}.

So, (AT)"'xT € GT whenever r = (i,j, k) and i = j + k=0 mod 3. Since

/3 0 0
(AN =1 0 1/3 -1/6 | .
0 0 1/2

GT = ((0,1/2,1/2)).

Remark 1. For any singularity W, if we choose G = G{®, then GT = ((0,0,...,0)). We
can see this by observing that

rg’ =r(A k),

for some integer vector k, and since rg” is a scalar, (rg”)? = grT, so

(A k) =kT (A ) T ez

Notice that (A_l)T v’ creates a general element h = (hy, ..., h,) € GT, and that this element

must satisfy:
hy

{kl kn] 1 ez,
hy,

for any choice of integers ky,...k,. The only element h that will satisfy this condition is 0.

2.2 VECTOR SPACE CONSTRUCTION

Both the A and B models are graded vector spaces. The method of their construction as

vector spaces is identical.

Notation 1. We use the notation I, to denote the indices of the variables which are fized

12



by an element g,
Fiz(g) = {(z1,...,x,)| such that x; = 0 whenever i ¢ I},
and W, is the polynomial obtained from W by setting the all variables whose coordinates are

not in 1, equal to zero.

Lemma 5. If W is a quasihomogeneous, non degenerate polynomial, and g is any element
of an admissible symmetry group, then Wy is also a quasihomogeneous nondegenerate poly-

nomial.

Proof. Suppose that I, = (i1, ...,1,), and that (a;,,...,a;. ) is a nontrivial solution to

ow, _, oW, _

e 0.
8.1'i1 ’ ’ 8xir

If we define (by,...,b,) so that for each k = i; € I, by = a;;, and for each k ¢ I, by = 0,

then (by,...,b,) is a nontrivial solution to
ow
W _y W,
0x, ox,

O

Definition 7. The Jacobian Ideal of a polynomial is the ideal generated by its partial

derivatives:

ow ow oW
JW) = (8:51’ 8:62"“’8%) '

Definition 8. The Milnor ring of a polynomial W is defined by

The dimension of the Milnor ring is denoted by piyy .

13



The dimension of the Milnor ring can be computed directly using the formula

Definition 9. The Hesstan of the polynomial W s given by

O*W
H = .
essy = det ( {3-7310%‘ } )

The Hessian is always a scalar multiple of the unique element of top weighted degree in

the Milnor ring, and the weighted degree of this monomial is always equal to ¢.

Notation 2. We will use the notation J,, 2, iy, and Hess, to denote the Jacobian Ideal,

Milnor ring, dimension, and Hessian of the polynomial Wy, respectively.

Example 4. For W = J,,

JW) = (3352, 3y + 22, 2yz) ,

'QW = <17x7y7xy7y27xy27 Z,QTZ> )

and p = (% — 1) (§ — 1) (§ — 1) = 8. The Hessian is given by

6z 0 O
Hess(W) = det 0 6y 2z = 62(12y° — 427).
0 2z 2y

Using the following Jacobian relation in the Milnor ring,

22 = _3y2a

14



we can simplify the Hessian.

Hess(W) = T2xy* — 24x2% = 72xy” + T2xy* = 144297,

which has weighted degree

If g = (%,O, O), then W, = 4 4+ y22,

Ty = (39" + 2%, 2y2)

‘Qg: <1,y,y2,Z>, (25)
and g = (3= 1) (3= 1) =4
by 2z
Hess, = det = 129 — 42% = 12¢* + 12¢* = 249/ (2.6)
2z 2y

The state space of the A model is defined in terms of Lefschetz thimbles, as in the
following definition, but it will be of more practical use to us to use the lemma that follows

it.

Definition 10. For the singularity W with admissible group G, the A-model state space
Hv.a, the underlying state space of the FIRW ring is defined in the following way. Let

. be the G-invariants of the middle-dimensional relative cohomology

Hyc = H™(Fiz(g), (W); " (00)),

g

where W;l(oo) is a generic smooth fiber of the restriction of Wy, and mid is half the dimen-

15



sion of Fix(g). The state space is given by
My = (@ %{G> .
geG

The following lemma from [20} 21] will be useful in the remainder of this paper.

Lemma 6. Let w=dx; A ... \dx,, then
Hoa = H™(C", (W)™ (00)) = Dy,

as Gy -spaces, and this isomorphism respects the pairing on both. In the case of Qww, this

means that elements of Gy act on both monomials in Ly as well as the volume form w.

The isomorphism in Lemma [] certainly will hold for the restricted polynomials W), as

well, if we say w, = dx;, A ... ANdx;, for i; € Fiz(g). This gives us the useful fact
Hva =@ Ay = P (Lywy)” (2.7)
geG geG

It is important to note that while the Milnor ring 2y has a natural ring structure,
H™4(C™ (W)~*(c0)) does not. The choice of product structure for the A-model (see Section

2.3.5) will not be the same as the product in the Milnor ring.

Notation 3. An element of Hy  is a linear combination of basis elements, which we denote
by [m;g|, where m is a monomial in 2,, and therefore in the subspace corresponding to the

group element g. We say that [m ;g| is narrow if I, = 0.
The Orbifold Milnor ring is defined in the same way:

Definition 11. The B model or Orbifold Milnor ring state space is

GT

'@WT,GT = @ quwag

geGT
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Remark 2. If G = G}, the B model is just the unorbifolded Milnor ring:
%WT7(0) = (QWTW)(O) = cQWT.
Example 5. For W = J[, as a vector space #y ¢ is generated by the basis elements

[1; kv + koya] for k1 and ko in {1,2}, and

[y;kiv], and [z;kiy] for ki in {1,2}.

By qr 1s generated by the basis elements
[m ;0] form € {1,z,y* xy* yz, xyz} and [m;(0,1/2,1/2)] for m € {1,x}.

2.2.1 Pairing. Both the A and B models are equipped with a natural pairing. For each

element g € G the subspace corresponding to ¢ is equipped with a residue pairing (e, e),

defined by
m-n = MH&SS(WQ) + lower order terms.
Hw,

We give each of the A and B models a pairing using inverse group elements, that is

<m7 n>g Zf h = g_l

0 otherwise.

([msgl,[hin])=

Notice that this pairing is well-defined, since W, = W,-, and so J7, = J,-1. Thus,

<o7 o>g — <o7 o>g_1.

Example 6. For W = J&, recall that G = (v1,7) as in Equation[2.4. So, (271 + 272) +

(fyl + 2’72) = 07 W2V1+72 = O; Hess?%-‘r’yz - 1: M2y 4o = 1: and

1-1= —<1’ Doy 4

. - 1amplies ([1;271 4+ 2], [1i7 +272]) =1,
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(m1) + (271) = 0, and Equations and [2.¢] show that

2= B a2y o B ey impies (121 ) T2 5)) = .

But, {([1;71 4+ 7], [y;m]) =0, since y1 + 72 and v, aren’t inverse group elements.

By fixing an order for the basis, we can create a matrix which contains all the pairing

information.

Definition 12. The pairing matriz n is given by

n = [{ai, aj)],

where {o,} is a basis for Hy .

2.3 FROBENIUS ALGEBRA STRUCTURE
In this section we define the product structure on each of the A and B models.
The product structure of the A model requires computation of certain structure constants

which come from the cohomology of the moduli space of curves and the moduli space of W-

orbicurves. We begin by discussing each of these spaces.

2.3.1 The Moduli Space of Curves.

Definition 13. %g,k i1s the Moduli Space of stable curves of genus g over C with

k marked points.

The curves referenced above can be thought of as (possibly nodal) Riemann surfaces
, Dk, Where p; # p; if i # j. We require an additional

C with k marked points, py,...
stabilization condition, that the automorphism group of any such curve be finite. In fact,

numerically, this means that 2g; — 2 4+ k; > 0 for each irreducible component of C'; where g;
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is the genus of the component, and k; is the number of marked and nodal points. It turns
out that %M is a smooth, compact orbifold.
The dual graph of a curve in .#, is a graph with a node representing each irreducible

component, an edge for each nodal point, and a half edge for each mark.

Example 7. A nodal curve in %173 and its dual graph are shown below.
1
@/K< 3
2

Figure 2.1: A nodal curve in %173 and its dual graph.

It is worthwhile to note that /_/{0,3 is a single point, and ZOA is isomorphic to P!. This
means that any two points on %074 are cohomologous.

There is a universal curve €, 5 over .# g,

T —
Q:g,k > %g,k-

2.3.2 Orbicurves. An orbicurve ¥ with marked points py, ..., px is a Riemann surface
C with orbifold structure at each p; and each node. This means that for each marked point
pi there is a local group Z/m; for some positive integer m; acting as z — (z for some ¢ € fiyy,,
(where pi,,, are the m;th roots of unity). For each node p there is again a local group Z/n;
whose action on one branch is inverse to the action on the other branch.

In a neighborhood of p; ¥ maps to C' via the map,
p:% — C, (2.8)

where if z is the local coordinate on % near p;, and x is the local coordinate on C' near p;,

then p(z) = 2™ = x.

19



Definition 14. Let K¢ be the canonical bundle of C'. The log-canonical bundle of C' is
the line bundle

KC,log =K® ﬂ(pl) ®X...Q ﬁ(pk)a

where O(p;) is the holomorphic line bundle of degree one whose sections may have a simple

pole at p;.

The log-canonical bundle of % is defined to be the pullback to & of the log-canonical
bundle of C:

*
K‘K,log =p KC,log-

Near a marked point p; of C' with local coordinate z, the bundle K¢ 4 is locally generated
by the meromorphic one-form df. Then the lift K¢ o, = p*(Kc0g) is also locally generated
by df, since x = 2", and

de  mz"ldz dz

—_——= e =Mm—.
X zm z

2.3.3 Wh-structures on an orbicurve. A W-structure on an orbicurve % is basically
a choice of n line bundles %, ...,.Z, so that for each monomial of W = }_ i M;, with

1,1 a; . . .
M; =z ... xy"", we have an isomorphism of line bundles
. Xaj,1 ®ain ~
gbj : fl L fn ]’"—>Ky;7log.

Example 8. For W = Ji,, this gives three isomorphisms,

3

L= K g,
3

L7 = K jog,

Y

fy ® .,%ZQ = K¢ log-

Thus £, and £, are third roots of K¢ o9, and
gy?’ ® °$z6 = K‘%,log = "ng = Kgﬁ,log‘
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2 . .
So, L7 is a sizth root of K¢ jog.

2.3.4 Moduli Spaces of W-Curves. For a nondegenerate, quasihomogeneous polyno-
mial W, and two non-negative integers g and k satisfying 29 — 2 + k > 0, we consider
the stack of stable W-orbicurves, #w 1 = {€.p1,..., 0641, ... LN, 1. .. @5}, and the
canonical morphism,
Wy
st

«//g,k

from the stack of W-curves to the stack of stable curves, .#,; = {(¢,p1,...pr)}. Fan,
Jarvis and Ruan [I] showed that this morphism is flat, proper and quasi-finite (but not
representable).

Recall that a genus-g, k-pointed curve is considered stable if 2g — 2 + k& > 0. If T" is
a graph, with each node n; assigned a genus g;, then I' is stable if each node, n; satisfies

2g; — 2+ k; > 0, where k; is the number of half edges and tails attached to the node n;

Definition 15. A Gy -decorated stable graph is a stable graph I with a decoration of

each tail T by a choice of v, € Gy .

Suppose that the local action on € near p; is z — (z, where ¢ € p, (the primitive rth
roots of unity). Recall the covering map p in Equation

Notice that p, will take global sections to global sections, so, if . on %, such that
L = Kg g, then sections of .2 locally must look like f(z)s where s = (%). Since

T

s" = % is locally invariant, then ((s) = ("s for some m; in Z/r.

Also, sections of p,.Z are locally invariant so they must be of the form f(z)s, where So,

C(f(2)s) = [(C2)C™s = f(2)s.
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This implies that f((z) = ("™ f(z). Then

f(z) = apz""™ + apzrmi4 = 2" M (ag + a1 2" + asz?" + .. =227 = 2" f(x).

T—m; g

Thus, sections of p,.Z are of the form f(z)z
NOW, (f(.I)Zr_miS)T — f(x>rxr—mi% — g<x>xr—mii_$7 SO

(p«Z)" = Kcjog(—(r —m;)p).

Recall that if K¢ o, is the line bundle associated to the sheaf we 0., and if the action Z/r
on K¢ og is (™, then the action on we oy Will be 7.
Thus, if " = K¢ o, on a smooth orbicurve with action of the local group on L defined

by (™ for m; > 0 at each marked point p;, then

(p*g)r = ’3’7* = WC,log @ <® ﬁ((—m,)pﬁ) :

Example 9. For W = J[j and G as m if, for a curve in M o3 the three marked points
correspond to the A-model elements [1;(2/3,1/3,1/3)], [y;(1/3,0,0)], and [y ;(1/3,0,0)],

then
|- L = Weitog @ O((=2)p1) @ O((=1)p2) ® O((—1)ps3)

L1 = weieg ® O((=1)p1) @ O((0)p2) ® G((0)ps)
| ZI° = w10y ® O((=2)p1) ® O((0)p2) @ O((0)ps)

We are now ready to define the product in the A model.

2.3.5 A Model Frobenius Algebra Structure. The product structure of FJRW rings

is given by certain so-called correlators that act like structure constants. In order to further

describe the structure of the A-side, we need to define these genus-g k-point correlators.
For each pair of non-negative integers g and k, with 29 — 2 4+ n > 0, the FJRW coho-

mological field theory produces for each k-tuple (aq,...,qx) € %ﬂvf‘?g a cohomology class

22



Ay, oz, ... an) € H* (M 4). The definition of this class can be found in [1].

Definition 16. A genus-g, k-point correlator with insertions oy, ..., o4 € Gy is defined

by the integral

(g, ... 7ak>g,n = / Agi (0, ag).
M

g,k

Finding the values of these correlators is a difficult PDE problem, which has not been
solved in general. But, we need them, in part because multiplication of basis elements
requires computing certain genus-zero, three-point correlators.

If & is a vector space basis for Gy, and a, 8 € &7, then define

axfl= Z (o, B,0)0517 7T

o,TeEA

It is always possible to compute 7 and !, as we have seen. But, some of the genus-
zero three-point correlators necessary to determine the product structure still cannot be
computed. However, there are some axioms that the correlators must satisfy which, in many

cases, allow us to determine their values.

2.3.6 Axioms. The axioms in this section come from [I].

The first axiom tells us that correlators are symmetric with respect to their insertions.

Axiom 1. Symmetry

<ai7 s 7ak>g,k = <Oéa(1)’ ot ’aa(k)>g,k

for any o € Sg.

The following two axioms are sometimes called selection rules, because they give condi-
tions that any nonzero correlators must satisfy.

If @« = [m;g] is an element in the basis of Sy, where g = (g1,...,9n), and g; is the
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weight associated to the variable x;, then the W-degree of « is

degy @ = |1, + 23 (gi — ),

=1

the C-degree of « is one half of its W-degree:

1
dege(a) = 3 degy, (),

and the class Ay x(aq, ..., a;) has degree
k
D=céw(g—1)+ Zdegc(aj).

j=1

Axiom 2. Dimension.

unless D = 3g — 3+ k.

Example 10. For W = J[, the C-degrees of all basis elements are given in Table .

Element C-degree
Ay =[157 + 72 0
Az = [y ;71J 1/3
Ay = (2 WJ 1/3
As = [1;7 + 272] 2/3
As = [y ;2m] 2/3
Ar = [z;2v] 2/3
Ag = (1 ;2’}/1 + Z’YQJ 1

Table 2.1: A basis for the graded vector space of Az , with C-degrees.

Since ¢ = 1, if {aq, e, a3)0’3 1S a monzero genus-zero three-point correlator, then

3
1(-1)+ Zdegc o =0= Zdegcai =1

i=1
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This gives us a selection rule for nonzero correlators. The only genus-zero three-point cor-

relators which might be nonzero are,

(A1, A1, As), (A1, As, As) (A1, Ag, As) s (A, Az, A7),
(A1, As, As), (A1, As, Ag), (A1, As, A7), (Aq, Ay, As)
(A1, Ay, Ag), (A1, Ay, A7), (Ag, Ag, Ad), (Ag, Ay, A3)
(A2, Ag, Aa), (A2, A5, Az), (Az, A3, Ag), (Az, Ay, Ad),
(As, A3, As), (A3, Az, Ag), (As, Ag, Ag) . (Ag, Ay, Ag)

For genus-zero four point correlators we have the selection rule:
3 3
—1) +Zdegcai =-3+4=1= Zdegcai =2
= i=1
So, the possibly nonzero correlators come in four varieties,

1. Those with two insertions of degree 0, and 2 of degree 1. There is actually only one

such correlator: (Ay, Ay, Asg, As),

2. Those with one insertion of degree zero, one of degree 1/3, one of degree 2/3 and one

of degree 1. There are nine of these kind of correlators.
3. Those with one insertion of degree zero, and three of degree 2/35.
4. Those with three insertions of degree 1/3 and two of degree 1.

5. Those with two insertions of degree 1/8 and two of degree 2/3.

The next axiom relies on the degrees of line bundles %, . . . , %, endowing an
orbicurve, ¥ with a W-structure, as in Section . Consider the class AJ W, g, ...y ag),
with a; € (H;)¢ where ¢/ = (0{, ...,09), for each j € 1,..., N. Then, the degree of each

associated line bundle |.Z;|, denoted [; is given by

k

lz‘ZC]i(Qg—?"'k)—Z@g

=1
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Axiom 3. Line Bundle Degrees.
A;fk(ozl,ozg, wnagp) =0

unless l; € Z for each i.

This axiom gives us a way to determine the group element of the last insertion in any

nonzero correlator.

Lemma 7. For a genus-zero, k-point correlator with insertions aq, . . .,

a; = [m;; 9],

if the correlator (o, ..., ax) is nonzero,

k—1
ge=(k=2)-J=> g
i=1

Proof. 1f the correlator (aq,...,ar) # 0, then the class Ag‘fk(al, o, ...

24+ k) — Z?Zl(gj)i € Z for each ¢. This means that

k
(29 —2+k)(q1,.--,qn) Zgl,...,gn eZ",
i=1

S0,

., with

;) # 0, 50 ¢i(29 —

O

Example 11. Aziom [J gives us another selection rule for possibly nonzero correlators. If

we apply this to the list of correlators in the previous example, we find that only the following
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satisfy the line bundle degree axiom, and therefore may not vanish:

<A17A17A8>7 <A17A27A5>; <A17A3aA6>7 <A17A37A7>7
<A17A47A6> ) <A17A47A7> ) <A27A37A3> ) <A27A37A4> ) (29)
(Ag, Ay, Ay) .

