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Abstract 41 

The musculoskeletal system can move in more ways than are strictly necessary, allowing 42 

many tasks to be accomplished with a variety of limb configurations. Why some configurations 43 

are preferred has been a focus of motor control research, but most studies have focused on 44 

shoulder-elbow or whole-arm movements. This study focuses on movements involving forearm 45 

pronation-supination (PS), wrist flexion-extension (FE), and wrist radial-ulnar deviation (RUD), 46 

and elucidates how these three degrees of freedom (DOF) combine to perform the common task 47 

of pointing, which only requires two DOF. Although pointing is more sensitive to FE and RUD 48 

than to PS and could be easily accomplished with FE and RUD alone, subjects tend to involve a 49 

small amount of PS. However, why we choose this behavior has been unknown and is the focus 50 

of this paper. Using a second-order model with lumped parameters, we tested a number of 51 

plausible control strategies involving minimization of work, potential energy, torque, and path 52 

length. None of these control schemes robustly predicted the observed behavior. However, an 53 

alternative control scheme hypothesized to control the DOF that were most important to the task 54 

(FE and RUD) and ignore the less important DOF (PS), matched the observed behavior well. In 55 

particular, the behavior observed in PS appears to be a mechanical side effect caused by 56 

unopposed interaction torques. We conclude that moderately-sized pointing movements 57 

involving the wrist and forearm are controlled by ignoring forearm rotation even though this 58 

strategy does not robustly minimize work, potential energy, torque, or path length. 59 

 60 

New and Noteworthy 61 

Many activities require us to point our hands in a given direction using wrist and forearm 62 

rotations. Although there are infinitely many ways to do this, we tend to follow a stereotyped 63 

pattern. Why we choose this pattern has been unknown and is the focus of this paper. After 64 

testing a variety of hypotheses, we conclude that the pattern results from a simplifying strategy in 65 

which we focus on wrist rotations and ignore forearm rotation. 66 

Keywords 67 

Redundancy, pointing, wrist, forearm, Donders 68 

  69 



Introduction 70 

Coordinating movements involves the process of mastering redundant degrees of 71 

freedom, which allow the body to move in an infinite variety of ways (Bernstein 1967; Latash 72 

2012). Kinematic redundancy enables humans to select preferred limb configurations over others 73 

(Burdet et al. 2013). Compared to the many studies of kinematic redundancy involving the 74 

shoulder and elbow or the whole arm—for example, see (Scholz et al. 2000; Solnik et al. 2013; 75 

Solnik et al. 2014; Yang and Scholz 2005)—relatively few studies have focused specifically on 76 

kinematic redundancy in the wrist and forearm even though many everyday manipulation tasks 77 

are performed using (mostly or entirely) the wrist and forearm. Here we focus on the task of 78 

pointing using the three degrees of freedom (DOF) of the wrist and forearm: wrist flexion-79 

extension (FE), wrist radial-ulnar deviation (RUD), and forearm pronation-supination (PS). 80 

Pointing to a target requires only two DOF, so there are infinitely many ways in which the three 81 

DOF of the wrist and forearm can be combined to point toward a given target (Figure 1). 82 

Campolo et al investigated such pointing movements and found that humans tended to 83 

combine these 3 DOF in a repeatable pattern (Campolo et al. 2009; Campolo et al. 2010; 84 

Campolo et al. 2011). Following similar investigations involving head-eye movements (Ceylan 85 

et al. 2000; Crawford et al. 2003; Ghosh and Wijayasinghe 2012; Glenn and Vilis 1992; Kunin et 86 

al. 2007; Radau et al. 1994; Thurtell et al. 2012; Tweed 1997) and unconstrained shoulder-elbow 87 

movements (Gielen et al. 1997; Hore et al. 1994; Hore et al. 1992; Liebermann et al. 2006a; 88 

Liebermann et al. 2006b; Marotta et al. 2003; Soechting et al. 1995), they expressed this pattern 89 

in terms of the rotation vector to determine whether the wrist and forearm followed Donders’ 90 

Law
1
 (Flash et al. 2013). Campolo et al found that the coordinates of the rotation vector did 91 

indeed group around a 2-dimensional subspace of the 3-dimensional space of the vector, 92 

concluding that redundant wrist and forearm kinematics were constrained to follow Donders’ 93 

Law. In other words, when humans point using FE, RUD, and PS, they tend to combine these 94 

DOF in a stereotyped pattern. In particular, although pointing is more sensitive to FE and RUD 95 

than to PS and could be easily accomplished with FE and RUD alone, Campolo et al found that 96 

subjects tend to involve a small amount of PS. 97 

However, why the neuromuscular system would choose this pattern has been unknown 98 

and is the focus of this paper. Applying a variety of common cost functions involving work, 99 

potential energy, torque, and path length to a second-order model with lumped parameters, we 100 

estimated how subjects would combine these DOF if they minimized one of these cost functions. 101 

Interestingly, all cost functions predicted similar behavior in FE and similar behavior in RUD, 102 

whereas the predicted behavior in PS varied greatly between cost functions. Therefore, we used 103 

the predicted behavior in PS to determine if subjects’ pattern minimized a cost function. 104 

Surprisingly, none of the common cost functions fit the observed pattern robustly. We turned to 105 

an alternative strategy hypothesized to control the DOF that are most important to the task (FE 106 

and RUD) and ignore the less important DOF (PS), conjecturing that the observed pattern in PS 107 

might be a mechanical side effect of controlling FE and RUD caused by unopposed interaction 108 

torques. This hypothesis was found to match the observed behavior closely and robustly. We 109 

                                                 
1
 Donders’ Law is an alternative description of how redundant DOF are combined during 

rotation. Instead of expressing the pattern as a relationship between joint angles, Donders’ Law 

expresses the pattern as a relationship between the coordinates of the total rotation vector (due to 

rotation in all DOF). Consequently, Donders’ Law states that the total rotation vector only 

occupies a subspace of the total space it could occupy. 



conclude that humans tend to control moderately-sized pointing movements (at least up to 22.5°, 110 

the largest size tested here) involving the wrist and forearm by ignoring the forearm even though 111 

this strategy does not robustly minimize work, potential energy, torque, or path length. 112 

Methods 113 

 114 

We 1) performed simulations of pointing movements to determine how subjects would combine 115 

FE, RUD, and PS if they minimized common cost functions or ignored PS, 2) ran two 116 

experiments of pointing movements to measure how subjects actually combined FE, RUD, and 117 

PS, and 3) compared the simulated behavior to the experimentally observed behavior to identify 118 

the most plausible control strategy. The methods are presented in this order. 119 

Simulations 120 

We simulated pointing from a center target (at neutral FE, RUD, and PS) to 16 peripheral targets 121 

equally distributed on a circle surrounding the center target (Figure 1). In general, the peripheral 122 

targets were placed 15° from the center target (i.e. the target on the positive 𝑥𝑠-axis could be 123 

reached with 15° of wrist extension), and movements were simulated at a comfortable speed 124 

(movement duration of 0.5 s). In addition, we simulated movements to farther targets (22.5°) and 125 

movements at faster speeds (movement duration of 0.25 s) to test the effect of distance and speed 126 

on the predicted movements. 127 

 128 

Kinematics 129 

We modeled the kinematics of the pointing task using the coordinates shown in Figure 1. 130 

The joint coordinate system of the wrist, 𝑥𝑤𝑦𝑤𝑧𝑤, was centered in the wrist joint, with the 𝑥𝑤-131 

axis pointing volarly, the 𝑦𝑤-axis pointing proximally toward the elbow, and the 𝑧𝑤-axis 132 

pointing laterally. PS, FE, and RUD were represented by 𝑝, 𝑓, and 𝑢 (defined as positive in 133 

pronation, flexion, and ulnar deviation) and occurred about the 𝑦𝑤, 𝑧𝑤′, and 𝑥𝑤′′ axes, 134 

respectively (𝑧𝑤′ is the once-rotated 𝑧𝑤-axis, and 𝑥𝑤′′ is the twice-rotated 𝑥𝑤-axis). The 135 

orientation of the hand is given by the resulting rotation matrix: 136 

𝑅 = 𝑅𝑝𝑅𝑓𝑅𝑢 = [
cos 𝑝 0 sin 𝑝

0 1 0
− sin 𝑝 0 cos 𝑝

] [
cos 𝑓 − sin 𝑓 0
sin 𝑓 cos 𝑓 0

0 0 1

] [
1 0 0
0 cos 𝑢 − sin 𝑢
0 sin 𝑢 cos 𝑢

] 

 137 

𝑅 = [

cos 𝑝 cos 𝑓 − cos 𝑝 sin 𝑓 cos 𝑢 + sin 𝑝 sin 𝑢 cos 𝑝 sin 𝑓 sin 𝑢 + sin 𝑝 cos 𝑢
sin 𝑓 cos 𝑓 cos 𝑢 − cos 𝑓 sin 𝑢

− sin 𝑝 cos 𝑓 sin 𝑝 sin 𝑓 cos 𝑢 + cos 𝑝 sin 𝑢 − sin 𝑝 sin 𝑓 sin 𝑢 + cos 𝑝 cos 𝑢
] 

 138 

The hand points in the negative 𝑦𝑤′′-direction (i.e. in the negative 𝑦-direction of the coordinate 139 

frame fixed in the hand). Therefore, the direction of the hand, 𝑟ℎ, is given in the stationary 140 

𝑥𝑤𝑦𝑤𝑧𝑤-frame by rotating [0, −1,0]𝑇 by 𝑅: 141 

𝑟ℎ = 𝑅 [
0

−1
0

] = [

cos 𝑝 sin 𝑓 cos 𝑢 − sin 𝑝 sin 𝑢
− cos 𝑓 cos 𝑢

− sin 𝑝 sin 𝑓 cos 𝑢 − cos 𝑝 sin 𝑢
] 



 142 

The location at which subjects’ pointed was taken as the tip of 𝑟ℎ and indicated by a cursor on a 143 

screen in front of the subjects. This screen, defined by coordinates (𝑥𝑠, 𝑦𝑠), was parallel to the 144 

𝑥𝑤𝑧𝑤-plane, with the 𝑥𝑠-axis pointing in the negative 𝑥𝑤-direction and the 𝑦𝑠-axis pointing in the 145 

positive 𝑧𝑤-direction (Figure 1). Thus, the relationship between the tip of 𝑟ℎ, given by 146 

(𝑥𝑤, 𝑦𝑤, 𝑧𝑤), and the cursor, given by (𝑥𝑠, 𝑦𝑠), was (𝑥𝑠, 𝑦𝑠) = (−𝑥𝑤, 𝑧𝑤).
2
 Considering the 147 

relationship between 𝑟ℎ and 𝑝, 𝑓, and 𝑢 above results in the following relationship between 148 

screen coordinates and joint coordinates: 149 

𝑥𝑠 = −cos 𝑝 sin 𝑓 cos 𝑢 + sin 𝑝 sin 𝑢  (1) 150 

𝑦𝑠 = −sin 𝑝 sin 𝑓 cos 𝑢 − cos 𝑝 sin 𝑢  (2) 151 

 152 

Note that although the location to which subjects point, (𝑥𝑠, 𝑦𝑠), depends on all three joint angles 153 

(𝑝, 𝑓, and 𝑢), it is more sensitive to 𝑓 and 𝑢 than to 𝑝. This is especially true at the center target 154 

(𝑥𝑠 = 𝑦𝑠 = 0), which requires 𝑓 = 𝑢 = 0, but there is no constraint on 𝑝 at the center target 155 

