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ABSTRACT

The Weak Cayley Table and the Relative Weak Cayley Table

Melissa Mitchell
Department of Mathematics

Master of Science

In 1896, Frobenius began the study of character theory while factoring the group de-
terminant. Later in 1963, Brauer pointed out that the relationship between characters and
their groups was still not fully understood. He published a series of questions that he felt
would be important to resolve. In response to these questions, Johnson, Mattarei, and Se-
hgal developed the idea of a weak Cayley table map between groups. The set of all weak
Cayley table maps from one group to itself also has a group structure, which we will call the
weak Cayley table group.

We will examine the weak Cayley table group of AGL(1,p) and the dicyclic groups, find
a normal subgroup of the weak Cayley table group for a special case with Camina pairs
and Semi-Direct products with a normal Hall-7 subgroup, and look at some nontrivial weak
Cayley table elements for certain p-groups.

We also define a relative weak Cayley table and a relative weak Cayley table map. We
will examine the relationship between relative weak Cayley table maps and weak Cayley
table maps, automorphisms and anti-automorphisms, characters and spherical functions.

Keywords: Finite Group, Weak Cayley Table, Relative Weak Cayley Table, Camina Pair
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CHAPTER 1. BACKGROUND: WEAK CAYLEY TABLES

In 1896 Frobenius and Dedekind corresponded through a series of letters on the problem of
factoring the group determinant [Cu, p.50-53]. Previously, characters had been defined for
abelian groups, and it was during this time that Frobenius defined characters in a general
sense. He chose to do so in such a way that each irreducible factor of the group determinant
corresponded to an irreducible character of the group. As part of producing an algorithm
to take a character to its corresponding irreducible factor, Frobenius defined k-characters

recursively as follows [JS]:

Definition 1.1. Let y be a character of a finite group G. Let the 1-character, !, be equal

to . Then define the k-character x*) : G¥ — C to be the map

X (g1, 92, o98) = x(g)x* (g2, g)
—X(k_l)(9192, oy k)
—x* (92,9193, - - -, gk)
_X(kil)(g% cee 7919kz)-

In particular, the 2-character is defined to be

X (g1, 92) = x(91)x(g2) — x(g192)-

This was the beginning of character and representation theory. Mathematicians began
to implement these new ideas to prove powerful results about groups, such as Burnside’s
pg-theorem.

In 1963, Brauer wrote a paper where he proposed several open questions about the

relationship between characters and their groups [Br]. Some of his questions were:



e In addition to the character table, what information is necessary to determine a finite

group?

e Given a group G, how much information about the automorphism group Aut(G) of a

group can be obtained from the characters of G7

e Given a set of conjugacy classes that form a normal subgroup, is there enough infor-

mation in the character table to determine if the normal subgroup is abelian?

In response to these questions, Johnson, Mattarei, and Sehgal published a paper in
2000 developing the concept of a weak Cayley table. They were interested in the question,
“What properties of a group can be determined by the 1- and 2- characters which cannot
be determined by the 1-characters alone?” [JMS]. In this paper, they define a weak Cayley
table and proved that knowing the weak Cayley table of a group is equivalent to knowing

the 1- and 2-characters of a group.

1.1 WEAK CAYLEY TABLES

A weak Cayley table is similar to a multiplication table for a group, only instead of the table
containing the product of the two indices, the entries of a weak Cayley table contain the
conjugacy class of their product. More specifically, given a finite group G of order n, order
the elements of (¢, index the rows and columns of an n x n table with the ordered elements;
then in the " row and j** column enter the conjugacy class of ij in G. The resulting table
is a weak Cayley table for the group. Any two weak Cayley tables for a group G differ only

by an ordering of the rows and columns.
Example 1.2. As an example, consider S3. The conjugacy classes of S3 are
C1 ={1},Cy = {(12),(13),(23)} and C5 = {(123), (132)}.

Then a weak Cayley table for S5 is



1 (12) (23) (13) (123) (132)

1 C; Cy Oy Oy Cs Cs
(12) |Cy C; C3 C3  C Cy
(23) |Cy C3 Cy C3  C Cy
(13) |Cy C3 C3 ¢ Cy Cy

(123) | C3  Cy  Cy Cy  C Ch
(132) | C5 Cy Oy Cy Cs

When Johnson, Mattarei, and Sehgal defined the weak Cayley table, they proved:

Theorem 1.3 (JMS, Proposition 2.4). If the irreducible 1- and 2-characters of a group are
gien, its weak Cayley table can be constructed. Conversely, if the weak Cayley table is given,

the irreducible 1- and 2- characters can be calculated.

Thus by examining weak Cayley tables, we can further understand the relationship be-

tween groups and their characters.

1.2 WEAK CAYLEY TABLE MAPS

Weak Cayley tables are not unique to a specific group. For example the two non-abelian
non-isomorphic groups of order p?, where p is an odd prime, have the same weak Cayley
table [JMS]. The authors of [JMS] defined a weak Cayley table map to be a bijection between
two groups that preserves the weak Cayley table structure. If G; and G, are two groups,

then a weak Cayley table map ¢ : G; — (G5 is a bijection that satisfies two conditions:
(i) o(g%) = o(g)“
(ii) for every g and h in Gy, ¢(gh) ~ ¢(g)o(h).

Where ~ denotes the equivalence relation of conjugacy. We say G; and Gy have the same

weak Cayley table if there exists such a map.



Example 1.4. Let G; and G be the non-isomorphic groups of order p* (p an odd prime)

with the following presentations:
G1={(a,b,c:ad? = =" =1, = be)
where (c) generates the center Z(Gy), and
Gy = (r,y,z: 2P = Z,xp2 =gy = 2P = 1,29 = 2Pt)

where the center Z(G3) is (z). See [DF, p. 183].
One of the nice properties of G; and G is that both groups form a Camina pair over

their center.

Definition 1.5. A Camina pair is a group GG with a normal subgroup H such that the

conjugacy classes of G not intersecting H are unions of cosets of H.
For example in G; the conjugacy classes are
{1}, {ch, {e}, .., {e™'h
along with classes of the form
at’{l,c,? ....,c7 1} for0<i<p—-1,0<j<p-—1,

where ¢ and j are not both equivalent to 0 mod p.

The conjugacy classes for G, are
{13, {=h %L .. {7}
together with

pyi{l,z,2% . 2P for 0<i<p—-1,0<;5;<p-—1



where ¢ and j are not both equivalent to 0 mod p.

Let the map ¢ : G; — G5 be defined by

B =1 d@) =y, o) =a" o(¢)=2" ad b)) =y

From the above description of the conjugacy classes it is easy to see that ¢ maps GG; conjugacy
classes to Gy conjugacy classes, thus satisfying condition (i) of a weak Cayley table map.

To meet condition (ii), ¢(gh) must be conjugate to ¢(g)p(h) for all g and h in G;. Let
g = a"b*ct and let h = a’b’c* in G;. Then

gh = (a"b*c)(a’bick)
— (arbs)(aibj)ct+k
_ ar-l—ibs—i—jcis-i-t—i-k.

First assume that either r +i # p or s + j # p. Then

¢(gh) — ¢(ar+ibs+jcis+t+k)

_ :Es-‘rjyr-‘riz(s—i-j)(r—i-i)—t—k

and
Haoh) = o )lave)
— (xsyrzrs—t)(l.jyi ij—k)
— xs+jyr+izrsft+ij7k+rj.
Both ¢(gh) and ¢(g)¢p(h) are in the same coset of the center, and therefore must be conjugate
to each other since r +1¢ # p or s+ 5 # p.

Next assume that r +4¢ = p and s + j = p. Then since gh is a central element, in order
for ¢(gh) ~ ¢(g)p(h), we need for ¢p(gh) = ¢(g)p(h). Doing a similar computation, we get
that

(b(gh) — ¢(C_Ts+t+k)
— erftfk

and



dg)p(h) = o(a'b*c)p(a™"b™ c")
— (LCSyTZTS_t)(.CE_Sy_TZTS_k).
Sp T =8, —T 52rs—t—k

= zyx Tty "z

— xs—syr—rz—rsZQrs—t—k

— Z'rs—t—k'
Which gives us ¢(gh) = ¢(g)¢p(h), as required. Therefore ¢ is a weak Cayley table map.

In their paper, Johnson, Mattarei, and Sehgal also identified other convenient facts about

weak Cayley table maps, several of which are summarized in the following theorem [JMS].

Theorem 1.6 (Johnson, Mattarei, and Sehgal). Let ¢ : G; — Gy be a weak Cayley table

map. Then
(i) ¢(1g,) = la,
(ii) o(x) = o(x)
(iii) ¢ sends normal subgroups of G1 to normal subgroups of G
(iv) ¢ preserves the cosets of any normal subgroup N of G,
(v) Any automorphism (or anti-automorphism) of a group G is a weak Cayley table map
(vi) The composition of two weak Cayley table maps is also a weak Cayley table map
(vii) If g € G is an involution, then ¢(g) is also an involution.

Another interesting fact is that for two non-isomorphic groups, having the same weak
Cayley table is a stronger condition than of having the same character table. For example,
consider Dg, the dihedral group of order 8 and the Quaterions Q)s. This is a classic example
of two non-isomorphic groups possessing the same character table [DF, p. 882]. However,

since the number of involutions in both groups are not the same, there is not a bijection



between Dg and (Jg that preserves inverses, and so no weak Cayley table map between Dy

and Qg can exist [JMS].

Proposition 1.7. The set of weak Cayley table maps from a group G to itself is a group,
denoted WCT(G).

Proof. As stated above, the composition of two weak Cayley table maps is still a weak Cayley
table map. Then, since ¢ is a bijection, ¢~! exists and is also a weak Cayley table map. So

WCT(G) is a group. O

Any automorphism or anti-automorphism is called a trivial weak Cayley table map. If for
some group G, the group WCT(G) consists only of automorphisms or anti-automorphisms
then WCT(G) is said to be trivial. [Hu] proved that for all n > 1, WCT(S,,) is trivial and
that for all dihedral groups Ds,,, WCT(Ds,) is also trivial.

Since any weak Cayley table map ¢ : G; — G5 preserves cosets of normal subgroups N
of G, we can let ¢ : G/N — G/¢(N) be the map where ¢(gN) = ¢(g)¢(N). Johnson proved
that ¢ is a weak Cayley table map.

Other results from Johnson, Mattarei, and Sehgal’s work on weak Cayley table maps are

the following:

Theorem 1.8 (JMS, Theorem 3.1). Let G1 and G5 be finite groups and N a normal subgroup
in both Gy and Go. Suppose further that G1/N = Go/N and the order of G;/N is odd. If

(G;, N) forms a Camina pair, then G1 and Gy have the same weak Cayley table.

An example of this theorem would be the two non-isomorphic groups of order p? where
p is odd, as examined above. Their centers are isomorphic, both groups form Camina pairs
with their center, and their quotients are isomorphic and odd ordered, so they meet the
criteria of the hypotheses.

The next theorem in [JMS] uses the structure properties of extensions and Camina pairs

to create a weak Cayley table map between two non-isomorphic groups.