Of the four point correlators discussed in Equation only the following satisfy the line

bundle degree axiom:

(A1, As, As, Ag)  (Ay, Ay, As, Ag) (A4, As, As, Ag)

(A1, As, As, A7) (Ag, Ao, Ag, Ag)  (As, Az, A, As)

(As, A3, Ay, Ag)  (As, Ay, Ay, Ag)  (Ag, Ay, Ay, Ag)

<A27A37A57A5> <A37A37A57 6> <A37A37A57 7> (210)
(As, Ag, A5, As) (A3, Ay, A5, A7) (Ag, Ag, A5, Ag)

(Ay, Ay, As, A7) (Ao, Ao, Ag, Ag)  (Aa, Ag, Ag, A7)

(Ag, Ag, A7, A7)

Axiom 4. Concavity Suppose that all o; are narrow insertions. If m, (@;_, L£;) =0, then

the cohomology class Ay, (o, ..., ax) can be given in terms of top Chern class of the derived

pushforward sheaf R, (@2:1 ,CZ») :

A?/,k(ah ) = def(tt) PDst, <PD1 <(—1)DCD <R17r* 162?&))) , (2.11)

where PD 4 1s the Poincare dual map taking H*%gyk to H*%g,k, and PDy s the Poincare
dual map taking H*# g,k to H.W g, k.

We will discuss Chern classes in detail in Section [4.1.1] where we will also explore this

axiom more fully.
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Lemma 8. When g =0, k = 3, if Azioms[] and[3 are satisfied, and if I; < 0 for all j, then
<Oél, g, Oé3> - 1

Proof. The concavity axiom applies because each [; < 0. In this case D = 0, and co(R' 7. @j Z) =
1 € H*(#,3) by a simple property of Chern classes. Since st*(1-7,,) = 1y, ,, we see that
AVo(on, g, as) = ﬂPDst (PD7'st*1) =1
0’3 1 29 3 deg(st) * 9
and since %0,3 is a single point,

<CY1,0(2,0Z3> = / 1=1.

,///0,3

O

If all insertions of (ay,...,a;) are narrow, and if the degrees of all line bundles are
negative integers, then . (€D i-Z;) = 0, and we say that the correlator is concave.

Notice that this means that for each curve C' in # (o, ..., ®,), we must check the

degrees of the line bundles associated to each irreducible component of C.

Example 12. In the genus-zero, three-point case, there are no boundary pieces, so we need
only check the line bundle degrees corresponding to the correlator itself. It turns out that the

following correlators are concave:

<A17A17A8>7 <A1aA27A5>a

and hence they must be equal to 1. Of the four point correlators listed in [2.10, there is only

one with all narrow insertions: (As, Ag, Aa, Ag). The line bundle degrees associated to the
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corresponding smooth genus-zero, four-pointed curve are

l, =2(1/3)—2/3—-2/3—2/3—2/3=—2;

l,=2(1/3)—1/3—-1/3—-1/3-2/3 = —1;

l.=2(1/3)—2/3-1/3-1/3-2/3=—1.

These are all less than zero. To determine if the correlator is concave, we still need to check
the line bundles associated to all nodal curves. In this case, there is only one such nodal

curve (up to isomorphism). Its G-decorated dual graph is drawn below:
271 + 72 yK 271 + 72
27+ 72 211+ 2%
The line bundle degrees associated to each node of the above graph are calculated below:

Node 1 Node 2

l.=1/3-2/3-2/3-0=-1; [,=1/3-2/3-2/3-0=-1;
ly,=1/3-1/3-1/3-2/3=-1; 1,=1/3-1/3—-2/3-1/3=—1;
l,=1/3-1/3-1/3-2/3=-1;, [,=1/3-1/3-2/3—-1/3=—1.

So, we know that (As, Ay, As, Ag) is a concave correlator. In Section we will see how to

compute correlators like this.

Axiom 5. Forgetting Tails.

Ag,k(ala ey O, |—]- ; JJ) = Ag,k—l(ala cee 7@16—1)

Lemma 9. Pairing.
For aq, 00 € FGyc,

(o1, 00, [15J]) = (o, a0)

Lemma 10. If ([1;J],a9,... ,ap) gk is correlator with k > 3, then (aq, ..., ag)gr =0
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Proof. 1f the degree, D of the class A}fk( [1:J],q0,...,q) is equal to the degree of the class
A i(, ..., o) since the W-degree of [1;.J] is zero. So, they cannot both satisfy the
dimension axiom. Since the degree of A, ;_; must be less than or equal to the dimension
of the space .#,_1, which is 3g — 3 + (k — 1), this means that D # 3g — 3 + k, and
(11;J],00,...,00) k=0 O

Example 13. The pairing lemma shows us that

(Ar, As, Ag) = & (Ar, Ay, Ay) = —3
(A1, A1, Ag) =1, (Ay, Ay, As) =1,

<A17A37A7> :Ou <A17A47A6> = 07
For the genus-zero four-point correlators in[2.10, Lemma[I( shows that all of the corre-
lators with Ay as an insertion must vanish.

Notice that for g = 0, n = 3, some correlators will satisfy both the concavity axiom. For
example:

<A17 A27 A5> =1

Whenever this is the case, the insertions are narrow, which means that the pairing of the
two elements left when [1;.J] is removed, will have trivial fixed locus, and thus will have

pairing equal to 1. Thus, the two axioms will never contradict each other.

Axiom 6. Sums of Singularities.
If Wy € Clxy, ...,z and Wy € Cla,yq,...,x,] are two nondegenerate, quasihomogeneous

singularities with symmetry groups G and G,, then

‘%ﬂW1+W2,G1®G2 = %Wl,Ch ® %Wz,(b

and the A classes are related by

AV (0 @ By, @ Br) = A (o, o) @ AR (B, Br),
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where a; and B; are elements in Iy, ¢, and &y, a,, respectively.
Axiom 7. Composition.
If Agip(oa,. .., o) has degree D = 3g — 4 + k, then

Ag,k(alv s ,Oék) = Z Agl,k1+1(a17 s 7ak170)nU’TAg2,k—k1+l(ak1 + 17 sy Oy 0)7
o,

forany g1 +go =9 and k —1 < k with2gy — 1+ k; >0 and 2go — 1+ k — k; > 0.

Lemma 11. If g =0 and |I]| = |J| = 2, and Ao (o, ag, as, ) has degree 0, all insertions

are narrow, and m.( L;) = 0, then

L= {Qo1)s Qo)1) 17 (T2, Qo(3), Qo))

71,72

for any o € Sy.

Proof. 1f @ %, is concave, then the concavity axiom says that A = deést PDst,PD7'1 =1,

and since .# 3 is a single point, (a1, ag, az) = Aoy, ag, as). O

Example 14. The class Ay(A1, Ay, Ay, Ag) has degree D = 0, and is concave, so

A4(A17A17A17A8) =1= Z<A17A170—>770.7T<7_7 A17A8> = <A17A17A8>(1)<A17A17A8>a

g, T

which means that (A, A1, As) = £1. In fact, from the concavity aziom (or the pairing

lemma) we already determine that (Aq, Ay, Ag) = 1.

Axiom 8. Deformation Invariance Let W, € Clzy,...,x,] be a family of quasihomoge-
neous non degenerate polynomials depending smoothly on a parametert € [a,b] C R. Suppose
that G is the common automorphism group of Wy. The A class associated to (Wy, G) is in-

dependent of t.

Correlators must also satisfy the following property.
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Property 2. G™* Invariance The action of any element g € Gy** on an A model

element, «;, can be described by multiplication by a complexr number, that is,

g(m - wp)
. . h = . h =C- N h .
g+ fmih) = L2 ) — - [
If the action of g on «; is determined by the complex number ¢;, then the correlator (o, . .., o) =

0 unless [[¢; = 1.

Example 15. Certainly any correlators where all insertions are narrow will automatically
satisfy this property. Let’s look at the action of the generators of G™** on the remaining
potentially nonzero three-point correlators, as listed in . It turns out that v, = (1/3,0,0)
will have a trivial action on any basis element, and therefore any correlator. However,

v3 = (0,1/3,5/6) does not fix all elements. For example,

Y3 [y572) = s [y 272] = e2MABRHB/60) — 2mi§) — 2ni(3),

a2 592) =75 [2320) = 2000 = 2riCh) 1,

So,
V3 <A2, Ag, A3> , = 627”;(%) . 627”'(%) — 1’
V3 - <A2, Ag, A4> = 63271Fi(%)7
Y3 - <A2,A4,A4> = 1,

which means that the correlator (As, Az, Ay) vanishes.

How much of the A-model Frobenius algebra structure do we know at this point? We

know the values of all genus-zero three-point correlators except for (As, A3, A3) and (Ag, Ay, Ay).
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So, we can determine some, but not all of the products:

Aix A=A AixAy=Ay A xA3=A;
Ayx A=Ay A xAs=A5 A xAg = Ag
Ay xAr = A7 Ay xAg=Ag Ay x A3 =777
Ay x Ay =777 Agx A5 = Ag Az x Az =777
Az Apg = ¢As Ay Ay =777 Ayx A7 = —5 A

Next we define the product structure in the B model.

2.3.7 B Model Frobenius Algebras Structure: The Orbifold Milnor Rings. Mul-
tiplication in the B-model is defined in the following way. If [m;g| € &, and [n;h| € By,

then

[m gl *p [n:h] = [[ygn-n-mla,,:9+h|,

where

MgﬂhHess(Wng)/(N9+hH€33(Wgﬂh) iflg Ul Ulyp = [N]

Yo.h = (2.12)
0 otherwise

Example 16. For W” = (J5)" = Jig = 2 4+ 432 + 2% and GT = ((0,1/2,1/2)). If

¢ =(0,1/2,1/2), the vector space for the B-model is given by

B, =[1;0]4 By =11:;(]p
By =[z;0], By = [yQ;OJB
Bs=TJzy*;0], Bs=[z;(]p

Br = [yz;0]; DBs=[zyz;0],

Notice first that B, x B; = B; for any j. Notice also that vy, =1 unless g = h = (. In this

case:
2 - 180zy=z

= —-— 6
=060
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We also get the following products:

By * By = [6yz ;0] = 6B By * B3 = [x;(] = Bg Byx By = [y*;¢] =0
Byx Bs = [zy*;¢{| =0 By Bg= [6ryz;0] =6Bs  Byx By = [yz:;(] =0
ByxBy=[22:0] =0 By Bi=[1%:0] = Bs  ByxBs=[1%2:;0] =0
By x Bg = [2%;¢| =0 Bsx By = [xyz ;0| = Bg B3 x Bg = [2%yz ;0] =0
ByxBy=[y*;0] =0 ByxBs=[ay';0] = —2Bs ByxBs=[zy*;({| =0
Byx By = [y?2;0] =0 Byx Bg = [zy32;0] =0 Bsx Bs = [2%*;0] =0
BsxBg = [2%4?;¢(| =0  BsxB;=[1y?2;0] =0  Bs*xBg= [2?y32;0] =0

Bgx Bs = [62°yz ;0] =0  BgxB; = [zyz;(] =0 Bsx Bs = [z%yz;¢| =0
Brx By = [y?2?;0] =0  ByxBg = [2y°2?;0] =0 BgxBg = [2*4?2?;0] =0

Remark 3. Both x4 and xg have the Frobenius property with respect to the pairing:

{axf,7) = (a,5*7)

This makes both models Frobenius algebras.

Each model is also equipped with higher structure.

2.3.8 Higher Structure. A Frobenius manifold is a family of Frobenius algebras
which vary continuously. That is if M is a manifold, then T'M; will be a Frobenius algebra
for each t € M.

For the unorbifolded B model the Frobenius manifold is geven by the Saito Frobenius
manifold for the singularity. For the unorbifolded B model the Frobenius manifold structure
is still unknown.

For the A model, this structure is given by a generating function determined by the
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genus-zero correlators.

~

B(ty, ... tx Z > (it -

11500k

ik

2.4 SINGULARITIES WITH THE SAME WEIGHTS

It is generally believed that for two non degenerate quasihomogeneous polynomials W; and
Wy with the same weight system, such that G is an admissible symmetry group for both

singularities, the FJRW rings are isomorphic,
T, .a = Sy, .-

At present, we are unaware of a proof of this statement. We have made some headway
in proving this fact however, thanks to some very useful observations from Rachel Suggs.
Whenever we choose G = (J), the two FJRW vector spaces will be isomorphic. To prove

this we need the following lemma from [19].

Lemma 12. If py(t) is the Poincare polynomial for a singularity W, with weights

qi,---Qn, defined by

n 1 .
pe(t) =[5 =St

i=1

then aw is the number of monomials in the basis for Dy of weighted degree w.

Lemma 13. For any singularity W and symmetry group G, the number of basis elements

coming from the g = 0 sector correspond to the monomials in the milnor ring with weighted

degree = — ) . q; mod Z.
Proof. [T]";g] is in #Ay¢ if and only if (m+ 1) - (q1,...,¢,)" is an integer. ]

Lemma 14. For an invertible singularity W, if g = J*, then the number of basis elements

coming from the g-sector is completely determined by the weights vector J.

35



Proof. The case where g = 0 is taken care of in Lemma . On the other hand, if Fixz(g) = (),
then there is always a single basis element from this sector.

Now suppose that Fiz(g) # (), then it must correspond to certain variables in chain, loop
and Fermat type polynomials. Recall that if W; is a loop or Fermat type polynomial, it has
the property that for any symmetry group element g, if g fixes any of the variables of W;,
then it must fix all of them. This means that Fiz(g) will either capture loop and Fermat
polynomials completely, or miss them completely. On the other hand, if W} is a chain type
polynomial,

— % sy ajs
Wy=axlwj, +...0;° x;, +

Then

L : :
| aj a5, @G,y G505, aj,

7 <Zf1(—1)s_i [loia 4.0, —a,+1 a;,—1 1 )
And Fiz(g) N{zj,...,zj,} ={zj,...,x;,} for some k > 1. This means that
(Wj)g = l’ajk —+ ... J??js_ll‘js + I?Sjs

i L+ Js—1

And then

O el | I R R S
‘](Wj)g_ T _‘]leFifr(g)'

S N s
Hi:l aji ajs ajs—la/js—Q ajsajs—l ajs

So, Jw, = Jw|Fiz(g), and the number of monomials in 2, with weighted degrees congruent
to — > Fiz(g) mod Z can be determined using the poincare polynomial restricted to the
weights of the variables in Fiz(g).

O

Corollary 1. If Wy and Wy are two invertible singularities with the same weights vector,
then

Ty, 0y = Hwvy, ()
as vector spaces.
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Lemma 15. With W, and W5 as described above,
Ty, 0y = Hwy, ()

as cohomological field theories.

Proof. Now, if we let M, be the set of monomials which W; and W5 have in common, M;
be the set of monomials unique to W; and M, the set of monomials unique to W5, then we

can apply Axiom [§| to W;, the family of polynomials defined by

Wt == MO + tMl + (1 - t)MQ

Finally we extend Lemma [15(to a more general set of symmetry groups.

Lemma 16. If W, =Y. W and Wy = Y, W2 are two invertible polynomials with the same

K3 3

weight systems, W} and W2 act on the same variables for each i, and

G =&p(0,...,0,7,0,...,0)

Then
<%VVLG = %WQ,G'

Next we give new results comparing stabilization of singularities in classical singularity

theory to the Landau-Ginzburg setting.

CHAPTER 3. STABILIZATION OF SINGULARITIES

In classical singularity theory it is a well-known fact that if W € Clzy,...,2,] and W =

W + 22, that W and W are analytically equivalent. It turns out that for different choices of
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symmetry groups, it is not always true that
e = ‘%ﬂVT/,G'

In this sense, FJRW theory gives a finer classification of singularities.

Lemma 17. If W is a nondegenerate quasihomogeneous polynomial, W € Clxy, ..., x,], and

W=W+ xiﬂ, G an admissible subgroup of G™**, and G = G x Z,, then we have
Hve = Ay a

Proof. f V =12, and H = <(1)>, notice that W =W +V, and G = G x H. Now, W is

2

a Fermat type polynomial whose Milnor ring basis is just (1). Thus, no x,,; will appear in

any monomial in any sector of J# ;. Since 1 - dx,; is not fixed under H,

- ()

Then

]

Example 17. If we let W = 2% and W = 28 + 12, we can see what happens when we choose

different symmetry groups for W.
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W =21 G=(j) W=af+y% G =((50),03)

Element | C-degree Element C-degree
Av=[1:(3)] | 0 Ar=1[1;(53)] 0
Ay=[1:(3)] | 1/6 Ay =[1:(3.3)] 1/6
As=[1;:(3)] | 173 As=[1:(3.3)] 1/3
Ar=[1:(3)] | 172 Ar=1[1:(33)] 1/2
As=[1:(3)] | 23 As=[1:(5.3)] 2/3

In this case we do get isomorphic FJRW Rings, because G = G & Z. However, if we choose

G= Jy instead, we find that

W—at 442, G = (5, 1))

Element C-degree
m=[Epl | o0
(3:3)

J

Ay =[1; |1 1/3
Az =[225(0,0)] | 1/3
Ay =1; | 2/3

One interesting fact is that if we choose this wrong kind of symmetry group for W as
in the last part of the preceding example, if Wis W plus another squared variable, and we
say that G acts like G on all variables in W, and acts identically on both of the squared

variables, then Gy o = I, 4.

Lemma 18. If W is a non degenerate quasihomogeneous polynomial, W € Clzy,..., x,],
W =W + 42+ 22, G is any admissable subgroup of the mazimal symmetry group for W,

with the following two properties:

1. Forall g€ G, y € Fiz(§) & z € Fiz(g)

2. (gl,...,gn,0,0)EG@(gl,...,gn,%,%)ié
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and G is the group generated by all elements of the form (g1, ..., gn), where (g1, ..., Gn, Gy, gz) €
G, then
Hve = Ay a

as vector Spaces.

Proof. First notice that y? + 22 is a Fermat type polynomial whose Milnor ring basis is just
(1). Thus, no y or z will appear in any monomial in any sector of J#y; 4.

Now suppose that [m ;g| € iy, and g = (g1, ... gn). Then either g, = (g1,. .., gn, %, %)
or §o = (g1,...,9n,0,0) € G, by our construction of G. Note that Fiz(g) = Fiz(j), so
(m ;g € Ky Gmas i G1 € G. Otherwise, the action of any element A on the element
m - dXpiz(Gy) = M - dXpiyg)dydz will be equivalent to the action of h on m - dXpi, () because
of the way group elements act on dy and dz simultaneously. Thus [m ;ga] € I -

Let ¢ be the map which sends [m;g| to either[m ;g;] or [m;gs] in the way we just
described. It is injective by definition. Condition 2 on G ensures that this map is well-
defined. Notice that this map is surjective because of the way we constructed G, and our
earlier observation that the monomials in 7} » will never contain any y or z variables.

Recall that pairings in either ring will be zero whenever the elements do not come from
inverse sectors, and that h = g~' < h = §g~'. If § and h are chosen to look like §; above,
then the fixed locii of g and g are the same, and do not include y or z, thus the pairing is

computed in exactly the same way for each. Otherwise, if

(Tmsgl,[n;97"])

is nonzero, then j, = p and Hess(W,) = 1 Hess(Wj), so

mnjfig mnjplg

<’Vmu§J ’ [n;f}ilj> - Hess(Wy) - 4Hess(Wy) B 111 <(m;gj ’ (n;g’lp,
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Thus whenever y, z ¢ Fix(g),

e([m;gl)=[m;g],

otherwise, we need

e([msgl)=k[m;g] and o([n;g7"]) = T n;g'],

where [n;g7!| is the element which pairs nontrivially with [m ;g|. See Example [18 and
look at the pairing (As, A4) in each FJRW ring. O

Example 18. Let W = 25 and G = ((3)).