(changing 𝑝 while 𝑓 = 𝑢 = 0 simply rotates the cursor in place). That said, 𝑝 does affect (𝑥𝑠, 𝑦𝑠) 156 

at all other locations. Furthermore, its effect on (𝑥𝑠, 𝑦𝑠) increases with distance from the center 157 

target and is therefore greatest at the peripheral targets. 158 

 159 

Dynamics 160 

To simulate the dynamics of these pointing movements, we used a joint-level impedance 161 

model of wrist and forearm rotations (Peaden and Charles 2014) because it allowed us to test a 162 

large variety of control strategies. Joint-level impedance models of wrist/forearm dynamics have 163 

been able to explain other movement observations, including path curvature and movement 164 

smoothness (Charles and Hogan 2012; Salmond et al. 2017). This model includes the full joint 165 

stiffness, damping, and inertia in each DOF (including all coupling terms), gravitational effects, 166 

and joint torque. Note that although this joint-level model does not include the muscle level 167 

explicitly, it includes musculoskeletal mechanics implicitly: joint stiffness and damping 168 

represent the force-length and force-velocity effects of muscle, felt at the joint level. Joint 169 

stiffness was measured directly in a similar group of subjects and condensed to its first-order 170 

effects (Drake and Charles 2014; Formica et al. 2012; Pando et al. 2014; Seegmiller et al. 2016), 171 

and joint damping was estimated from a variety of prior studies (for details, see (Peaden and 172 

Charles 2014)). More importantly, we repeated all simulations with a large range of parameter 173 

values to determine the effect of under- or overestimating model parameters and other effects, 174 

including muscle contraction (see Sensitivity Analysis below). 175 

More specifically, we modeled the dynamics of wrist and forearm rotations as: 176 

𝑀⃑⃑⃑ = 𝐼𝑞̈⃑ + 𝐷𝑞̇⃑ + 𝐾𝑞⃑ + 𝐺⃑ 

 177 

where 𝑞⃑ = [𝑝, 𝑓, 𝑢]𝑇 is the angular displacement in the three DOF, with 𝑝, 𝑓, and 𝑢 representing 178 

PS, FE, and RUD (positive in pronation, flexion, and ulnar deviation), respectively. 𝑀⃑⃑⃑ =179 

[𝑀𝑝, 𝑀𝑓 , 𝑀𝑢]
𝑇
 is the torque in each DOF due to active muscle contraction; 𝐼, 𝐷, and 𝐾 represent 180 

                                                 
2
 This relationship amounts to a parallel projection of 𝑟ℎ onto the 𝑥𝑠𝑦𝑠-plane. For the relatively small 

movements in this paper, this is similar to a point projection (for movements of 15°, the mean and 
maximum difference between parallel and point projections are on the order of 1% and 3%, respectively). 



the inertia, damping, and stiffness matrices, respectively; and 𝐺⃑ is the torque due to gravity. 181 

More specifically, 182 

[

𝑀𝑝

𝑀𝑓

𝑀𝑢

] = [

𝐼𝐻𝑦 + 𝐼𝐹𝑦 0 0

0 𝐼𝐻𝑧 0
0 0 𝐼𝐻𝑥

] [

𝑝̈

𝑓̈

𝑢̈

] + [

𝐷𝑝𝑝 𝐷𝑝𝑓 𝐷𝑝𝑢

𝐷𝑓𝑝 𝐷𝑓𝑓 𝐷𝑓𝑢

𝐷𝑢𝑝 𝐷𝑢𝑓 𝐷𝑢𝑢

] [

𝑝̇

𝑓̇
𝑢̇

] + [

𝐾𝑝𝑝 𝐾𝑝𝑓 𝐾𝑝𝑢

𝐾𝑓𝑝 𝐾𝑓𝑓 𝐾𝑓𝑢

𝐾𝑢𝑝 𝐾𝑢𝑓 𝐾𝑢𝑢

] [

𝑝
𝑓
𝑢
]

− 𝑔𝑙𝑚 [
𝑓
𝑝
1
] 

 183 

where 𝐼𝐻𝑥, 𝐼𝐻𝑦, and 𝐼𝐻𝑧 represent the inertia of the hand about the body-fixed 𝑥, 𝑦, and 𝑧 axes of 184 

the hand centered at the wrist joint, respectively (Figure 1); 𝐼𝐹𝑦 represents the inertia of the 185 

forearm about its long axis through its center of mass; and 𝑔, 𝑙, and 𝑚 represent the gravitational 186 

acceleration, distance from the wrist joint center to the center of mass of the hand, and mass of 187 

the hand, respectively. All model parameters were taken from an experiment (Peaden and 188 

Charles 2014) involving 5 male and 5 female young, healthy subjects, similar to the present 189 

study. More specifically, we averaged the parameters values for male and female subjects used in 190 

that study (see Table 2 of (Peaden and Charles 2014)) to obtain a single set of model parameters. 191 

 192 

Hypotheses 193 

The model above is under-constrained: for each movement, there are two known variables 194 

(𝑥𝑠, 𝑦𝑠) and three unknown variables (𝑝, 𝑓, 𝑢), allowing infinitely many solutions. To investigate 195 

plausible control strategies, we simulated what (𝑝, 𝑓, 𝑢) would be if subjects minimized the 196 

following hypothesized cost functions: the amount of mechanical work required to execute the 197 

pointing movement, the change in potential energy during the movement, the amount of torque 198 

required to execute the movement, the amount of torque required to maintain the final pointing 199 

posture, and the path length.
3
 In addition, we tested a hypothesized simplifying strategy: the 200 

pointing movement is planned using only FE and RUD, and any movement in PS results as a 201 

secondary effect because the forearm is mechanically coupled to the wrist. Each of these 202 

hypotheses is described below. 203 

 204 

Mechanical Work: The idea that the body attempts to conserve energy in movement is long 205 

standing and has been shown to be accurate in some cases (Alexander 1997). The cost associated 206 

with energy conservation used here was mechanical work, defined as 207 

𝐶𝑀𝑊 = ∫ 𝑀𝑝𝑑𝑝 +
𝑝𝑓

0

∫ 𝑀𝑓𝑑𝑓 +
𝑓𝑓

0

∫ 𝑀𝑢𝑑𝑢
𝑢𝑓

0

 

 208 

where 𝑝𝑓, 𝑓𝑓, and 𝑢𝑓 were the final joint angles (i.e. at the target). Energy expenses resulting 209 

from non-mechanical aspects of the system (e.g. chemical processes) were not considered. This 210 

hypothesis is therefore akin to choosing the path of least mechanical resistance (impedance). 211 

We used optimization software (the fmincon function by Matlab) to find the movement that 212 

pointed to the target and minimized the mechanical work. More specifically, the optimization 213 

software minimized 𝐶𝑀𝑊 subject to the non-linear equality given in Equations 1 and 2. Each 214 

                                                 
3
 The custom-written code used to perform the simulations can be found at 

https://github.com/BYUneuromechanics/Dorman_JNeurophys_2018.git 



simulated movement started at the center target (𝑝 = 𝑓 = 𝑢 = 0) and followed a standard 215 

trajectory shape (a minimum-jerk trajectory (Flash and Hogan 1985)) for each joint angle
4
 until 216 

terminating at a set of joint angles chosen by the optimizer. The movement duration was set to 217 

0.5 seconds, and the applied forces necessary to execute the movement were calculated in 218 

intervals of 1ms. The optimization was constrained to keep joint angles within reasonable limits. 219 

Movement in FE and RUD was constrained to ±30°, which was greater than the maximum 220 

distance from center to peripheral targets (22.5°). Movement in PS was constrained to ±80° to 221 

allow peripheral targets to be reached with a large variety of FE-RUD combinations and still 222 

remain within the joint limit in PS.  223 

  224 

Movement Torque: The neuromuscular system may also attempt to find the movements 225 

which minimize joint torque. This differs from minimizing work in that the displacements 226 

produced by the applied torques have no direct effect on the cost, making longer joint paths 227 

potentially more favorable if they provide less net resistance. The movement-torque cost 228 

function was defined as the integral of the magnitude of the torque vector over the duration of 229 

the movement: 230 

𝐶𝑀𝐸 = ∫ |𝑀⃑⃑⃑|
𝑡𝑓

0

𝑑𝑡 

where 𝑀⃑⃑⃑ = 𝑀𝑝𝑦̂ + 𝑀𝑓𝑧̂′ + 𝑀𝑢𝑥̂′′ and 𝑦̂, 𝑧̂′, and 𝑥̂′′ are unit vectors along the 𝑦, 𝑧′, and 𝑥′′ axes, 231 

respectively. Expressing 𝑀⃑⃑⃑ in the 𝑥𝑦𝑧-frame as 𝑀⃑⃑⃑ = 𝑀𝑝𝑦̂ + 𝑀𝑓𝑅𝑝𝑧̂ + 𝑀𝑢𝑅𝑝𝑅𝑓𝑥̂ yields 232 

𝑀⃑⃑⃑ = [

𝑀𝑓 sin 𝑝 + 𝑀𝑢 cos 𝑝 cos 𝑓

𝑀𝑝 + 𝑀𝑢 sin 𝑓

𝑀𝑓 cos 𝑝 − 𝑀𝑢 sin 𝑝 cos 𝑓

] 

 233 

Taking the magnitude of 𝑀⃑⃑⃑ and simplifying yields 234 

|𝑀⃑⃑⃑| = √𝑀𝑝
2 + 𝑀𝑓

2 + 𝑀𝑢
2 + 2𝑀𝑝𝑀𝑢 sin 𝑓 

 235 

 To minimize this cost function, we used the same optimization software and constraints 236 

described above for minimizing work. 237 

 238 

Postural Torque: Instead of minimizing torque all along a movement, subjects may have 239 

minimized the torque required to hold the final posture (pointing at the target): 240 

𝐶𝑃𝐸𝑓𝑓 = |𝑀⃑⃑⃑𝑓| 

 241 

where subscript 𝑓 refers to the final posture. Since velocity and acceleration are zero at the final 242 

posture, this cost function depended only on the final configuration of the wrist and forearm 243 

(𝑝𝑓, 𝑓𝑓, 𝑢𝑓): 244 

                                                 
4
 For simplicity, we simulated the minimum-jerk trajectory in joint space instead of task space, 

but for the size of movements studied here, the resulting trajectory is nearly identical to a 

minimum-jerk trajectory in screen space as well. 