Definition 1.9. If H, G are groups and N is an abelian group such that

1= N—H-—-G—1

is a short exact sequence, we say that H is an extension of G by N.

Theorem 1.10 (JMS, Theorem 4.1). Suppose that Gy and Gy have the same weak Cayley
table via o : G1 — Gy. Let H; be an extension of G; by the module N, for i = 1,2 where
n9 = n®9) for all g € G and suppose that (Hy, N) and (Hy, N) are Camina pairs. Finally,
having written each Hy as an extension of N by G;, suppose that for all involutions x € G

we have

(e,2)* = (e, a(2))™.
Then Hy and Hy have the same weak Cayley tables.

The strong conditions on the theorem above might often force an isomorphism between

H, and H,. An interesting case of this is when H; is a Frobenius group.

Definition 1.11. Let G and N be finite groups, and let G act on N. Then the action of G
on N is said to be Frobenius if n? # n for all nonidentity elements n € N and g € G. The

group H = N x (G is called a Frobenius group if the action of G on N is Frobenius [Is, p.177].

To understand why two Frobenius groups wit the same weak Cayley table must be iso-
morphic, suppose that the action of G; and G5 on N was Frobenius. Then, with the condition

nd = n®9 for all g € Gy, we would have

— (ng ) h
(n9)h = nlo)ah)

Therefore the Frobenius property shows that a(gh) = a(g)a(h). Thus G; = G9 and they

both act identically on NN, so in the case that the action is Frobenius, H; and H, in the



previous theorem are isomorphic. Since Frobenius groups have interesting properties, the
authors of [JMS] also published the following result which eliminates the condition that G,
and G act the same way on N, thus allowing for the case when there are two non-isomorphic,

Frobenius groups.

Theorem 1.12 (JMS, Theorem 4.3). Suppose that Gy and Gy have the same weak Cayley
table via o : G1 — Go. Let H; be an extension of G; by the abelian normal subgroup N,
such that the conjugacy classes of Hy which lie in N are the same as the conjugacy classes
of Hy in N. Suppose that (Hy, N) and (Hy, N) are Camina pairs. Finally, having fized a
representation for each H; as an extension of G; by N, suppose that for every involution

z € (G we have
(e,2)? = (e.a(2))?,
n* = no@ foralln € N.

Then Hy and Hy have the same weak Cayley table.



CHAPTER 2. WEAK CAYLEY GROUP OF AGL(1,p)

In this chapter, let p be an odd prime and let G, = AGL(1,p), the group of affine trans-
formations of A’(IF,). There are two different ways of referring to the elements of the group

G,. One way is where we use the presentation:

(a,bla®' =P =1,a" =b"),

where r is a generator for F 7. The other is to represent elements of G, as a set of matrices of
the form () such that z € F\, and y € F,,. (Notice that AGL(1,3) = S3 and AGL(1,5) =
Fy.) There is an isomorphism determined by the map a — (§59) and b — (}1). Then
@t (1) and ¥ o (39).

Any element in the group can be written as a'b’ where 0 <i<p—2and 0<j <p—1,

by using the conjugation a~'ba = b". So we can simplify any expression using the following

identities:
ailbka — blcr7
a?ba® = a 'Wa=1b",
a"*ba® = b,
a"*bka® = b,

Next let B be the subgroup generated by (b) (in the matrix notation B = {({¥) |y € F,}).
Then if we take an element ([1) 11’) € B and conjugate it by any element (§ i) € AGL(1,p),

we get

10



Thus B is a normal subgroup and B — {($9)} is a conjugacy class of G, since we can
take w™! to be anything in Fy.
Now consider the element (&9) where x # 1. If we conjugate by any element (§ ),

observe that

r wilz(r—1)

0 1
By conjugating (%) over all the elements of G,, the entry w™'z(z — 1) will range over all
of F,. Thus the conjugacy class of (§9) is the coset (§9) B, which implies that (G,, B)
is a Camina pair. In the terms of the generators a and b, the conjugacy classes of GG, are

{1}, B — {1}, and the cosets a’B for every 1 <i < p — 2.
Lemma 2.1. Given any element (5Y) ¢ B, then

p—1
Ty 1 0
01 0 1

Proof. 1f (51) ¢ B, then x # 1. If y = 0, then the result follows from x € F. If y # 0 then,

Ty Ty a? (z+ 1)y
0 1 0 1 0 1

11



and
3

An inductive argument shows that for any positive integer k,

k
Ty o (P 4R+ 1)y

0 1 0 1
In particular, let £k = p — 1, then

p—1
Ty oPt (PP 3+ 1)y

01 0 1

Using the identity 2P~! = 1, this becomes

xp_l (xp_Q —+ .’I;p_g + .o+ x+ 1)y 1 (xp_2 + mp_3 + .4+ x+ xp_l)y

0 1 0 1

If we consider the upper right entry on both sides of the equation, we notice that
(Q:p_2+xp_3+...+gj+1)y — (wp_2+xp_3+...+x+xp_1)y
= @424+ 4+ 1)y

However x # 1 and y # 0, so we must have that (zP=2+2P3+-.-+x+1) = 0. Therefore

p—1

]

Considering our conjugacy classes, since B has p elements, the conjugacy classes of the

form a’'B have size p (i # 0), and the class B — {1} is the unique class of size p — 1. If

12



¢ € WCT(G,), then ¢ is a bijection that preserves conjugacy classes. Thus ¢(B) = B.
Also, ¢ maps the unique class of involutions (the coset CL%B) to itself because ¢ also
preserves inverses.

Let ® : WCT(G,) — WCT(G,/B) be the map that sends p € WCT(G,) to § €
WCT(G,/B).

This map is well-defined, since we have shown that B is fixed by any ¢ € WCT(G)) and
that the other cosets a'B are permuted by ¢.

Also G,/B = F) is an abelian group and any weak Cayley table map of G,/B would
have to be an automorphism to satisfy condition (ii) in the definition. Thus WCT(G,/B) =
Aut(G,/B), and ® is a map from WCT(G,) to Aut(G,/B).

Let K be the kernel of ®. Then K is not trivial, since it contains the automorphism p
which sends a — a,b — 0%, for any s that generates F¥. For any ¢ € K, ¢(a’B) = a'B.
Therefore ¢ permutes elements inside cosets. Then we can express ¢(a’h’) as a'b®() for
some function oy, where for each i, a, (4, -) : F, — F, is an injective function with a,(0,0) =0
(since ¢(1) =1).

Also ¢ preserves inverses, so (¢(a't’))™! = ¢((a'D?)71).

Now
((a't?))™t = (a'bel)~!
—  poelig) gt
— i i),
and

((@¥)) = éb~a)
= 9a”b)

_ a—ibo%(—i,—r*ij).
These two expresssions are equal since Qg preserves inverses, thus for every Qg
-r a¢(z,j) - O,/qb(—l, -r ])a

13



where 0 <i<p—-2and 0<j<p-—1.

Lemma 2.2. The kernel K in WCT(G,) is the set of all bijections ¢ such that ¢(a'h’) =

a'b(3) where ay(i, j) is an injective function on T, to F, such that ay(0,0) =0, and

—rtag(i, §) = ag(—i,—r"'j)

forevery0 <1 <p—2,0<5<p—1.

Proof. We have already shown that any map in the kernel must satisfy these conditions. All
that is left is to show that any map of this form is a weak Cayley table map in K.

So let ¢ be a map such that 1 (a’d?) = a’b**(*)) where (i, j) is an injective function on
F, to F, such that ay(0,0) = 0 and —r "y (i,7) = ap(—i, —r"j) for every 0 < i < p—2,
0<j<p-—1. Since ¥(a’) = a’b**), we have ¢(a’'B) = a'B,¢(B — {1}) = B— {1}, and
(1) = P(a®b°) = a0 = %P = 1. So 1) takes conjugacy classes to the same conjugacy
class, which means that it also fixes the cosets of B. Thus if v € WCT(G,), then ¢ € K.

Then given two elements a’?’ and a*b’ in G,, to satisfy condition (ii), we require ¥(a‘b/a®b") ~
Y(a't’)(a*h’). Now

B(abah) = p(atterIT
= qitspoulitsritt)
and
V(ab)p(abt) = albed)gspew(st)

— gitsprta(id)tay(st)

If a® # a~%, then a'tspov(iHsr°iH)  gitspriav(ii)tav(st) hecause they belong to the same
coset.

If a* = a7, then

) . 5. i
az+sba¢(z+s,r J+t) baw(O,r j+t)’

14



and

ai+8brsaw(i,j)+aw(s,t) — br_iaw(i,j)Jraw(*i,t) )

When b ‘v @+ew(=i0) = 1 then 7~y (i, 7) + o (—i,t) = 0, which implies

—r "y (i, §) = (=i, t).

Above we found —r*ay (i, j) = ay(—i, —r~"j), which implies ¢ = —jr~* mod p. Then
pow(Or=li+t)  —  poy (0~ —gr?)
— pew (0,0)
= 1.
By a similar argument, if b®(©7 0+ = 1 then b ‘v @i tow(it) — 1,
If ¢t # —jr then both b Or 5+ and pr'ew(idtew(=it) are in the conjugacy class
B — {1}. Therefore, ¥(a't?a’b’) ~ 1(a't’)p(a®bt), and 1 is a weak Cayley table map in K.
O

Thus we can construct elements of K by considering permutations of each of the cosets
a'B (i # 0) that preserve inverses. For the class a™B, where 1 < m < 1%3, its inverse
class is equal to a?~™"!B. So by choosing any permutation on the elements of a™B, the
corresponding permutation of a?"™ !B is determined. So we can conclude that the kernel
of ® contains ’%3 copies of .S,.

There is also one coset of involutions, o'z B , which is sent to itself by any weak Cayley
table map, and any permutation on these elements will respect inverses, so this contributes
another copy of S, to the kernel.

Finally the subgroup B contains its own inverses, and so the allowable permutations on
B are those that respect the inverses. The Coxeter group of type B on 7%1 elements is the

set of permutations which respect those inverses. It is denoted here as Coxp(27).

15



The permutations referred to above are all independent of each other and by Lemma 2.2

they can be composed together to give all of K. So we have shown
p—3
Lemma 2.3. The kernel of ® is isomorphic to Cozp(E) x S, x S;Q O

Next consider any weak Cayley table map ¢. We can view it as a permutation on the
cosets of B composed with an element v of the kernel K. Since we know the structure of
the kernel, to finish identifying all weak Cayley table maps we need to determine what effect
¢ can have on the cosets of B.

As seen above, the map ¢ will always satisfy ¢(B) = B. Further ¢ will take involu-
tions to involutions, so qb(ap%l B) = a"7 B since "z B is the unique class of involutions in
Gp. Therefore ¢ only (possibly) permutes the remaining p — 3 conjugacy classes amongst
themselves while preserving inverses.

Condition (ii) of a weak Cayley table map guarantees that ¢ must preserve inverses.
Conveniently all the inverses of elements in a’B lie in the conjugacy class a~*B. Therefore ¢
must permute the remaining p — 3 cosets in such a way that preserves the coset containing
the inverses. This gives us another Coxeter group acting on these p — 3 classes.