W =21 G={((5)

Element | C-degree
Pairings
1 <A17A5> — 1
Ay =[1;1] 1/6
1 <A2,A4> - 1
Ay=[1:5]| 1/38
(A3, Az) =1
Ag=11:2] | 172
As=[1:5] | 2/8
Now if we let W = 28 + 9 + 22 with symmetry group = (J).
W=a+y*+22, G={((%.33))
Element C-degree
( 1 J Pairings
Al_ 1;<57§7§) 0
<A1aA5> =1
111 (Ag, Ay) :zll
<A37A3> =1
Ay = [17<§7070)J 1/2

Conjecture 2. With the same hypthoses as above,

g%ﬂwyg = %W,@
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as Frobenius Algebras.

Although we cannot currently prove this conjecture, it is interesting to look at how ¢

acts on correlators, since they determine product structure. Consider the correlators

A= {(Imi;01],[m2;g2],[ma;gs]), and B = ([m1;G1],[ma;da],[m2;gs])

First, we consider the how the Dimension axiom applies to each correlator. Note that

n n n

Gy =Y (1-2¢)+1—2g,+1-2¢. =) (1-2g)+1—-1+1-1=)» (1-2¢)=¢

i=1 i=1 =1

Recall that for any § € G we have two cases:

For Case 1, N; = N, + 2, and

n+2~ n 1 1 n
;gi—Qi:Z(gi—Qi)+(0_§)+<0—§>:;gi—%—l

i=1

degy, [m; ] —Ng+2+2<2gi—qi—1> = degw [m ; ¢]

i=1

For Case 2, N; = N, and

n—+2

5 - 11 11 -
izzl:gi_%:;gi_%“‘(§—§)+(§_§):Z:gi_%

So, degyi, [m ;G| = degw [m ; g|. In either case the dimension axiom is satisfied for A exactly
when it is satisfied for B.
Next we consider the Integer Degree and Concavity Axioms. Note that by the definition

of p, I} = 1P fori =1,...n, and I} =1 = § — ¢! — g} — g4, which may be equal to
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%, 0, —%, or 1. Recall that we can use Lemma E] on g3 so that the line bundle degrees are
integers. So, we know the sum will be equal to 0 or -1. Whenever lf =[B = —1, the integer
degree and concavity axioms will both be satisfied for A exactly when it is satisfied for B. If
1} =10 =0, then A will satisfy the integer degree axiom iff B does. However, it is possible
for A to satisfy concavity, when B will not. To see this, examine Example [19] and compare
the correlator (Ay, As, As).

We can see from the discussion above that G™** invariance will be satisfied for A exactly
when satisfied for B.

In Lemma , when Condition 1 fails, 7 5 seems to be isomorphic to 2y with
group H # G & Z,. This may be because when Condition 1 fails we can always express G as
a product of something with Z,. Compare Example [20|and the third FJRW ring of Example
1z

On the other hand, when Condition 2 fails, the vector space basis for /3 5 looks like

a double copy of the vector space basis for 4y . It is not clear exactly how the nonzero

products and correlators of the two structures relate. Example 21| shows this case.

Example 19. For W =15, G = ((})),
Nonzero products
Correlators

Al*Alel Al*AQIAQ

<A57 Ala Al) =1
Al*Angg Al*A4:A4

<A17 A27 A4> =1
Al*A5:A5 AQ*A2:A3

<A17 A37 A3> = 1
AQ*A3:A4 AQ*A4:A5

(A, As, A3) =1
Ag * Ag = A5

For W =ab + ¢+ 2%, G = ((

N =
N[
~—
~

Y

(=N
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Nonzero products
Correlators

Al*Alel Al*AQZAQ

<A07 A17 A1> =1
Al*A:),:Ag Al*A4:A4

<A1a AQ; A4> = %
A1 * A5 = A5 AQ * A2 =777

<A17 A37 A3> - ]-
A2 * Ag =777 A2 * A4 = éllA5

<A2, AQ, A3> :777

Ag*A3:A5

Example 20. If W = 25 + y? + 22 with symmetry group generated by J and (O, 0, %), then
Condition 1 of Lemma[1§ fails:

Nonzero products
Element C-degree Al x A=A
Pairings

Al— ’717(%7%7%” 0 Al*A2:A2
111 (A1, 4g) = 1

AQZ(I,(§,§,§)J 1/3 Al*A;g:Ag
(Ag, Ag) =1

A3— ’71}2’(0,0,%” 1/3 < > L Al*A4:A4
Az, Az) = 15

A4: ’71,(%,%,%” 2/3 AQ*A2:A4

A2 * A3 = 1—12144

Example 21. If W = 25 + y? + 22 with symmetry group generated by J and (O, %, %), then
Condition 2 of Lemma[1§ fails:
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Element C-degree

Ay =[1:(3,0,0)] 0

Ay =11:(3,3.3)] 0 Pairings
A3 =1[1;(3,0,0)] 1/6 (Ar, Ag) =1
Av=[15GGg9)] | 1/6 (Ag, Ay) = 1
As=1:(3.00] | 1/3 (As, A7) = 1
As=[1:(3.3,3)] 1/3 (Ag, As) =1
A7 =1[1;(3,0,0)] 1/2 (A5, As) = §
As=[1:(33,3)] 1/2 (Ag, Ag) =1
Ay =1[1;(2,0,0)] 2/3
Aw=[1:G53)] | 23

It is interesting to observe what happens in the B-model in both of these cases.

Lemma 19. If W, G, W, and G are as described in Lemma then
«%WT’GT = %(W)T(C;)T

as Frobenius algebras.

Proof. If W and G split as in Lemma , then it is easy to check that
Gl ={(64,...,0,,0) (61,...,0,) € GT}

So the map ¢ : Byr gr — Byr gr given by
w (fm;(0r,...,00)]) = [m; (01, 0n, 0)]

is clearly an isomorphism of vector spaces.

Notice that if ([m;g],[n;h]) = 0 then (p([m;g]),¢([n;h])) will also vanish for the
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same reasons. On the other hand if ([m ;g],[n;h]) is not zero, then

(el gl). ol ) = o2 0ets = o = S{m gl o h)

Now we check that ¢ is a mulitplicative homomorphism. I, U I, U I,4) = [n] as in Equation
2.12, exactly whenever I U Iony U Ipginy = [0+ 1]. Also, pigq) = g and 2Hess(W,) =

Hess(Ww(g)) for any g € G7', S0 Vg0 = Yo(g).0(n) for all g, h. This easily gives,

e([m;glxp [n;h])=e([m;g])*se([n;h])

Lemma 20. If W, G, W, and G are as described in Lemma then
%WT,GT = %(W)TKG)T

as Frobenius algebras.

Proof. Suppose G is generated by the group elements ¢y, ..., gx for some k, then let’s define
the following two sets:

R={recZ"r-g"€¢Z VYgeG}
1
S:{SEZ”]s-gT€§Z Vg € G,s ¢ R}

Then,
G ={(A")'rlr € R}

For any r = (r1,...,7,) € R, say that ro = (r1,...,7,,0,0), and ry = (ry,...,7,,1,1). Also,

for any s € S, we say that sy = (s1,...,5,,0,1) and sy = (s1,...,8,,1,0). Then,

G = {(A)ro}rer U{(AT)r1hrer U {(AT)sobses U {(AT)s1 }ses
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We define the map ¢ : Byr gr — PBjyr gr in the following way. If [[[z" ;9] € Byr ar,
then if

(m+ 1) = (ay,...,a,)

with a; = m; + 1 whenever ¢ € Fiz(g) and a; = 0 otherwise. Let (m + 1)y and (m + 1); be

defined in the same way as for ry and ry, then for any r € R,
(AN - (m+1)9)Tcz= (flT)_lri -~ (m + 1)? S4

for i = 0,1, and j = 0, 1. If, in addition (A7) s (m + 19)T € Z for all s in S, then we say

w[Hx?“;gJ = [Ha:;”i;(gl,--.,gn,%,%ﬂ (3.1)

otherwise,
2 {chm ;gJ = {Hfrm ;(917.--,gn,0,0)J : (3.2)

This map is clearly well-defined and injective. To prove surjectivity, suppose that [[[z]" ; g| €
'%WTL;‘T' Then g - (917 -+ Yn, O» 0)7 (917 -y 9n, %7 %)7 (gla -5 9n; 07 0)7 (917 -+ Gn; 07 %)7 or
(91, 9n>3,0). Notice that if g = (g1,...,9s), then [T2]" € 2, Now suppose that

g= (gl,...,gn,O,%), and § = (gl,...,gn,%,O), then

g-(m+1)9=g-(m+1)7 and

g-m+1)P=g-(m+1)9+1

Which means [[ z;* cannot be fixed by both g and g, and thus [[[ 2" ; ] ¢ Py gr. The
same argument works for g = (g1, ..., gn, %, 0)

Next, suppose that § = (g1,..,0n, 3,5). If s € S, h = (AT)71s”, and h = (A7) s,
then,

h-(m+1)¥=h-(m+1)€Z (3.3)
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and ifg:<gl,---7gn70a0)7
- : 1
he(m+1) =he(m+1)7+ 5 ¢Z

So, [TT21" ;3] & $yr gr. Notice that Equation implies that [[[«;" ;§] is the image
of some element under the part of the map shown in [3.1] A similar argument shows that if

[TT2" ;9] € Byyr gr, then it is the image of some element under the part of the map shown
in , and that [T 27" ;9] ¢ Byyr ar-

Now we need to prove that ¢ respects the product on both of the B-models in question.
[T« ;q], h_[ x" ,iLJ € Byr gr correspond to [[[x" ;9] , [[]x]" ;h] € Bwr gr, then
the condition

[g U [h U ]g+h = [n]

as in Equation [2.12)]is satisfied exactly when

IgUIﬁUI§+B:[n+2].

There are three interesting cases.

1. §=(g1,---,9n,0,0) and h = (hy,..., hy,0,0).
In this case, I, = I;rnU{n+1,n+2}, and I, ; = I, U{n+1,n+2}, which means

that 7, j, = 7,5, and so,

o ([0 s0] wo [TLs0]) = [TTo ] oo [Tt o8

2. f]: (gla"wgn?%?%) andiL:(hl,...,hn,0,0)-

In this case, [;j, = Igon, and I, = Igip, which means that v, ;, = 74,5, and so,

o ([T o] o [T 8]) = [T ] o [T
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3. §2(91,-~-79n7%;%) andil:(hlw‘-;hn?%’%)‘

In this case, I ; = Igop, and I

G0 gin = lgrn U {n + 1,n + 2}, which means that

Hess(Wg%) = 4Hess(Wyyn), and so 7, j, = 47,5, and so,

4o (H_[xm ;gJ *p {me ;hD = [me ;§J *p H_[ﬂsm ;ﬁJ

CHAPTER 4. NEwW COMPUTATIONAL METHODS

In this chapter we give results for computing concave genus-zero correlators and then discuss

how to use the reconstruction lemma to find values of other correlators.

4.1 UsING THE CONCAVITY AXIOM

In this section we use Chiodo’s formula to give a formula for A as a polynomial in the
tautological classes v;, k., and A; in H* (%g,k). To do this we will first review some
material from K-theory, discuss certain classes in the cohomology of %g,k and %, define
Sing', a double cover of the the space of singular points in %g’k. Finally, we give a formula
for computing concave genus-zero four-point correlators.

Recall from Equation that for a given genus-g, n-point correlator, when the hypothe-

ses of the concavity axiom are satisfied,

w _ |G|g —-1{/_1\D 1 T )
AWilar,. . ap) = deg(st)PDst* (PD (( 1)Pep <R w@ﬁ)))

Also recall that integration of bottom dimensional cohomology classes is the same as

pushing them forward to a point, so if we have a map:
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M yj— {}

Then,

(o, .. o) = pul(ag, ... ax)

This pushforward map is actually the same as counting self intersection. In 1999 Carel Faber
[16] wrote some code in Maple which computes intersection numbers for polynomials in the
appropriate cohomology classes. In 2011 Drew Johnson [I§] wrote similar code in Sage, which
is faster and able to calculate more things. If we can express (—1)PcpR'm (L1 ® ... ® Ly)

as a polynomial f in terms of pullbacks of v, k, and A; classes, then, we will have

<a17 cee ,Oék> :p*d(Lg—(lzt)PDSt* (PD?I (St*f(/ila .. 'aKJDadjla cee 7wk7{AI}I€J)))
- |G|gp* (f(’ih ey KJDle? cee 7¢k7 {AI}IGJ)) )

and we will be able to use intersection theory to solve for these numbers.

To find the polynomial ¢, we begin by reviewing some material from K-theory and some
properties of Chern classes.

We will use K-theory to find some important cohomology classes on the moduli space of
curves. The ring K(X) of a smooth variety or smooth algebraic stack is defined to be the
free Abelian group generated by vector bundles on X modulo the relation £ = E' @ E” if

there is an exact sequence of vector bundles,
0—FE —FE—E"—0.

The ring structure is given by

[&]-[&'] = [ &.

We will be working in K ®z Q.
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4.1.1 Chern Classes. Given a locally free sheaf & of rank r on a nonsingular projective
variety X, then for each i = 0,...,r, there is an ith Chern class, ¢;(&) € H(X). The

total Chern class is given by

The Chern polynomial is given by
(&) =co(E) +cr1(E)t+ ...+ (EN.

We can think of ¢; as a map from K(X) to H(X), and ¢ : K(X) — @@, H(X)t" C
H[[t]].

Chern classes satisfy the following properties:

Property 3. 1. If f: X' — X is a morphism and & is a locally free sheaf on X, then
a(f*€) = fra(8)

2. (&) € A° where
A = {1+ ait+agt? +...|a; € H(X)}

3. ¢ (@cﬁ) :Hct (&), 50 ¢ (EB@) = > e

oz
1 1 - )
)= g = T ey = o)

Also, recall that a vector bundle E is concave when R%7,E = 0, so we have

R°7,E = R°7,E — R'nr,E = —R'n,E
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Property [3 tells us that

w*@g Z a(-R'm. P L))

7=0 %

So, if by = ¢, (R*7. B, %), then

ep(R'm. @ %) = fi(by, ..., bp)

%

for some polynomial f;.

Property [3] also tells us that

a(Rr.P2) = Z(Hcl (7 )

i Sij=k
__ rk
- f2 (dO,la o e 7dD,17d0,27 v 7dD,27 CIE 7d0,n7 cee 7dD,n)

if d;

Z7j

= ¢;(R*m.%;), for some polynomial fi € Cleo(R* T %%), ..., cp(R*m%)]. In other
words, it is possible to find a polynomial fi which will give the ith Chern class for the sum
R*m, P, % given the individual Chern classes of each R*m,.%;.
Also,
a(Rmt) =exp(D o (i — DI(=1)"Tchi(R* T L))
3o 3 (S = D=1 eha Rom. L))

So,
¢;(R*m. %) = fI¥(chi(R*T, %), . . ., chp(R* 7. %))

for some polynomial fgk So, fg’k is the polynomial which gives the jthe Chern class of
R'T('*gk.

If we now say that fo = (f},..., fP), and

0,1 D,1 0,2 D2 0, D,
f3:(3 7"'7f3 y° 9 J3 7"'7f3 9 3n7"'7f3 n)
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are tuples of polynomials, then

cp(R'm. @, %) = fio fao f3(chi(R*7%s), ..., chp(R* %))
f(Chl(R.ﬂ'*gk), e ,Chl)(R.ﬂ'*gk))

(4.1)

In Section we will see that Chiodo in [15] provides a formula for these ch;( R*7..%).

4.1.2 Some Special Cohomology Classes in %g,k and % .

Definition 17. Fori e {1,... ,k}, ¢, € HI(M ,) is the first Chern class of the line bundle

whose fiber at (C,p1,...,pg) is the cotangent space to C' at p;.

In other words, if 7 : %g,kﬂ =C — %g,kis the universal curve, and it is also the
morphism obtained by forgetting the (k + 1)-st marked point, wy, ,, is the relative dualizing
sheaf, and o; is the section of 71 which attaches a genus-zero, three-pointed curve to C' at

the point p;, and then labels the two remaining marked points on the genus-zero curve ¢ and

ka1,

M g 111

g; Th+1

%97]6

then, L = 0*(wx,,,) is the cotangent line bundle and its first Chern class is v;:

i = e1(07 (W),

Definition 18. Fach partition I U J = {1,...,k} and g1 + go = g of marks and genus such
that 1 € I, 291 — 2+ |I|+1 >0 and 295 — 2+ |J| + 1 > 0, gives an irreducible boundary

divisor, which we label Ay, ;.

These boundary divisors are the nodal curves in %g,k. For example, a boundary divisor

in %175 and its dual graph are given below.
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Figure 4.1: A boundary divisor in %175 and its dual graph

We will use the following well-known lemma for .# for expressing v classes in terms

of boundary divisors.

Lemma 21.

%:ZAI

acl
b,c¢I

Definition 19. Let D; 11 be the image of o; in %97]@4_17 then we define

k
K=c (Wk—i-l (Z Di,k+1>> .
i=1

Kg = W*(Ka+1)

Forae{l,...,3g — 3+ k},

Now we consider some cohomology classes on # .
Consider the diagram:

p
Cgre — Cyk

%

m

where €, is the universal curve over %, and p is the map which forgets the orbifold

structure.

Definition 20. Let v; be the first Chern class of the €-cotangent line bundle on Wy k.

Vi = c1 (07 (Kg))
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If ¢ is the first Chern class of the C-cotangent line bundle on Wy gives the pullback of the
usual 1-class (on M ,1,).

Vi = c1(07 (Kc)) = st™ (1)
We define k-classes on #;;, in a similar way:

Definition 21.

Rq = Ty (CI(K%,loglerl) — w*/)*/)* (CI(KC,log)aJrl)

= Ra,

the usual kg on M 4.

Definition 22. We define the boundary divisors A; for Wy in the same way that we did

for %g,k. They correspond to points in Wy, with singular curves over them.

Note that there is an orbifold action attached to the node in each nodal curve, so the

map st is ramified of order % at the boundary points. This means that

St*A] = TA[ (42)

Now, let’s take a closer look at the singular curves in .#, ;. We have the universal curve

over M g,

I
3

M gn,

We say that Sing is the subspace of points in %g,n with singular curves over them. For
example, for a point in Sing, the curve and dual graph in 4 and %g,k might look like:

It turns out that Sing has a natural double cover obtained by choosing one side of
the node to be '+’ and the other to be '—" which does yield some natural line bundles.

We say that Sing’ = Sing, U Sing_. There are natural line bundles on both Sing, and
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>

Figure 4.2: The curve and dual graph represented by a point in Sing

) 4

Figure 4.3: An example of Sing’ the double cover of Sing

Sing_ and hence on Sing’. We define &, = (04 )'w, £ = (0_)'w, ¥y = 1(%}), and
Yo = c1(Z-). The last two are just the v classes corresponding the marked points + and
— on the corresponding side of the node.