𝑀⃑⃑⃑𝑓 = 𝐾 [

𝑝𝑓

𝑓𝑓
𝑢𝑓

] + 𝑔𝑙𝑚 [

−cos 𝑝𝑓 sin 𝑓𝑓 cos 𝑢𝑓 + sin 𝑝𝑓 sin 𝑢𝑓

−sin 𝑝𝑓 cos 𝑓𝑓 cos 𝑢𝑓

sin 𝑝𝑓 sin 𝑓𝑓 sin 𝑢𝑓 − cos 𝑝𝑓 cos 𝑢𝑓

] 

 245 

where 𝐾 is the 3-by-3 stiffness matrix of the wrist and forearm and 𝑔, 𝑙, and 𝑚 represent the 246 

gravitational acceleration, the distance from the wrist joint center to the center of mass of the 247 

hand, and the mass of the hand, respectively (see Supplementary Material of (Peaden and 248 

Charles 2014) for derivation). For each target (𝑥𝑠, 𝑦𝑠), we chose values of 𝑝𝑓 between -90° and 249 

90°, computed the associated values of 𝑓𝑓 and 𝑢𝑓 (i.e. values that satisfied Equations 1 and 2), 250 

calculated the cost function 𝐶𝑃𝐸𝑓𝑓, and found the final wrist and forearm configuration 251 

(𝑝𝑓, 𝑓𝑓, 𝑢𝑓) that minimized that cost function. 252 

 253 

Potential Energy: Because the dynamics of wrist and forearm movements are dominated by 254 

gravity and stiffness effects (Charles and Hogan 2011; Peaden and Charles 2014), subjects may 255 

have minimized the change in potential energy required to make the pointing movement, which 256 

is: 257 

𝐶𝑃𝐸𝑛 =
1

2
[

𝑝
𝑓

𝑓
𝑓

𝑢𝑓

]

𝑇

𝐾 [

𝑝
𝑓

𝑓
𝑓

𝑢𝑓

] − 𝑔𝑙𝑚(sin 𝑝𝑓 sin 𝑓𝑓 cos 𝑢𝑓 + cos 𝑝𝑓 sin 𝑢𝑓) 

 258 

(see Supplementary Material of (Peaden and Charles 2014) for derivation). We found the wrist 259 

and forearm configuration (𝑝𝑓, 𝑓𝑓, 𝑢𝑓) that minimized 𝐶𝑃𝐸𝑛 using the same methods described 260 

above for the postural torque cost function. 261 

 262 

Path Length: Subjects may have chosen movements which minimized the total path length. For 263 

rotations, the shortest path is a geodesic, which results from rotating from the initial to the final 264 

orientation about a single axis. The amount of rotation, 𝜓, about this axis can be derived from the 265 

rotation matrix (Craig 2005): 266 

𝜓 = acos [
1

2
(𝑅11 + 𝑅22 + 𝑅33 − 1)] 

 267 

where 𝑅𝑖𝑗 is the element in row 𝑖 and column 𝑗 of 𝑅. Using the equation for 𝑅 above, it follows 268 

that: 269 

𝜓 = acos [
1

2
(cos 𝑝𝑓 cos 𝑓𝑓 + +cos 𝑝𝑓 cos 𝑢𝑓 + cos 𝑓𝑓 cos 𝑢𝑓 − sin 𝑝𝑓 sin 𝑓𝑓 sin 𝑢𝑓 − 1)] 

 270 

The angle 𝜓 can be negative (meaning rotation about an oppositely directed vector), so we 271 

defined the cost function as the absolute value of 𝜓: 272 

𝐶𝑃𝐿 = |𝜓| 
 273 

We found the wrist and forearm configuration that minimized 𝐶𝑃𝐿 using the same methods 274 

described above for the postural torque and potential energy cost functions. 275 

 276 

Simplifying Strategy: As explained above, pointing is more sensitive to FE and RUD than to PS. 277 

Therefore, one potential control strategy may be to simply ignore PS and plan pointing 278 



movements with FE and RUD alone. Because PS is mechanically coupled to FE and RUD 279 

through stiffness, damping, and inertia (Peaden and Charles 2014), movement in FE and RUD 280 

creates interaction torques on PS which, unless opposed, will result in secondary movement in 281 

PS. 282 

 To test this hypothesis, we ignored PS during the planning stage and computed the effect 283 

on PS during the execution stage (Figure 2). With only 2 available DOF, the planning stage 284 

reduces to a fully constrained problem, so we determined the FE and RUD angles and torques 285 

necessary to reach each peripheral target using a 2-DOF model of the wrist, and then executed 286 

the movement by forward simulation using the full 3-DOF model of the wrist and forearm (with 287 

zero input torque in PS). Mechanical coupling between the DOF caused a “kickback” in PS, 288 

which was determined at each target. 289 

Because the movement in PS was not taken into account in the planning stage, the actual 290 

final pointing direction was slightly different from the planned direction. However, the error in 291 

pointing direction was small (mean error = 1.2°, maximum error = 2.7°) and in practice could be 292 

ignored (the targets had a radius of 1.5°) or corrected toward the end of the movement using 293 

visual feedback. 294 

 295 

 296 

Sensitivity Analysis 297 

To determine the robustness of the behavior predicted by each hypothesis, we performed 298 

a sensitivity analysis in which we systematically altered the parameters of the model within 299 

physiologically plausible ranges and observed the effect on the predicted behavior. We re-ran the 300 

simulation for each hypothesis under the following scenarios.  301 

First, we may have under- or overestimated the stiffness parameters. In particular, the 302 

stiffness parameters taken from (Peaden and Charles 2014) represent passive joint stiffness (in 303 

the absence of contraction), but muscle stiffness is known to increase with contraction (Gomi 304 

and Osu 1998; Perreault et al. 2004). Prior studies (Halaki et al. 2006; Milner and Cloutier 1993) 305 

have shown that contracting wrist flexor muscles at 15% of maximum voluntary contraction 306 

(MVC) yielded measurements of stiffness in FE that were 2-13 times higher than those measured 307 

on the relaxed wrist (Drake and Charles 2014; Formica et al. 2012; Pando et al. 2014). The vast 308 

majority of wrist muscle activity seen during activities of daily living, which includes 309 

movements similar to the movements in our experiment, is below 15% MVC (Pando and 310 

Hernandez 2013), so we’d expect the joint stiffness to increase during our study by a factor less 311 

than 13. Contracting the main pronator and/or supinator muscles (pronator quadratus, pronator 312 

teres, supinator, and biceps brachii) only increases the 𝐾𝑝𝑝 element of the stiffness matrix. In 313 

contrast, because the main wrist muscles (flexor carpi radialis and ulnaris, extensor carpi radialis 314 

longus and brevis, and extensor carpi ulnaris) cross the radioulnar joint in addition to the wrist 315 

joint, contracting these muscles has the potential to increase each element of the stiffness matrix, 316 

including 𝐾𝑝𝑝 (see Appendix A). While the exact magnitude of this effect depends on multiple 317 

unknown factors—such as the moment arm of each muscle with respect to PS, the amount of 318 

contraction in each muscle, and the force produced by the contraction—we can identify three 319 

different cases: 1) contraction of the main pronator-supinator muscles, leading to an increase in 320 

𝐾𝑝𝑝, 2) contraction of the main wrist muscles, leading to an increase in the entire stiffness matrix 321 

𝐾, and 3) contraction of the main pronator-supinator muscles and the main wrist muscles, 322 

leading to an increase in the entire stiffness matrix, but with a greater increase in 𝐾𝑝𝑝 than in the 323 



other elements. Therefore, we multiplied either 𝐾𝑝𝑝, 𝐾, or both (𝐾𝑝𝑝 and 𝐾) by a number of 324 

factors. For the first two cases, we multiplied 𝐾𝑝𝑝 or 𝐾 by 0.5, 1, 2, 4, 6, 8, 10, 12, and 14 (the 325 

first factor, 0.5, was included in case we overestimated the passive stiffness). For the third case, 326 

we multiplied 𝐾𝑝𝑝 by these same factors but the other elements of 𝐾 by the square root of these 327 

factors. Because all hypotheses except the path length hypothesis, which is purely kinematic in 328 

nature, involve joint stiffness, changes in joint stiffness have the potential to alter the prediction 329 

of all hypotheses except the path length hypothesis. 330 

Second, we may have under- or overestimated the damping parameters. For movements 331 

not approaching the limits of the range of motion, such as the movements here, most of the joint 332 

damping is thought to arise from the same source as joint stiffness: stretching of muscles and 333 

tendons. Therefore, contracting pronator-supinator and/or wrist muscles should affect the joint 334 

damping in a similar manner as joint stiffness (the three cases mentioned above). Indeed, several 335 

studies (Dolan et al. 1993; Perreault et al. 2004; Tsuji et al. 1995) have shown that joint stiffness 336 

and damping ellipses are similar, especially in terms of orientation, which reflects the relative 337 

magnitudes of the matrix elements. Perreault further showed that increasing muscle contraction 338 

increased joint damping, but only by the square root of the increase in joint stiffness (Perreault et 339 

al. 2004). Therefore, we multiplied either 𝐷𝑝𝑝, 𝐷, or both (𝐷𝑝𝑝 and 𝐷), as above, but by the 340 

square root of the factors above. Changes to the damping can only affect the mechanical work 341 

and movement torque hypotheses since these are the only two hypotheses that depend on the 342 

movement and not just the final posture. 343 

Third, we may have under- or overestimated the inertial parameters, so we multiplied 344 

either the inertia matrix 𝐼, hand mass 𝑚, or both 𝐼 and 𝑚 (simultaneously) by factors 0.5, 0.75, 1, 345 

1.5, and 2. As above, changes to the inertia can only affect the mechanical work and movement 346 

torque hypotheses. However, changes to the hand mass have the potential to affect all hypotheses 347 

except the path length hypothesis. 348 

 349 

Experiments 350 

To measure how subjects actually combined FE, RUD, and PS during pointing 351 

movements, we performed two experiments (Experiment 1 and 2). 352 

Experiment 1 353 

Subjects 354 

 Twenty young, healthy, right-handed subjects (10 male and 10 female, 23±2 (mean±SD) 355 

years old, range 20-28) participated in this experiment. None of the subjects had prior knowledge 356 

of the purpose of the experiment. Subjects reported that they were free of neurological injury or 357 

biomechanical injury to the wrist or forearm. Following procedures approved by Brigham Young 358 

University’s Institutional Review Board, written informed consent was obtained from all 359 

subjects. 360 

 361 

Experimental Setup 362 

Subjects were seated in a chair with the right arm in the parasagittal plane. The shoulder 363 

was in approximately 20° of flexion and 0° of abduction and humeral rotation, and the elbow 364 

was in approximately 30° of flexion. A shoulder belt constrained shoulder motion. The proximal 365 

12 cm of the forearm (50% of the average forearm) rested on a horizontal support, constraining 366 



elbow motion but allowing unobstructed forearm rotation. In their right hand, subjects held a 367 

lightweight handle to which an electromagnetic motion sensor (trakSTAR by Ascension 368 

Technology Corp, Shelburne, VT) was rigidly attached. A second motion sensor was fastened to 369 

the dorsal aspect of the distal forearm, approximately 4 cm proximal to the center of the wrist 370 

joint. Together these motion sensors measured forearm pronation-supination (PS), wrist flexion-371 

extension (FE), and wrist radial-ulnar deviation (RUD) at approximately 300Hz with an angular 372 

accuracy of 0.5° and an angular resolution and 0.1°. At a combined weight of approximately 75g, 373 

the handle and two sensors added only roughly 4% of the average total mass of the hand and 374 

forearm. 375 

In front of the subject was a monitor with 16 peripheral targets equally distributed around 376 

a center target (Figure 1). Also displayed was a cursor that represented the direction in which the 377 

hand pointed, similar to the projection of a laser pointer on a screen. The position of the cursor 378 

on the screen was calculated from subjects’ PS, FE, and RUD angles using equations 1-2 above. 379 

The cursor landed in the center target when the wrist and forearm were in neutral position, 380 

defined as follows. The forearm was in neutral PS when the dorsal aspect of the distal forearm 381 

(more specifically the dorsal tubercle of the radius and the dorsal-most protuberance of the ulnar 382 

head) was in the parasagittal plane. The wrist was in neutral FE when the handle, the center of 383 

the wrist joint, and the midpoint between the medial and lateral epicondyles were aligned. 384 