However these coset permutations are not completely independent of the permutation of

the elements inside of the p — 3 classes found in the kernel, since the order of these actions

p—3
2

matters. So the possibilities for the action of ¢ on the p — 3 cosets are S,? X Cox B(p;S).

2

Then, how ¢ permutes the elements of B and a"= B are completely independent of the

permutations of the other cosets, thus we have:

p—3
Theorem 2.4. WCT(G,) = Coxp(E) x S, x (Sp% % Cozp(E52)). O
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CHAPTER 3. CAMINA PAIRS (G, N) WITH G/N ABELIAN

In Chapter 2, the kernel of the map ® played a key role in helping us understand the group
WCT(AGL(1,p)). The goal of this chapter is to find similar results about a well defined
map ¢ : WCT(G) - WCT(G/N), where (G, N) form a Camina pair. First we start with

a lemma.

Lemma 3.1. If (G, N) is a Camina pair, then G/N is abelian if and only if the conjugacy

classes of G — N are cosets Ng.

Proof. First assume that the conjugacy classes of G — N are of the form Ng. Then for
g,h € G,
(Nh) Y (Ng)(Nh) = Nh™*gh.

Let g € G — N. Then, since h~'gh ~ g and (G, N) is a Camina pair, h~'gh = ng for some
n € G. Then
(Nh)""(Ng)(Nh) = Nng = Ng.

Thus G/N is abelian.

Next, assume that G/N is abelian. If ¢ € G — N and n € N, we have that g and ng
are in the same coset Ng, and therefor are conjugate, since (G, N) is a Camina pair. Then
note that the conjugacy classes off of N are unions of cosets of N. We also observe that
the commutator subgroup G’ is contained in N since G//N is abelian. However, no class can

have size greater than |G’|, and so each class is a coset of N. ]

Lemma 3.2. Let (G, H) be a Camina pair. Then for every weak Cayley table map ¢,
¢(H) = H. Thus the map ® : WCT(G) — WCT(G/H) that sends ¢ to ¢ is a well-defined

map.

17



Proof. Now ¢ preserves the set of conjugacy classes and sends cosets of H to cosets of ¢p(H).
Thus if (G, H) is a Camina pair then so is (G, ¢(H)). Now if ¢(H) # H, then there would
exist two subgroups H; and Hj of the same order in G such that (G, Hy) and (G, Hs) are
both Camina pairs.

Suppose by way of contradiction that there exist two subgroups H; and Hj such that
H, # H,, (G, H,) and (G, Hy) are Camina pairs, and the order of H; equals the order of
H,. Next pick h € H; — Hs.

Then A% is not contained in H,, which implies h® is the union of cosets of H,, i.e.
h¢ = UH,b; for some elements b;. Then |h®| > |H,|. However h® C H, — Hy which implies
|h¢| < |H,|, which gives

|h€] > |H| = [Hy| > |h].

This is a contradiction, so H; = Hs.
Thus there can be only one subgroup that forms a Camina pair of size |H|. This gives

¢(H) = H for all weak Cayley table maps ¢.

We note that what the above result really proves is

Corollary 3.3. Let (G, Hy) and (G, Hy) be Camina pairs. Then either Hy C Hy or Hy C H;.
O

Theorem 3.4. Let (G, N) be a Camina pair such that G/N is abelian and N — {1} is a
conjugacy class. Let ® : WCOT(G) — WCT(G/N) be the map that sends ¢ to ¢. Then the
kernel of ® : WCT(G) — WCT(G/N) is the set of all bijections from G to G that take

inverses to inverses and preserve conjugacy classes (i.e. maps a conjugacy class to itself).

Proof. Note by Lemma 3.2 that ® is a well defined map, and by Lemma 3.1 the conjugacy
classes of G off of N are the cosets of N. Let K be the kernel of ® and let L be the set of

bijections 1 that satisfy the hypothesis that ¢(g%) = g%, and ¢(¢g7!) = (g) ! forall g € G.
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First let ¢ € K. Then ¢ is a bijection and ¢(xz™1) = ¢(z)~! for all z € G. Then ¢ € K
implies ¢(N — {1}) = N — {1} and for g ¢ N,

d(g°) = o(Ng)

Thus any map ¢ € K is also in L.

Next let v be in L. We need to show that v is a weak Cayley table map. Any map in
L will take conjugacy classes to conjugacy classes, thus satisfying condition (i) of a weak
Cayley table map. To show that any map ¢ € L also satisfies condition (ii) of a weak Cayley
table map, we need to consider three cases.

Case 1: For g,h € G and gh ¢ N : Then there exists ny,ns € N such that ¥(g) = nig,
(h) = nyh and so

Y(g)Y(h) = nignah.

Then
Y(g)y(h) € NgNh = Ngh.

We also have ¥(gh) ~ 1(g)1(h) = nignah = nzgh, so that

Ny(gh) = Ngh

Note that Ngh is a conjugacy class for gh ¢ N, so

Y(g)p(h) ~ p(gh).

Case 2:g,h € G, and gh = 1. Then h = g~'. Moreover since ¢ € L, ¥(g7') = ¢(g)7*,
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SO

U(gh) = ¥(gg™") = 1 =v(g)v(9) ™ = v(9)v(h).

Case 3:For g,h € G and gh € N — {1}: Then Ng = Nh™! and for some n € N,

g =nh~t. Then
P(gh) = P(nh~'h)
= 1(n)
e N-—{1}.
Also

b(g)v(h) = b(nh )Y (h)
€ NhINh
= N-{1}.
Thus, for all g, h € G, (gh) ~ 1(g)(h). So ¥ is in K.
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CHAPTER 4. CAMINA-Z GROUPS

In this chapter we generalize the results that we obtained above in the situation where we

have a Camina pair (see Theorem 3.4).

Definition 4.1. Given a finite group GG and a set 7 of prime numbers, a Hall w-subgroup is
a subgroup H such that all primes which divide the order of H are in m and no prime in 7

divides the index [G : H]. [Is, p. 86]
The following is from [Is, p. 87]

Theorem 4.2 (Hall). Suppose that G is a finite solvable group, and let w be an arbitrary set

of primes. Then all Hall m-subgroups of G are conjugate.

In this section, we will consider groups G = A x B with Z = Z(G) such that A is a
normal Hall 7-subgroup and Ab — Z is a conjugacy class for every b € B. We call such a

group a Camina-Z group.

Example 4.3. An example of a group with these properties is the group

G = {a,bla® =b® =1,a" = a®) = 75 x Zg

with A = (a) and B = (b). One way to examine the conjugacy classes of this group is to
consider a part of the weak Cayley table, where the columns are indexed by the elements
of A, and the rows are indexed by elements of B. We can then see that the number of
conjugacy classes is 10, and that (b*) is the center. (In this table below, the numbers 1-10

represent different conjugacy classes of 7).
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b

b2
B3
b
b
po
b7

6 6 6 6 6
2 7T 7 T 7
g8 8 & &8 8

9 9 9 9 9
10 10 10 10 10

Here A is a normal Sylow-5 subgroup, and so is a normal Hall {5}-subgroup, and where

ANZ = {1}. Thus for example b*A =

classes.

{b*}u{ba, b*a?, b*a?, b*a*} is a union of two conjugacy

Theorem 4.4. Let G = A x B with Z = Z(G) such that G is a Camina-Z group and A is

the normal Hall-m subgroup. Let K be the kernel of

O :WCOT(G) — WCT(G/A).

Then K 1is the set of functions ¢ such that

(i) ¢ is a bijection,

(ii) ¢ preserves conjugacy classes (i.e. maps a conjugacy class to itself),

(iii) ¢ satisfies p(z7') = ¢(x)71,

() ¢(xz) = ¢(z)z for allz € G and z € Z.

Proof. The map ® : WCT(G) — WCT(G/A) is well defined, since A is a normal Hall-w

subgroup, and so it is the unique normal subgroup of its order by Theorem 4.2. Since any
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weak Cayley table map sends normal subgroups to normal subgroups and is a bijection, the
set A must be fixed by every weak Cayley table map. So if ¢ is a weak Cayley table map,
¢ € WCT(G/p(A)) = WCT(G/A).

Let L be the set of all bijections ¢ : G — G satisfying (ii)-(iv).

If € K, then ¢ is a bijection that preserves classes and respects inverses. Also for
z € Z(@G), we have ¢(z) = ¢(x 'wz) ~ ¢(x)'¢(xz). Since z is central, ¢(z) is central, and

we have

#(z) = ¢(z) " ¢(a2)

and so

P(2)¢(2) = ¢(x2).

Because ¢ € K, ¢(z) = z and ¢(x)z = ¢(zz). So ¢ € L.

Next let ¢ € L. Every map in L preserves conjugacy classes, which implies ¢(Ab) = Ab
for all b € B. Therefore we can think of ¢ as a permutation on the elements in each Ab. Let
¢(ab) = ¢p(a)b, where ¢, € Sym(A). So in order to show that ¢ is a weak Cayley table map,

it is sufficient to show that for every g,h € G, ¢(gh) ~ ¢(g)p(h). Let g = ai1by and h = agb,.

Then
o(gh) = ¢larbiasbs)
= ¢(a1a§f1b1b2)
Goun (010 Ybiby,
and

o(g)p(h) = ¢(aibr)p(azbs)
= ¢y, (a1)b1p,(a2)bs
= by (1), (a2)t bibo.

Here we have two cases:
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Case 1: byby ¢ Z. Then

¢b1b2 (alagl_ )blb? ~ ¢b1 (a1)¢b2 (a2)b1_1blb2a

since they are in the same conjugacy class Abb,.
Case 2: biby =z Z. If

¢(a1b1a2b2) =Yy

for some y € Z, then

a;biaszby = v,

since ¢ satisfies (iv). Then

asby = (a1b1)_1%

P(arbr)d(ashs) = @(arb)o((arb)'y)
= ¢(a1b1)o(arby) "ty

On the other hand, if

¢(alb1)¢<a2b2) =y

for some y € Z, then

Plagby) = ¢larib)™ty
= ¢((arb1)'y).

Since ¢ is a bijection, we have
asby = (a1b1) 'y,

SO

a1biazby =y,
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which implies

¢(a1b1a2b2) =Y.

So if either ¢(aijbiashy) or ¢(aiby)p(azbs) is central, then both are central and they are

equal. If they are both not central, then

(arbiashs) = Gy (aral) Ybiby
O (ardy )z,
which is a non-central element in the coset Az. Also
$larby)p(azby) = ¢y, (a1)@n, () biby
= b (@)n,(a2)" 2,

which is again is a non-central element of Az. Thus we have

¢(a1b1a2b2) ~ gb(albl)gb(agbg).
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CHAPTER 5. DicycLic GROUPS

Humphries proved a similar result to the following theorem in his paper on Weak Cayley
table Groups in 1997 [Hu|. In that paper, he proved that the WCT(G) is trivial for all

dihedral groups G. We will prove this is also true for dicyclic groups.

Definition 5.1. A group with the presentation < a, z|z*" = 1,2" = a? 2% = 27! > is called

a dicyclic group.