Now we are ready to examine Chiodo’s formula.

4.1.3 Chiodo’s Formula. The following theorem is from Chiodo [15].

Theorem 1. Let s,mq,...,m, be integers satisfying (29 —2+mn)s —>_.m; € rZ. Let S be
the universal rth rooth of (w'°8)®*(—>"""  m;[z;]) on the universal r-stable curve C over the
moduli stack Z;n. The direct image R*m.S via the universal curve w:C — ./\;l;n satisfies

the equation

. Baii(s/r "\ By(mi/r) 4, 1 — rBay1(q/r) d
Ch(R ’/T*S) = % (ﬁ/ﬂ}d — ; ﬁwl + 5 ; T%(]q)*(’)ﬂ—l)) t

where the cycle vq in A%(Sing]) is > irima(—01) () and we set g = 0 when d is negative,
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where Ch(Rlﬂ'*S) 1s the total chern character of R*m,S, and where By, s the d + 1st

Bernoulli polynomial.

For the last sum in the formula, in our computations we will choose for to sum over the
combinatorial ways to split a k-pointed curve into a nodal curve, instead of summing over
q, the group element attached to a particular side of the node. That is, we will sum over
subsets K C {1,...,k}, where the marks in K will be the points on the ‘+’ curve. Notice
that in this way the curves with dual graphs

1 3 3 1

and

will each be counted, once for K = {1,2} and once for K = {3,4}, even though they
represent identical curves. This will always happen in genus zero. We adopt the convention
of denoting each boundary graph by the set of marks on whichever side contains the mark
1. (The curve pictured above will be A 5), Limiting our choices for K to those that contain
a 1, we will count each curve only once, and will not need to multiply by %

Also, recall from Equation that because of the ramification of the map st at the

boundary points, A; = %st*AI. So,

ey =ar (3 (B3 Pt R0 ) )

Recall from Lemma [21] that in genus zero we have the relation

vi= > AL

iel,
a,b¢l

We can use this to rewrite 1, and ¥ _ in terms of boundary divisors of %O,n . and %Qn_.

This will enable us to easily push down these classes to .#,,. This idea comes from [22],
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and yields the following formulas:

(k)< (1) =0 if [K| <2
(jK>*(w+) = Z{l,a,b}gng ArAr+ Zle[g@{a,b} ArAroke if |K’ > 2
(Jr)«(¥+) =0 if n— K| <2
(UK )+(ths) = Z@ﬁcg AxAuk ifn—|K|>2

(4.3)

Using the formulas in Equation and the polynomial defined in Equation we can

know express A as a polynomial in ¢, k and A classes,

Apon, .o o)

= (—1)PF ((Z52m — T, 220y 1 3 205 (i) (- — v))

B s/r n B m;/r B ) i,/J
(Zolgton — o, eyl + 5, 2 () (L jepa (—84)0) ))

(4.4)

The following lemma allows us to always choose a v in a way that makes sense in Chiodo’s

formula.

Lemma 22. If B is a degree one boundary graph with two nodes, with decoration v, for

the first node and =y, for the second, and genera g, and gs, respectively, and if I' is the dual

graph of a smooth curve with decoration v, + ~, and genus g1 + g2 has integer line bundle

degree, then it is possible to choose a group element decoration, 7o, for the first half edge so

that the line bundle degree of the first node is integral. Moreover, the group element

—"70,

when assigned to the other half edge will force the line bundle degree of the second node to

be integral.

Proof. If the line bundle degree of the degree zero graph is integral then:

So=J2(g +g2) =2+ Il + 1) =D n-> AHez"
) J

Similarly let S7 and S5 be the equivalent sums in Q", corresponding to the nodes I'y and I's,
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respectively. To find vy we take

o= J2g1 — 2+ (] + 1)) Z%

Then, by Lemma [7] this will force the S; to be an integer vector.
Also,

So =514+ J(g2 =2+ (|72| +1)) 272 S1+5:
Which implies that S, € Z. n
We can now give a formula for concave genus-zero four-point correlators.

Lemma 23. If ([1;01],[1;92],[1;93],[1;94]) is a genus-zero, four-point correlator which
satisfies Axioms @ and@ and if it is also satisfies the hypotheses of the concavity aziom, (all
insertions are narrow, all line bundle degrees are negative, and all line bundle degrees of the

nodes of the boundary graphs Ao, Ay 3, and Ay 4 are all negative), then

(11ig1],[1592) [13g3), [1504]) %Z<B2Qz Z ((g5)i ZB(Vi)>

S5O (TURNIES SUURTIND SEIEERT)

where for each j g; = (0,...,07), YL = J—g1—g2, Vi = J—g1—gs, and ¥} = J—g1— g

, and By is the 2nd Bernoulli polynomial.

Proof.

o Bisi(q;) . Bay1(6))
chy(—R'm.L;) = ; (hmd —Z A+ 1) 1/Jd

Ay ZK: Bd(erlgf)i-i)-')l) (pK>* k_o(_er)k(w)dlk) td
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Which means that

Chl(—Rlﬂ'*,Ci) = B2<?i>ﬁ1 - Z Bg(@l)% Z M(m{)*(l)

Notice that (px)«(1,,) = Ak, and that for %074, our choices for K € T'.,; are just
{1,2}, {1,3}, and {1,4}. Numbering these gives:

(’Y+)1 =J—g1— ¢, for K= {172}
(’}/+)2 = J — g1 — gs, fOl" K = {1,3}
(V4)s=J —g1 —gs, for K ={1,4}

Since By(z) = 2% — 2 + ¢,

chi(—R'm L) = %((qi(qi 1)+ é) o
5 CCEE
oY (yf(yf 1)+ %)&)

The psi and kappa classes in #} 4 are all pullbacks of the equivalent psi and kappa classes

in . o4, and the A; classes are scalar multiples of the equivalent classes in ///70,4,
* * \ 1 *
iﬂi = st wia R; = st Ki, A[ = —st A[
r

So,

chi(=R'm.L;) = %St*((%(% —1))r =Y (0500~ D)y +Z V(- 1))AK)

Jj=1
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Converting to chern classes, we get

o

a(=R'm.Li) = exp <Z( 174 — 1)lehi(—R! *Ei)ti>

i=1

_ Z (Z Vi — 1)lehy(— Rlﬂ'*»ci)ti)

=1

Which means that co(—R'7,L;) = 1 and ¢ (=R, L;) = chi(—R'w.L;), then, by Property
since D = 1,

01(—Rl7r* @ L) = Z H le e

0<j1,---IN
Jl+ +in=1
N
:ch(—lec = chi(~R'm.L;)
i=1 1=1

Finally we recall that ¢;(R'7.L;) = — Zj(Ct(_Rlﬂ'*[’i))j» so,

ca(R'7.L;) = —ci(—R'm.L;) = — ichl(—le*Ei)
i=1
And, from Equation [2.11
Aoalan, ... an) = degl( )PDst*PD‘l(—l)l(— S dhi(~Rim.)
i=1
= % (St>PDst PD~ 1Zch1 m.Li))

=1

%((%(qz 1)+ é)“l _JZ: (9;1(0; ~ 1)+ é)wj MZK: (vf(vf ~ 1)+ %)A})

Next, we notice that if p : .#4 — (e) is the map sending all of .# 4 to a point, then

the push forward of any of the cohomology classes mentioned above is equal to 1. That is,

Pkt = pati = plAg =1
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So,

(15a1),11592),11593),[1;94])

1 1 1
e PDst,PD ;chl(—R )
= %p* Z ((%(% 1)) k1 — Z (‘%(‘9; - 1)) wj + Z (’Yf(’h[—{ - 1)) AK)

4.2 USING THE RECONSTRUCTION LEMMA

In this section we show how to use known correlator values to find unknown correlator values.
In some cases our new methods for computing concave correlators will allow us to compute
all genus-zero correlators in the A model.

Recall that if 4 is a basis for a vector space V' with a non degenerate pairing (e, ), then

for each basis element b € %, it is possible to find a corresponding element &’ in V' such that

(b,by =1

We call the basis made up of these elements the dual basis.
The WDVYV equations are a powerful tool which can be derived from the Composition

axiom. Applying these equations to correlators, we get the following useful equation,

(Y15, - an) = ({Yitier Loy ea) ({i Fiinre, {o }jeae),

for any sets I C [k], and J C [l]. We can know state and prove the reconstruction lemma,

from [1].
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Lemma 24. Reconstruction Lemma Any genus-zero, k-point correlator of the form

<717 vy V=3, O /Bv €% ¢>07k

where 0 < degy, (€), degy, (@) < 2¢, can be rewritten as

<717-~-7’7k—370475;€‘¢> = Z Zl<’7k61aa7675l> <5l/7¢7ﬁ7’7j€J>

1UJ=[k—3]
- Z Z<7k€17057575l> <(527¢7 677j€]>'
IUJ=[k-3] I
JA£D

where the §; are the elements of some basis B and 0] are the corresponding elements of the

dual basis %A’ .

Proof. First recall that the definition of the product, ex ¢ = 2077_(6, ¢,0)n”"T, where o and
T are elements in a basis for the vector space. If, instead, we sum over a basis which contains
the element ex ¢, and we let dy be the corresponding element in the dual basis then we know

that € x ¢ = (€, ¢, dg)€ x ¢, and thus,

<’ylv "')7k—37a7676*¢>07k = <€7 ¢750> <’717 “'77k—37057/6)6*¢>07k

The WDVV equations show that

Yo D whenaBa){vtiene ey = > D ({vhenae0)({v}es B,0,6)

IuJj=k-3] 1 IuJj=k-3] 1
Which means that

<f>/17 ey VE=-35 O, 67 €*x ¢>07k = <€7 ¢7 50) <717 vy VE—3, O, B? €x ¢>0,k
= Z <{/Yi}i€]aa7€a51><{7j}j€g]7/87¢7 6l,> - Z <{’7i}i61aa?B75l><{/yj}j6Ja€7¢7 52>
l

IUJ=[k—3] 02 [k—3]
T4
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]

We say that an element a € J#y is non-primitive if it can be written e x ¢ = «
for some € and ¢ in JGy ¢ with 0 < degc €, dege ¢ < dege . Otherwise, we say that o is

primitive.

Corollary 2. A genus-zero, four-point correlator containing a non-primitive insertion can

be rewritten:

<717 7ﬂ7€ w Z 71, @, €, 5l la¢757>+z<a7€75l> <52a¢7/8771>
l !

Z 6 6l 5l7¢76771>'

In fact, using the reconstruction lemma, it is possible to write any genus-zero k-point
correlator in terms of the pairing, genus-zero three-point correlators and correlators of the
form (7y1,...,7,) for &' < k where ~; is primitive for i < k" — 2. (See [1)

We say that a correlator is basic if at most two of the insertions are non-primitive.

Lemma 25 ([I]). If degc(a)é for all classes o, P is the mazimum complex degree of any
primitive class, and P < 1, then all the genus-zero correlators are uniquely determined by

the pairing and k-point correlators with

A

1+¢
k<2
= +1—P

(4.5)

Proof. 1f (y1,...,7) is a nonzero basic correlator, then it must satisfy:

Zdegcfyi:é—i-k—?)

The degrees of the primitive elements are bounded by P and the degrees of the non-primitive
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elements are bounded by ¢, so

¢c+k—-3<2+(k—2)P
so, k—kP<3—-2P+¢

3-2P+¢ _ 1+é
k<5257 =2+

CHAPTER 5. EXAMPLES

The simplest examples are the so-called “simple” singularities ADFE. These were worked
out in detail by Fan, Jarvis, and Ruan in [I]. The next simplest examples are the Elliptic
Singularities, Ps, X9 and its transpose, and Jig and its transpose. These are part of the
unimodal singularities, as listed by Arnol’d [19]. Shen and Krawitz worked out all the details
of the A model structure for Py, X{ and J{, with maximal symmetry groups. We attempt to
find the Frobenius manifold structure for each of these singularities with alternate symmetry
groups, the remaining elliptic singularities and other unimodal and bimodal singularities
with all choices of symmetry groups.

Much of the work shown in this section was performed in Sage using code written by this
author, Tyler Jarvis, Drew Johnson, Rachel Suggs, Scott Mancuso, Julian Tay, Mark Woo,
Paul Draper, and Ryan Stringham under this author’s supervision. Copies of this code will

soon be available upon request from the author.

5.1 ELLIPTIC HYPERSURFACE SINGULARITIES

5.1.1 Jjg =2+ 1932+ 22, For this singularity we find that
111 1 11
J=(=== d G"* = —,0,0 0,—-, = :
(5:53) ((Go0) (053))
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Here, J and G™*" are the only two admissible groups.
W=J=x3+y%z+22G=(J):

The FJRW structure for G = (J) is a four element ring.

Element C-degree
Ay =11;J] 0
Ay =11;0] 3
As = [zyz ;0] i
Ay =[1;5J]] 1

There is only one nontrivial product: As; x Az = %AZL This means that A;, Ay, and Aj
are primitive elements. Lemma [25] tells us that the Frobenius manifold structure can be

determined by k-point correlators for

141 2
k<2 =2+ — =6. 5.1
Y 12 (5.1)

The nonzero 3 pt correlators are (A1, A1, Ay) =1 and (A, Ag, A3) = 11—8. The selection rules
and G™* invariance show that there are no four or five point correlators. The only possibly
nonzero six-point correlator is (Ay, Ag, Ag, Az, Ay, Ag). We can use the reconstruction lemma
to show that this correlator vanishes. This gives the entire Frobenius manifold structure. If

we let X = Ay, Y = A3, then XY = %BA4, so the generating function is

1 1
Po(X,Y) = %t?txy + ghibxty

W =J0=x3+y3z+ 22, G = Gmax;

Recall that Krawitz proved that when G = G™* the A and B model Frobenius Algebras
are isomorphic. However, the specific correlator values are not necessarily known, and the
Frobenius manifold structure certainly is not known, so we will try to compute all possible
correlators in examples like this one. Let v, = (O, %, %) and vy = (%,0,0), then a vector

space basis for €7, gma= is given by
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Element C-Degree

Nontrivial Products

Ay =157 + 2] 0
AQ*A2:A5
Ay = [1i71 + 392 1/3
AQ*A3:A6
Ag*AﬁZAg

A= [y*;m] 1/3
As =157 + 572 2/3
As=T1:2% +37%) | 2/3

A7 = [y? ;2] 2/3

As = [1:;271 + 572 1

Ay % Ay =777
Ag * A5 = Ag

A4 * A4 =777

A4 * A7 = —%Ag

The primitive elements in this ring are Ay, Ay, As, A4, and possibly A;.

We will need to evaluate the genus-zero three-point correlators in order to determine mul-
tiplication of basis elements. It turns out that all three-point correlators can be determined
by the axioms in Section [2.3.6 except (As, Ay, Ay).

If we use the reconstruction lemma and the formula for A, we find that

1 1
= = _§<A3>A37A37A8> = <A3>A37A37A4*A7> - _3<A3>A37A77A7><A37A47A4>

This shows that (As, Ag, Ag) # 0, so if we say that (As, A4, Ay) = a, then this gives the

formerly unknown products of basis elements:

Ag *A4 = —3aA7, A4 *A4 = CLA5

Thus, A; is not primitive, so Lemma [25] and Equation tell us the the entire Frobenius

manifold structure can be determined from genus-0 k-point correlators for

1+1
k<2 =
Y

(5.2)
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The reconstruction lemma and the formula for A give the values of all basic non-zero four-

point correlators:

<A2aA2aA27A8> = % <A2,A2,A5,A6> = %
<A27A37A57A5> =0 <A3,A3,A3,A8> = %

<A27A27A67A6> = % <A2,A47A4,A8> = —%’
<A27A47A57A7> = %, <A3,A3,A7,A7> = ﬁ’
(Ag, Ay, As, Ag) = —§

Similarly, we can find the value of the only possibly nonzero basic five-point correlator:
(Ag, Az, A3, Ag, Ag) =0
If we say that X = Ay, Y = A3, and Z = Ay, then

1 1
dy(X,Y, Z) = 5t?xlty + titxtxy + atitztyz + gtthZ + §tyt§(2 + higher order terms

the higher order terms can be found using the pairings, three-point correlators, and the

four-point correlators listed above.

5.1.2 Jlj =23+ y3+yz% For J, we find that

111 1 21
_(Z - = d gmar — - < =
1= (333) maem = ((3.00).(0:3.5))
It turns out there are four admissible symmetry groups, (J), G™** G = ((%, 0,0), (0, 5, §)>,
nd G = (3,3,

Shen and Krawitz in [14] determined the complete A and B model structures for for
G = Gme,
W =0 =x*+y® +y2%, G = (J)

v, is a four dimensional vector space.
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C-degree

Element
Ar=[1;J]
Ay =[1;0]

As = [zyz ;0]
Ay =[1;7%]

)

D= N

—_

There is only one nontrivial product: A, x A3 = %8A4. This means that A;, Ay, and As are

primitive elements. We can use Equation and Lemma 25| to show that the Frobenius

manifold structure can be determined by k-point correlators for k < 6.

The nonzero 3 pt correlators are (Ay, Ay, Ay) = 1 and (A;, Ay, A3) = 1—18. The selection
rules and G™* invariance show that there are no four or five point correlators. The only
possibly nonzero six-point correlator is (Ag, As, A3, A3, Ay, A4). We can use the reconstruc-
tion lemma to show that this correlator vanishes. This gives the entire Frobenius manifold

structure. If we let X = Ay, Y = A3, then XY = %A4, so the generating function is

1 1
Oo(X,Y) = —titxy + —titxty

W=JL G=0Gy:

If we let v, = (%, 0, ()) and v, = (O, %, %), then a vector space basis for %%,Gl is given by

36
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Element C-degree
Ar =117+ 7] 0
Ay = [1:2m + ) 1/3
Az = [yim] 1/3
Ay =Tz5m]) 1/3
As = 157 + 27 2/3
As = [y:2m]) 2/3
A7 = [2;27] 2/3
Ag = [1;29; + 275 1

Nontrivial products

Ay x Ay =777
Ay x Ay =777
Ay x A5 = A
Ag x Ay =777
Agx Ag = tAg

Agx Ay =777

A4 * A7 = —%Ag
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It turns out that using the axioms in Section [2.3.6| we can find all 3-point correlator
values except for (As, Az, A3) and (As, Ay, Ag).

If we use the reconstruction lemma and the formula for A, we find that

5= %(AQaAQaA27A8> = <A2’A2aA27A3 *A6> = 6<A27A37A3><A2’A2’A6’A6>’ and

18

—5 = —3(Ag, Ay, Ag, Ag) = (Ag, Ao, Ag, Ay % A7) = —2(Ag, Ay, Ag)(As, Ay, A7, A7)

Which means that (A,, A, A3) and (Ay, Ay, Ay) are nonzero. If we set them equal to con-
stants,

(Ag, A3, A3) = a  (Ag, Ay, Ay) =b

Then we can determine some formerly unknown products:

AQ * Ag = 6CLA6 A2 * A4 = —2bA7
Ag*A3:(IA5 A4*A4:bA5

So, we see that Ay, Ay, A3 and A, are the primitive basis elements, and we can use Lemma
and Equation |5.2| which tell us that the Frobenius manifold structure can be determined
from the genus-zero k point correlators for k£ < 5.