Finally, the wrist was in neutral RUD when the center of the head of the third metacarpal, the 385 

center of the wrist joint, and the lateral epicondyle were aligned. This definition of neutral 386 

position is similar to the ISB recommendation for global wrist movements (Wu et al. 2005) 387 

except that the definition of FE was adjusted to account for the fact that subjects were holding a 388 

handle. 389 

 390 

Protocol 391 

Subjects were asked to move the cursor from the center target to the highlighted 392 

peripheral target. After the cursor entered the boundary of the peripheral target and spent 0.5 sec 393 

within the peripheral target, the center target lit up, inviting the subject to return to the center 394 

target. After reaching the center target and spending 0.5 sec within the center target, the next 395 

peripheral target lit up, and so on. Targets were presented in pseudo-random order. No 396 

instruction was given regarding how to combine the three DOF. 397 

To test the effect of movement distance and speed on any patterns, if they existed, the 398 

first set of 10 subjects made movements of two distances and speeds, as in the simulations. More 399 

specifically, subjects participated in four sessions. In each session, the distance from the center 400 

target to peripheral targets was either 15° or 22.5°, and subjects were instructed to move either at 401 

a comfortable pace or as fast as possible (referred to below as small, large, slow, and fast, 402 

respectively). To prevent overexertion, the sessions with the small movement distance were 403 

performed on one day, and the sessions with the large movement distance on a later day. The 404 

sessions involving the small movement distance required 15 visits to each of the 16 peripheral 405 

targets, and the sessions involving the large movement distance required 10 visits to each 406 

peripheral target. On each day, the order of the sessions (comfortable pace or as fast as possible) 407 

was randomized, with a 5-minute break between sessions. 408 

The second set of 10 subjects only participated in two sessions. To explain, a preliminary 409 

analysis of the data from the first set of 10 subjects revealed that speed did not have a significant 410 

effect on the pattern of PS behavior. However, while most of these subjects showed a clear 411 

pattern of variation in PS with target location, there was quite a bit of inter-subject variability in 412 



the phase of the patterns, and a few subjects’ data included large intra-subject variability or 413 

outliers, making it difficult to discern a consistent pattern across all subjects. Therefore, we 414 

recruited the second set of 10 subjects and asked them to make comfortably paced movements to 415 

targets at 15° (session 1) or 22.5° (session 2). In other words, the second set of 10 subjects did 416 

not make any fast movements. Both sessions required 10 visits to each of the 16 targets. 417 

 418 

Data processing 419 

Our analysis focused on outbound movements, i.e. movements from the center target to a 420 

peripheral target. Because each outbound movement started at the center target, where the wrist 421 

is in neutral FE and RUD position, there was no systematic drift in FE and RUD over the 422 

duration of a session. In contrast, the center target made no requirement on PS (see Kinematics 423 

above), so there was no ground reference for PS, and subjects slowly drifted in PS over the 424 

course of a session (usually toward pronation, as shown in Figure 3). Therefore, determining the 425 

amount of PS associated with an individual movement (∆𝑝) required subtracting the PS position 426 

at the beginning of the movement (𝑝𝑖) from the PS position at the end of the movement (𝑝𝑓), i.e. 427 

∆𝑝 = 𝑝𝑓 − 𝑝𝑖, where the beginning and end of a movement were defined as the moments the 428 

target turned on and off, respectively (see Protocol). Likewise, determining the orientation of the 429 

target (relative to the subject’s rotated internal joint frame) required taking into account the PS 430 

position at the beginning of the movement (Figure 3). More specifically, we expressed the 431 

orientation of the peripheral target in terms of the subject’s starting orientation, i.e. 𝜃 = 𝜙 + 𝑝𝑖, 432 

where 𝜙 is the angle of the target expressed in the external frame (𝑥𝑠, 𝑦𝑠), and 𝜃 is the angle of 433 

the target expressed in the internal joint frame (𝑓, 𝑢). Values of 𝜃 of 0°, 90°, 180°, and 270° 434 

correspond to targets in pure radial deviation, extension, ulnar deviation, and flexion, 435 

respectively. Note that while 𝜙 is one of 16 discrete angles (0°, 22.5°, 45°, …, 337.5°), 𝜃 can be 436 

any angle because 𝑝𝑖 can be any angle. 437 

All of the hypothesized control strategies described above predicted similar behavior in 438 

FE and RUD (see Results), so FE and RUD could not be used to discern which control strategies 439 

subjects may have used. In contrast, different hypothesized control strategies predicted 440 

significantly different behavior in PS, so we focused on PS and performed additional data 441 

processing. The amount of PS per movement (∆𝑝) appeared to vary sinusoidally with the target 442 

angle (𝜃) (see Results), so we fit a sinusoidal fit to the data from each session of each subject. 443 

More specifically, we removed the bias (mean value of ∆𝑝) and performed a least-squares 444 

sinusoidal fit of the form ∆𝑝 = 𝐴 sin(𝐵𝜃 + 𝐶), where 𝐴 is the amplitude, 𝐵 is the frequency, and 445 

𝐶 is the phase. In other words, 𝐴, 𝐵, and 𝐶 became the measures describing the pattern of 446 

behavior in PS that we used in our statistical analysis (see below). The goodness of fit was 447 

determined as the R-value of each fit. The mean fit was defined as ∆𝑝 = 𝐴̅ sin(𝐵̅𝜃 + 𝐶̅), where 448 

𝐴̅, 𝐵̅, and 𝐶̅ were the mean of 𝐴, 𝐵, and 𝐶 across subjects. 449 

 450 

Statistical analysis 451 

The resulting data describing the behavior in PS included three measures (𝐴, 𝐵, and 𝐶) 452 

and three factors: distance (small and large), speed (slow and fast), and subject (1-20). There 453 

were a total of 60 factor-level combinations: 2*2 for the first set of 10 subjects and 2*1 for the 454 

second set of 10 subjects (only the first set of subjects performed fast movements—see above). 455 

Any factor-level combination for which 𝐴, 𝐵, or 𝐶 was more than 2 standard deviations from the 456 



mean was considered an outlier and excluded from further analysis.
5
 On the remaining data set 457 

we performed for each measure a three-way mixed-model ANOVA with factors distance, speed, 458 

and subject, with subject as a random factor. 459 

 460 

Experiment 2 461 

In Experiment 1, subjects began each movement in neutral FE and RUD, but PS was not 462 

constrained to start in neutral PS. This difference in the initial states of the DOF could have 463 

affected how subjects controlled the DOF. To test this hypothesis, we repeated Experiment 1, but 464 

with PS constrained to start in neutral position so all three DOF would have the same initial 465 

conditions. 466 

Ten new, healthy, right-handed subjects (5 male and 5 female, 26±13 years old, range 18-467 

54) participated in Experiment 2. As in Experiment 1, none of the subjects had prior knowledge 468 

of the purpose of the experiment, and subjects reported that they were free of neurological injury 469 

or biomechanical injury to the wrist or forearm. Following procedures approved by Brigham 470 

Young University’s Institutional Review Board, written informed consent was obtained from all 471 

subjects. 472 

The setup, protocol, and data processing of Experiment 2 were identical to those of 473 

Experiment 1 except for the following differences. 1) We added to the cursor two crosshairs (i.e. 474 

two sets of mutually perpendicular lines) that translated with the cursor. The crosshairs were 475 

centered in the center of the cursor and extended a bit beyond the circumference of the cursor. As 476 

the crosshairs translated with the cursor, one always remained vertical and horizontal, whereas 477 

the other rotated with PS. Therefore, the angle between the crosshairs represented the amount of 478 

PS. When the crosshairs were aligned, the forearm was in neutral PS. For the next peripheral 479 

target to appear, subjects had to bring the cursor to the center target and (at the same time) align 480 

the crosshairs, requiring all three DOF to be in neutral position at the start of each movement. 481 

The tolerance was equal for all three DOF: to bring the cursor within the center target required 482 

FE and RUD to be within 1.5° of their neutral positions, and the crosshairs were required to be 483 

aligned within 1.5° of each other, forcing PS to be within 1.5° of its neutral position. Both 484 

crosshairs appeared only when the cursor was within the center target; once the movement was 485 

underway and the cursor left the center target, the crosshairs vanished to avoid any suggestion 486 

that subjects should continue to maintain the forearm in neutral PS. 2) Having determined in 487 

Experiment 1 the effect of movement amplitude and speed, we focused here on testing the effect 488 

of controlling the initial state of PS. Therefore, subjects only made small-slow movements, 489 

visiting each of the 16 targets 10 times. 490 

To determine the effect of constraining PS at the center target (at the beginning of the 491 

movement), we compared ∆𝑝 between the small-slow movements of the subjects in Experiment 492 

1 (where PS was not constrained at the center target) and the small-slow movements of the 493 

subjects in Experiment 2 (where PS was constrained at the center target). More specifically, we 494 

performed for each measure (amplitude, frequency, and phase) a two-way mixed-model 495 

ANOVA with factors constraint (unconstrained or constrained) and subject, with subject as a 496 

random factor. 497 

 498 

                                                 
5
 We used 2 SD because several extreme outliers skewed the mean and SD of the relatively small 

sample size (one fit per subject, resulting in only 10 samples for some protocols) to the point that 

they were still within 3 SD even though they clearly different from the rest of the data. 



Comparison of Experimental and Simulated Data 499 

We compared the pattern of ∆𝑝 vs. 𝜃 predicted by each hypothesis to the observed 500 

pattern in terms of shape (e.g. sinusoidal), frequency, amplitude, and phase. Since most of the 501 

hypotheses exhibited patterns of ∆𝑝 that were not sinusoidal (see Results), we used the following 502 

definitions. Frequency was defined as the number of local maxima per revolution in 𝜃, and 503 

amplitude was defined as half the difference between the global maximum and global minimum 504 

of ∆𝑝. The phase was defined as for a sinusoid, i.e. 90° − 𝐵𝜃𝑚𝑎𝑥, where 𝐵 is the frequency of 505 

∆𝑝 and 𝜃𝑚𝑎𝑥 is the value of 𝜃 at which the first local maximum in ∆𝑝 occurs. 506 

 507 

Results 508 

 509 

Simulations 510 

 All of the hypothesized control strategies predicted similar behavior in FE and similar 511 

behavior in RUD (Figure 4A-B). This behavior is expected for a task that is most sensitive to FE 512 

and RUD: pointing up used mostly radial deviation, pointing right used mostly extension, 513 

pointing down used mostly ulnar deviation, and pointing left used mostly flexion (Figure 1). In 514 

contrast, the predicted behavior in ∆𝑝 varied greatly between hypotheses (Figure 4C). 515 

Amplitudes ranged from 1° (path length) to 23° (postural torque), frequencies were either 1 516 

cycle/rev (simplifying strategy) or 2 cycles/rev (all other hypotheses), and phase ranged from 34° 517 

(mechanical work) to 180° (path length). Because different hypothesized control strategies 518 

predicted significantly different behavior in PS, we focused on the predicted behavior in PS (as 519 

opposed to FE or RUD) to discern which control strategies subjects may have used. As 520 

mentioned above, we repeated the simulations for two movement distances and speeds, but all 521 

hypotheses showed the same effect: increasing the distance to the peripheral targets increased the 522 

amplitude of ∆𝑝, and increasing movement speed had no effect on ∆𝑝. 523 

 524 

Sensitivity Analysis 525 

As described above, we also repeated the simulations with different model parameters 526 

(stiffness, damping, inertia, and mass) to determine the effect on the predicted behaviors in PS. A 527 

detailed report can be found in the Appendix B. Summarizing, we found that: 1) The frequency 528 

of the Movement Torque and Postural Torque hypotheses varied between 1, 2, and 3 cycles/rev 529 

depending on stiffness, whereas the frequencies of the other hypotheses were constant at 1 530 

cycle/rev (Simplifying Strategy) or 2 cycles/rev (Mechanical Work, Potential Energy, and Path 531 