Theorem 5.2. If Gy, is a dicyclic group, then WCT(Gy,) is trivial.

k

Proof. Let Gu,. If g € G4, we can write g in the form z* or az” for some k with 0 < k < n.

Note that the conjugacy classes of Gy, are
{1}, {a® = 2"}, {x, 27"} for 1 <i < n—1, {az']i is even} and {az?|j is odd},

and each element that has the form az® is of order two if 0 < k < n [JL, p.420]. Observe

that Aut(Gy,) acts transitively on noncentral involutions since the map

a — az”, r—x

determines an automorphism of Gy,. So if we are given f € WCT(Gy,), we can assume
that f(a) = a by composing with an automorphism.
Given f € WCT(Gyy,) such that f(a) = a, we know that f must send conjugacy classes

a(k)

to classes and so by considering the classes of Gy,, we note that f(z*) = 2" for some

bijection « : Z/(nZ) — Z(nZ), and f(az*) = ax®*) for some bijection 3 : Z/(nZ) — Z(nZ).

Then the following relations are a result of f € WCT (Gy,):

26



xa(k+m) — f(x(k+m))

gom=k) = f(x7Rp™)
= f(a*z=Fz™)
= f(a*z*ax™)
~  F(@) faz™) = aP B0 gz — gAm)=B0),
Using these equations in conjunction with the structure of the conjugacy classes, we find
alk+m) = =(a(k)+ alm)),
a(k) = x8(k),

afm—k) = £(8(m) - B(k))
for all k,m € Z/(nZ). Since f € WCT(Gy,), we know «(0) = 0,5(0) = 0, a(—k) = —a(k)
and B(—k) = — (k) for all k € Z/(nZ).

Now suppose that (1) = r for some r € Z/(nZ). Since f is a bijection, we know
that ged(r,n) = 1. Then a(—1) = —r, since a(—1 + 1) = +(a(—=1) + a(1)). By the
same equation, we also know that a(2) = +2r. Then, if we consider a(3) = (2 + 1) =
+((2) + a(l)) = £(£2r + r). Then since « is a bijection, a(3) # a(—1) = —r, so
a(2) = +2r. Then a(—2) = —2r. So «(3) = +3r. By similar reasoning, since a(4) =
a3+ 1) = £(a(3) + a(l)) = £(£3r + ), we see that a(4) = 4r, and we can continue this
to show that a(k) = kr for all k. So a is an automorphism.

Then, since a(k) = £5(k), we have B(k +m) = £(8(k) + B(m)) for all k,m € Z/(nZ).
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Then similar logic as shown above will show that ( is also an automorphism, and that
B(1) = £r. Now if (1) = —r, we can compose  with the inverse map to get 3(1) = r.

Then we have:

f(lﬂkl’m) _ xoz(k—i—m) _ :L,a(k)xoz(m) _ f(ilj’k>f($m),

f(axkxm) _ ama(k—l—m) _ ama(k)xa(m) _ f(axk)f(xm),
f(xkaxm> _ axa(7k+m) — xa(k)axa(m) — f(a:k)f(axm),
faztaz™) = a?xFm = g0 ® gz = f(az®) flaz™).

Therefore f is then an automorphism, so the WCT(Gly,) is trivial.
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CHAPTER 6. SOME NON-TRIVIAL WEAK CAYLEY TABLE MAPS

Often it is difficult to find weak Cayley table maps that are not trivial. In this chapter, we
are going to define some nontrivial maps for particular groups that are Camina pairs over
their center.

In this chapter, given a finite group G and elements ¢1,...,g9. € G, we will write
(91,92, - --,9r) to denote the permutation of G which sends g; to g2, g2 to g3, and so on.

Thus (g1, 92, - - -, gr) € Sym(G).

6.1 GROUPS WITH A CAMINA PAIR STRUCTURE OVER A CENTER OF

ORDER 2

Theorem 6.1. Let G be a group with center Z = Z(G) = (z) of order 2 and (G,Z) is a

Camina pair. For g € G — Z of order 2, let

¢g = (9,9%)

and for g of order greater than 2 let

bg = (9,92)(97 ", 97" 2).

Then ¢, is a weak Cayley table map for any g € G — Z.

Proof. Let < z >= Z. Since (G,Z) is a Camina pair, the conjugacy classes of G are
{1}, {z}, and then unions of sets of the form {g, gz} for g ¢ G. By interchanging ¢g and gz,
the conjugacy classes of G are preserved, so ¢, satisfies condition (i) for the definition of a

weak Cayley table map.
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To check that ¢, satisfies condition (ii), let z,y € G and consider the cases below. We
may also assume that x,y # 1. Further the cases x = z or the cases y = z are easily checked,
SO We assume x,vy, # 2.

Case 1: = ¢ {g,92,9 L, g 2} and y ¢ {g9,92,9 L, g7 2,27 g, a7 gz, a7 g7t a7 g7 2}
Then ¢, fixes zy, x and y. Thus ¢g4(xy) = zy = ¢g(x)Py(y).

Case 2: v ¢ {g,92,9 ', g7 2} and y = g. Then zy = xg # 1, 2,

Gg(ry) = @4(z9g)
= xgorxgz,
Og(2)dg(y) = dg(x)0g(g)
= xgzorzg.
Then note that xg ~ zgz, since G is a Camina pair over Z and zg ¢ Z. So ¢g4(xy) ~
bg(x)d,(y). Similar reasoning shows this for y € {g,9z,97 ', g7z}

Case 3: v ¢ {g,92,97',g7'2} and y = x7'g. Then

Og(zy) = dglxz'g)
= (bg(g)
= gz,
¢g(x)¢g(y) = ¢g(x)¢g(x_lg)
= axz !y
Since g ~ gz, we have ¢,(zy) ~ ¢4(x)p,(y). Similar reasoning shows this for y an element

1

of {x7tgz,z7 g7 a7 lg 12},

Case 4: r =gand y ¢ {g,92,97 ', g7 2}. Then
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Go(ry) = &g(9y)
= gy,
Gg(2)g(y) = ¢g(9)g(y)
= gzy
= gyz.
Whereas gy ~ gyz, we observe that ¢,(zy) ~ ¢4(x)¢,(y). The same argument also works
for z € {gz,97 ", g7 '2}.

Case 5: * =g and y = g. Then
Pg(ry) = ¢g<92)

ng(x)(bg(y) = (bg(g)(bg(g)
= gzgz
So ¢(xy) = ¢(x)p(y). This also works for the case when = € {g, gz} and y € {g, gz} or the
case when x € {g7!, g7 12} and y € {g7}, 97 2}
Case 6: x =g and y = ¢g~'. Then
Pg(zy) = ¢4(1)
= 1
ng(x)Cbg(y) = Cbg(g)gbg(gil)
= gz9 'z
= 1.
So ¢(xy) = ¢(x)é(y). This final argument also works for x € {g, gz} and y € {g~!, g2} or

x€{g' g 'z} and y € {g,92}. O

Example 6.2. A quick example of such a group is the dihedral group Dg of order 8, with
presentation

Ds = {a,b,|a* =0*=1,a" =a™?).
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Then the center of Dg is Z = (a?), and (Dg, Z) is a Camina pair. Then |[b| =2 and b ¢ Z,

SO

¢b = (b, baz)

is an element of WCT(Dg). Since WCT(Dg) is trivial [Hu], we know that ¢ is either an
automorphism or anti-automorphism. With some simple computations, one can show that

¢y is an anti-automorphism for Dg.

6.2 p-GROUPS WITH A CAMINA PAIR STRUCTURE

Theorem 6.3. Let G be a group with cyclic center (z) = Z,|Z| = p, such that (G,Z) is a
Camina pair, G/Z is elementary p-abelian, and let g € G be noncentral element. Then the

map

b9 = (9,92,92%, ... ,9" (g7 (92) 7 (g2 (9277
1s a weak Cayley table map.

Proof. Since G/Z is abelian and |Z| = p, we see that Z = G’, the commutator subgroup. If

p = 2 we can use theorem 6.1, so assume p is odd prime, and let

C={g,92,92°...,92"""}

and

K={g"(92)"" (¢z)"....,(gz" )"}

Then C' and K are conjugacy classes in G' and ¢, fixes ', K and all other conjugacy
classes. So ¢, satisfies condition (i) of the definition of a weak Cayley table map.

The following are some cases to consider to prove the condition (ii) of a weak Cayley

table map ¢4(zy) ~ ¢g(x)py(y).

Let z,y € G. The cases where x € (z) or y € (z) are easily checked, we we assume
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Case 1: ¢ CUK,y ¢ CUK, and zy ¢ C' U K. Then ¢, fixes x,y and zy, so

(bg(xy) =Y = ¢g($)¢g(y)’

Case 2: v ¢ CUK, and y = 27 1g2". Then y ¢ C U K and so

Pg(ry) = ¢glza~lgz’)
= ¢y(97")
= gz
Gg()dg(y) = @g(x)dg(27"g2")
= zx gzt
= gz'
Then gz ~ gz' and so ¢,4(zy) ~ d4(x)d,(y).
Case 3: v ¢ CUK, and y = 2 'g7 12 is a similar argument as above.
Case 4: Then the cases where y ¢ C UK and = g2'y~! or & = g '2%y~! are the same

1

as the above, since g, ¢~ and z all commute.

Case 5: v = g2', y¢ CUK, and y # 2* or g722*. Then 2y ¢ C UK, so
bg(ry) = &4(g2'y)
= gy,
Go(2)Pg(y) = Pg(92")0g(y)
= gzl
Since gyz' ~ gyz""!, we have ¢,4(xy) ~ d4(x)d,(y).

k

Case 6: z = gz', y = g 22%. Then zy = ¢~ '2"**, s0
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bg(ry) = Bglg~ )

_ -1 i+k—1
- g z ’

¢g(x)¢g(y) = gbg(gzi)gbg(gdzk)
—  gaitlg2k
_ gl

Since g—12"F=1 ~ g71200 L we have ¢, (zy) ~ dg(2),(y).

Case T: = = gz, y = gz~

bg(ry) = @g(g?2""")
_ g2tk
Cbg(x)gbg(y) = ¢g(gzi)¢g(gzk>
— gaitlgahtl
P ar)

Then since ¢2z7+F ~ gz +F+2 50 Gg(Ty) ~ Gg(x)Pg(y).

Case 8: z = g2', y = g~ '2*. Then

dg(ry) = dylgg2"1")
— qbg(ZH_k)
_ ZH—k.

gbg(x)qbg(y) = ng(gzi)gbg(gilzk)

= gaitlgTlpkt

— itk

So in this case, ¢,(zy) = ¢4(z)d4(y).

Case 9: Then the cases where x = g~ '2% are the same as previous ones.

]

Example 6.4. A group that satisfies these hypotheses is the extraspecial 3-group of of order
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27 with exponent 3. Its presentation is given by
Gor = (a,b,c:a® =0 = = 1,1" = be,a® = a,b° = b).

