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NOMENCLATURE
a

Length of partially-illuminated surface [m]

A, B, C

V-groove surfaces for view factor relationships

Ap

Opening area [m2]

At

Emitting area [m2]

D, E, G

Correlation constants

Fx-y

View factor from surface x to surface y

n

Sample size

Na

Number of rays absorbed by the cavity surfaces

Ne

Number of rays that escape from the cavity opening

Nt

Total number of rays present in the simulation

qa

Absorbed heat rate [W]

qe

Escaped heat rate [W]

qt

Total heat rate [W]

s

Sample standard deviation

SE

Standard error of the mean
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Greek Symbols

L1, L2, L3

Correction functions

a

Intrinsic absorptivity of the material

a

Apparent absorptivity of a cavity

g

Collimation angle of incident irradiation [rad]

e

Intrinsic emissivity of the material

ea

Apparent emissivity of a cavity

q

Polar angle of a ray [rad]

ra

Apparent reflectivity of a cavity

s

Stefan-Boltzmann constant [W m2 K-4]

f

V-groove opening angle [rad]

a

2

I. INTRODUCTION
Dynamic control of radiative surface properties enables optimization of thermal management systems
for spacecraft, radiative cooling systems and other applications [1-3]. Various methods of altering the
absorption or emission from a surface have been investigated [4-6]. Use of origami-inspired, tessellated
surfaces to control apparent radiative surface properties is a promising technology [7-9]. Realizing the full
potential of tessellated surfaces to dynamically control apparent radiative surface properties requires
convenient methods of calculating apparent properties as a function of tessellation geometry and intrinsic
radiative surface properties. This paper focuses on the use of geometry to affect total, hemispherical
properties of V-grooves comprised of diffuse, gray surfaces.
When radiant thermal energy enters a cavity, multiple reflections result in greater absorption than
that of an equivalent flat surface. Likewise, multiple reflections concentrate radiation emitted from the
cavity walls, which increases emission from the cavity above that of an equivalent flat surface. This behavior
is termed the cavity effect, and it is quantified using apparent absorptivity and apparent emissivity.
The accordion tessellation is an ideal candidate for an origami-inspired, variable emissivity device. A
V-groove is easy to manufacture, and its geometry is changed with simple linear actuation. Models of the
apparent radiative surface properties of V-grooves were developed by Sparrow and Lin [10, 11] and other
models stemming from these initial publications [12-17]. These models are presented as nested integral
equations that must be solved simultaneously.
This note presents a series of correlations that allow rapid computation of apparent radiative
properties of isothermal, diffusely reflecting, infinite V-grooves that are exposed to diffuse and collimated
irradiation. The case of specular reflection with collimated or diffuse irradiation is treated separately [18].
These correlations, which are based on extensive Monte Carlo simulations, give the apparent radiative
properties as a function of cavity angle (f as shown in Fig. 1a), intrinsic surface properties and collimation
angle (g as shown in Fig. 1a), where applicable. Presented as series solutions, these correlations are simpler
to implement than the nested integral equations reported previously. While the periodic structure of
tessellated surfaces is similar to that of a diffraction grating, the length scale of a V-groove is orders of
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magnitude greater than wavelengths associated with thermal radiation. Therefore, diffraction and effects
associated with near-field radiative transfer are negligible [5, 6, 19].
II. METHODOLOGY
A. Monte Carlo Ray Tracing
Monte Carlo ray tracing [20-22] is a straightforward numerical method that may be used to quantify
the apparent emissivity and apparent absorptivity of arbitrarily shaped cavities for diffuse
reflection/emission and uniform radiative surface properties [23]. Applying the principle of conservation of
energy to a cavity gives an expression for the apparent emissivity of the cavity. Since the ratio of escaped
energy to emitted energy (qe / qt) is equal to the ratio of escaped rays to emitted rays (Ne / Nt), the apparent
emissivity of the cavity is found through an energy balance, giving Eq. 1.

æ At ö æ N e ö
÷ç ÷
è AP øè Nt ø

ea = e ç

(1)

To obtain apparent absorptivity, a specified radiative heat rate, which is proportional to Nt, is emitted
diffusely or at some collimation angle (g) from the opening (Ap) into the cavity. After one or more
interactions with the cavity walls, the radiant energy is either absorbed or reflected through the opening.
Again, application of conservation of energy gives an expression for the apparent absorptivity.

aa = 1-

Ne
Nt

(2)