Length) regardless of stiffness, damping, or inertia/mass. 2) The amplitude of hypotheses were 532 

most sensitive to stiffness; except for the Path Length hypothesis, the amplitudes of all 533 

hypotheses decreased dramatically with increases in the stiffness in PS (𝐾𝑝𝑝). In contrast, 534 

increasing damping only affected the Mechanical Work and Movement Torque Hypotheses 535 

(modest decrease in amplitude), changing inertia had virtually no effect on any hypothesis, and 536 

increasing hand mass caused only a modest increase or decrease in some hypotheses. 537 

 538 



Experiments 539 

Experiment 1 540 

Subjects’ pointing movements consisted mostly of FE and RUD, as expected for a task 541 

that is most sensitive to these two DOF (Figure 5A). In harmony with the simulations described 542 

above, FE and RUD varied sinusoidally with movement direction: subjects used mostly radial 543 

deviation, extension, flexion, and ulnar deviation for pointing up, right, down, and left, 544 

respectively (Figure 1). As explained above, PS drifted over the course of the experiment 545 

(Figure 3A). This behavior in FE, RUD, and PS was previously described in detail (Campolo et 546 

al. 2009; Campolo et al. 2010; Campolo et al. 2011). In contrast, the change in PS during each 547 

movement (∆𝑝), which was much smaller in comparison, has not been reported previously and 548 

proved valuable in discerning between control strategies. Most subjects exhibited a discernible 549 

sinusoidal pattern in ∆𝑝 vs. 𝜃 (Figure 6A). For example, averaged over the small-slow session, 550 

the sinusoidal fits of ∆𝑝 with respect to 𝜃 had an amplitude of 1.52° ± 0.66° (mean ± SD), a 551 

frequency of 1.04 ± 0.08 cycles per revolution in 𝜃, a phase of 138° ± 36° (relative to a pure 552 

sinusoid), and an average correlation coefficient (R-value) of 0.77 ± 14 (Table 1). 553 

This sinusoidal pattern in ∆𝑝 vs. 𝜃 persisted despite changes in movement speed or 554 

distance, though increasing the distance did increase the amplitude of the sinusoidal pattern 555 

(p<0.001; Table 2): on average, increasing the distance between targets by 50% (from 15° to 556 

22.5°) increased the amplitude of ∆𝑝 by 100% (from 1.6° to 3.2°). There were several other 557 

statistically significant effects, but the effect sizes were small. Distance and speed had 558 

statistically significant main and interaction effects on the frequency of ∆𝑝 (Table 2), but the 559 

average frequency remained close to 1 cycles per revolution in 𝜃 (range 0.84-1.05 cycles/rev) for 560 

all factor-level combinations (small, large, slow, and fast). Unless there is an unexplainable 561 

discontinuity in ∆𝑝 at 𝜃 = 0° (radial deviation), the frequency of ∆𝑝 must be an integer number 562 

of cycles per revolution in 𝜃, so we interpreted the fit frequencies to be 1 cycle/rev (as opposed 563 

to 2 or 3 cycles/rev). The only other statistically significant effect was also relatively small: 564 

increasing the movement speed from a comfortable pace to “as fast as possible” decreased the 565 

average phase from 138° to 127°. There were no statistically significant effects of distance or 566 

speed on the correlation coefficient R. Because the pattern in ∆𝑝 vs. 𝜃 was similar for both 567 

distances and speeds, we present the results only for the small-slow condition. 568 

   569 

Experiment 2 570 

As in Experiment 1, subjects in Experiment 2 pointed mostly using FE and RUD, with little 571 

movement in PS by comparison (Figure 5B). Also as in Experiment 1, most subjects’ small 572 

movement in PS exhibited a discernible sinusoidal pattern in ∆𝑝 vs. 𝜃 (Figure 6B). Averaged 573 

over all 10 subjects (Figure 7C), the sinusoidal variation of ∆𝑝 with 𝜃 had an amplitude of 2.45° 574 

± 1.22° (mean ± SD), a frequency of 1.04 ± 0.04 cycles per revolution in 𝜃, a phase of 136° ± 575 

28° (relative to a pure sinusoid), and an average correlation coefficient (R-value) of 0.76 ± 08 576 

(Table 3). 577 

Comparison between Experiment 1 and Experiment 2 578 

Constraining PS at the center target increased the amplitude of ∆𝑝 (p=0.007) from 1.4061° to 579 

2.1484° but had no statistically significant effect on frequency, phase, or the correlation 580 



coefficient (Table 4). In other words, constraining PS at the center target only increased the 581 

amplitude of the phenomenon (the pattern in ∆𝑝). 582 

Comparison of Experimental and Simulated Data 583 

As the effect of movement distance and speed was the same for all hypothesized control 584 

strategies and similar to the effect on the observed behavior (increasing distance increases ∆𝑝, 585 

but increasing speed does not affect ∆𝑝), we could not use this effect to determine which control 586 

strategy best matched the observed behavior. Instead we turned to the change in ∆𝑝 with 587 

movement direction (Figure 8A). A comparison of the experimental data to the first set of 588 

simulations (using the default model parameters) shows that none of the predicted patterns in ∆𝑝 589 

matched the observed pattern in amplitude, frequency, and phase. However, under certain 590 

conditions within the physiologically plausible range of parameter variations (see Methods), 591 

three hypotheses matched the experimental data in amplitude, frequency, and phase: Simplifying 592 

Strategy, Movement Torque, and Postural Torque (Figure 8B). 593 

The Simplifying Strategy hypothesis matched the experimental data most closely and 594 

most robustly. Its predicted pattern of ∆𝑝 was always sinusoidal with a frequency of 1 cycle/rev 595 

regardless of parameter values, but the amplitude predicted with the default parameters was too 596 

high. However, the amplitude decreased if 𝐾𝑝𝑝 or both 𝐾𝑝𝑝 and 𝐾 were increased. The predicted 597 

amplitude perfectly matched the observed amplitude when 𝐾𝑝𝑝 was increased by a factor of 3.7 598 

or 𝐾𝑝𝑝 and 𝐾 were increased together (𝐾𝑝𝑝 by a factor of 7.8 and the other elements of 𝐾 by a 599 

factor of 2.8). Increasing 𝐾𝑝𝑝 caused the predicted phase (131°) to match the observed phase 600 

(138±36°) more closely than increasing 𝐾𝑝𝑝 and 𝐾 together (100°). 601 

Although the Movement Torque hypothesis was never exactly sinusoidal and varied in 602 

frequency between 1, 2, and 3 cycles/rev, there existed a narrow window of parameter values in 603 

which its predicted pattern matched the observed pattern quite closely: if 𝐾𝑝𝑝 was multiplied by 604 

a factor of 5.8, the predicted pattern was roughly sinusoidal with a frequency of 1 cycle/rev, 605 

amplitude of 1.5°, and phase of 123° (Figure 8B). Likewise, the Postural Torque hypothesis was 606 

never exactly sinusoidal and also varied in frequency, but there were two conditions with an 607 

approximate match: 1) when 𝐾𝑝𝑝 was multiplied by a factor of 6.3, the predicted pattern was 608 

roughly sinusoidal with a frequency that looked like 1 cycle/rev (it was actually 2 cycles/rev, but 609 

one of the maxima was small), amplitude of 1.5°, and phase of 137°; and 2) when 𝐾𝑝𝑝 and 𝐾 610 

were increased together (𝐾𝑝𝑝 by a factor of 14 and the other elements of 𝐾 by a factor of √14), 611 

the predicted pattern was roughly sinusoidal with a frequency of 1 cycle/rev, amplitude of 2.2°, 612 

and phase of 111°. Note that the mean of the experimental data was removed before fitting it 613 

with sinusoids (see Methods), so the difference in absolute value between the experimentally 614 

observed pattern and these hypotheses should be ignored. 615 

Of these three hypotheses, the Simplifying Strategy hypothesis is the most likely cause of 616 

the observed pattern in ∆𝑝 for two reasons. First, its pattern matches the observed pattern far 617 

more robustly than the other two hypotheses. The Simplifying Strategy hypothesis always 618 

exhibits the same shape (sinusoidal) and frequency as the observed data, as well as a similar 619 

phase, independent of model parameters. Although not all of the experimental data sets exhibited 620 

a clear sinusoidal pattern with a frequency of 1 cycle/rev (Figure 6), none of the sets exhibited 621 

discernable patterns with frequencies other than 1 cycle/rev. Second, the change in model 622 

parameters required to achieve a close match in amplitude as well (i.e. increasing 𝐾𝑝𝑝 by a factor 623 

of 3.7) is one that is entirely plausible; using co-contraction to stabilize a proximal DOF (PS) 624 



against interaction torques created during a movement planned to involve only distal DOF (FE 625 

and RUD) is a reasonable strategy. In contrast, the Movement Torque and Postural Torque 626 

hypotheses do not consistently match the observed behavior. These hypotheses exhibit patterns 627 

that differ from the observed behavior in shape, frequency, amplitude, and phase for much of the 628 

physiologically plausible range of model parameters. Only in a relatively narrow window of 629 

model parameters do the predicted patterns match the observed pattern. Perhaps most 630 

importantly, the changes in model parameters required to make the predicted patterns match the 631 

observed pattern are unlikely to occur in the context of these two hypotheses. In other words, 632 

there is no a priori reason why the Movement Torque or Postural Torque hypotheses should 633 

include a stiffening of the PS DOF that is significantly higher than the stiffening that might occur 634 

in FE or RUD. We therefore concluded that the Simplifying Strategy hypothesis is the most 635 

likely hypothesis, and we performed additional tests to further probe the match between the 636 

predicted and observed patterns. 637 

 638 

Further Testing of the Simplifying Strategy Hypothesis 639 

While the phase predicted by the simplifying strategy hypothesis (131°) matched the 640 

experimentally observed phase on average (138°), the latter exhibited considerable variability 641 

between subjects (SD = 36°; range = 44°-188°; Figure 7A). To test whether the simplifying 642 

strategy hypothesis could predict this large variability between subjects, we determined the effect 643 

of inter-subject variation in modeling parameters on the predicted phase by repeating the 644 

simulation of the Simplifying Strategy Hypothesis using the individual inertia, damping, and 645 

stiffness matrices of ten young, healthy subjects (five male and five female) who participated in a 646 

prior study (Peaden and Charles 2014). Although these subjects were not the same subjects who 647 

participated in our study, the variation in their inertia, damping, and stiffness was assumed to be 648 

similar to the variation in the subjects who participated in our study (for whom individual 649 

parameters were unknown). We found that the variation in predicted phase produced by using 650 

individual inertia, damping, and stiffness matrices (SD = 24°; range = 95°-166°) was of the same 651 

order of magnitude as the variation in phase observed experimentally, providing another 652 

indication that the simplifying strategy hypothesis could be the cause of the observed pattern of 653 