Note that |Ga7| = 27, it has center Z = (c), the order of ¢ is 3, (Ga7, Z) is a Camina pair,
and Gay7/Z is elementary abelian. Then consider the element a € G97 — Z. By Theorem 6.2,

the map
do = (a,ac,ac®)(a™!, (ac)™t, (ac?)™1)
= (a,ac,ac?®)(a?, a*c?, a’c)
is an element of WCT(Gy7). This map is non-trivial, since if we consider the element

ab € Gy7, we notice

pa(ab) = ab,
ba(a)pa(b) = acb = abe,

and

$a(b)da(a) = bac = abc?

which are conjugate but not equal. Thus ¢, is a nontrivial element of WCT(Ga7).

6.3 ANOTHER MAP FOR p-GROUPS WITH A CAMINA PAIR STRUCTURE

Theorem 6.5. Let p be an odd prime, and let G be a p-group with cyclic center < z >=
Z,|Z| = p such that (G, Z) is a Camina pair, G/Z is elementary abelian, and let g € G be

a noncentral element of order q. Then the map

by = (9,92,92% ..., 927" (g7 (g2) 7", (922) 7, ..., (g2 )7

(92’922792227 L ,QQprl)(ng’ (922:)71, (9222)71’ e (QZprl)fl)

q—1

(67,97 2,07 2% ., 9" 27 g7, (g7 2) 7 (9" D)L (g )Y
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1s a weak Cayley table map.

Proof. Let

C={g,g'24¢7" . . ..¢d" "1 <i< QT},

and

—i - i 2\— i p—1v—1 94— 1 .
K:{g 7(92) 17(922> 1’.”’(921) 1) IITSZSp—l}.

Also note that since (G, Z) is a Camina pair and G/Z is elementary p-abelian, conjugacy
classes are of the form xZ off of the center.

Note that ¢, just permutes the elements of each conjugacy class, so the condition that
by(2%) = ¢y(2)¢ is met. All that is left is to check to see if ¢,(xy) ~ ¢,(x)d,(y) for every
x,y in G. There are several cases to check:

Case 1: © ¢ CUK,y ¢ CUK, and zy ¢ C UK. Then ¢, fixes z,y and zy, so

bg(xy) = 1Y = Pg() Py (y)-
Case 2: v ¢ C UK and y = 27 1¢'27 where ¢g'27 € C. Then

Gg(xy) = @y(za~lg'2)
= ¢g<gizj)
— gl
(ﬁg(m)(bg(y) = xx_lgizj+1
— izt

So ¢g(xy) =Y = ¢g(x>¢g(y)
Case 3: v ¢ C UK and y = 27 '¢g27 where ¢°27 € K. Then
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Pg(Ty)

bg()0g(y)

So ¢g<xy) =Ty = ¢g<x)¢g(y>

Gg(zatg'2?)
¢g(gizj)
Pg(g'2’)
g,
e

gl

Similarly, for y ¢ C U K and x = ¢g'27y~', ¢,4(xy) is still conjugate to ¢, (), (y).

Case 4: v =¢g'27 andy ¢ Z,y¢ C UK, and so xy ¢ C UK. Then

Pg(Ty)

Pg()g(y)

Ty
gy,
Dg(g" 27 )by (y)
G4l

Then g'yz7 and g'27*'y are elements of g'yZ. Thus ¢,(zy) ~ ¢g(x)dy(y).

Case 5: z = ¢'27 and y = 2*, which means zy = ¢'2/**. So we have that

Pg(zy)

Pg () g (y)

¢g(gizj+k)
giZj-i-lc:l:l7
Pg(g'27) g (2")
gizk:tlzk

gizIthEL

Therefore ¢,(zy) = ¢y(x)d,(y). The cases where y = ¢g'27 and x ¢ C' U K are the same as

above.

Case 6: If z = ¢g'2/ and y = ¢'2*, where | # —i, ¢, will keep z, y, and zy in the

conjugacy class of g7 so ¢,(xy) ~ dg(z)dy(y).

Case 7: v = ¢'2/ and y = g~'2*. Then 2y = 2/**. So then we have



dg(zy) = dg(x""")
L
¢g(x)¢g(y) = Cbg(gizj)(ﬁg(giizk)

—i kF1

sz:I:lg ~

= g
= Itk

Therefore, ¢g4(xy) ~ ¢4(2)p4(y).
]

Example 6.6. An example of a group that satisfies the hypothesis of Theorem 6.5 is the

extraspecial 5-group of order 125 with exponent 25. Its presentation is given by
Gios = (z,y,2|2% =9 = 2° =1, 2° = 2, 2¥ = 12, 2 central).

The center is Z = (z), |z| = 5, and (G125, Z) is a Camina pair. Then note that since y ¢ Z,

by Theorem 6.3, the map

by = (yyzy2®y2 y2)(y ™, (v2) 7 (y2?) 7 (w2®) 1 (w2 ™)

<y2’ yQZ, y222’ yQZS, y224)(y—2’ <y22)—1’ (y222)—17 <y223)—17 (,y224>—1>

= (y,yz,y2% y2®, y2t)(y* ytet, vt 23 yte? ytz)
(2 22, 72, 22, P2 (0P, v 2t P 2P P2 )

is a weak Cayley table map. Note that

oy(ry) = Yy
oy(2)py(y) = wyz
Qby (y)¢y (:E) = Yzr

= qyz?

are not equal, thus ¢, is not an anti-automorphism or automorphism of G5.
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CHAPTER 7. RELATIVE CONJUGACY CLASSES AND RELATIVE WEAK

CAYLEY TABLES

We define a conjugacy classes for an element x of a group G to be the set {g~'zglg € G}.
Relative conjugacy classes are similar, only instead of conjugating an element of x € G over
the entire group, we conjugate x only by the elements of a particular subgroup of G. So if H
is a subgroup of G, the relative conjugacy class of x with respect to H (or the H-conjugacy
class of x) is the set {h~'zh|h € H}. We will use the notation z ~g y to mean that x is
conjugate to y by an element in H.

This essentially splits some of the conjugacy classes into distinct parts. In particular, the
set of relative conjugacy classes will have at least as many elements as the set of conjugacy
classes of the group. For example consider the dihedral group of order 8, Dg, with the presen-
tation (a,bla* = b?> = 1,a” = @®). Then the conjugacy classes are {1},{a?}, {a, a®}, {b, ba®},
and {ba, ba’}.

If we let H = (a), then the relative conjugacy classes for Dg with respect to H would be
{1}, {a}, {a*},{a®}, {b, ba?}, and {ba, ba’}.

We can use these relative conjugacy classes to define a relative weak Cayley table. This
is similar to a weak Cayley table except the entries of the table contain relative conjugacy
classes. For example, if we consider the group S3 with the subgroup H = ((123)), then the
relative conjugacy classes of S3 with respect to H are By = {1}, By = {(12),(13),(23)}, B3 =

{(123)} and By = {(132)}. Then the relative weak Cayley table for S5 with respect to H is:
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1 (12) (23) (13) (123) (132)

1 |B B, B, By, By B
(12) | B, By B, By By, B
(23) | B, B; B Bi By, By
(13) | B, By By; B By B
(123) | By B, B, By B, B

(132) | By B, B, By B, Bs

7.1 RELATIVE WEAK CAYLEY TABLE MAPS

As with weak Cayley tables, it is convenient to know when two groups with given subgroups
have the same relative weak Cayley table. To do so, we will define a map that preserves the
weak Cayley table structure. Given two groups G, Gy with subgroups H;, Hs respectively,

a relative weak Cayley table map is a bijection ¢ : G; — G5 such that
(i) ¢(Hy) = Hy;

(i) ¢(xf1) = (¢(x))H2, for all z € Gy;

(ii1) ¢(ey) ~m, d(x)d(y) for all 2,y € G,

Since this map preserves the structure of the relative H-conjugacy classes, we say two
groups with two specified subgroups have the same relative weak Cayley tables if there exists

a relative weak Cayley table map between the two groups.

Theorem 7.1. There exists a relative weak Cayley table map between two non-isomorphic

groups.

Proof. Consider the two non-isomorphic non-abelian groups of order p3. They have presen-

tations

Gl: <0J7buc:ap:bpchzl,ba:b(?,ac:a,bc: >7

2
_ oD _op _optl _ .
Go=(x,y,z: 2P =z, 2P =yP =2 =1, 2Y = 2Pt 2% =z, y* = y);
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with

Let H; = (a) and Hy = (y).
Then define the map ¢ : (G, H1) — (G, H2) by

arbsct _ xsyrzrsft
where rs is not congruent to 0 mod p.
We will show that ¢ is a relative weak Cayley table map by finding the relative conjugacy
classes and comparing several cases that arise.
Notice these two groups are Camina pairs over their centers, so this makes the relative

H;-conjugacy classes easy to compute: for (G, Hy):

{1}, {c}, e P T
{a}, {ac}, {ac?}, ..., {acP™'},

{a'}, H{d'c}, {a'c?*}, ..., {d'eP7'},

{aP71} {aP7'c} {aP7i?} ... {aPlPTl}
and then

a't’{l,¢c,c*, ... 1}

for0<i<p—-—1,0<j<p—1;

and for (GQ, HQ):
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{1}, {z}, {22}, .. {2
{y}, {yz}, {y2*y, .., A{yz ),

{v'},  Ay'z}, {22, ., {y'

{wr= '}, v te), {2}, {yrterl,

and then

vy {1, 2,22, ..., 2P

for0<i<p—1,0<j<p-—1.

By inspection, it is easy to see that ¢ will send H; to Hs, and that ¢ will send H;-
conjugacy classes in GG; to Hs-conjugacy classes in G, which are the first two conditions of
a relative weak Cayley table map. The last thing to check is to see if ¢(af) ~m, ¢(a)p(B)
for all o, 8 € G.

Let a = a'b’c® and B = a"b*c!. Then there are three cases that can happen which we
need to compare to determine if ¢ is a relative weak Cayley table map: when j 4+ s < p,
J+s>p,and j+ s =p.

Case 1: Let j + 5 < p. Then a3 = a'ba"b*cF*t = a+"Hi+3ck+1473 50

¢(O&ﬁ) —_ :L.j+syi+1“sz‘7t77‘j.

On the other hand ¢(a) = 27y 27~ and ¢(8) = x°y"2"*~t. Therefore we have

$la)p(B) = aly'zVFayrart

— xj+syi+rzij—k+rs—t+si

This gives ¢(af) is Ha-conjugate to ¢(a)p(f).
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Case 2: Let j 4+ s > p, then j + s = w + p for some 0 < w < p. Thus

gb(aﬁ) — ‘,L,wyi—i—rZ—k—t—rj—‘,—l7

and

a B — ¥ i+rzijfk:+rsft+si+1
pla)o Y :

both of which are also in the same Hs-conjugacy class.
Case 3: Let j +s = p. Then ¢(aff) needs to be equal to ¢(a)p(f) in order to be
Hj-conjugate. Note that j = —s mod(p).