Unfortunately, determining the higher point correlators is more of a challenge. It turns
out that there is only one concave four-point correlator (As, Ao, As, Ag), and there are no
nonzero concave five, six, or seven-point correlators, so we are unable to find exact values
for the higher point correlators. However, if we say that (As, A3, Ay, Ag) = ¢, then we can

determine all the four and five point correlators:

<A27A2aA6aA6> = <A2,A2,A7,A7> = %

108a b

<A27A47A57A5> =0 <A37A37A47A8> -

<A37A37A57A7> = —= <A37A47A57A6> - GLCL <A47A47A47A8> - _%C <A47A47A57A7> - 2a

2b
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and, the only nonzero basic five-point correlator:

<A27 A27 A47 A87 AS) = 0

However, we cannot tell whether ¢ # 0, so this does not fully determine the Frobenius
Manifold structure.
W = J’11‘07 G = G2 :

If we let v = (%, %, %), then the vector space basis for <%’f,1T(JG2 is given by

Element C-degree
Ay =[1;49] 0
Ay =[1;7] 1/2 Nontrivial Products
Az = [1;5v] 1/2 Ay * Az = Ag
Ay = [z;37] 1/2 Ay * As = 5 Aq
As=Ty;3v) | 1/2
Ag = [1;27] 1

In this case all genus-zero, three-point correlators can be determined from the axioms in
Section [2.3.6l The primitive basis elements are A;, Ay, A3, A, and As, so we can use
Equation [5.1| to show that the Frobenius manifold structure is determined by the genus-zero

k-point correlators for k < 6.

1

—¢, which contains

There is only one concave four-point correlator, (Ay, Ay, A, A3) =

no non-primitive insertions. There is also one concave five-point correlator,

<A27 AQa A27 A27 A6> = 1/9

which does contain a product, so we will be able to use the reconstruction lemma here.
Unfortunately, it is not quite enough to allow us to solve for all the needed correlators values.

In particular, if we use the reconstruction lemma on the correlator (A, Ag, Ag, Ag, Ay x As),
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we get:

1 1
g = 18<A27A27A47A5>2 + §<A27A2’A4’A5>

Thus either (A, Ay, Ay, As) = 5%1 or —2%. If (Ag, Ay, Ay, As) = 5%1 , we do not have enough
information to determine the other basic correlator values, or even which are nonzero. If
(Ag, Ay, Ay, As) = —2%, then it is the only nonzero basic four-point correlator, and there are

no nonzero basic five or six-point correlators.

5.1.3 P® =23+ ¢34+ 23, For this singularity,

111 ae /(1 1 1
1= (A1) maor = {(Loo). (0 o). (0.02))

There are three admissible subgroups between (J) and G™% and if we let 7, = (%, 0, O),
o = (O, %,O), and 73 = (0,0, %), they all look like G = (71,72), for

Y= Yo1), V2 = Vo (2)Vo(3)

for some permutation o € S3. The full A model structure for the maximal symmetry group
is known ([14]).
W =Ps,G=(J):

We again get a 4 dimensional vector space.

Element W-degree
Ay =[1;J] 0
Ay =11;0] 1
As = [zyz ;0] 1
Ay=[1;J?] 2

There is only one nontrivial product: As x Az = 2%/14. This means that A;, A, and Aj
are primitive elements. Lemma and Equation tell us that the Frobenius manifold

structure can be determined by k-point correlators for & < 6.
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The nonzero 3 pt correlators are (Ay, A;, Ay) = 1 and (Ay, Ay, A3) = 2—17 The selection
rules and G™* invariance show that there are no four or five point correlators. The only
possibly nonzero six-point correlator is (As, Ay, As, A3, Ay, Ay). We can use the reconstruc-
tion lemma to show that this correlator vanishes. This gives the entire Frobenius manifold

structure. If we let X = Ay, and Y = Ag,

1 1
@dyxxxyy:ﬁﬁuy+§huw

W=PsG=0G:

In [I2] Francis, Jarvis, Johnson, and Suggs showed that for any singularity which is a sum
of loops and Fermats with any admissible subgroup, the A and B Frobenius algebras are
isomorphic. This is an example of such a singularity, so the Frobenius algebra structure
is already known. However, the isomorphism between A and B models will not help us
find exact A model correlator values, so we will find as many of these as possible using our
methods, and then use these to try to expand to higher structure constants.

The vector space basis for S5, g is

Element C-degree
A =11;7 + 2] 0 Nontrivial Products
Ay =[1;2v1 + 2] 1/3 Ag x Ay =777
As =y ;m] 1/3 Agx Ay =777
Ay = [z;7] 1/3 Ay x Ay = 145
As = [1;7 + 272 2/3 Az x Ay =777
As = [y ;27| 2/3 Asx A7 = 1/9Ag
A7 =227 2/3 Ay Ag = 1/9As
Ag = [1;271 + 272 1
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All of the three-point correlators are determined from the axioms in Section [2.3.6] except
(Ag, A3, Ay). Reconstruction tells us that

2L7 - %<A27A27A27A8> == <A27A27A27A3*A7> - 9<A27A3aA4><A2aA27A67A7>7

which means that (Ay, A3, Ay) is nonzero. If we set it equal to a, then we find that
AQ * A3 = 9@146, A2 * A4 = 9CLA7, A3 * A4 = CLA5

So, the primitive elements are Ay, As, A3, and A4. The Frobenius Manifold structure can be

determined, using Lemma [25| and Equation [5.2] genus-zero, k-point correlators for k£ < 5.
Unfortunately, we cannot completely determine all basic four-point correlator values form

the reconstruction lemma and the formula for A. Given two (possibly zero) complex numbers

b and ¢, we can determine that

<A27A27A27A8> =1 <A27A27A67A7> =

3 <A3,A3,A3,A8> = 9ab

1
243a

(A3, A3, As, Ag) = b (As, Ay, Ay, Ag) = 9ac (Ay, Ay, A5, A7) =c¢

It turns out that there are no nonzero basic five-point correlators.
If 0 = id, the G in this example is actually the same as G in the J{, example, and two
singularities have the same weights. Lemma [16| shows that

%S,G = %]T G

10071

5.1.4 Xy = 2%y +1y*2+ 2% For this example, J = (}L, i, %) , and GM* = ((11—2, %, %)} So
the only admissible symmetry groups are (J) and G™*.
W =X,,G=(J):

We again get a 4 dimensional vector space.
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Element C-degree

Ay =1[1;0] 1/2
Az = [zyz ;0] 1/2

There is only one nontrivial product: A, x Az = 11—2A4. This means that A;, Ay, and Aj
are primitive elements. Lemma [25] and Equation tell us that the Frobenius manifold
structure can be determined by k-point correlators for k < 6.

The nonzero 3 pt correlators are (Ay, Ay, Ay) = 1 and (A;, Ay, A3) = 1—12 The selection
rules and G™** invariance show that there are no four or six point correlators. The only
possibly nonzero five-point correlator is (A, Ay, A3, Az, Ay). We can use the reconstruc-
tion lemma to show that this correlator vanishes. This gives the entire Frobenius manifold
structure. If we let X = Ay, and Y = Ajs,

1 1
do(1, XY, XY) = ﬂt%txy + phitxty

W = Xo,G = Gm*x ;

Let v = (1/12,3/4,1/2), then the vector space basis for %, gmas, is

Element C-degree Nontrivial Products
Ay =[1;3v] 0 Ag x Ay =777
Ay =[1;7] 1/3 Ay x A3 = Ag
As =[1;7v] 1/3 Ag x A5 = Ag
Ay =[y;4v] 1/3 Az x Az = As
As = [1;119] 2/3 Az x Ay =777
Ag = [1;57] 2/3 Az x Ag = Ag
A; = [y ;8] 2/3 Agx Ay =777
As = [1;97] 1 Ay x A7 = —1/2A;
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The only three-point correlators which are not determined by the axioms in Section [2.3.6

are

<A27A2>A2>, and <A3,A4,A4>

Using the reconstruction lemma we get the following equations,

(Ag, As, Ag, Ag, Az x As) % = (A, Ay, Ag, Ag, Ag)
(Ag, Az, As, Ag, Ay x Ag) - %
(Ag, Ag, A3, Aax Az) + 0= (Ag, Ay, A5, Ag) — (Aa, Az, Az, Ag)

== 2<A27 AQ; A57 AG) <A27 A27 A37 A8>

SO, <A27 A27 A5, A6> = <A27 AQ, A3, Ag) = :téll We also find that

<A27A27A57A2*A3> : t; = _%<A27A27A2> - <A27A27A37A8>

1
4

This means that , i% = —=2(As, A, Ay), which implies that 3 = (A,, As, As). Next we find

1
6

that

(Ag, Ay, Aq, Ay Ag) © (Ag, Ay, Ag, A7) = 3(As, Ag, As, Ag) = +
(A4, Az, A7, Ag % Ag) - i% = (Ag, Ag, Ag)(As, Ay, As, A7)

1
8

So, (As, Ay, As, A7) = —i. Finally,

(As, A7, Ay, Agx Ag) : —55 = —2(As, A3, A7, A7) (As, Ag, As) + %7

24

which means that (As, Ay, Ay) # 0.
If we set (A3, Ay, Ay) = a and (A, A, Ay) = b, this gives us some new product informa-

tion.

A3 *A4 = —2&147, A4 *A4 = GA6, AQ *AQ = bAg,

This means that A;, Ay, Az, and A, are the primitive basis elements for this example.

Hence we can use Equation to argue that the Frobenius manifold structure is determined
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by the genus-zero k-point correlators for £ < 5.

The nonzero four-point correlators are:

<A2,A3,A5,A5> = —% <A2,A37A6,A6> - O <A3,A37A3,A8> = 411

<A37A37A57A6> = 1_12 <A27A27A37A8> = _% <A2aA27A57A6> = _%
(Ag, Ag, A7, A7) =0 (A, Ay, Ay, Ag) = 2 (Ay, Ay, Ag, A7) = =&
<A37A37A77A7> = = <A3>A47A57A7> = - <A47A4>A57A5> =45

12e 24 12

<A4; A4a A67 A6> = —gb

12

The basic nonzero five-point correlators are :

<A27A27A27A87A8> =1 <A2aA37A37A87A8> - 2

8 72

<A37 A4> A47 A87 A8> = %

If welet X = Ay, Y = A3, and Z = Ay, then the degree three part of the Frobenius

manifold generating function is

$o(X,Y, Z) = = (atyty, + bt + txt3 + btitxtx> + titytxy + titztyz) + higher order terms

N —

The higher order terms in the function can be found using the pairing, three-point correlators

and basic four and five-point correlators listed above.

5.1.5 XTI =%+ zy? + y22.

L1 (151
J—(mg)’ ¢ _<<3’6’12>>

There are three admissible symmetry groups for X, (J), G™ and G = ((%,2,1)).
The A-model structure for G = G™** was computed by Shen and Krawitz [14].
W=XIG=():

We again get a 4 dimensional vector space.
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Element W-degree
Ay = [1;J] 0
Ay =11;0] 1
Az = [2%y ;0] 1
Ay =157 2

There is only one nontrivial product: A, x Az = 11—2A4. This means that A;, Ay, and Aj
are primitive elements. Lemma [25] and Equation tell us that the Frobenius manifold
structure can be determined by k-point correlators for k < 6.

The nonzero 3 pt correlators are (Ay, Ay, Ay) = 1 and (A4, Ay, A3) = 1—12 The selection
rules and G™* invariance show that there are no four or five point correlators. The only
possibly nonzero six-point correlators are (Ay, Ag, Ag, A, Ay, Ag), (Ag, As, Az, A3, Ay, Ay),
and (As, Az, As, A3, Ay, Ay). We can use the reconstruction lemma to show that each of
these correlators vanishes. This gives the entire Frobenius manifold structure. If X = A,
and Y = Aj, then

1 1
Po(1,X,Y, XY) = ﬂtftxy + hitxty

W - XE.G - ((2.2.3):

Notice that the weights vector and group for this example match those for the Ji;, G case
considered earlier, but G is not a product of (J) for any partition of the polynomial XJ. It is
generally believed that )z ., = Hyr o, but we are not aware of a proof of this statement.

If v = (%, %, %), the vector space basis for %Xg"’c, is
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Element C-degree

Ar=[1:27] 0
Nontrivial Products
Ay =[1559] | 12
AQ * Ag = A6

Az =[1;7] 1/2

A4 * A4 = %AG
Ay = [7;37] 1/2

A5 * A5 = —%A(;

As = [y;37] 1/2
Ag = [1;47] 1

All three-point correlators are determine by the axioms in Seciton [2.3.6
In this example A, Ay, Az, A4, and Aj are all primitive elements. Lemma/[25|and Equation
tell us that the Frobenius Manifold structure is determined by the genus-zero, k-point
correlators for £ < 6.
If we use the reconstruction lemma on the correlator (As, A, Ag, As, Ay x Ay), we find
that
1

1
= =12 (A A3 A, AL))? + S (Ao A A4 Ay)

SO either <A2A2A4A4> = % or _ 1

.5~ In the first case the nonzero four, five, and six point

correlators are

<A27A27A2aA3> = _%
(Ag, A3, Ag, As) =0 (As, A3, A3, Az) = —96¢* (A3, Ay, Ay, As) = €

<A27A27A47A4> = % <A2,A2,A5,A5> = —%

<A37A5,A5,A5> =cC

(Ag, Ay, Ag, Ag, Ag) = 5 (Ag, Ag, As, A5, Ag) = 0
(A, A3, Az, As, Ag) = 166> (Ag, Ay, Aa, As, Ag) = ¢
(Ag, As, A5, A5, Ag) = £ (A3, A3, Ay, Ay, Ag) = —5¢2
(A3, A3, As, A5, Ag) = 8¢?
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(Ag, A, Ao, A5, Ag, Ag) = 0 (Ag, Az, Az, As, Ag, Ag) = — 222

<A2,A3’A4’A4’A6’A6> - _%62 <A27A37A57A57A67A6> = 45102

<A37A37A37A57A6aA6> =0 <A4,A4,A4,A4,A6,A6> = —502
<A47A47A57A57A67A6> = %Cz <A5,A5,A5,A5,A6,A6> = —262

In the second case we get the following basic four-point correlators:

(Ag, Ay, Ay, A3) = —% (Ag, Ay, Ay, Ay) = T (Ag, Az, A5, As) = %,07" -+

18

The only nonzero basic five-point correlator is (As, Ay, A, Ag, Ag) = %, and there are no

nonzero basic six-point correlators.

5.2 OTHER UNIMODAL SINGULARITIES

5.2.1 FE;; = 2%+ y". For this singularity we find that J = (%, %), and G = <(%, %)>

So, (J) = G™** is the only admissible group. This group splits using the decomposition,
Eis = Ay + Ag. So the entire A model structure can be determined using the sums of

singularities axiom, and the computations in [I].

5.2.2 FEj3 =2+ xy°. For this singularity we find that

1 2 max __ gl
(5 2) e ()

So, (J) = G™* is the only admissible group.

The FJRW vector space structure for G = (J) = G™* is given by
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Element C-Degree
A =11;J] 0 Nontrivial Products
Ay =1[1;10J]| 1/5 A * Ay = Ay Ag x Az = As
Az =[1;8]] 4/15 Agx Ay = Az Ag * Ay = Ag
Ay =11;4J] 2/5 Agx A7 = Ay Ag * Ag = Ay
As =[1;2J] 7/15 Asx Ay = An Az * A3 = £5A4;
Ag = [y*;0] 8/15 Az * Ay = Ag Az * Ag = £A4Ay
A, =1[1;13J] 3/5 Az * A7 = Aqp Az * Ag = Ay
Ag=[1;11J] 2/3 Ay x Ay = Ay Agx As = Ay
Ag = [1;7J] 4/5 Ay *Ag = A As* A7 = Ay
Ay =1[1;5]| 13/15 A+ Ag = —1 An
Ay =11;14J]| 16/15

The primitive elements in this ring are Ay, As, and As. It turns out that all three-point
correlators can be determined by the axioms in Section [2.3.6]
Lemma [25| and Equation tell us the the entire Frobenius manifold structure can be

determined from genus-0 k-point correlators for

1+16/15
k<24 ——— - —
Sct T ns ©

There are six basic genus-zero four-point correlators, three of which are concave. Using

the formula for A, and the reconstruction lemma, we find that

<A27 A27 A77 All) =2

15

<A27 A37 A97 A9> = —=

15

<A27 A27 A97 A10> =L

15

<A2; A3a A67 All) == -1

15

<A37 A37 A57 A11> == !

3

<A37 A37 A87 A10> - %

There are no basic 5-point genus-zero correlators.

If we let X = Ay and Y = A3 then the degree three part of the Frobenius manifold
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generating function is

do(X,Y) = $titxey + txtxetxy + txtytxs + titxtysy + 25ty

+313 ty2 + titxatxzy + titxytys — 3115, + higher order terms

The higher order terms in the function can be found using the pairing, three-point correlators

and basic four-point correlators listed above.

5.2.3 By =a*+y® For this singularity we find that J = (3, %), and G™* = ((3, §))-

So, (J) = G™* is the only admissible group. This group splits using the decomposition,
Eiy = Ay + A;. So the entire A model structure can be determined using the sums of

singularities axiom, and the computations in [I].

5.2.4 Z;; = 2%y +y°. For this singularity we find that

4 1 maz 1 4
J:<1—5,5),andG —<(15,5>>.

So, (J) = G™*" is the only admissible group.

The FJRW vector space structure for G = (J) = G™** is given by

82



Nontrivial Products

Element C-Degree

AQ*A2:A3 AQ*A3:A5

Ay=1[1:12J] | 2/15

AQ*A4 = A6 AQ*A5 = :l:3A7
AQ*AGZAg AQ*A7:iA9

A =[1:87] | 4/15
Ag*AgZAlo AQ*AQIAH
Ay =1;6J] 1/3
Ay * Ay = Apa Ag * Ajg = Ags
As = [1;4J] 2/5
Ag*AgZZIZSA'y A3*A4:A8
As=T[1:2J] | 7/15
Ag *A5 =777 A3 *A6 = AlO
Ay =T[2%;0] | 8/15

Az x Ag = Ay Az x Ay = Ags
Ag = [1;13J] 3/5

Ag=[1;11J] | 2/3

A4*A4:A9 A4*A5:A10

Ay x Ag = An Ay x Ag = Aqp
A= [1 ;9JJ 11/15

A, =T[1:3J] | 14/15

A4 * A10 = Alg A5 * A5 =777
A5 * A7 = :l:A12 A5 * Ag = A13

Aﬁ*A(;:AlQ A6*A8:A13

A7 * A7 = —%Alg

The primitive elements in this ring are Ay, As, and Ay. It turns out that all three-point
correlators can be determined by the axioms in Section , except (As, As, As), and we only
know that (A, A5, A7) and (As, A3, A7) must be plus or minus one. In fact, reconstruction
will show us that both of the latter are equal to —1.