∆𝑝. 654 

Discussion 655 

Pointing with the three DOF of the wrist and forearm (PS, FE, and RUD) is a component 656 

of many everyday manipulation tasks in which the long axis of an object needs to be oriented in 657 

a particular way. Although this task is more sensitive to FE and RUD than to PS and could be 658 

accomplished using FE and RUD alone, Campolo et al found that subjects tended to use a small 659 

amount of PS (Campolo et al. 2009; Campolo et al. 2010; Campolo et al. 2011). The goal of this 660 

study was to uncover the reason subjects pointed in this manner. We tested a variety of common 661 

cost functions and found that minimizing these cost functions did not predict the observed 662 

behavior. In contrast, an alternative hypothesis, stipulating that subjects planned pointing 663 

movements using only FE and RUD, and that the observed movement in PS was just a side-664 

effect of unopposed interaction torques, fit the data closely and robustly. Therefore, we 665 

concluded that humans tend to control moderately sized pointing movements involving the wrist 666 

and forearm by ignoring the forearm. 667 

 668 



Context 669 

The conclusion that subjects focused on the most important DOF and ignored the least 670 

important DOF may not seem very interesting unless one considers the full picture. First, 671 

according to our simulations, the control strategy of ignoring the forearm does not minimize 672 

energy, work, torque, or path length. For many redundant tasks, the observed behavior can be 673 

predicted using a variety of different cost functions, making it difficult to discern which cost 674 

function (or combination of cost functions) may have been minimized. In contrast, for the 675 

pointing task studied here, only one of the control strategies tested predicted the observed 676 

behavior robustly. This is a strong result; not only does it clearly favor the simplifying strategy 677 

hypothesis, it also implies that the cost functions associated with torque, energy, work, and path 678 

length were not minimized. We conclude that, for this specific task, the control system either a) 679 

values simplicity in control (“control the most important DOF and ignore the others”) more than 680 

minimizing torque, energy, work, or path length, b) does not perceive a difference in cost, i.e. the 681 

difference in cost may be below the perceptual threshold, or c) does not know how to minimize 682 

the other costs. 683 

Second, although PS affects the task goal less than FE and RUD, it still affects it, and 684 

ignoring PS results in movement error. To clarify, ignoring PS in the planning stage results in 685 

unopposed interaction torques in the execution stage; these unopposed interaction torques in turn 686 

produce movement in PS, resulting in simulated mean and maximum errors in pointing direction 687 

of 1.2° and 2.7°, respectively. Although these errors are relatively small (the targets had a radius 688 

of 1.5°), the fact that these errors went unchecked during the duration of the experiment implies 689 

that the increase in simplicity with this control strategy (ignoring PS) was worth the decrease in 690 

accuracy. 691 

Third, the conclusion that subjects focused on the most important DOF and ignored the 692 

least important DOF goes far beyond (if not differs from) the conclusion of previous 693 

investigations of this task, which stated that the observed pattern was due to a neural constraint. 694 

Following Donders’ approach (for a summary, see (Campolo et al. 2010)), Campolo et al 695 

focused their analysis on the rotation axis that transforms the wrist and forearm from their 696 

neutral position to a given orientation (Campolo et al. 2009; Campolo et al. 2010; Campolo et al. 697 

2011; Tagliamonte et al. 2011). They found that the coordinates of this rotation axis tend to lie 698 

on a 2-D subspace (a surface) of the 3-D space of the vector, indicating that subjects’ behavior 699 

followed Donders’ Law. Following similar investigations of Donders’ Law in eye movements, 700 

Campolo et al concluded that this (the fact that subjects’ behavior followed Donders’ Law) 701 

implied the existence of a neural constraint on the kinematics of wrist and forearm rotations. 702 

 703 

Donders’ Law 704 

Does the observed pattern follow Donders’ Law? It depends on the definition since 705 

Donders’ Law has been variously used to describe both phenomena and control strategies 706 

(Ceylan et al. 2000; Crawford et al. 2003; Ghosh and Wijayasinghe 2012; Gielen et al. 1997; 707 

Glenn and Vilis 1992; Hore et al. 1994; Hore et al. 1992; Kunin et al. 2007; Liebermann et al. 708 

2006a; Liebermann et al. 2006b; Marotta et al. 2003; Radau et al. 1994; Soechting et al. 1995; 709 

Thurtell et al. 2012; Tweed 1997). To clarify, Donders’ Law can be defined as a description of 710 

an experimentally observed phenomenon, similar to Fitts’ Law (Fitts 1954) or the Two-third 711 

Power Law (Lacquaniti et al. 1983; Viviani and Schneider 1991). These laws describe 712 

experimentally observed relationships (invariants or stereotyped behaviors) between variables 713 



that are not fully constrained by the movement task. Specifically, Donders’ Law describes the 714 

existence of a kinematic relationship between redundant rotational DOF. Because ∆𝑝 is a 715 

function of PS, and 𝜃 is a function of target position (𝑥𝑠, 𝑦𝑠), which in turn is a function of PS, 716 

FE, and RUD (by Equations 1 and 2), the observed sinusoidal relationship between ∆𝑝 and 𝜃 717 

implies a relationship between PS, FE, and RUD. This latter relationship can be expressed 718 

alternatively as a relationship between the coordinates of the rotation vector (by expressing PS, 719 

FE, and RUD as a rotation matrix and calculating the rotation vector from the matrix (Craig 720 

2005)). Therefore, if Donders’ Law is defined as an experimentally observed relationship 721 

between rotation vector coordinates, then the pattern of behavior described in this paper qualifies 722 

as an instance of Donders’ Law, as would any other kinematically redundant rotation that 723 

exhibits stereotyped kinematics. 724 

Alternatively, Donders’ Law is sometimes interpreted as a neural constraint on joint 725 

kinematics used to solve the redundancy problem. This interpretation is in our view problematic 726 

because the observation of a pattern between redundant kinematic variables does not necessarily 727 

imply a control strategy that directly constrains these variables. Such a pattern may instead result 728 

from higher-order control strategies that do not directly place any constraints on these kinematic 729 

variables. For example, we have proposed in this paper that the observed pattern of PS is not 730 

directly controlled but rather a mechanical side effect of a control strategy that focuses on FE and 731 

RUD. 732 

Simplifying strategies 733 

The hypothesis that humans employ simplifying strategies instead of optimization is not 734 

new and has found traction in a variety of fields. For example, referring to economic decision 735 

making, Simon observed in 1956 that “however adaptive the behavior of organisms in learning 736 

and choice situations, this adaptiveness falls far short of the ideal of “maximizing” postulated in 737 

economic theory. Evidently, organisms adapt well enough to “satisfice”; they do not, in general, 738 

“optimize.”” (Simon 1956). Similar simplifying strategies have been hypothesized for 739 

controlling movement: “the individual confronted with a new task has no motivation to find a 740 

solution that is optimal according to physical performance criteria; rather, the motivation is to 741 

find quickly a solution that is good enough to get rewarded without expending more time or 742 

effort than the reward is perceived to be worth” (Loeb 2012). In their experiment with multiple 743 

local cost-function minima, Ganesh et al observed that subjects frequently chose a suboptimal 744 

solution “even after sufficient experience of the optimal solution” (Ganesh et al. 2010). Such 745 

“good-enough control” strategies often enjoy a robust multiplicity of solutions that could be 746 

acquired via trial-and-error learning instead of the more mathematically complex process of 747 

optimization. 748 

The passive motion paradigm (PMP) has been proposed as an alternative to optimal control 749 

(Mohan and Morasso 2011) and was recently applied to the problem of pointing with the wrist 750 

and forearm (Tommasino and Campolo 2017). This strategy “offers the brain a way to 751 

dynamically link motor redundancy with task-oriented constraints “at runtime,” hence solving 752 

the “DoFs problem” without explicit kinematic inversion and cost function computation” 753 

(Mohan and Morasso 2011). The basic idea is that task goals are reformulated as attractor fields 754 

that pull the end-effector toward the goal, naturally resulting in joint displacements that satisfy 755 

the dynamic constraints imposed by joint impedance, including interaction torques.
6
 The 756 

                                                 
6
 To clarify, the “DoFs problem” can be stated as follows: given a task goal (e.g. move the end-

effector from A to B), what must the joints do to achieve this goal? If the linkage is 



simplifying strategy proposed here shares some similarity to the PMP but differs in a key aspect: 757 

instead of the end-effector (𝑥𝑠 and 𝑦𝑠) being attracted toward the target, it is a subset of the joint 758 

DOF (FE and RUD) that is “attracted” (actually constrained to follow a straight-line trajectory) 759 

toward the target. One could argue that constraining these DOF to follow a straight-line 760 

trajectory toward the target effectively constrains the end-effector to follow a straight-line 761 

trajectory toward the target as well (because the position of the end-effector is more sensitive to 762 

FE and RUD than to PS—see Methods). However, this kinematic constraint is very different 763 

from the dynamic constraints imposed by the impedance. Consequently, the PMP will predict 764 

movements that are, in general, different from those predicted by the simplifying strategy 765 

proposed here. 766 

Our conclusion that FE and RUD are controlled while PS is ignored bears some 767 

resemblance to the leading-joint hypothesis (LJH), a simplifying strategy for controlling the 768 

dynamics of multi-joint movements according to the hierarchy of the joints (Dounskaia 2005). 769 

The “leading” joint is accelerated or decelerated “as during single-joint movements, i.e. largely 770 

disregarding motion at the other joints,” whereas the subordinate joints are left to “regulate 771 

interaction torque [created by the motion of the leading joint] and to create net torque that results 772 

in motion of the end-effector required by the task” (Dounskaia 2005). However, we observed 773 

two “leading joints” (FE and RUD), not one, and we did not observe any regulation of 774 

interaction torques by the subordinate joint (PS), although it is possible that such regulation 775 

would have occurred if the effect on PS had been large enough to interfere with the task. 776 

Whether the particular simplifying strategy we observed is applied to other kinematically 777 

redundant tasks no doubt depends on the task, the DOF involved, the size of the task movements 778 

relative to the range of movement in each DOF, speed and accuracy constraints, etc. For 779 

example, if we had placed the targets in our task beyond the range of motion in radial-ulnar 780 

deviation (e.g. beyond ±30°), subjects would not have been able to ignore PS and accomplish the 781 

task with FE and RUD alone—they would have been forced to use a different control strategy 782 

that involved a large amount of PS. 783 

                                                                                                                                                          

kinematically redundant (i.e. if the number of joint DOF exceeds the number of task goal 

constraints), this question does not have a unique solution (the Jacobian cannot be inverted). A 

common approach is to add constraints (such as a cost function that must be minimized) to 

ensure a unique solution (to make the Jacobian invertible). Instead, the PMP puts this approach 

on its head by formulating the task goal in terms of an attractor force field: the end-effector is 

attracted toward the goal (e.g. from A to B). The key is that applying a force to the end-effector 

creates torques at the joints that are well-defined, even for a kinematically redundant linkage 

(whereas the transformation of kinematics is well-defined from joint space to task space, the 

transformation of force/torque is well-defined from task space to joint space). Well-defined joint 

torques lead naturally to joint displacements, “analogous to the mechanism of coordinating the 

motion of a wooden marionette by means of strings attached to the terminal parts of the body: 

the distribution of the motion among the joints is the “passive” consequence of the virtual forces 

applied to the end-effectors and the “compliance” [admittance, i.e. the inverse of mechanical 

impedance] of different joints” (Mohan and Morasso 2011). Finally, joint displacements result in 

end-effector displacements toward the goal. Thus, the PMP suggests that instead of planning a 

movement by minimizing a cost function, subjects “imagine” (animate) the end-effector being 

pulled toward the goal and “observe” the resultant joint displacements, and then implement these 

joint displacements to execute the movement. 