In this case we have

olaB) = gt gkt
— gk st
and
dla)p(B) = yitrpii-ktrssitsitl
— Ty ishdrs—tistl

— /yi—i-rz—k:—t-‘rrs—i—l'

Thus ¢(af) = ¢(a)p(5).
[l

Proposition 7.2. Let G, Gy and G5 be groups with subgroups Hy, Hy and Hs respectively
such that there exist relative weak Cayley table maps ¢ : (G, Hy) — (Go, Hs) and 1) :
(Go, Hy) — (G3, H3). Then the map ¢ o ¢ : (G1, Hy) — (Gs, H3) is a relative weak Cayley

table map.

Proof. By the definition of ¢ and v, we have

¢(Hy) = Ha,
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and so

Yo Qb(Hl) = Hj.

Let a, b be elements of G. Then if we consider the relative conjugacy class a’’*, we note

that

and

Y(¢(a)™) = (¥ o ¢(a))™.

Lastly, consider the relationships

¢(ab) ~p, ¢(a)p(b),
which implies
U(p(ab)) ~my ¥(d(a))Y(4(D)).
m

Corollary 7.3. Let Gy and G5 have subgroups Hy and Hy respectively such that there exists
a relative weak Cayley table map ¢ : (Gy,Hy) — (Ga, Hy). Also let a € Aut(Gy) and
B € Aut(Gs). Then ¢poa : (Gi,a '(Hy)) — (Go, Hy) and Bo ¢ : (G, Hy) — (Ga, B(H3))

are also relative weak Cayley table maps.

Proof. Automorphisms are relative weak Cayley table maps, so by using Proposition 7.2, we

can easily see these compositions are relative weak Cayley table maps. O]
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CHAPTER 8. RELATIVE WEAK CAYLEY TABLE GROUPS

We define the set of relative weak Cayley table maps from G with a subgroup H to itself by
RWCT(G, H).

Theorem 8.1. Let ¢ € RWCT(G, H), then ¢ € WCT(G).

Proof. By definition if ¢ € RWCT(G, H), then ¢(xy) ~g ¢(x)¢(y) which also implies
o(ry) ~a ¢(x)d(y). This implies the second condition of a weak Cayley table map.

Then, let 2/ = ¢~ (z) and ¥ = ¢~ *(y). Then we know that

o('y') ~u S()Py') = zy

also

o(y'x') ~u Py)o(x') = yx

and zy ~¢g yx, which means that ¢(2'y') ~g o(y'2').

So given any g € G, ¢(g9) = ¢(gaa™!) for any a € G. Then ¢(gaa™') ~g ¢(a"tga) by
the above argument. This implies that ¢(g%) = ¢(g)¢, which is the first condition of a weak
Cayley table map. Thus ¢ € WCT(G). ]

Theorem 8.2. RWCT(G, H) is a subgroup of WCT(G).

Proof. Given ¢,1p € RWCT(G, H), then ¢,1» € WCT(G). Clearly, ¢ 01 takes H-conjugacy
classes to H-classes. Then given two maps ¢ and ¢ in RWCT(G, H), we know from Propo-
sition 7.2 that ¢ o ¢ is also in RWCT(G, H).

Since WCT(G) is a group, for every ¢ € RWCT(G, H), thereisa ¢~' € WCT(G). Since
¢(H) = H, ¢ ' (H) = H, and since ¢ sends H-conjugacy classes to H-conjugacy classes, ¢~

does the same.
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Then let 2 = ¢ (z) and ¥ = ¢ (y). Then, since ¢ € RWCT(G), we have that
o(x'y) ~g ¢(2")o(y) = xy. Since we know that ¢~! takes H-conjugacy classes to H-
conjugacy classes, we know that ¢~ 1o (z'y') ~g ¢~ (zy). So 2y’ ~x ¢~ *(zy), which implies
that ¢~ (2)¢ " (y) ~g ¢ '(zy). Therefore, ¢! € RWCT(G,H), and RWCT(G,H) is a
subgroup of WCT(G).
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CHAPTER 9. EXTENSIONS OF RESULTS FROM [JMS]

Theorem 9.1. Let G be a group with |G| odd. Let N be an abelian group that is also a
G-module and assume the N-conjugacy classes outside of N are Ng. Let Gy and Gy be two
non-isomorphic groups which are extension of N by G such that (Gy, N) and (Ga, N) are

Camina pairs. Then (G1, N) and G2, N) have the same relative weak Cayley tables.

Proof. This result was proven for weak Cayley tables in [JMS] without the assumption that
the N-classes outside of N are Ng. We will show that the map that he defined is also a
relative weak Cayley table map between (G, N) and Go, N) with this additional condition.

Some notation that [JMS] used was to use the extension structure of G and G5 to write

-1
(nlagl) O; (712792) = (nlngl fi(91792)79192)7

where o; represents the multiplication in the particular group GGy or G5 and f; is a 2-cocycle
in H*(G, N). One can assume that f;(g,e) = fi(e,g) = e for all g € G;.

They then partitioned G'—{e} into two subsets, S} and Sy, where if g € Sy, then g=! € Sy,
and S; U Sy = G. This is possible since |G| is odd. Using these subsets, they defined the
map ¢ : G; — G5 as follows:

o(n,e) = (n,e) forn € N,
o(n,g9) = (n,9) for g € S,
¢((n, )W) = (n,9)™? for g € S,
where inv(i) represents the inverse in G;.
In [JMS], they then went on to prove that this is a weak Cayley table map.

To see that this map is also a relative weak Cayley table map, note that since we have

Camina pairs over the abelian subgroup N and that the N-classes outside of N are Ng, the
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N-conjugacy classes of G; (i = 1,2) are the singleton sets {1}, {(n,e)} for every n € N, and
the cosets Ng for every g € G — {1}. It is clear that ¢ preserves the N-conjugacy classes,
thus satisfying condition (ii) of a relative weak Cayley table map.

For condition (iii), let A = ¢((n1, 1) 01 (n2,g2)) and let B = ¢(nq, g1) 02 ¢p(n2, g2), and
we want to show that A and B are in the the same N-conjugacy class, which would imply
that ¢ is a relative weak Cayley table map between GG; and G,.

We then need to consider three cases:

Case 1: g1 = go = e. Then A = (ning,e) = B.

Case 2: g1 # g;'. Then A = (my, g1go) for some m; € N, and B = (msq, g1g2) for some
ms € N. Then, since g1go ¢ N, A and B are in the same coset Ng;g2, so A and B are
conjugate by an element of V.

Case 3: g, = g; ' # e. Assume without loss of generality that g, € S;. Then (n,g) =

(n,e) o (e,g) for all n € N and g € G. So then

1 1

(n,g9)o(m,g) " = (n,e)o(e,g)o(e,g)  o(m,e)t = (nm'e).

Which means

A= (b((nhgl) ©1 (mvgl)im}(l)) = ¢((n1m717 6)) = <n1m717 6)7
and
B = ¢(n1,q1) o2 ¢((ma91)mv(1)) = (n1,41) 02 (mvgl)im}@) = (nlm_la e).

So A = B, which is what was needed for A and B to be N-conjugate.
0

The following lemma shows that the conditions required in Theorem 4.1 from [JMS]

(referenced in this paper as Theorem 1.8) force any weak Cayley table to be an automorphism
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when the action of (G; is Frobenius on V.

Lemma 9.2. Suppose that G, and Gy have the same weak Cayley table, and o : G; — Go
is a weak Cayley table map. Suppose that H; is a Frobenius extension of G; by the module

N in such a way that n9 = n®9) for all g in Gi. Then G; = Gb.

Proof. Note that all g, h € G1, we have

ndh = palsh)

From the group actions we also have:

nolgh) — pah — (ng)h — (na(g))a(h) — palgalh)

This means that

So

petah)(alglam) ™ _

Since the action is Frobenius, this implies that

a(gh)(a(g)a(h)™ =1,
and so
a(gh) = a(g)a(h),
which shows that « is a homomorphism, which means that it is also an isomorphism. O

The following theorem allows us to remove the condition that N be abelian from the

statement of Theorem 4.1 of [JMS] if we require that the action of G; is Frobenius on N.
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Theorem 9.3. [Is, p.179] Let H; = N x G; be a Frobenius group with kernel N. If the order

of G; 1s even, then G; has at most one involution and N must be abelian.

When the order of G; is odd, the authors of [JMS] comment that in the proof of Theorem

4.1, the fact that N is abelian is not necessary.

Theorem 9.4. Suppose there exists a weak Cayley table map o : G; — Go. Let H; be a
Frobenius extension of G; by the normal subgroup N, such that in Hy and Hs, the relative N -
conjugacy classes outside of N are unions of cosets of N. Lastly, for any involution v € G,

we require

(e,2)* = (e,a()).
Then Hy and Hy have the same relative weak Cayley table.

Proof. First we note that (Hy, N) and (Hs, N) are Camina pairs, since H; is a Frobenius
extension [Is, pg. 185]. As in the proof of 9.1, write H; and H, as group extensions. Let
I denote the set of involutions of Gy (if it exists). Next, partition G; — {e} — I into two
subsets S and S~! (where S7! = {s7!|s € S}). Then we have that G; = {e} UTUSUS™!
and Gy = {e} Ua(l) Ua(S)Ua(S™).

The map that the authors of [JMS] prove is a weak Cayley table map is

o(n,g) = (n,a(g)), for g € {e}U{z}US,
¢((n7g>_1) = (n’a(g))_1> for g € 5,
¢((6,CL’)) - (67()‘(1:))’ for x € I.

To see this is a relative weak Cayley table map, we need to know the N-conjugacy classes
of H;. Note that by the hypothesis, the N-conjugacy classes contained in H; lying in N are
the same as those lying in the copy of N in Hy, so ¢ automatically preserves those N-classes.
Then the rest of the conjugacy classes are unions of costs {(n,g)|n € N} for a g € G;.
Knowing the N-conjugacy classes, it is clear that ¢ is a bijection that sends N-conjugacy

classes to N-conjugacy classes.
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Then to show that ¢ is a relative weak Cayley table map, we need to show that ¢((n, g)(m, h)) ~x
o(n,g)p(m, g) for all n,m € N and g,h € G. Let A = ¢((n,g)(m,h)) and let B =
¢(n, g)o(m, g).

Case 1: g=h =e. Then A = (nm,e) = B.

Case 2: g # h™!. Then A = (my, gh) for some m; € N, and B = (my, gh) for some
mo € N. Then A and B are in the same coset Ngigs, so A and B are conjugate by an
element of N.

Case 3: h = g~! # e. The authors of [JMS] show that for all g € G, ¢((n,g))™' =
é((n,g)~1), and this is the only spot in his proof where he used the action of G on N.
If the order of G is even, then in order for ¢((n,g))™* = &((n,g)~') to hold, N must be
abelian. However, since N is a Frobenius kernel of G, the fact that |G| is even forces N
to be abelian. If the order of G is odd, then no assumptions on N are needed to obtain
¢((n,9)) " = o((n,9)7").

Therefore, an equivalent statement to A ~y B is to show

o((n, 9)(m, )~ ~n d((n, 9))o((m, h) ™).