Using the reconstruction lemma we find that

(Ag, Ao, Ar1, Agx Ag) = (A, As, Aro, Anr) = %7 and
<A27A57A117A3*A6> : <A27A57A107A11> - _%<A37A57A5>7

which tells us that (As, As, A5) = —3. We now know our missing products:

A3 *A5 = —3149,, and A5 *A5 = —3./411
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Lemma [25| and Equation tell us the the entire Frobenius manifold structure can be

determined from genus-0 k-point correlators for

1+ 16/15

k<242 <
<2+ 55 <

There are eight basic genus-zero four-point correlators, seven of which are concave. Using

the formula for A and reconstruction, we find that

<A27A27A10aA13> = 1 <A27A47A97A12> = —L

5 15

<A27A47A117A11> = —= <A4aA4;A47A13> =4

15 15

<A47A47A67A12> = <A47A47A87A11> = 2

: :
<A4aA4aA97A10> = & <A2,A4,A7,A13> = —%

15 5

There are no basic 5 or 6-point genus-zero correlators.
If we let X = Ay and Y = A, then the we find that Y2 = —32° and degree three part of

the Frobenius manifold generating function is

1
¢0(X, Y) - 6 Z tX“lel tXa2yb2 tXagybg + Z tXal tXaz tXa3
> a;i=3,>b;=2 a;<4,>" a;=8

+higher order terms

The higher order terms in the function can be found using the pairing, three-point correlators

and basic four-point correlators listed above.

5.2.5 Zp = 2%y +ay*. For this singularity we find that

3 2 aw /(18
J—(ﬁ,ﬁ),andG —<(11,11)>

So, (J) = G™* is the only admissible group.

The FJRW vector space structure for G = (J) = G™* is given by
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Nontrivial Products
Element C-Degree

AQ*A2:A4 AQ*A3:A5
A2 * A4 =777 AQ * A5 = Ag

Ay = [1;8J] 2/11
A2 * Aﬁ =777 A2 * A7 =777

Ay =[1:6J] 3/11
AQ*AgZAl() AQ*AQIAH

Aj=T[1;4J] | 4/11
AQ * All = A12 Ag * Ag =777

As=[1;2J] | 5/11
A3*A4:A8 A3*A5:A9

Ag = [2%;0] 6/11
Ay Ag =777 Ay + Ay =777

A7 =[y*;0] 6/11
Az x Ag = An Az x Ao = App

Ag = [1:9]] 7/11
A4 * A4 =777 A4 * A5 = AIO

Ag=[1;7J] | 8/11
Ay x Ag =777 Agx Ay =777
A4*A9:A12 A5*A5:A11

As x Ag = Aio Agx Ag = —%Aw
Ap =[1;10J] | 12/11
AG * A7 = ﬁAlg A7 * A7 = 13—11412

It turns out that all three-point correlators can be determined by the axioms in Section 2.3.6]

except
(AAy, As) (A2Ay, A7) (A3As, Ag)

(A3A3, A7) (AsAy, Ay)

Unfortunately, reconstruction doesn’t entirely determine whether these are nonzero or
not. Although Krawitz proved the Landau Ginzburg conjecture for all invertible cases where
G = G™* the map he provides is not defined constructively in the case of an even variable
loop. He proves that there exists a map that will respect the product structure, but we

cannot use it to gain any more information about the A model three-point correlators.

5.2.6 73 =%y +4y°. For this singularity we find that
5 1 1 5
_ (=2 = d Gmaez — - v .
/ (18’6)’ and G <(18’6)>
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So, (J) = G™* is the only admissible group.

The FJRW vector space structure for G = (J) = G™* with is given by

Element C-Degree
Nontrivial Products

AQ*AQZAS AQ*A3:A4 AQ*A4:A6
Ay = [1:8J] 1/9

AQ*A5:A7 AQ*AGZZEAQ AQ*A7:A8
Ay =T[1:15J] | 2/9

Ay * Ag = An Ag* Ag = £ A10 Ag * Ajg = Aus
Ay =[1;4J] 1/3

Ay x Ay = Apo Ay x A3 = Aqy Agx Ay = Ass
A5:f1;13Jj 1/3

Ag=[1:11J] 4/9
Ar = [1;2J] 4/9
Ag = [1:9J] 5/9
Ay = [22:0] 5/9

Apx Ais = Arg | Asx A3 =Ag | Ayx Ay = £34,
AgkAs = Ag | AgxAg =777 | AsxAr = Ay
AgxAg = A1y | AsxAg=tA1; | Asx Aig = Aw
Agk Ay = Ais | Agx A= Arg | Agx Ay =277

A4 * A5 = AH A4 * A6 =777 A4 * A7 = A12

A4 * Ag = :tA14 A4 * AIO = :|:A15 A4 * Alg = :]:Al(j

As *x As = Ay Ay *x Ag = Aio Asx A7 = Ay

Ay =[1;3J] 8/9

Asx Ag = Ay Asx Ay = Ags Asx Ay = Age
A6 * Aﬁ =777 AG * Ag = A15 AG * AlO = AlG

Az x A7 = Ay A7 x Ag = Ay A7 x Ag = Ay

Ag *Ag = A16 Ag *Ag = _%Alﬁ

In this case, we can determine the primitive elements without knowing all products. The
primitive elements in this ring are A;, Ay, and As. Lemma [25] and Equation [£.5] tell us the

the entire Frobenius manifold structure can be determined from genus-0 k-point correlators

for

1+10/9
k<24 —+7—<6
<2+ 3p <

It turns out that all three-point correlators can be determined by the axioms in Section
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[2.3.6] except the following,
(A246, Ag)  (A3As, Ay)
(AzAs, As)  (AsAs, Ag)

The axioms do tell us that the first two of the above correlators must be equal to plus or

minus one, and the reconstruction lemma shows that the last two are both equal to -3. This
gives us some formerly unknown products.

Ag *Aﬁ = —3A12 A6 *AG = —3A14

A4 *A4 = —3A12 A4 *Aﬁ = —3A13

There are nine basic genus-zero four-point correlators, eight of which are concave

. Using
the formula for A and reconstruction, we find that

6 <A27A5aA107A15> - - 1
<A27A57A137A14> = - L

<A27 A27 Al?; A16>

—_
[ee]

s (A5 A5, A5, Asg) = %

(As, As, A7, Ays) = 2 (As, A5, Ag, Ary) = 1

(As, A5, A1g, A12) = 15 (As, As, A1, A1g) = §
(Ay, A, Ag, Ajg) = — =

18

There are no basic 5 or 6-point genus-zero correlators.

If we let X = Ay and Y = Aj then the degree three part of the Frobenius manifold
generating function is

¢0(X7Y): % Z

tX"‘l Ybl txa2yb2 tXa3yb3 -
S a;=4,5"b;=2

3(t1t%s + txotia + thstxe)

ig(txfx4tx5 + txztxsth)) + higher order terms

The higher order terms in the function can be found using the pairing, three-point correlators
and basic four-point correlators listed above.
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5.2.7 Uy =2+ 13>+ 2% For this singularity we find that

111 e /(1 11
s (A1) o= (L) (0.1

So, (J) and G™** are the only two admissible groups. G™** splits using the decomposition,
Ui = Ay + Ay + As. So the entire A model structure can be determined using the sums of
singularities axiom, and the computations in [I].

W =U;2,G=(J):

If we use G = (J), then the vector space basis is given by

Element C-Degree

A =[1;J] 0
Ay =1[1;10J] 1/4 Nontrivial Products

Az = [x;9J] 1/3 Ay x Ay = As Ag* Az =777
Ay =ly;9J] 1/3 Ay Ay =777 Ay * Ag =177
A =[1;7J] 1/2 Agx A7 =177 Ay x Ag = An
Ag = [x;6J] 7/12 Ay x Ay = App Az * Ay =777
A; =[y;6J] 7/12 Az * A5 =177 Az * Ay =177
Ag=[1;5]] 2/3 Az * Ay = A1 Ay Ay =177
Ag = [x;3J] 5/6 Ay * Ag =777 AgxAg = A1
A= y;3J] 5/6 A+ Ag = Ay Ag* A7 = Ay
Ay =[1;2J] | 11/12
Ap=T[1:117] | 7/6

All three-point correlators can be determined by the axioms in Section [2.3.6] except for

<A2>A37A7> <A27A47A6> <A37A47A5>
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The reconstruction lemma tells us that

<A27A27A57A3*A10> : % = <A2aA2aA57A12> = 9<A27A3aA7><A27A57A67A10>7
<A27A5)A27A3*A10> : % - <A27A2aA57A12> - 9<A37A4aA5><A27A27A97A10>
(Ag, Ag, As, Ay Ag) 35 = (A2, Az, As, A1a) = 9(As, Ay, Ag)(As, A5, A7, Ag)

which tells us that (Ay, Ay, Ag), (A2, A3, A7), and (As, Ay, As) are nonzero. If we let them
equal the complex numbers a, b, and ¢, respectively, then we can now describe our missing

products:

A2 * A3 = 9[)146 A2 * A4 = 9&147 A2 * A@ = 9&149
AQ * A7 = 9bA10 A3 * A4 = CAg Ag * A5 = 9CA9
A3 * A7 = bAll A4 * A5 = 961410 A4 * A6 = ClAll

It turns out from other reconstruction relations that ¢ = 9ab We know see that the primitive
elements in this ring are Ay, A, Az, and Aj.

Lemma [25| and Equation tell us the the entire Frobenius manifold structure can be
determined from genus-0 k-point correlators for

1+7/6
k<2 <
2ty =t

There are eight basic genus-zero four-point correlators, only one of which is concave.
Unfortunately, our current methods for using the reconstruction lemma don’t allow us to
completely determine all values of the basic four-point correlators. We can determine that
for some (possibly zero) complex numbers ky and ko

(Ag, Ag, A5, Arp) = 1 (Ag, As, Ag, Avo) = 552
(As, A3, Az, Arz) = ka <A37A37A6,A11>%
(As, Az, Ag, Ag) = ﬁ (Ay, Ay, Ay, Ava) = ko

<A47A47A77A11> - L <A4aA4aA87A10> -

ko
9b 8lab
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There are no basic 5 or 6-point genus-zero correlators.
If we let X = Ay, Y = A3, and Z = Ay then the degree three part of the Frobenius

manifold generating function is

3
1
0(X,Y, Z) = < | 9ab > T txeveize +8labtitxoy | + higher order terms

S a;=2 i=1
Sbi=>ci=1
(ai,bici)yé(&l,l)

The higher order terms in the function can be found using the pairing, three-point correlators

and basic four-point correlators listed above.

5.2.8 Wi, = 2% +¢5. For this singularity we find that J = (}L, %), and G™* = <(}l, %)>

So, (J) = G™** is the only admissible group. This group splits using the decomposition,
Wis = Az + A4 So the entire A model structure can be determined using the sums of

singularities axiom, and the computations in [I].

5.2.9 W3 =a2*+ 2y*. For this singularity we find that

13 e /(13
J—(Z,E),andG —<(4,16>>

So, (J) = G™* is the only admissible group.

The FJRW vector space structure for G = G™* = (J) with is given by
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Element C-Degree Nontrivial Products

Ay =11;J] 0 Ay *x Ay = Ay Ag*x Ag = A;
Ay =1[1;17J] 3/16 Ag x Ay = H4A; Ag x Ay = Ag
A3 =[1;6J] 1/4 Ag *x Ag = Ag Ag * Ag = £ A0
Ay =1[1;13J] 3/8 Ay * Ag = Anq Ag* Ajpg = Arp
As =[1;2J] 7/16 Ao * Ay = Ags Az * Az = Ag
Ag=[1;11J] 1/2 A *x Ay = Ag As* Ay = Ag
A =1[1;9J] 916 Az * Ag = Ay Az * Ag = Ay
Ag = [1;18J] 5/8 Asx Ag = Ajs Az x A = Ags
Ag=[1;7J] 11/16 Ay * Ay =777 Ay * As = Aj
A =[1;14J] 3/4 Ay * Ag = An Agx A7 = A
Ay =[1;3J] 7/8 Ay * Ajp = Ass As* As = Ay
Ap = [1;19J] 15/16 As * Ag = Ay As* Ag = Ais
Az =[1;19J] 9/8 Ag * Ag = Ais A7 x A7 = =1 A3

The primitive elements in this ring are A;, A,, and As. It turns out that all three-point

correlators can be determined by the axioms in Section except (As, Ay, A7) which must

be equal to +1 and (A4, Ay, Ay) which the reconstruction lemma shows must be equal to -4.
Lemma [25] and Equation [4.5] tell us the the entire Frobenius manifold structure can be

determined from genus-0 k-point correlators for

1+11/10 _

k<2
<2+ <

There are seven basic genus-zero four-point correlators, six of which are concave. Using
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the formula for A, and the reconstruction lemma, we find that

<A27A27A87A13> - % <A2,A2,A11,A11> = éll
<A37A37A107A12> = _% <A3,A3,A67A13> = 1_36
<A37A37A97A12> — % <A3,A3,A10,A11> = %

<A27 A37 A77 A13> - —L1

16

There are no basic 5-point genus-zero correlators.

If we let X = Ay, Y = A3, and Z = Ay then the degree three part of the Frobenius

manifold generating function is

3
1
0(X,Y, Z) = < | 9ab > T txeveize +8labtitxey | + higher order terms

S a;=2 i=1
S bi=>"ci=1
(aibici)#(2,1,1)

The higher order terms in the function can be found using the pairing, three-point correlators

and basic four-point correlators listed above.

5.2.10 Qo =2’y +y* + 2% For this singularity we find that J = (£,1,1), and G™* =
<(§,%, %)> So, (J) = G™* is the only admissible group. This group splits using the
decomposition, Q19 = D5 + As. So the entire A model structure can be determined using

the sums of singularities axiom, and the computations in [I].
5.2.11 Qi = 2%y +y32 + 23, For this singularity we find that

7 21 e (T 21
J_(T8’§’§)’andG _<(18’9’3)>'

So, (J) = G™** is the only admissible group.

The FJRW vector space structure for G = G™* = (J) with is given by
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Element C-Degree
Nontrivial Products
AQ*A2:A4 AQ*A3:A5
Ay =T[1:16J] | 1/6
A2 * A4 =777 A2 * A5 = Ag
Ay =[1;14]] | 5/18
A2 * AG = Ag A2 * Ag =777
Ay=1[1:137] | 1/3
Ag*x Ag = A Ag * Ajg = Arz
As=T[1;11J] | 4/9
AQ * A12 = A13 Ag * Ag = j:3A7
Ag = [1:10J]] 1/2
Ag*A4:A8 A3*A6:A10
Az = [y?;9J] 5/9
A3 *A7 = :i:All Ag * Ag = A12
As=[1;87] | 11/18
A3 * AH = A13 A4 * A4 =777
A4 *A5 =777 A4 *A6 = All
A4 * Ag =777 A4 * Al() = A13
As* Ag = Az As* Ag = Az
A6 *Ag = A13 A7 *A7 = —%Alg

All three-point correlators can be determined by the axioms in Section except

<A27A47A8> <A37A37A7> <A47A57A5>

We know that (Aj, A3, A7) = £1. We shall say that the value of (A3, A3, A7) is a.

The reconstruction lemma tells us that

<A4>A27A117A3*A6> : <A27A4>A10,A11> = <A4,A5,A6,A11>, and

<A117A27A47A3*A6> . <A27A47A107A11> = <A47A57A67A11> - é - %<A27A47A8>

Which means that (Ay, Ay, As) = —2. Similarly, we can use reconstruction on the correlator

<A4, A4, Ag, A10> to show that <A4, 1457 A5> = -2 SO7

A2 *A4 = _2A6 AQ *Ag = —21410 A4 *A5 = —2149

A4 *Ag = —2A12 A5 *A5 = —2A10
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The primitive elements in this ring are A;, A,, and As. Lemma 25| and Equation
tell us the the entire Frobenius manifold structure can be determined from genus-0 k-point

correlators for

1+10/9
k<24 ————F"—- <5
SETT RS

There are seven basic genus-zero four-point correlators, three of which are concave. Using

the formula for A, and the reconstruction lemma, we find that

(Ag, Ay, Ag, Ays) = 3 (Ag, Ag, Ar1, Arg) = 5
(Ao, Ag, A, An) = =3 (Ag, A, Ar, Ayy) = 252
(As, A3, As, A1) = =952 (As, As, Ag, App) = =952
(A3, A3, A, Aro) = —5

There are no basic 5-point genus-zero correlators.

5.2.12 Q2 = 2%y +y° + 23.  For this singularity we find that J = (%, %, %), and G™* =

<(%, %,§)> So, (J), and G™** are the only admissible groups. They both split using

the decomposition, Q12 = D4 + As. So in each case the entire A model structure can be

determined using the sums of singularities axiom, and the computations in [1J.

5.2.13 Sy, = 2%y + y?z + 2*.  For this singularity we find that

5 31 e /(5 31
J(Tﬁ’g’i)’andG <(16’8’4)>'

So, (J) = G™** is the only admissible group.

The FJRW vector space structure for G = G™* = (J) with is given by
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Element C-Degree Nontrivial Products
Ay =11;J] 0 Ay *x Ay = Ay Ag*x Ag = A;
Ay =[1;14J] 3/16 Ao x Ay = £2A; Ag x Ay = Ag
A3 =1[1;13J] 1/4 Ag* Ag = Ag A * A7 = £ A0
Ay =11;11J] 3/8 Ay *x Ag = Any Ag* Ajpg = Arp
As =[1;10J] 7/16 Ag*x A = Ags Az * Az =777
Ag=1[1;9J] 1/2 Az * Ay = Ag Az * As =777
A; =y ;8J] 9/16 Az * Ag = Ay Az * Ag =777
Ag=[1;7J] 5/8 Az * Ag = Aso Az * Ajp = Ags
Ag=1[1;6J] 11/16 Ay Ay =777 Ay *Ag = An
A =[1;5J] 3/4 Ay * A7 = Ay Ay * Ay = Ass
Ay =[1;3J] 7/8 Ay * Ay =777 Ay * Ag = Aio
App = [1;2J] 15/16 As* Ag = Ay Ag * Ag = Ais
Az =[1;15]] 9/8 A7 x A7 = —1 A5

<A27 A47 A7>

product information:

Ag *Ag = —2A6
A4 *A4 = —2A10

correlators for

k<

<A37 A37 A8>

A3 * A5 = —2A9

<A37 A57 A5>

A5 * A5 = —2A11

1+9/8<

5
1—1/4
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All three-point correlators can be determined by the axioms in Section [2.3.6] except

<A4> A47 A4>

We know that (As, Ay, A7) = a = £1, and the reconstruction lemma can be used to show

that (As, As, As) = (A3, A5, A5) = (A4, Ay, Ay) = —2. This gives us the following new

Ag * Ag = —2A11

So, the primitive elements in this ring are Ay, As, and As. Lemma [25| and Equation

tell us the the entire Frobenius manifold structure can be determined from genus-0 k-point




There are seven basic genus-zero four-point correlators, three of which are concave. Using

the formula for A, and the reconstruction lemma, we find that

<A27A27A87A13> = Lll <A27A37A107A12> - -
<A27 A37 A7a A13> = -

oo~

<A2aA2aAllaAll> - %
<A37A37A67A13> = % <A37A3,A9,A12> = le
<A37A37A107A11> -

a
%

There are no basic 5-point genus-zero correlators.