That said, our finding that some of the observed behavior was caused by mechanics may 784 

hold true in other tasks as well. It is not uncommon to discover that behavior previously ascribed 785 

solely to a neural constraint is caused, at least in part, by the mechanics of the “plant”. For 786 

example, whereas early investigations of eye movement behavior postulated that the problem of 787 

noncommutativity of ocular rotations was solved within neural networks, more recent 788 

investigations found that “part of the solution for kinematically appropriate eye movements is 789 

found in the mechanical properties of the eyeball” (Ghasia and Angelaki 2005). Such mechanical 790 

properties often include lower-level anatomical constraints that naturally favor some patterns of 791 

joint rotation between DOF, sometimes termed non-independence (for example the non-792 

independence of finger action). One way to represent non-independence is through interaction 793 

torques, which specify the torque in one DOF due to displacement, velocity, acceleration, etc., in 794 

other DOF. In a linear model, interaction torques stem from the off-diagonal terms of the 795 

stiffness, damping, and inertia matrices, which are precisely the linear approximation of non-796 

independence constraints. A few past studies have characterized the coupled stiffness, damping, 797 

and inertia matrices of these three DOF (Drake and Charles 2014; Park et al. 2017), and since 798 

our model includes these matrices, it includes a linear approximation of the non-independence 799 

between these three DOF. Furthermore, our conclusion that the behavior in PS is due to 800 

uncontrolled interaction torques is the same as the conclusion that the behavior in PS is due to 801 

non-independence between the three DOF. Thus the behavior in PS is not a control strategy; PS 802 

is uncontrolled. However, the choice to control the pointing direction using only FE and RUD 803 

and not PS, as well as the choice to leave PS exposed to interaction torque without intervention, 804 

can be considered part of the control strategy. 805 

 806 

Limitations 807 

We modeled the pointing movements using a relatively simple joint-level model because 808 

it allowed us to test a large variety of control strategies. Although this model includes the first-809 

order muscle mechanics felt at the joint level (see Methods), it ignores many other effects 810 

included in state-of-the-art musculoskeletal modelling software, such as non-linearities in the 811 

muscle force-length and force-velocity effects, changing moment arms, and muscle activation 812 

dynamics. Including these effects may have yielded different results, but such modelling 813 

software does not allow direct investigation of the control strategies investigated here and relies 814 

on a large number of model parameters, making it difficult to discern the robustness of results. 815 

Because the model used here was simple, it provides—to the best of our knowledge—the 816 

simplest explanation of the observed behavior. 817 

We tested a relatively large and diverse set of hypotheses involving work, potential 818 

energy, torque during movement, torque required to maintain a posture, path length, and 819 

simplifying strategy. The simplifying strategy hypothesis matched the observed pattern in 820 

frequency and phase and, if the stiffness was increased in a plausible manner, amplitude as well. 821 

In contrast, the other hypotheses failed to robustly match the observed behavior in one or more 822 

significant aspects. We therefore concluded that the observed behavior in PS was due to 823 

mechanical coupling. Nevertheless, it is possible that other plausible but untested hypotheses 824 

could match the data as well. Such plausible hypotheses include combinations of the cost 825 

functions tested here (Berret et al. 2011). That said, combining multiple cost functions with 826 

different weightings introduces more unknown variables, making it difficult to determine the 827 

strategy that is actually employed. 828 



The observed displacement in PS was small (mean amplitude of 1.4° for small, slow 829 

movements), and it is possible that the pattern was affected or even caused by soft-tissue artifact. 830 

It is difficult to completely rule out this possibility without measuring the movement of the bones 831 

directly. Nevertheless, the simplicity of the hypothesis that the neuromuscular system solves the 832 

problem of redundancy in pointing with the forearm and wrist by focusing on the most task-833 

relevant DOF, combined with the fact that it fits the observed pattern quite well, argues in favor 834 

of our conclusion. 835 

The conclusions of this paper should not be extrapolated beyond the conditions tested 836 

here, in particular to rotations of much larger amplitude. The current study focused on rotations 837 

of moderate size (15° and 22.5°). In this space, the only hard constraint on the three DOF (PS, 838 

FE, and RUD) is that the hand point toward the target (i.e. Equations 1-2). Even though 22.5° 839 

was close to subjects’ available ROM in radial deviation, all subjects were able to reach the 840 

target in radial deviation without significant use of PS. In other words, the observed pattern of PS 841 

did not serve to rotate subjects’ wrist toward flexion or extension in order to take advantage of 842 

the larger ROM in FE; the amplitude in PS was on average 1.52° (Table 1), which is far too 843 

small to gain an effective increase in ROM. That said, if targets were placed beyond the available 844 

ROM in RUD (e.g. at 45°), subjects would be forced to adopt the strategy of using large 845 

rotations in PS to allow them to reach otherwise unattainable targets (i.e. those close to the 𝑦𝑠-846 

axis) with FE instead of RUD. Also, as the distance to the target increases, the role of PS 847 

increases. In other words, as the distance to the target increases, poorly controlling PS 848 

increasingly deteriorates the accuracy of the pointing direction. Therefore, although interaction 849 

torques on the forearm exist for any non-trivial rotation, other factors become increasingly 850 

important for larger rotations, so it is unlikely that the conclusions reached in this paper would 851 

extrapolate to pointing movements requiring much larger rotations. That said, the rotations 852 

investigated here are relevant since rotations of this size (up to 22.5°) cover approximately 70% 853 

of the range of motion used during activities of daily living (Anderton and Charles 2012). 854 

All subjects performed the task with their right upper limb. We expect the pattern of ∆𝑝 855 

for the left limb to be identical to the pattern for the right limb when the pattern is expressed in 856 

joint space. For example, a movement of the right limb involving extension and radial deviation 857 

should elicit the same amount of ∆𝑝 as a movement of the left limb involving extension and 858 

radial deviation. However, we expect to see a difference between limbs when ∆𝑝 is mapped onto 859 

target angles (i.e. a plot of ∆𝑝 vs. 𝜃) since extension and radial deviation move the right hand 860 

toward a target in the first quadrant but the left hand toward a target in the fourth quadrant. 861 

Therefore, we expect the pattern of ∆𝑝 vs. 𝜃 for the left limb to be reflected about 𝜃 = 180° 862 

relative to the pattern of ∆𝑝 vs. 𝜃 for the right limb. 863 

 864 

Conclusion 865 

How the neuromuscular system deals with kinematic redundancy is an important question 866 

in motor control and has been the focus of many studies. However, although the wrist and 867 

forearm are known to combine in a stereotyped pattern during kinematically redundant pointing 868 

movements (Campolo et al. 2009; Campolo et al. 2010; Campolo et al. 2011), the reason the 869 

neuromuscular system selects this pattern has been unknown. Here we presented the key 870 

observation that in many subjects pronation-supination (PS) varied sinusoidally with target 871 

direction, and we tested a variety of hypothesized reasons underlying this pattern. The 872 

hypotheses involving common cost functions failed to robustly predict the observed behavior, 873 

while the hypothesis that the pointing movement is planned using only FE and RUD predicted 874 



behavior that matched the observed pattern quite well, especially when stiffness was increased in 875 

a plausible manner. We conclude that the neuromuscular system solves the challenge of 876 

kinematic redundancy in moderately-sized pointing movements involving the wrist and forearm 877 

by ignoring the forearm even though this strategy does not robustly minimize work, potential 878 

energy, torque, or path length. 879 

  880 



Appendix A 881 

 882 

The relationship between joint stiffness and muscle stiffness depends on the Jacobian between 883 

joint space and muscle space (Burdet et al. 2013). Joint space is defined by joint angles 𝑞⃑ =884 

[𝑝, 𝑓, 𝑢]𝑇. Muscle space is defined by muscle lengths 𝜆 = [𝜆1, 𝜆2, … , 𝜆8]
𝑇, where muscles 1-4 885 

represent the main pronator-supinator muscles (pronator quadratus, pronator teres, supinator, and 886 

biceps brachii), and muscles 5-8 represent the main wrist muscles (flexor carpi radialis, flexor 887 

carpi ulnaris, extensor carpi radialis longus and brevis (combined), and extensor carpi ulnaris). 888 

The relationship between muscle velocity and joint speed is given by the moment arms 𝜌𝑖𝑗 889 

between muscle 𝑖 and joint coordinate 𝑗: 890 
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The matrix of moment arms is the Jacobian 𝐽𝜇 that transforms the matrix of muscle stiffness, 𝐾𝜇, 891 

into the matrix of joint stiffness, 𝐾 (Burdet et al. 2013):  892 

𝐾 = 𝐽𝜇
𝑇 𝐾𝜇 𝐽𝜇 + 

𝑑𝐽𝜇
𝑇

𝑑𝑞⃑
𝜇⃑ 

where 𝜇⃑ is the 7-element vector of muscle forces corresponding to 𝜆. Assuming that the stiffness 893 

of each muscle is independent from the stiffness of the other muscles (i.e. assuming 𝐾𝜇 is 894 

diagonal), and focusing on the relationship between muscle stiffness and joint stiffness (i.e. 895 

ignoring the second term on the right), the elements of 𝐾 are: 896 

𝐾(1,1) = 𝐾𝜇(1,1)𝜌11
2 + 𝐾𝜇(2,2)𝜌21

2 + 𝐾𝜇(3,3)𝜌31
2 + 𝐾𝜇(4,4)𝜌41

2 + 𝐾𝜇(5,5)𝜌51
2

+ 𝐾𝜇(6,6)𝜌61
2 + 𝐾𝜇(7,7)𝜌71

2 + 𝐾𝜇(8,8)𝜌81
2 

𝐾(1,2) = 𝐾𝜇(5,5)𝜌51𝜌52 + 𝐾𝜇(6,6)𝜌61𝜌62 + 𝐾𝜇(7,7)𝜌71𝜌72 + 𝐾𝜇(8,8)𝜌81𝜌82 

𝐾(1,3) = 𝐾𝜇(5,5)𝜌51𝜌53 + 𝐾𝜇(6,6)𝜌61𝜌63 + 𝐾𝜇(7,7)𝜌71𝜌73 + 𝐾𝜇(8,8)𝜌81𝜌83 

𝐾(2,1) = 𝐾(1,2) 

𝐾(2,2) = 𝐾𝜇(5,5)𝜌52
2 + 𝐾𝜇(6,6)𝜌62

2 + 𝐾𝜇(7,7)𝜌72
2 + 𝐾𝜇(8,8)𝜌82

2 



𝐾(2,3) = 𝐾𝜇(5,5)𝜌52𝜌53 + 𝐾𝜇(6,6)𝜌62𝜌63 + 𝐾𝜇(7,7)𝜌72𝜌73 + 𝐾𝜇(8,8)𝜌82𝜌83 

𝐾(3,1) = 𝐾(1,3) 

𝐾(3,2) = 𝐾(2,3) 

𝐾(3,3) = 𝐾𝜇(5,5)𝜌53
2 + 𝐾𝜇(6,6)𝜌63

2 + 𝐾𝜇(7,7)𝜌73
2 + 𝐾𝜇(8,8)𝜌83

2 

It can be seen that 𝐾(1,1) (also known as 𝐾𝑝𝑝) depends on the stiffness of all muscles (1-8), 897 

whereas all other elements of 𝐾 depend only on the stiffness of wrist muscles (5-8). It is readily 898 

shown that this statement holds true even if the stiffness of pronator-supinator muscles are 899 

interdependent and the stiffness of wrist muscles are interdependent (i.e. if 𝐾𝜇 is not diagonal) as 900 

long as the stiffness of pronator-supinator muscles are independent from the stiffness of wrist 901 

muscles, and vice versa (i.e. if the 4-by-4 submatrices in the bottom-left and top-right of 𝐾𝜇 are 902 

zero). 903 

Appendix B 904 

Stiffness: Changing stiffness affected the predicted ∆𝑝 pattern of all hypotheses except 905 

the path length hypothesis. Mechanical Work and Potential Energy: Changes in the stiffness 906 

parameters affected these two hypotheses in a similar manner. Changing stiffness had no effect 907 

on the frequency of the predicted ∆𝑝; it remained at 2 cycles/rev, independent of stiffness. 908 