Consider the two computations:

o((n,9)(m,g)™") = o((nm~",¢))

and

o((n,9))o((m,9)~") = ¢(n,g)(d(m,g))~"
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These show that A = B, and hence conjugate, which means ¢ is a relative weak Cayley

table map. n

The authors of [KR] describe a construction of groups that meet the criteria for Theorem
9.4. They start with a semi-direct product of semi-linear maps acting on a finite vector

space, and then choose specific subgroups of this semi-direct product.

Example 9.5. [KR, Definition 3.1 and 3.2, pg. 278-279] Let G,, be a group with a cyclic
normal subgroup D, = (d,) of order n with complement C,) = (c), where pu(n) is the
Euler function, i.e., the number of primitive n'* roots of unity. The group D,, should be
interpreted as the group of n'® roots of unity, on which Cn) acts as the Galois group.

By G, we denote the subgroup of G,,, where the complement C,,, = (¢,,) is generated
by an element of order m dividing u(n). In addition, we require that m? divides n, and that
m and n/m? are relatively prime.

A further assumption is that p is a rational prime, such that F,m is the smallest field
of characteristic p containing all n'" roots of unity. Then M = F,n is an irreducible G, ,,-
module, on which d, acts by multiplication with a primitive n*” root of unity, and c,, acts
as the Frobenius automorphism, i.e., raising to the p'* power.

By G.mp we denote the semi-direct product M x Gy, Let b, = 4™ be an element
of order m? in D,,. There is no loss of generality if we assume that b = "', We note
that 0] lies in the center of G, ..

The authors of [KR] then show that the element
(emb)™ = Uy

is central, and then proceed to define the subgroups which meet the criteria of Theorem 9.4.

Let 1 < i < m — 1 be relatively prime to m, and define the group H,, ,,; as a subgroup
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of G, m by
Hippmi = (d™ 07 bl ),

n rm?

and put
Hn,m,’i,p = M x Hn,m,i7

the semi-direct product with the module M.
An example of such groups are the subgroups of Frs x (F%; x C5). Then d” € Fys has

order 19, b € F;s has order 9, ¢ generates C3, and
Hn,m,i = <d97 b37 Cbi>7

for : = 1,2. Then
Hymip = Frs X (d°,b°, cb").

These H,, ,;p are Frobenius groups with kernel M, and the H,, ,,; are isomorphic for all
7 such that 1 <7 < m — 1 and ¢ is relatively prime to m. Also, for each 1 <i < m — 1, the
orbits of H,, ,,,; are the same on M [KR, pg. 279]. This is the same as stating that the relative
M-classes of H,, ,;, inside M are the same for all ¢ relatively prime to m, (1 <7 <m —1).
Since Hy, i p, is & Frobenius group with kernel M, (Hy, ., M) is a Camina pair. Thus the

groups H,, ,,, ; , satisfy all the hypotheses of Theorem 9.4. [J
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CHAPTER 10. RELATIVE WEAK CAYLEY TABLE MAP GROUP OF

AGL(1,p)

As in Chapter 2 let G = AGL(1, p) have the presentation
G = (a,bla*' =" =1,a" =",

and let B be the subgroup (b).
Then the B-conjugacy classes of G are the singletons {1}, {0}, {b*}, --- {v*7'}, and the
cosets of the form a'B where i # 0.

Since every weak Cayley table map sends B to itself, we can define a map
U : RWCT(G,B) — WCT(G/B)

to be the restriction of the map ® : WCT (G, B) — WCT(G/B) (as defined in chapter 2)
to the subgroup RWCT(G, B). Then let K = Ker(V).

If v € K and is also a weak Cayley table map, then from Lemma 2.2 in Chapter 2, we
know that 1 (a'd’) = a’b®®9) where (i, j) is an injective function on (F'), to itself such that
a(0,0) =0, and —r~*a(i, j) = a(—i,—r~%j) forevery 0 < i <p—-2and 0 < j <p— 1.

Also 9|p has to be the identity map on B, since the B-conjugacy classes on B are

singletons. Also, since B is abelian, ¢)|g must be an automorphism.

Lemma 10.1. Let 3 be an automorphism of B. Then map 3* : G — G which sends b — ((b)

and a'b — a'B(b) is an automorphism.

Proof. Let a't’, a*V! be in G, then using the relations established in Chapter 2, we have:

ﬁ*(aibjakbl) = ﬁ*(ai+kbrij+l) — ai-i—kﬁ(brij-f—l)’
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and

B(a'V)B"(a"V) = a'BE))a"B(0) = a™FHE) B = a BT,
[

Similar to chapter 2, we can construct a relative weak Cayley table map in the kernel K
by permuting elements of cosets and respecting their inverse cosets. For a'B, for 1 < i < 5‘%3
pick any permutation on the elements of the coset. This determines a permutation of its
inverse class. Also there is one coset of involutions, o’ B and any permutation of the
elements of this coset will preserve inverses. So from these permutations, we have a subgroups
of RWCT(G, B) isomorphic to S, x S;%B.

Then, given one of the above maps, we can compose it with an automorphism like those
in Lemma 10.1 to get permissable permutations of the elements in B. These give you all of

the maps v in the kernel K. This means
p=3
K = (S, x Sp? ) x Aut(B).

Then for any relative weak Cayley table map, we can view it as a composition of permu-
tations on the nontrivial cosets of B composed with an element of the kernal K. As above
in chapter 2, this gives a subgroup of WCT(G) isomorphic to

-3

(S x 5,7 ) x Aut(B)) % Cown(*-

).
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CHAPTER 11. AUTOMORPHISMS, ANTI-AUTOMORPHISMS AND

RWCT(G, H)

Note that automorphisms always satisfy the requirements for a relative Weak Cayley table
map for G; = (s, since they are isomorphisms. However, while anti-automorphisms are

weak Cayley table maps, they are not always relative weak Cayley table maps.

Example 11.1. Consider the group S3. The relative-S, conjugacy classes are

By ={1}, By={(12)}, Bs={(13),(23)}, By ={(123),(132)}.
Since we can write any anti-automorphism as an automorphism composed with the inverse
map, it is sufficient to check if the inverse map is a relative weak Cayley table map.
However, note that the inverse map a : S3 — S3 given by a(g) = g~ fails to be a relative

weak Cayley table map, since

o((132)(13) = a((12)
= (12).
However,
a((132))a((13)) = (123)(13)
= (23).

Note that (12) is not Ss-conjugate to (23), so the inverse map « fails to be a relative weak

Cayley table map, which implies that no anti-automorphisms of S3 are in RWCT'(S3,.S3).

Theorem 11.2. Given a group G with a subgroup H, RWCT(G, H) contains the anti-

automorphisms if and only if for every a ¢ H,HaN Cg(g) # 0 for all g € G.

Proof. Since any anti-automorphism can be expressed as an automorphism composed with
the inverse map, it is sufficient to find when the inverse map o : G — G is in RWCT(G, H).

Note that since o permutes H-conjugacy classes, « € RWCT(G, H) is equivalent to
a(ab) ~g a(a)a(b) for all a,b € G. Then since
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and

ala)a(d) = a b7,
the statement a(ab) ~y a(a)a(b) for all a,b € G is equivalent to ab ~p ba for all a,b € G.
This is the same as (ab)" = ba for some h € H or abh = hba.

If either a or b are in H, then we can find h € H such that abh = hba. The reason for

this is if b € H, then take h = b~!. Then

abh = abb™ = a
and

hba = b~ 'ba = a.
If a € H, take h = a, then

abh = aba = hba.

So suppose a and b are not in H. Then we note that since ba = (ab)®,
(ab)" = ba = (ab)* <= (ab)"* " =ab
< ha' € Cg(ab)

< Ha'NCg(g)#Dforallge G,and alla € G — H.
O

An example of a group and a subgroup that satisfies the hypotheses in Theorem 11.2 is
the group S3 x Cy, with the subgroup S3. Let Cy = (t), then we can write the two cosets of
Ss are itself and Sst.

Note that Sst contains the element ¢, which is central. Certainly t € Cg,xc,(g) for
every g € S3 x Cy, so the pair (S3 x Cy, S3) fits the criteria of Theorem 11.2, and so

anti-automorphisms of S3 x Cy are elements of RWCT(S3 x Cy, S3).
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CHAPTER 12. RELATIVE WEAK CAYLEY TABLE MAPS AND

CHARACTERS

Let ¢ : (G1,H1) — (Ga, Hy) be a relative weak Cayley table map from a group G; with
subgroup H; to a group G with subgroup H,. Further, let x;; be the irreducible characters
of G, and let x5, be the irreducible characters of G5. Let 1 ; be the irreducible characters
of H; and let v, be the irreducible characters of Hy. Then define an action by ¢ on the
characters xz of Gy by ¢ - x2 = x2(¢(g1)) where g; € G1. Thus for every character x, of Gy

we obtain a function ¢ - xs : G; — C. We prove that
Proposition 12.1. ¢ - x2 is a character of G;.

Proof. Let g; be conjugate to k1 in GG1. Since ¢ is a relative weak Cayley table map we have

P(g1) ~ ¢(k1).

Then considering that y» is a character of GG, we know that

X2(¢(91)) = X2(¢(k1))-

This can be rewritten as ¢ - x2(g1) = ¢ - x2(k1), which means that ¢ - x2 is constant on the

conjugacy classes of G, so ¢ - xo is a character of GGy. O]

Proposition 12.2. For a relative weak Cayley table map ¢ : (G1,H1) — (Go, Hs), and a

character vy of Go as in the above, we have that ¢ - 1y is an Hy-class function.

Proof. The proof is very similar to the above proof for ¢ - x5. Let g1 ~pg, k1 in Gy. Then

since ¢ is a relative weak Cayley table map,

(1) ~m, ¢(k1),
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and

(o(g1)) = (o)),
which shows ¢ - 19(g1) = ¢ - ¥a(k1). Therefore ¢ - 1), is an Hy-class function. O
Theorem 12.3. The character ¢ - x2, is irreducible if and only if x2, is irreducible.

Proof. Since x2; is irreducible, we know that the inner product

(XZ,i)X?Z ‘G ‘ Z XQ 92 X?Z ): 1.

g2€G2

Then the inner product of ¢ - x2,; with itself is

(¢'X2,i7¢’x2,i> = Z ¢ - X21 91 X21(91)

g1€Gl

= \G| Z Xzz 91))m

g1€G1

Since ¢ is a relative weak Cayley table map, we can rewrite this in terms of Ga:

1
(@ X200 X20) = @ Z X2,i(92)x2,i(92)

g2€G2
= (X2 X24) = L.
S0 ¢ - X2, is an irreducible character of G;. The other implication is similar. O

Theorem 12.4. The H-class function ¢ -1y ; is irreducible if and only if 19, is irreducible.
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Proof. Assume that 151 is an irreducible H-class function. Then the inner product of ¢ -5,
with itself is

(6 V2, & - V2) Z & - oi(h1) - thai(hn)

‘ h1€H1

Then, since ¢ maps H; into Hs bijectively, we can rewrite this expression as

(6 s & - 2) Z Va,i(ha)tai(ha)

’ thHQ
= (Yo,924) =1

Thus ¢ - 12, is an irreducible character of H. O

Definition 12.5. Given a group G with a subgroup H, we call the map ¢ : G — C an

H-class function of G if ¢ is constant on the H-classes.