5.2.14 S5 = 2%y + y?z + 223, For this singularity we find that

4 5 3 e /(4 53
J‘(f?i?ia’am“; ‘_<(m’m’m>>'

So, (J) = G™* is the only admissible group.

The FJRW vector space structure for G = G™* = (J) with is given by

Element C-Degree

Nontrivial Products

AQ*A2:A5 AQ*AgZAG
Ay =[1:11J] | 3/13
Ay x Ay = Az Ao x A5 =777
As=[1;107] | 4/13
AQ*AGZAQ AQ*A7:A10
5/13
Ag* Ag = An Ag*x Ay = Apg
6/13
A3 *Ag =777 Ag *A4 = AS
7/13
A3 *A5 = Ag Ag *A6 =777

[1;97]
[1;87]
[1;7J]
A =[1:6J] | 8/13
Az x A7 = Ap Az x Ay = Arz
[1;5J) | 9/13
A4 * A4 =777 A4 * A5 = AlO
M:4J] | 10/13
A4*A6:A11 A4*A9:A12
A =[1:3J] | 11/13
A5 * A5 =777 A5 * Ag = A12
An=[1;2J] | 12/13

A6 *A7 = A12
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All three-point correlators can be determined by the axioms in Section [2.3.6] except

<A27A57A5> <A37A37A6> <A47A47A4>

The reconstruction lemma tells us that each of these are nonzero, and in fact (A, As, As) =

(As, Ag, Ag) = —2, (A4, Ay, Ay) = —3. The new product information we gain is:

Ay x A5 = —2Ag Agx A3 = —2A; AsxAg = —2A
Ay x Ay = —3Ag Asx A5 = —2A1
The primitive elements in this ring are A;, As, A3, and A4. Lemma [25|and Equation
tell us the the entire Frobenius manifold structure can be determined from genus-0 k-point

correlators for
1+15/13

k<24 ——— <
YT

(5.3)

The nonzero basic genus-zero four-point correlators are shown below. Using the formula

for A, and the reconstruction lemma, we find that

<A27A2aA6)A12> — 1&
<A2>A37A87A11> =-2 <A27A47A77A11> ==

<A27 A27 AQ) All) = =

13

13 13
(Ag, Ay, Ag, Ag) = — 2 (A3, Ay, A7, Aro) = -2
(Ag, Ay, Aro, Aro) = —5  (Ag, A3, A5, Apg) = &
(Ag, Az, Ag, Aro) = 75 (Ag, Ay, Ay, Apg) = 55
(Ag, Ay, As, Avg) = 55 (A3, A3, Ay, Ap) = 3
(A3, A3, A7, Ann) = & (As, As, Ag, Avo) = 5
(A, A3, Ag, Ag) = =% (As, Ay, Ag, An) = &
(Ag, Ay, As, Ag) = 5 (Ag, Ay, A5, An) = 3
(A4, Ay, A, Avo) = & (Aa, Ay, Ar, Ag) = 2
(Ag, Ay, As, Ag) = -3
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There are no basic 5 or 6-point genus-zero correlators.

5.3 BIMODAL SINGULARITIES OF CORANK 2

5.3.1 W =J30=2a*+y", G = (J). Notice that Jyo = 2°+y’ = Ay+ As, so G™* for this
singularity will split, and the entire A model structure can be determined using the sums of
singularities axiom, and the computations in [I].

Using G = (J), we find the vector space basis,

Element C-Degree

A =T1:J] 0
Ay =[1;47] | 1/3
As=T[1:2J] | 4/9
Ay=[z2:0] | 5/9
= [y”;0] 5/9
2/3

[

[1;7J]
Ar=[1;5J] | 7/9

[1:87] | 10/9

All three-point correlators can be found using the axioms. The primitive elements are Ay,
As, Az, Ay, and As, and the Frobenius manifold structure can be determined from the basic
genus-zero, k-point correlators for £ < 7.

The nonzero basic genus-zero, four-point correlators are

(A, Ag, Ap, A) = 1 (Ag, Ay, Ag, Ay) = 2

(A, Ag, Ag, Ag) = 1 (Ag, Ay, Ag, A7) = L

(Ag, Ay, As, Ag) = 2}13 (Ag, Ay, Ay, Ay) = a
(A3, A5, A5, As) = —m,

for some nonzero constant a.
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The nonzero basic genus-zero, five-point correlators are

(Ag, A, A3, A7, Ag) = 5 (A, Ay, Ay, Ay, Ag) = —%

<A27A57A57A57A8> <A37A37A37A67A8> = =

_ 2
— 1,782,969a 27

<A37A37A47A57A8> = L <A37A4aA57A77A7> = 1

729 729
2 2
<A47A47A47A67A7> - _?ll <A57A57A57A67A7> - m
The nonzero basic genus-zero, six-point correlators are
<A27 A3> A47 A57 A87 A8> = ﬁ <A47 A47 A57 A57 A77 A8> = _T2147

There are no nonzero basic seven-point correlators.

532 W =272,=x%+y",G=(J). Unfortunately we do not have enough information

to determine the values of the basic higher point correlators in this case.

533 W=7Z=2%+y,G=Gm". If welet v = (57,2), then the vector space basis

for this example is given by

Element C-Degree Element C-Degree

Ay = [1;67] 0 Ay =[1:5v] | 2/21
As = [1;47] 4/21 Ay =[1:37] 2/7
As=T[1;13v] | 1/3 As=T[1:2y] | 8/21
A; = [1;129] 3/7 Ag = [1;7] 10/21
Ag=T[1:11y] | 11/21 || Ap=[22;0] | 4/7
Ay o= [1:107] | 13/21 | A= [1;20y 2/3

]

Ay = [1;9v] 5/7 A =[1;19y) | 16/21
] 6/7
]

Ay =T[1:17v] | 20/21 | A =[1:16v] | 22/21

Ay = [1;157] 8/7
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All three-point correlators can be found using the axioms, except for (A, Ag, A1g), (A3, Ag, A10),
and (A4, Ay, A1p) which must each be equal to either plus or minus 1, and (As, As, As),
(A4, As, Ag), and (Ag, Ag, Ag) which the reconstruction lemma shows are all equal to -3. We
set the value of (Ay, Ag, A1g) = a. The primitive elements are Ay, Ay, and As, and the Frobe-
nius manifold structure can be determined from the basic genus-zero, k-point correlators for

k < 6.

The nonzero basic genus-zero, four-point correlators are

<A27A2,A15,A19> =1 <A2>A57A12,A18> =—5

7 21

<A2aA5aA14aAl7> = _% <A2,A5,A167A16> = —2—11
<A57A57A57A19> = _% <A57A57A7,A18> = %
<A57A57A97A17> - % <A5,A5,A11,A16> = 2—11

<A57A57A127A15> - % <A5,A5,A137A14> = %
(Ag, As, Avg, Arg) = 1522

21
There are no nonzero basic five or six-point correlators.
534 W =Wy =2"+y5G = (J). Notice that Wy = 2% + ¢ = Az + Aj, so G™*®
for this singularity will split, and the entire A model structure can be determined using the

sums of singularities axiom, and the computations in [I].

Using G = (J), we find the vector space basis,
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Element C-Degree

A =T1;J] 0
Ay =[1;9J] 1/3
Ay =[1;2J] | 5/12
Ay =[1;7J] 1/2
As = [z2:0] | 7/12
Ag = [1;5J] 2/3
Ay =[1;10J] | 3/4
Ag = [1;3J] 5/6
Ag=[1;11J] | 7/6

All three-point correlators can be found using the axioms. The primitive elements are A,
Ao, As, Ay, and As, and the Frobenius manifold structure can be determined from the basic
genus-zero, k-point correlators for k£ < 8.

The nonzero basic genus-zero, four-point correlators are

D= D= O

A27A27A27A9 <A27A2aA6)A8>

<A27 A37 A67 A7> =

{

(Ag, Ag, A7, A7
( (Az, Az, Ag, Ag) =
{

)
)
Ay, As, Au, Ag)
A, Ay, Ag, A7)

1
6
1
3
1
4
1
4

<A27 A57 A57 A6> — _ﬁ

<A47 A4> A57 A5> = _91_6
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The nonzero basic genus-zero, five-point correlators are

(Ag, As, Az, As, Ag) = 5 (Ag, Az, Ay, Az, Ag) = 5
(Ao, Ay, As, As, Ag) = g5 (A5, Ag, Ag, Az, Ag) = 5

576

<A37A37A4aA6aA9> — QL <A3,A3,A5,A57A9> = —%

4
<A37A57A57A77A8> = _% <A47A47A47A47A9> = é
1

<A47A47A47A87A8> = % <A47A5)A57A6>A8> = 576
<A57A57A57A57A8> = =

13824

The nonzero basic genus-zero, six-point correlators are

<A2aA2aA57A5>A97A9> = _T128 <A3,A3,A4,A4,A9,A9> = ﬁ
(Ag, Ay, As, As, As, Ag) = —155 (A5, As, As, As, Ag, Ag) = —27}%

The only nonzero basic genus-zero, seven-point correlators is

(A4, As, As, As, As, Ag, Ag) = 55,1296

There are no nonzero basic eight-point correlators.

5.4 BIMODAL SINGULARITIES OF CORANK 3

54.1 W = Qa9 = 2% + 2y + y2°,G = (J). Unfortunately, we do not have enough

information to determine the values of all basic correlators for £ < 8.

5.4.2 W = Qoo =1+ ay* +yz* G =G,
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Element C-Degree Element C-Degree

A =[1;14~] 0 Ay =117y 1/8

[ ]
Ay = [1:207] 1/4 A= || 7/24
As = [1:237] 3/8 Ag=[1:16y] | 5/12
Ay =[1;29] 1/2 Ag = ]| 13/24
Ag = [y’*;129] | 7/12 | Ao = [1:57] 5/8
A =1:22v] | 2/3 A = [1;87] 3/4
A =[1:7] | 19/24 | Ay=[1;11v]| 7/8
Ais=[1:4y] | 11712 | Ag=[1;7v] | 25/24

Az = [1;107] 7/6

All three-point correlators can be found using the axioms, except (A4, Ay, Ag) which we know
must equal plus or minus one, and (A, As, A1), (As, As, A11), (A3, As, Ag), and (As, As, Ag)
which must each be equal to -2 by the reconstruction lemma. We will say that the value of
(Ay, Ay, Ag) is a. The primitive elements are Ay, Ay, and Az, and the Frobenius manifold
structure can be determined from the basic genus-zero, k-point correlators for k£ < 6.

The nonzero basic genus-zero, four-point correlators are

<A27 A47 A9> A17> = - <A47 A47 A67 A17> = %

<A47A47A87A16> - % <A47A47A11aA15> -

<A47 A47 A137 A13> = -

a
6
1
3

1
6

There are no nonzero basic genus-zero five or six-point correlators.

543 W =QI,=2+y'2+2G=(J)=G"".
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Element C-Degree Element C-Degree

A =11;:J] 0 Ay =[1;11J] 1/8
Ay =[1:21J] 1/4 Ay =1[1:9J] 7/24
As = [4*;8J] 3/8 Ag=1[1:7J] 5/12
Ay =[1:19J] 1/2 As = [1:5J] 13/24
Ag=[1:17J] | 712 | Aw=T[y3:16J] | 5/8

All three-point correlators can be found using the axioms, except (A4, As, As) which we can
show to be some nonzero complex number a, and (A, Ag, Ag), and (As, As, Ag), which must
each be equal to -3 by the reconstruction lemma. The primitive elements are Ay, Ay, Ay,
and As, and the Frobenius manifold structure can be determined from the basic genus-zero,
k-point correlators for k < 6.

The nonzero basic genus-zero, four-point correlators are

<A2,A2,A8,A14> = % <A2,A2,A11,A13> = %

<A27A47A97A13> - _% <A2,A47A12,A12> ==

12

<A47A47A47A14> = i <A4,A4,A7,A13> = %
<A47A4aA8aA12> - % <A4,A4,A9,A11> = i
<A27A47A67A14> = % <A2,A5,A5,A14> = —%
<A27A57A10;A11> = 3_12 <A3,A5,A57A13> = —%
<A47A47A107A10> = ﬁ <A4,A5,A9,A10> = —i
<A57A57A67A12> = _% <A5,A5,A7,A11> = —%
<A57A57A8aA8> = _% <A5,A5,A9,A9> = 214

104



The nonzero basic genus-zero, five-point correlators are

<A27A4;A4;A147A14> - <A47A5aA5aA127A14> = —3

1
96 96

<A47 A57 A57 A137 A13> = _%

There are no nonzero basic genus-zero six-point correlators.

54.4 W = S19 = 2%y + 9?2 + 2°,G = (J). Unfortunately, we do not have enough

information to find the value of this correlator nor many of the higher point basic correlators.

54.5 W =S1=2%+vy*2+2°,G =G, Fory=(&,2, 1) the vector space basis
: 207 107 5

is given by,

Element C-Degree Element C-Degree
Ay =11;67] 0 Ay =T[1;7v] 3/20
A3 =[1;7] 1/4 Ay =11;87] 3/10
As = [1;27] 2/5 Ag = [1;97] 9/20

A; = [1;167] 1/2 Ag = [1;37] 11/20
Ag = [y ;107] 3/5 Ay =[1;177] 13/20
A =[1;479] 7/10 Ajp = [1;117] 3/4

Az =[1;187] 4/5 Ay =[1;127] 9/10
Az =[1;197] 19/20 A =[1;137] 21/20
Ay = [1;14~] 6/5

All three-point correlators can be found using the axioms, except (A, Ag, Ag) and (A4, Ag, Ag)
which we can show must be equal to one, and (As, As, A11), (As, As, Ag), (A4, Ag, Ag), and
(As, As, As) which we can show must all equal -2. The primitive elements are A;, Ay, and As,
and the Frobenius manifold structure can be determined from the basic genus-zero, k-point

correlators for k < 5.
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The nonzero basic genus-zero, four-point correlators are

(Ao, Ag, Ay, Arr) = & (Ag, Ag, A, Agg) = — &
(Az, Az, Arg, Ara) = — (Ag, Ay, Ass, Ass) = —&
(A, A3, Ag, A7) = —5 (A3, A3, A7, Ai7) =2

(A, A3, Ao, Av) = + (As, As, Ao, Ais) = 15

<A37 A37 A137 A14> ==

1
5

There are no nonzero basic genus-zero five-point correlators.

5.4.6 W =S, =2 +ay’+yz°,G = (J) = G™7. In this example there are many
unknown three-point and higher-point correlators. We do not have enough information to

find their values.

5.5 BIMODAL EXCEPTIONAL SINGULARITIES

5.5.1 W = E;g=2a+y"",G=(J)=Gm". For this singularity we find that J = (3, &),
and G™* = ((3,45))- So, (J) = G™* is the only admissible group. This group splits using
the decomposition, Fig = Ay + Ag. So the entire A model structure can be determined using

the sums of singularities axiom, and the computations in [I].

55.2 W=FEyy=2*+2y",G=(J)=Gm".
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Element C-Degree Element C-Degree

A =11;J] 0 Ay=[1:137] | 1/7
Ay =[1:4J] 2/7 Ag=[1;11J] 2/7
As=[1:16J] | 3/7 A= [1:2J] 3/7
Ay =[1;7J] 4/7 Ag = [1;14J] 4/7
Ay = [y5:0] 4)7 || Ap=1T[1:19J] | 5/7
Ay =[1:5J] 5/7 || A =1[1;10J]| 6/7
A =[1:17J] | 6/7 Ay =[1:8]] 1

All three-point correlators can be found using the axioms, except for (A4, A4, Ag) which we
know to be +1. This means that the primitive elements are A, A,, and A4, and the Frobenius
manifold structure can be determined from the basic genus-zero, k-point correlators for k£ < 5.

The nonzero basic genus-zero, four-point correlators are

<A27 A27 AlO; A15> = Z

57 (Ao, Az, Arg, Ay) = 1

21

(Ag, Ay, Ara, App) = — 5+

21

<A27 A47 A97 A15> = ﬁ
<A47A47A67A15> - <A47A47A87A14> - %

1

3

_ 1

<A47 A47 A117 A13> — 3

There are no nonzero basic five-point correlators.

5.5.3 W = Ey =a2*+y", G = (J) =G™*. For this singularity we find that J = (3, &),
and G = <(%, ﬁ)> So, (J) = G™** is the only admissible group. This group splits using
the decomposition, Fyy = Ay + Ajg. So the entire A model structure can be determined

using the sums of singularities axiom, and the computations in [I].

5.5.4 W =Z;=2%+15G=(J)=Gm™".
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Element C-Degree Element C-Degree

A =T1:J] 0 Ay=T11:;18J] | 1/12
Ay =T[1;11J] 1/6 Ay =T[1;4J] 1/4
As = [1;21J] 1/3 Ag=1[1:9J] 1/3
A;=T[1;14J| | 5/12 Ag = [1;2J] 5/12
Ay =T[1;7J] 12 || Ap=1[1:19J] | 1/2

Ap=T[1:12J] | 7/12 Ap=11:0| 7/12
A =[1;5]] 2/3 || Au=[1;17J] | 2/3
A =T11:10J] | 3/4 | Ag=[1:22J] | 3/4
Ay =[1;15J] | 5/6 A =[1;3J] 5/6
A =11:20J] | 11/3 | Ag=[1;13J] 1

Ay =[1:6J] | 13/12 || Ap=1[1:23J]| 7/6

All three-point correlators can be found using the axioms, except

<A27 A97 A12> <A37 A77 A12> <A47 A57 A12>
<A37A97A9> <A47A77A9> <A53A57A9>
<A57 A77 A7>7

where the first three must each be equal to £1. Using the reconstruction lemma we can

show that the last four are all equal to —3.

The primitive elements are A;, Ay, and Ag, and the Frobenius manifold structure can be

determined from the basic genus-zero, k-point correlators for £ < 6.
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The nonzero basic genus-zero, four-point correlators are

(Ag, A, A7, Ap) = 5 (A, Ag, Alg, An) = —5;
(Ag, Ag, Ars, Agg) = —5;  (As, Ag, Ars, Arg) = —5;
(Ag, As, Ag, Aga) = 5 (Ag, Ag, As, Agy) = 1
(Ag, Ag, A1, Azo) = 5z (A6, As, A11, Arg) = ¢
(Ag, Ag, A1z, Arg) = £ (Ag, A, Arg, Arr) = &
(Ag, Ag, A15, A1) = 55 (Aa, Ag, A1z, Ax) = — o

5.5.5 W=7 =2%+xy8 G=Gm=.

There are no nonzero basic five or six-point correlators.