To obtain the ratio Ne / Nt found in Eqs. 1 or 2, a ray tracing program was created in Java following an
algorithm as described in [24] with ray-plane collision equations found in [25]. Two scenarios were tested
with this Java program to obtain apparent emissivity/absorptivity of an infinite V-groove at a given cavity
angle. First, a total of Nt = 300,000 rays were emitted diffusely from the cavity walls to determine the
apparent emissivity for an isothermal cavity; this apparent emissivity is equivalent to the apparent
absorptivity for a diffusely-irradiated cavity as given by Ohwada’s proof [26]. Second, a total of 150,000
collimated rays were emitted from the cavity opening into the cavity to determine the apparent absorptivity
for collimated irradiation. The second test was performed at 9 discrete values for g, starting at 0 and
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increasing by increments of p/18 rad (10°). Tests for both cases were performed over the entire range of
cavity angles (f), from p/180 rad to 179p/180 rad (1° to 179°) in increments of p/180 rad (1°). Tests were
performed for 19 different intrinsic emissivity values (from 0.05 to 0.95 in increments of 0.05). Each
combination of emissivity, cavity angle and collimation angle was tested twenty times, and the average of
the twenty tests is presented as the final result. The standard error of the mean ( SE

= s / n [27]) for

each set of twenty tests is used as an estimate of the error of the ray tracing result. The total number of
rays was selected such that the standard error of the mean for all tests remained below a value of 0.0005.
B. Data Correlation
1. Diffuse-Emission Apparent Emissivity Model & Diffuse-Irradiation Apparent Absorptivity Model
A radiative heat transfer model to predict the ratio Ne / Nt was developed by Psarouthakis [28] and is
given in Eq. 3, where F is the view factor from one V-groove surface to the other. Since the view factor is F
= 1 – sin(f/2), the model simplifies to Eq. 4 [16, 29].

qe N e
2
3
n
=
= (1 - F ) é1 + F (1 - e ) + F 2 (1 - e ) + F 3 (1 - e ) + ... + F n (1 - e ) ù
ë
û
qt Nt

(3)

n
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è 2 øû
è2ø
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(4)

This model assumes that the radiosity from each wall is uniform. This assumption eliminates the integral
equation found in Sparrow’s model [10], but introduces some error as the radiosity varies with position
[30]. A correction function L1 has been introduced to offset error introduced by the constant radiosity
assumption. Substituting Eq. 4 and the correction function into Eq. 1 gives
¥

e a = a a = e L1 (e , f ) å (1 - e )
n =0

n

n
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2. Fully Illuminated Apparent Absorptivity Model (g ≤ f / 2)
The nature of collimated irradiation is such that models for two separate scenarios must be developed.
In the first scenario, g ≤ f / 2, the collimated radiation is incident on both surfaces (Figure 1b). In this case,
the derivation of the diffuse-radiosity model is nearly identical to that of Psarouthakis, although an
5

additional reflection must be included as energy is entering the cavity as opposed to being emitted from
the cavity walls (Eq. 6).
n

Ne ¥
n +1 é
æ f öù
æf ö
= å (1 - e ) ê1 - sin ç ÷ ú sin ç ÷
Nt n =0
è 2 øû
è2ø
ë

(6)

Substituting Eq. 6 into Eq. 2 and introducing a correction factor (L2) to account for non-uniform
radiosity, the apparent absorptivity of a fully illuminated V-groove exposed to collimated irradiation (g ≤

f / 2) is given by
¥
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3. Partially Illuminated Apparent Absorptivity Model (g > f/2)
When g > f/2, then collimated radiation is incident only on a portion of one side of the V-groove as
illustrated in Fig. 1b. The ratio Ne / Nt may again be determined using Psarouthakis’ uniform radiosity
approach, although partial illumination must now be considered. The number of rays that exit the cavity
(Ne) is modeled by summing the percentage of rays that exit (reflectivity multiplied by view factor from the
surface to the opening) after each successive reflection. The first four terms in this summation are given in
Eq. 8, where the terms a, A, B, and C are illustrated in Figure 1a.

Ne = Nt r Fa -C + Nt r Fa - B r FB-C + Nt r Fa - B r FB- A r FA-C + Nt r Fa - B r FB- A r FA- B r FB-C + ...
(8)
By including an infinite number of internal reflections, the ratio of the number of rays escaping the cavity
to the total number of rays incident on the cavity opening is given by Eq. 9. The view factors FA-B and FB-A
appearing in Eq. 8 are identical by symmetry. Likewise, the view factors FA-C and FB-C are identical by
symmetry.
¥
Ne
= r Fa -C + å r n Fa - B FB-C FAn--B2
Nt
n=2

(9)