Theorem 12.6. A relative weak Cayley table map ¢ : (Gy, Hy) — (G2, Hy) determines a cor-
respondence between the irreducible characters x11,X1.2,---,X1.s 0f G1 and X2.1, X2.2, - - - s X2,

of G, and a correspondence between the irreducible H,-characters 11,012, ...,9%1, on Gy

and the Hy-characters vy 1,122, ...,%2, on Gs.

Proof. Above we showed that ¢ - x2, is an irreducible character of GGy obtained from an
irreducible character x,; of G. Note that G; and G, have the same number of irreducible
characters. Thus it is sufficient to show that if y2; and x2; are two distinct irreducible

characters of G, then ¢ - x2; # ¢ - x2,;. This will complete the correspondence required.
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If Hy-characters x,; and x» ; of Gy are distinct, then for some element g, € G, x2i(92) #

X2,j(g2). Further since ¢ is a bijection and ¢~*(gz2) is an element in Gy, we find

¢ x2i(0(92) = X2i(P(07(g2)))

= X2,z‘(92),

and

¢ x25(07(92) = x2i(P(07(g2)))

= X2,(92)-

S0 ¢ - x2; and ¢ - x2,; must be distinct, irreducible characters of G;.
The same argument on the irreducible Hi-characters and Hs-characters show the corre-

spondence for the subgroups’ characters. O
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CHAPTER 13. OVERVIEW OF SPHERICAL FUNCTIONS

Most of the information in this section came from [Tr|. Spherical functions are very similar
to characters. They are functions that are constant on the relative conjugacy classes for a

particular subgroup, and they have many of the same properties that characters possess.

Definition 13.1. Let G be a finite group with subgroup H, let x be a character of G, and

let 1) be a character of H. Then the spherical function Yy, : G — C is defined as

Yyu(g) = ,—;ﬂ S x(go)e(o ).

oc€eH

The following properties of spherical fuctions can be found in [Tr]:
() Yy (1) = (xlm, ),
(ii) Yiu(97) = Yau(9),
(iii) For hin H, Yy, (hgh™) = Y,4(9),
(iv) Let f, be the degree of x and let £ be another character of G. Then

1
Yip*&§ = 5x£f_wa-
X

where * denotes the convolution. In other words if ¢; and ¢y are functions from G into

the complex numbers, then

1

(¢1 % d2)(g) = €] > nec G1(gh ) da(h). [Gal

(v) Let ¢ be another character of H, and let ¢ represent the function of G that vanishes

62



off H, and is equal to |G : H| - ¢ on H, then

_ 1
Yigp x ¢ = 5¢wf—¢yw,

and
1

Yigp * Yep = 5x55¢wm
X

Y.

(vi) The regular representation can be written as:

R(g) =Y ffsYaw(9):
X,

(vii)
Theorem 13.2. [Tr, Theorem 1| The following are equivalent
(a) Yy is a G-class function;
(b) Y,y is proportional to x;
(¢) Xlm = cxp - ¢
(viii)
Theorem 13.3. [Tr, Theorem 1’| The following are equivalent
(a) Y,y vanishes off of H;

(b) Yy is proportional to 1;

(c) P& = Cxy * X-
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CHAPTER 14. RELATIVE WEAK CAYLEY TABLES AND SPHERICAL

FuNcTIONS

For notation in this chapter let G, Gy be groups with H;, Hy as subgroups respectively, such
that ¢ : (G1, Hy) — (G2, Hs) is a relative weak Cayley table map. Also let x1.1,X1.2,---, X1.s
be the irreducible characters of Gy, and let x21,X2.2,...,X2s be those of Gy. Further let

P11,Y12,...,Y1, be the irreducible Hy-characters and 1,22, ...,1%2 s be those of Hj.

Theorem 14.1. Let xo be an irreducible character for Ga, and let x1 = @ - x2 be the
corresponding irreducible character in G1. Also let 1y be an irreducible character for H,

and let 1y = ¢ - 1 be the corresponding irreducible character in Hy. Then

szwz (92) = YX1¢1 (¢—1(g2)>

for all go € Gs.

Proof. By the definition of a spherical function

Yeoun(671(g) = Fl, S xa(67H(g2)o)n (oY)

o€eH;

— Flﬂ Z Xl(¢_1(g2)¢_1(¢(0)))¢1(0_1)_

o€eH,

Then because ¢ is a relative weak Cayley table map, ¢~'(g2)¢ ' (¢(0)) ~u, ¢ (g29(0)) and

since Y,,4, is constant on conjugacy classes, we can rewrite the above equation as:
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e (071 (g2)) = > xa(@ (g26(0)))tbr(07)

| 1|0’€H

= | 1| ng 92925 ))))¢2<¢(0_1))

oeH;

= ]H] Z X2(920(0))¥a(p(071)).

oc€H,

Since ¢ is a bijection between H; and Hs, this becomes

= YX21ZJ2 (92)'
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CHAPTER 15. AN EXAMPLE OF RELATIVE WEAK CAYLEY TABLE

MAaPSs WITH SPHERICAL FUNCTIONS

The goal of this Chapter is to illustrate Theorem 14.1 with the non-isomorphic, non-abelian

groups of order p?.

Example 15.1. For a prime p, let G; and G5 be the two non-isomorphic, non-abelian groups

of order p3. As in Chapter 7, let them have the following presentations:
Gy = {(a,b,c:a? =b" =P =1,b" = bc,a® = a,b° = b);

2
_ . _ _ _ — y _ ptl 2 z _
Go = (r,y,z:aP =z, 2" =y =2 =12Y =2 2" =x,y° =y).

Let H; = (a) and Hy = (y). In Chapter 7 we defined a bijection ¢ : Gy — G which is a
relative weak Cayley table map from (G1, Hy) to (G, Hs). Recall that ¢ was defined to be
the map

arbsct — :L,syrzrsft.

Note that GG; and G5 have the same character table. The irreducible characters of GGy are

Xl:u,v (arbsct> — 67‘u+sv7

and

0 if a 40 or b =#0;
é‘l:u(arbsct) = ?é 7&

pet  otherwise;
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where 0 < u,v < p—1 and € is a primitive p'* root of unity [JL, p.301-304]. For G5 we have

X2:u,v (xsyrzt) — 67"u+sv

bl

and

0 ifx#0ory#0;
Sra(z®y"2") =

pe't  otherwise.

As shown above, we can act on the character xs., of G2 by ¢ to get an irreducible

character of Gy:

¢ X2uo(@V°C) = Xzuo(d(a"b’c"))
=
_ ruts
= Xiuo(a'b°c).
And if we look at the irreducible characters of H; these are just ¥y.;(a’) = €V since H; is
cyclic of order p. (For Hj the irreducible characters are 1q.;(y") = €7.)
Then to examine the spherical functions of Gy with Hy, we notice

1 i —i
Vs (V) = 1 S Mol Bl (o

yteH

1 , .
= Z X1up(@'a b )1 i(a™),

yieH

since a"b*cta’ ~¢g, a'a"bsc', so
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1 ; i
YXl:u,uﬂﬁl:j (CLrbSCt> = ]_9 Z Xl:u,v(arJrzbSCt)wl:j(a )

y'eH

p
— 1 Z 6(r+i)u+sv€—ij
p =1

p =1
If u = j this becomes
1 L
YXl:u,uﬂh;u (arbsct) _ ]Seru-i-sv ; E1(0)
67"u—‘,—5v7

and if u # j then €7 runs over all the roots of unity, so we get

p
Vit (@707¢) = Lruts > el
| p =1

1 +
—  Zutsv
o6 0)

which implies
ris t\ __
YXlzu,vvwlzu(a/ b c ) - O
To summarize,

€t if u = j;
)
YXl:u,valzu (aT’bSCt) =
0 otherwise.

Next if we consider the other characters, &;.,,, on G, we notice
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1 . ,
}/flzuvwlzj (arbsct) - - Z 515u(arbscta’z)¢ltj(a—z)

yieH

1 i '
=, D Gl@ b )y (a),

y'eH

Because of how &1, is defined, when r + 7 # 0 we have that &1.,(a"b*c!) = 0. Thus

=3 Q) = (@ E )

y'eH

B %gl:uwsct)wlij(ar)'

Further &1, (b%¢") = 0 if s # 0.Therefore if s # 0,
ifgl:uywl:j (arbsct) - 07

and if s =0,
r .t 1 t T
}/flzuvwlzj (a ¢ ) - ]_)é.lzu(c )d)l] (a )
— l(peut)(erj) — eut—l—rj‘
p

To summarize, these spherical functions are of the form

t 0 ifs#0;
)/%l:u,vudjlzu (a/rbsc ) = .
eI if s = 0.

The same sort of calculations will result in similar spherical functions for G, with H,.

69



Lastly we note the inverse of z7y*z! is
gb_l(xryszt) — asbrc—t

and the action of ¢ on x2.,, and ., gives

¢ * X2ww = Xlu,w and ¢ : ¢2:j = wlzj-

Thus X1.uv, X2:uw, Y15, and 1y.; satisfy the hypothesis to Theorem 14.1. Then notice

r S t) _ 1 ru+sv

YXQ:u,UwQ:u (:U y < - €

and

1
YXl:u,v"pl:u (asbrc_t) = 567’“"’5” :

So we have

YX21u,vw2tu (:L’ryszt) = YXl:u,vwlzu (qb_l(xryszt))’

which is the conclusion to Theorem 14.1.
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CHAPTER 16. QUESTIONS FOR FURTHER RESEARCH

Here we list questions for future work.

(i) If H is normal in G what can one say about the subgroup RWCT (G, H) of WCT(G)?
(ii) For any subgroup, when is RWCT(G, H) a normal subgroup of WCT(G)?

Example 16.1. RWCT(S5) does not contain anti-automorphisms, then RWCT(G) is
strictly contained in WCT(G). Also WCT(S;) is trivial, meaning it is only composed
of automorphisms and anti-automorphisms, which means that RWCT (G, H) has index

2, and therefore is normal.

(iii) Are there any non-trivial groups G such that WCT(G) = RWCT(G, H)?
(iv) Are the anti-automorphisms of Sy in RWCT(Sy, S3)?

(v) Given a subgroup H of G, if ¢ € RWCT(G, H), then we have an induced map ¢* :

CG" — CGH. What conditions do we need to go the other direction?

(vi) Do there exist non-isomorphic groups Gi,Gs and ¢ : G; — Gy a weak Cayley ta-
ble map such that for every subgroup H contained in Gy, ¢(g”) = #(g)?™) and
& (RWCT(Gr, H) = RWCT(Ga, 6(H))?

(vii) What other applications do RWCT (G, H) maps have to spherical functions?

(viii) What other conditions are equivalent to the condition: given a group G and a subgroup

H, for every a ¢ H, Ha N Cg(a) is non-empty?

(ix) What conditions are needed for a weak Cayley table map to be a relative weak Cayley

table map for some nontrivial subgroup?

71



(x) If WCT(G) is not trivial, is there always a nontrivial relatively weak Cayley table map

for some nontrivial subgroup?
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