If v =1(2/3,1/24), then

Element C-Degree Element C-Degree

A =11;27] 0 Ay =[1;57] 1/8

A3 =11;87] 1/4 Ay =11;7] 7/24
As =[1;119] 3/8 Ag = [1;47] 5/12
A; = [1;14~] 1/2 Ag = [1;7v] 13/24
Ag=[y";0]| 7/12 A =[1;177] 5/8
A =[1;107] 2/3 Ay = [1;207] 3/4
Az =[1;137] 19/24 Ay =1;237] 7/8
A5 =[1;167] 11/12 A =[1;197] 25/24
Ay = [1;227] 7/6

All three-point correlators can be found using the axioms. The primitive elements are A,

As, Az, As, and Ag, and the Frobenius manifold structure can be determined from the basic

genus-zero, k-point correlators for k£ < 6.
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The nonzero basic genus-zero, four-point correlators are

<A27A27A12aA17> = 1_12 <A2,A2,A14,A16> = i
<A27A47A147A14> - _i <A2,A4,A97A17> = -4

24
<A47A47A6aA17> - % <A47A47A8aA16> = %
<A47A47A117A15> - % <A47A47A137A13> - %

There are no nonzero basic five or six-point correlators.
55.6 W =27 =x3+xzy8G=(J). Ify=(2/3,1/24), then
Element C-Degree Element C-Degree
As=1[1;8J] 1/4 Ay =11;2J] 7/24
As =[xy*;0] | 3/8 As=T[y" ;0] 5/12
A; =[1;5J]] 1/2 Ag =[1;10J] 13/24

All three-point correlators can be found using the axioms. The primitive elements are Aj,

Ag, Az, As, and Ag, and the Frobenius manifold structure can be determined from the basic

genus-zero, k-point correlators for k£ < 8.

The nonzero basic genus-zero, four-point correlators are

<A27A27A47A10> = 1_12 <A2,A2,A8,A9> = %

<A27A3>A87A8> = _% <A3,A3,A3’A9> = _%
(As, A3, A7, A7) =+ (Ay, As, A5, Ag) = — 5
<A2A67A67A8> = 9_16 <A3A5,A57A6> = :l:%

<A3A67 AG) A6> - j:lﬂ% <A4A47A57A5> = _réS
<A4A47 A67 A6> - 9_16

Where (A3As, As, Ag) and (A3Ag, Ag, Ag) must both either be positive or negative.
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The nonzero basic five-point correlators are:

<A27 A37 A37 A97 A10>

36 <A27A5aA5,A6,A10> = F 1

1152
<A27A67A67A67A10> = :Fﬁ <A3,A3,A3,A8,A10> = i()
<A3aA37A57A57A10> = _ﬁ <A3,A3,A6,A67A10> = ﬁ
<A37A57A57A7)A9> - _STéll <A3,A6,A6,A7,A9> = ﬁ
<A47A57A5)A67A9> = :FT152 <A4,A6,A6,A6,A9> = :Fﬁ
<A5aA67A67A77A8> - :FT152 <A67A67A6,A7,A8> = :Fﬁ
The nonzero basic six-point correlators are:
<A2aA3aA57A5>A107A10> = F&GS <A2,A3,A6,A6,A10,A10> = —ﬁ
<A57A57A57A57A7,A10> = W@l <A5,A5,A5,A57A97A9> = @
<A57A5>A67A65A77A10> = _m <A5,A5,A6,A6,A97A9> = —m
<A67A67A6aA6aA77A10> — ﬁ <A6,A6,A6,A6,A9,A9> = ﬁ

There are no nonzero basic seven or eight point correlators.

5.5.7 W =Zig=2a2y+xy’ G=(J)=Gm=,

The three and higher point correlators for
this singularity cannot be determined using the methods we are currently aware of.

5.5.8 W = Zjg=2a2%y+1y°G=(J)=Gm*=.
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Element C-Degree Element C-Degree

A =T1:J] 0 Ay=T[1:11J] | 2/27
Ay =[1:21J] | 4/27 Ay =T[1;4J] 2/9

As=T[1:14J] | 8/27 || Ag=[1;19J] 1/3

Ay =T1:24J] | 10/27 || As=[1;2J] | 11/27
Ay =T[1;7J] 4/9 || A =1[1:12J] | 13/27
Ap=T[1:17J) | 14/27 | A =[1:22J] | 5/9

A =[1:0] | 16/27 | Au=[1;5J] | 17/27
A =1[1:10J] | 2/3 || Ag=1[1:15J] | 19/27
Ay =11:200] | 20/27 || Aw=1[1;250]| 7/9

A =1[1:3J] | 22/27 || Ay =1[1:8J] | 23/27
Ay =1[1:13J] | 8/9 || Ap=11:23J]| 26/27
Ay =[1:6J] | 28/27 || Ay =1[1:16J] | 10/9
Ay =[1:26J] | 32/27

All three-point correlators can be found using the axioms except

(A, A11, A13)  (As, Ag, Ai3)
(Ayg, A7, A13)  (As, As, Ais)
(A, A1, Ann)  (Ag, Ag, A1r)
(A5, A7, A1) (As, Ag, Ag)
(A7, A7, Ag),

where the first four are known to be equal to &1, and we can use the reconstruction lemma
to show that the last four are all equal to —3.
This means that the primitive elements are A;, Ay, and Ag, and the Frobenius manifold

structure can be determined from the basic genus-zero, k-point correlators for k < 6.
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The nonzero basic genus-zero, four-point correlators are

<A27A27A20aA25> - : <A2?A6aA157A24> = —+

9 27

(Ag, Ag, Ai7, Ags) = —5= (Ao, As, Arg, Ana) = —5=
(A, Ag, Ao1, Ao1) = —5= (As, Ag, Ag, Aos) = o
(A6, Ag, As, Ass) = &= (Ag, Ag, Aro, Agz) = 2
(Ag, Ag, Ara, An) = 2 (As, Ag, Ara, An) = &
(Ag, Ag, A1s, Aso) = 5 (Ag, Ag, Arg, Arg) = 3
(Ag, Ag, Ar7, A1) = & (Ag, Ag, A1z, Ass) = —o=

There are no nonzero basic five or six-point correlators.

55.9 W =2Zj=as*+2° G=(J)=Gm=.

Element C-Degree Element C-Degree
As=[1;4J] 2/9 Ay =[1;14J| 8/27

As = [1:19J] 1/3 Ag=T1:2J] | 11/27
Ay =[1:7J] 4/9 As=[1:17J] | 14/27
Ag = [1:22J] 5/9 Ap=1[1;0] | 16/27
Ay =[1:5J] | 17/27 || Ap=[1;10J] | 2/3
Ay =[1:200] | 20/27 || Au=1[1:250]| 7/9
Ais=[1:8J] | 23/27 || A=1[1;13J]| 8/9
Ay =1[1:23J] | 26/27 || Ais=[1;11J] | 29/27
A =1[1:26J] | 32/27

All three-point correlators can be found using the axioms except (A4, Ay, A1g), which must
be equal to +1. The primitive elements are A;, Ay, and A4, and the Frobenius manifold

structure can be determined from the basic genus-zero, k-point correlators for k£ < 6.
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The nonzero basic genus-zero, four-point correlators are

<A27 A27 A147 A19> - 22

7 <A27 AQ, A167 A18> =

1
27

<A27 A47 A167 A16> - _%

<A4aA4aA67A19> = % <A47A4aA8aA18>

<A27 A47 AlO; A19> == _%

1
-3

<A47A47A117A17> - <A47A47A137A15> -

1 1
3 3

There are no nonzero basic five or six-point correlators.

5.5.10 W = Ujs = 2® + ay> + 2°. For this singularity we find that J = (3,1, 1), and
G™Mor = <(%, %, %)> So, (J) and G™** are the only admissible groups. They both split using
the decomposition, F1g = Do+ Ay. So the entire A model structure can be determined using

the sums of singularities axiom, and the computations in [IJ.

5.5.11 W =Wy, =23+ 2y, G = (J).

Element C-Degree

Ay =11;J] 0
As=T[1:4J] | 1/2

Ay =[1:2J 1/2

]
Ay =[xy ;0]
As = (?JS;OJ 1/2

1/2

Ag=[1:5J] 1

The primitive elements are A;, Ay, and Az, and the Frobenius manifold structure can be
determined from the basic genus-zero, k-point correlators for £ < 6. Unfortunately, we do

not have enough information to find basic correlator values for this example.

5.5.12 W =Wy =23 + 2y, G = G™*. Let v =(2/3,1/12), then
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Element C-Degree

Ay = [1:29] 0
Ay=[1:5v] | 2/27
Ay =T[1:7] 4/27
Ay=T[1:8v] | 2/9
As=T[1:4v] | 8/27
Ag=1[1:0] 1/3
A; =[1;117] | 10/27
Ag=T[1:7v] | 11/27

Ag = [1;10v] 4/9

All three-point correlators can be found using the axioms except (As, A, Ag) which must be
equal to 1. In fact, the reconstruction lemma shows us that it is equal to 1.

The primitive elements are A;, A, and Az, and the Frobenius manifold structure can be
determined from the basic genus-zero, k-point correlators for £ < 5.

The nonzero basic genus-zero, four-point correlators are

<A27A27A47A9> - % <A2,A2,A7,A8> = %
<A27A37A77A7> = —= <A2,A3’A6’A9> = _1_12

12

<A37A37A57A9> = % <A3,A3,A87A8> = %
There are no nonzero basic five-point correlators.

5.5.13 W =Wy =a2*+y",G = (J) = G™=. For this singularity we find that J = (i, %),
and G™* = ((1,1)). So, (J) = G™** is the only admissible group. This group splits using
the decomposition, Wi = Az + Ag. So the entire A model structure can be determined using

the sums of singularities axiom, and the computations in [IJ.

5.5.14 W = Q5 = 2% +y” + yz%. For this singularity we find that J = (%, %, %), and

G™Mor = <(%, %, §)> So, (J) and G™* are the only admissible groups. They both split
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using the decomposition, ()1 = As + Dg. So in each case the entire A model structure can

be determined using the sums of singularities axiom, and the computations in [1J.

5.5.15 W =Q; =23+ ay® +yz%, G = (J) = Gm=.

Element C-Degree Element C-Degree

Ay =T1:J] 0 Ay =[1:;10J] | 1/10
Ay =[1:19J] 1/5 Ag=11:28J] | 3/10
As =[1:8]] 3/10 Ag=[1:7J] 2/5
Ay =[1:17J] 2/5 As = [1:16J] 1/2
Ag = [1:26J] 1/2 | Aw=1T1;25J]| 3/5
Ay =[1:5]] 3/5 || Ap=1[1:15J] | 3/5
A =[1;4J] | 7/10 | Au=T[1:14J]| 7/10
Ay =[1:13J 4/5 || Aw=1T1:23J]| 4/5

J
] 1 Agg = [1:;207] | 11/10
J

6/5

All three-point correlators can be found using the axioms except

(Ag, As, Ara) (A3, Ay, Ar)
(As, Ag, A1) (As, Ay, Anr)
(Ay, Ag, Ag) (A5, As, Ajo)
(A, As, A7)

The reconstruction lemma shows that all of the above correlators are equal to -2, except
for (As, As, Aj2) which is equal to —1. The primitive elements are A;, Ay, and As, and the
Frobenius manifold structure can be determined from the basic genus-zero, k-point correla-

tors for k < 6.
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The nonzero basic genus-zero, four-point correlators are

(Ag, Ao, Ais, An) = & (Ag, As, Avg, Ag) = &
(Ag, A5, Air, Arr) = =% (Ao, A5, Ava, Ant) = —15
(As, As, A7, A1) = 3 (As, As, Ag, Ay) = 1
(As, As, A1r, Arg) = (As, A5, Ay, Arg) = 1

1
3
1
3

<A57 A57 A167 A16> =
There are no nonzero basic five or six-point correlators.

5.5.16 W = QL. = 23y +y°2 + 2*,G = (J). Unfortunately we do not have enough

information to find the basic correlator values.

5.5.17 W =Q%. =23y +y°2 + 2%, G = G™*. Fory= (3% %, %), the vector space basis
is given by,
Element C-Degree Element C-Degree
Ay =1[1;99] 0 Ay =1[1;7v] 2/15
Ay = [1;5v] 4/15 Aq = [1;197] 1/3
As = [1;37] 2/5 As=[y*;107] | 13/30
Ar=TUATy) | 7/15 | Ag=Tis4) | 8/15
Ay = [1;157] 3/5 Ajo = [1;297] 2/3
A =[1;13y] | 11/15 | A= [y*;20v] | 23/30
=[1;27y] | 4/5 Ay =[1:117] | 13/15
Ais =[1:25v] | 14/15 || Ajg=[1:23y] | 16/15
Ay = [1;217] 6/5

All three-point correlators can be found using the axioms except

<A27 A87 A8>
<A4; AG; A6>

<A3a A57 A8>
(As, As, As)
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The reconstruction lemma shows that all of the above correlators are equal to -3, except for
(A4, Ag, Ag) which is equal to plus or minus one. The primitive elements are Ay, Ay, Ay
and Ag, and the Frobenius manifold structure can be determined from the basic genus-zero,
k-point correlators for k < 6.

The nonzero basic genus-zero, four-point correlators are

<A27A27A117A17> =L <A27A27A147A16> =+

10 10

<A2,A4aA10aA16> — _% <A2,A4,A137A15> =1

5 15
(A A Ap Ar) = 5 (Ag Ay A Avg) = 5
<A47 A47 A97A15> = é <A4, A4, AlOa A14> = %

<A47A47A117A13> - = <A27A47A8aA17> - =

10

(Ag, Ag, Ag, Arr) = = (Ag, As, A1z, Alg) = &
(As, Ag, A, Are) = — 1% (Ay, Ay, A1z, Arp) =
(Ag, Ag, Arg, Ar2) = — 155 (A5, A6, As, Ais) = — 55
(Ag, Ag, A7, Ary) = —55  (Aq, Ag, As, A1z) = —5
(Ag, As, Ag, A1) = — & (As, Ag, Arg, Aro) = =

The nonzero basic genus-zero, four-point correlators are

<A27 A47 A47 A17, A17> = —IL

50 <A47A6aA6,A13,A17> = —IL

50
(A4, Ag, Ag, Ars, Ass) = — 155

There are no nonzero basic six-point correlators.

5.5.18 W = Q5 = 22 +9® + 322, G = (J) = G™®=. For this singularity we find that
J = (%, %, %), and G = <(%, %, i—g)> So, (J) = G™* is the only admissible group. This

group splits using the decomposition, Q13 = As + D7. So the entire A model structure can

be determined using the sums of singularities axiom, and the computations in [IJ.
5.5.19 W = S5 = 2%y +y?z + 222, G = (J) = Gm=.
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Element C-Degree Element C-Degree
Ay =11;J] 0 Ay =11;8J] 2/27
A3 =1[1;7J] 4/27 Ay =[1;15J] 2/9
As =[1;6J] 8/27 Ag = [1;14J] 1/3
A; =[1;5J]] 10/27 Ag =[1;13J] 11/27
Ag = [1;4J] 4/9 A =[1;12J] 13/27
Ay =11;3J] 14/27 A =[1511J] 5/9
Az =11;2J] 16/27 Ay =[1;10J] 17/27
A5 =1[1;9J] 2/3 A =[1;16J] 19/27

All three-point correlators can be found using the axioms except

<A2aA7aA7> <A37A37A9>
<A37 AGJ A6> <A47 A47 A7>
<A5; AS; A5>

The reconstruction lemma tells us that all of the above correlators are equal to -2 except for
(As, As, As) which is -4. The primitive elements are Ay, Ay, Az, and As, and the Frobenius

manifold structure can be determined from the basic genus-zero, k-point correlators for

k < 6.

119



The nonzero basic genus-zero, four-point correlators are

<A2aA27A97A16 <A2,A27A127A15> = 1—17

<A27 A57 A87 A15> = 1_17

<A27 A37 A137 A13

)
)
(Ag, As, Ara, Ara) (As, As, As, Ans) = T2
(Ao, Ag, Arg, Arg) = T2 (Ag, Az, A7, Ajg) = 2
Y =2 (Ay, A5, A, Ay) =
)= (As, As, Avg, Arg)

<A27 A57 A57 A16

L
17
1

7

<A3a A37 AS) A15

1

<A37 A37 A127 A12> = 1_72 <A3, A5, A67 A15> = %
<A37A57A107A12> = 1_17 <A4,A5,A57A15> = %

<A5aA57A77A13> 117
<A57 A57 A107 AlO) = I_;L

<A5a A57 AS) A12> — %

The nonzero basic five-point correlators are

(Ag, As, Az, Asg, Ate) = 555

289

<A27A27A57A167A16> = _2;§9
(As, A5, As, A1s, A1) = _2_29

<A57 A57 A57 A117 A16>

There are no nonzero basic 6-point correlators.

5.5.20 W = Si; =2y +y’z+ 25 G = (J) = Gme=,

120

(A, Ag, Arg, Ass) = 72
(As, As, Ay, As)
(As, A5, Ay, Ayy) = 72
(A, Ag, Ara, Ar)

<A37 A57 A97 A13> 137
<A5a A57 A67 Al4> 117
<A5aA57A9)A11> 127

20
289

=2

1

17

1

17

<A37 A37 A57 A16> 177
<A37 AS) A117 A13> == %

<A37 A57 A57 A137 A16> = _%

<A57 A57 A5a A147 A15> -

_ 12
289



Element C-Degree Element C-Degree

Ay =[1;J] 0 Ay =[1:8J] 1/8
Ay =[1:7J] 1/4 Ay =[1:15J] 1/4
As = [1:14J] 3/8 Ag = [1:22]] 3/8
Ay =[1:21J] 1/2 As = [1:5J] 1/2
Ag = [1:13J] 1/2 Ay = [1:4J] 5/8
Ap=1T1:200] | 5/8 ||Ap=1[1;12J]| 5/8
A =[1:19J] | 3/4 || Ay=/[1;11J]| 3/4
A5 =[1:3J] 3/4 || Ag=1[1:100] | 7/8
Ay =11;:2J] 7/8 || Ag = [1;17J] 1

A =[1:9J] 1 Ay =[1:16J] | 9/8

All three-point correlators can be found using the axioms except

(A2, As, A12) (A3, A3, Aw)
<A37 A57 A10> <A37 A77 A7>
(A4, Ag, A12)  (Ag, As, Ag)
(As, As, A7) (As, A, Ag)

where all the above correlators are equal to -2 except for (Ay, Ag, A1o) and (Ay, Ag, A12)
which are each equal to plus or minus one. The primitive elements are A;, As, and As,
and the Frobenius manifold structure can be determined from the basic genus-zero, k-point

correlators for £ < 5.
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The nonzero basic genus-zero, four-point correlators are

<A27A27 A14; A21> = % <A2, Ag, A13, A20> = —%

<A27A37A177A19> - _%
<A2aA3aA12aA21> - _%
(As, Az, Arr, Azo) =

1
3
<A37A37A157 A19> = 411 <A3, Ag, A167 A17> = %

There are no nonzero basic five or six-point correlators.

5.5.21 W = SL = 2% + 2y* + yz5 G = (J). Unfortunately we do not have enough

information to find the basic correlator values.

5.5.22 W = SL = 2% + xy? + y2%,G = G™®=®. Unfortunately we do not have enough

information to find the basic correlator values.
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