The view factor Fa-C was determined using Hottel’s crossed strings method [29] (Eq. 10), and Fa-B =1 – Fa-C
is obtained from the summation rule.
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A third correction function L3 is introduced to offset errors due to the uniform radiosity assumption.
Combining Eqs. 9 and 10 with Eq. 2, gives an expression for the apparent absorptivity when a V-groove is
exposed to collimated irradiation with g > f/2.
n-2
¥
é
n
æ f öæ
æ f öö ù
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III. CORRECTION FUNCTION RESULTS AND DISCUSSION
A. Correlations
Correction functions were determined as functions of the intrinsic surface property (a or e), geometry
(f), and irradiation condition (g) by correlating Eqs. 5, 7 or 11 with ray tracing results. The LevenbergMarquardt algorithm [31, 32] was used to fit exponential basis functions to approximately 10,000 discrete
data points and obtain the following expressions for L1, L2 and L3. Table 1 provides a summary of the final
correlations, giving the desired output, necessary inputs, limiting conditions imposed on the correlation and
necessary equation numbers, with all angles used in the equations (f, g) to be entered as radians.
1. Diffuse-Emission Apparent Emissivity & Diffuse-Irradiation Apparent Absorptivity Model
The correction function needed to calculate the apparent emissivity or apparent absorptivity for
diffuse irradiation using Eq. 5 is given by Eq. 12.

L1 (e ,f ) = 1 - ( 0.0169 - 0.1900ln (e ) ) exp ( -1.4892e -0.4040f )

(12)

2. Collimated Irradiation Apparent Absorptivity
The correction function needed to calculate the apparent absorptivity of a fully illuminated V-groove
exposed to collimated irradiation (g ≤ f / 2) using Eq. 7 is given by Eq. 13.

L2 (a ,f ) = 1 - ( 0.0169 - 0.1900ln (a ) ) exp ( -1.4415a -0.4240f )

(13)
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The correction function needed to calculate the apparent absorptivity of a partially illuminated Vgroove exposed to collimated irradiation (g > f/2) using Eq 11 is given by Eqs. 14 - 17.

L3 (a , f , g ) = D - E exp ( Gf )

(14)

D = 0.0345g -1.1447a 2 - 0.0414g -0.8573a + 1 -1.7702exp ( -18.0990g )

(15)

E = -3.2301exp ( -1.1420g ) exp ( -2.6635g -0.0370a )

(16)

G = -2.2780g

a

-0.5690

( 0.1330g

2

-0.2372g -0.5434

)

(17)

B. Apparent Radiative Property Behavior
With the correlations fully defined, the general behavior of the apparent emissivity and apparent
absorptivity may be investigated and the effect of each parameter described.
1. Apparent Emissivity
Fig. 2a depicts the results of Eqs. 5 and 12 for the apparent emissivity of an isothermal, infinite Vgroove as a function of cavity angle for intrinsic emissivity values of 0.05, 0.2, 0.4 and 0.6. When the surface
is flat (f = p), the apparent emissivity is equal the intrinsic emissivity value, as expected. As the surface
collapses and the cavity depth increases, the apparent emissivity increases monotonically. However, unlike
the case of specular reflection [18], the apparent emissivity does not approach a value of unity as the Vgroove collapses, a phenomenon that has been reported previously [33].
The ability to control the apparent emissivity and affect net radiation heat exchange between the
surface and its surroundings is greater when the intrinsic emissivity is low. As an example, the apparent
emissivity of a surface with an intrinsic emissivity of 0.05 may be increased by more than 800% to a value
of 0.41 by decreasing the cavity angle. However, a V-groove with an intrinsic emissivity of 0.6 only increases
by 50% to 0.9 with decreasing cavity angle.
2. Apparent Absorptivity
The apparent absorptivity for a diffusely irradiated cavity is equivalent to the apparent emissivity of
an isothermal cavity, as shown by Ohwada [26], and is given by Eqs. 5 and 12 with behavior as shown in Fig.
2a. The apparent absorptivity for a cavity with collimated irradiation entering normal to the cavity opening
8

is shown in Fig. 3a for three intrinsic absorptivities. Since the V-groove is fully illuminated in the case of
normal, collimated irradiation, Fig. 3a indicates the behavior of only the full-illumination correlation (Eqs. 7
and 13). Fig. 3b displays apparent absorptivity as a function of cavity angle for collimation angles of 2p/9
rad (20°) and 7p/9 rad (70°) with intrinsic absorptivities of 0.1 and 0.6. For these off-normal conditions, the
behavior of both the full (f/2 ≥ g, Eqs. 7 and 13) and partial-illumination correlations (f/2 < g, Eqs. 11, 14 17), are shown in Fig. 3b.
The collimation angle has a significant effect on the apparent absorptivity of the V-groove. When the
collimated irradiation is normal to the surface (g = 0), the apparent absorptivity approaches unity as the Vgroove collapses, regardless of the intrinsic absorptivity as shown in Fig. 3a. Note this behavior differs from
that observed for apparent emissivity. Further, the apparent absorptivity is not equal to the apparent
emissivity when a V-groove with diffuse and gray intrinsic surface properties is exposed to collimated
irradiation. As shown in Fig. 3b, the apparent absorptivity decreases as the collimation angle increases,
regardless of intrinsic absorptivity. This result is consistent with the fact that the projected area of the Vgroove opening decreases as the collimation angle increases, which results in less radiation entering the
cavity and less absorption. Further, the apparent absorptivity approaches a value less than unity as cavity
angle collapses when the collimated irradiation is off-normal. This behavior highlights the fact that
absorption by a diffusely-reflecting V-groove depends strongly on the direction of collimated irradiation
[12, 14, 18].
C. Comparison and Error Analysis
1. Ray Tracing Comparison
The accuracy of each correlation is assessed by comparison with the ray tracing (RT) data from which
it is derived. The agreement between the correlation and RT data is excellent for the apparent emissivity
correlation with an average relative error of 0.3% and a standard deviation of 0.1%, having a maximum
relative error of 1.5%. Fig. 2b illustrates the relative error between the RT data and the apparent emissivity
correlation as a function of intrinsic emissivity, illustrating that the correlation is least accurate at the
extreme values of intrinsic emissivity. The relative error as a function of cavity angle for an intrinsic
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emissivity of 0.95 is also shown in Fig. 2b. As the correlation is least accurate for large intrinsic emissivities,
this curve represents the upper bound of relative error as a function of cavity angle. Note that the accuracy
of Eqs. 5Error! Reference source not found. and 12 decreases as the cavity angle decreases. Results for
apparent emissivity are equivalent to apparent absorptivity of a V-groove with diffuse reflection
experiencing diffuse irradiation.
Figs. 3a and 3b provide a comparison of RT data and correlation results for the case of full
illumination. The correlation (Eqs. 7 and 13) and RT data show excellent agreement, with an average relative
error of 0.2% and a standard deviation of 0.23%, having a maximum relative error of 0.6%. The RT data and
correlation results for partial illumination (Eqs. 11, 14 - 17) are shown in Fig. 3b for the case of f/2 < g. As
compared to the full-illumination correlation, the partial-illumination correlation is less accurate, with an
average relative error of 2% and a standard deviation of 1.2%, having a maximum relative error of 6.0%.
Fig. 3c displays the relative error of the partial-illumination correlation with respect to ray tracing results,
averaged over cavity angle, as a function of collimation angle and intrinsic absorptivity. The partialillumination correlation (Eqs. 11, 14 - 17) is least accurate for low intrinsic absorptivities and large
collimation angles, with the largest errors occurring for very small cavity angles (f < p/6).
To determine overall accuracy, the correlations and RT data were compared against analytical
results digitally extracted from plots available in [10]. The correlation results agree well with previously
published analytical results, with only slight differences apparent for small cavity angles and small intrinsic
absorptivity. Where a discrepancy exists between the analytical prediction and correlation, the RT results
favor the analytical prediction. Overall, the average relative error between the analytical models and all
correlation results is 0.5%.
IV. CONCLUSIONS
The correlations provided in this work (Table 1) provide a simple, accurate and rapid method of
apparent radiative property calculation for the infinite V-groove exposed to diffuse or collimated
irradiation. The average value of the relative error for all correlations proposed in this work as compared
to the ray tracing data is less than 2.0% with the maximum never exceeding 6.0%. When compared with
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analytical models, the average error of the correlations is 0.5%. The least accurate predictions occur for
small cavity angles, intrinsic absorptivities and collimation angles.
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(a)

(b)
Figure 1. (a) V-groove cavity dimensions and nomenclature. (b) Full (gray) and partial (black)
illumination.
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(a)

(b)
Figure 2. (a) Apparent emissivity / absorptivity for diffuse irradiation. (b) Correlation relative error.
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(a)

(b)

(c)
Figure 3. Apparent absorptivity for (a,b) full and (b) partial illumination. (c) Relative error for partial
illumination averaged over cavity angle.
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Emission:

Isothermal, Diffuse

Reflection:

Diffuse

Irradiation:

Diffuse

Reflection:

Diffuse

Irradiation:

Collimated,
Fully illuminated
(g ≤ f/2)

Reflection:

Diffuse

Irradiation:

Collimated,
Partially illuminated
(g > f/2)

Reflection:

Diffuse

Required
Inputs

Equation
Numbers

Average
Relative Error
[Std Dev]

Max
Relative
Error

e, f

5, 12

0.3% [0.1%]

1.3%

a, f

5, 12

0.3% [0.1%]

1.3%

a, f, g

7, 13

0.2% [0.2%]

0.6%

a, f, g

11, 14-17

2.0% [1.2%]

6.0%

Table 1. Correlation summary for isothermal, diffusely reflecting V-grooves.
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