Increasing 𝐾𝑝𝑝 or both 𝐾𝑝𝑝 and 𝐾 decreased the amplitude of the predicted ∆𝑝, whereas 909 

increasing 𝐾 had little effect. For increases in 𝐾𝑝𝑝 or both 𝐾𝑝𝑝 and 𝐾, the amplitude decreased 910 

from a maximum around 14° (factor 0.5) to a minimum around 0.6° (factor 14). Movement 911 

Torque and Postural Torque: Changing stiffness had a strong effect on the shape and frequency 912 

of ∆𝑝. Increasing 𝐾𝑝𝑝, 𝐾, or both caused the frequency of the Movement Torque hypothesis to 913 

transition from 2 cycles/rev for low factors (around 0.5 and 1) to 1 cycle/rev for intermediate 914 

factors (around 4 and 6) and then to 2 or even 3 cycles/rev for higher factors (around 8 and 915 

above). The Postural Torque hypothesis exhibited a similar transition for increases in 𝐾𝑝𝑝 but 916 

remained at 2 cycles/rev for increases in 𝐾 and did not exhibit the transition from 1 to 2 917 

cycles/rev for increases in both 𝐾𝑝𝑝 and 𝐾. Increasing 𝐾𝑝𝑝 or both 𝐾𝑝𝑝 and 𝐾 decreased the 918 

amplitude of the predicted ∆𝑝, whereas increasing 𝐾 had little effect. For increases in 𝐾𝑝𝑝 or 919 

both 𝐾𝑝𝑝 and 𝐾, the amplitude of the Movement Torque and Postural Torque hypotheses 920 

decreased from a maximum of 30° and 73° (factor 0.5) to a minimum of 0.7° and 0.8° (factor 921 

14), respectively. Simplifying Strategy: Changing stiffness had no effect on the shape or 922 

frequency of ∆𝑝; it remained sinusoidal with a frequency of 1 cycle/rev regardless of stiffness. 923 

Increasing 𝐾𝑝𝑝, 𝐾, or both decreased the amplitude of ∆𝑝. This effect was strongest for increases 924 

in 𝐾𝑝𝑝, which caused a decrease in amplitude from 13° (factor 0.5) to 0.4° (factor 14).  925 

Damping: As mentioned above, changes in damping can only affect the Mechanical 926 

Work and Movement Torque hypotheses since these are the only hypotheses that depend on 927 

movement. Changing damping had a similar effect on both hypotheses. The shape of both 928 

hypotheses was virtually unaffected by all changes in damping, with frequencies of 2 cycles/rev 929 

regardless of damping. Increasing 𝐷𝑝𝑝 or both 𝐷𝑝𝑝 and 𝐷 decreased the amplitude of the 930 



Mechanical Work and Movement Torque hypotheses from approximately 7° and 20° (factor 0.5) 931 

to approximately 5° and 13° (factor 14), respectively. Increasing 𝐷 alone had virtually no effect 932 

on either hypothesis. 933 

Inertia and mass: Changes in inertia can only affect the Mechanical Work and Movement 934 

Torque hypotheses. That said, the effect on these hypotheses was negligible; the patterns and 935 

amplitudes appeared independent of inertia. In contrast, changes in the hand mass had the 936 

potential to affect all hypotheses except the path length hypothesis. While changing the hand 937 

mass did not change the frequency of any of the hypotheses, it did change some of the 938 

amplitudes. Increasing the mass had negligible effect on the Mechanical Work and Potential 939 

Energy hypotheses, decreased the amplitude of the Movement Torque hypothesis from 22° 940 

(factor 0.5) to 15° (factor 2), and increased the amplitude of the Postural Torque and Simplifying 941 

Strategy hypotheses from 22° and 5° (factor 0.5) to 26° and 13° (factor 2), respectively. 942 
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Tables 1095 

 1096 

Table 1: Data fit for the movements of Experiment 1 (small-slow only): Amplitude, frequency, 1097 

phase, and correlation coefficient R of the sinusoidal fit of the PS-angle ∆𝒑 vs. target angle 𝜽 for 1098 

each subject’s movements in Figure 6A. Subjects 9, 14, and 20 had values fit parameters 1099 

(indicated by asterisks) beyond 2 SD from the mean and were excluded from the analysis. 1100 

Subject 
Amplitude 

[deg] 

Frequency 

[cycles/rev] 

Phase 

[deg] 
R 

1 1.82 1.04 121 0.79 

2 2.10 1.12 184 0.89 

3 1.74 0.90 102 0.78 

4 1.92 1.06 149 0.93 

5 2.19 1.07 188 0.94 

6 0.71 1.09 182 0.70 

7 0.47 1.19 174 0.38 

8 1.77 1.06 103 0.86 

9   3.61* 0.96 112 0.41 

10 1.15 1.04 132 0.85 

11 1.35 0.96 166 0.78 

12 1.26 1.05 169 0.73 

13 0.95 0.99 125 0.76 

14 1.40 1.14     44* 0.74 

15 1.33 1.02 148 0.82 

16 1.56 1.03 115 0.75 

17 1.12 1.04 140 0.87 

18 1.10 0.98 163 0.85 

19 1.35 1.14 114 0.81 

20 1.43   0.85* 139 0.76 

Mean 1.52 1.04 138 0.77 

SD 0.66 0.08 36 0.14 

 1101 

 1102 

  1103 



Table 2: Effect of distance and speed on the amplitude, frequency, phase, and fit of PS-angle ∆𝒑. 1104 

Dependent Variable Independent Variable F-Value p-Value 

Amplitude  Distance 24.88 0.0001 

Speed 3.38 0.103 

Distance*Speed 0.29 0.612 

Frequency Distance 13.92 0.002 

Speed 6.59 0.033 

Distance*Speed 7.61 0.040 

Phase Distance 0.48 0.497 

Speed 5.63 0.045 

Distance*Speed 0.44 0.537 

R Distance 1.64 0.219 

Speed 1.04 0.337 

Distance*Speed 0.02 0.896 

 1105 

 1106 

Table 3: Data fit for the movements of Experiment 2: Amplitude, frequency, phase, and 1107 

correlation coefficient R of the sinusoidal fit of the PS-angle ∆𝒑 vs. target angle 𝜽 for each 1108 

subject’s movements in Figure 6B. Subject 30 had one fit parameter (indicated by asterisk) 1109 

beyond 2 SD from the mean and was excluded from the analysis. 1110 

Subject 
Amplitude 

[deg] 

Frequency 

[cycles/rev] 

Phase 

[deg] 
R 

21 2.53 1.02 145 0.72 

22 1.76 1.00 171 0.82 

23 1.51 1.04 127 0.73 

24 1.58 1.01 119 0.78 

25 1.62 0.97 182 0.90 

26 2.22 1.04 165 0.70 

27 2.38 1.05 112 0.81 

28 1.65 1.04 121 0.71 

29 4.07 1.08 124 0.62 

30   5.13* 1.10 95 0.78 

Mean 2.45 1.04 136 0.76 

SD 1.22 0.04 28 0.08 

 1111 

Table 4: Effect of constraining PS at the center target (Experiment 2 vs. Experiment 1) on the 1112 

amplitude, frequency, phase, and fit of PS-angle ∆𝒑. 1113 

Dependent Variable F-Value p-Value 

Amplitude 8.70 0.007 

Frequency 0.47 0.502 

Phase 0.17 0.680 

R 0.71 0.408 



Figures 1114 

 1115 

Figure 1: Experimental setup. A: Subjects were required to rotate their wrist and forearm in 1116 

combinations of wrist flexion-extension (FE), wrist radial-ulnar deviation (RUD), and forearm 1117 

pronation-supination (PS) to move a cursor (dark gray circle) toward one of 16 peripheral targets 1118 

(light gray circles) on a screen. The coordinates of the cursor on the screen are given by 𝒙𝒔 and 1119 

𝒚𝒔. PS occurs about the body-fixed 𝒚𝒘-axis (dashed because it passes through the forearm and is 1120 

not visible from the outside) and is indicated by 𝒑 (pronation is positive), FE occurs about the 1121 

body-fixed 𝒛𝒘-axis and is indicated by 𝒇(flexion is positive), and RUD occurs about the body-1122 

fixed 𝒙𝒘-axis and is indicated by 𝒖 (ulnar deviation is positive). When the wrist and forearm are 1123 

in neutral position (shown), the cursor representing the pointing direction is in the center target. 1124 

B-C: Pointing toward a peripheral target can be accomplished through infinitely many 1125 

combinations of PS, FE, and RUD, including without PS (B) or with PS (C). Rotating in PS 1126 

rotates the rotation axes of FE and RUD (𝒛𝒘 and 𝒙𝒘, respectively), as shown in C. 1127 

 1128 

Figure 2: Methodology for computing the predicted output of the simplifying strategy 1129 

hypothesis. Movements to a new target (given by 𝒙𝒔, 𝒚𝒔) were planned using only FE and RUD 1130 

(𝒇, 𝒖), but executed in a forearm and wrist system that included all PS as well as FE and RUD), 1131 

resulting in joint displacements (𝒑′, 𝒇′, 𝒖′). The change in PS (𝚫𝒑) was calculated from 𝒑′. 1132 

Figure 3: Example of movement over time, and how final measures were defined. A: One 1133 

subject’s pronation-supination angle 𝒑 (positive in pronation) as a function of time for an entire 1134 

session. In addition to changes in 𝒑 that occurred for individual movements (visible as little 1135 

spikes), subjects generally showed a drift in 𝒑 over the duration of the session. B: Close-up view 1136 

of an 8-second portion of the plot in A that shows movement-by-movement changes in 𝒑. Each 1137 

dashed vertical line indicates when a new target appeared (prompting the user to move), and the 1138 

following solid vertical line indicates when the subject entered that target. C: Same as B, but 1139 

with graphs representing FE angle 𝒇 (positive in flexion) and RUD angle 𝒖 (positive in ulnar 1140 

deviation) to demonstrate that changes in 𝒑 were relatively small. D: The change in 𝒑 that 1141 

occurred during a movement (∆𝒑) was calculated as the difference between 𝒑 at the beginning 1142 

and ending of the movement (𝒑𝒊 and 𝒑𝒇, respectively). The target angle 𝜽 was expressed in terms 1143 

of the wrist coordinate frame at the time the target appeared, i.e. 𝜽 = 𝝓 + 𝒑𝒊, where 𝝓 is the 1144 

angle of the target expressed in the screen coordinate frame (𝒙𝒔, 𝒚𝒔), and the initial wrist 1145 

coordinate frame is represented by the intial FE and RUD rotation axes 𝒛𝒘,𝒊𝒏𝒊𝒕 and 𝒙𝒘,𝒊𝒏𝒊𝒕, 1146 

respectively. 1147 

 1148 

Figure 4: The hypothesized control strategies predicted similar behavior in FE-angle 𝒇 (A) and 1149 

similar behavior in RUD-angle 𝒖 (B), but significantly different behavior in PS-angle 𝒑 (C). The 1150 

control strategies include minimization of mechanical work (MW), movement torque (MT), 1151 

postural torque (PT), potential energy (PE), path length (PL), as well as the simplifying strategy 1152 

(SS). 1153 

 1154 

Figure 5: FE-angle 𝒇, RUD-angle 𝒖, and PS-angle ∆𝒑 vs. target angle 𝜽 for all subjects in 1155 

experiment 1 (A; small-slow only) and experiment 2 (B). Angles 𝒇, 𝒖, and ∆𝒑 are marked by 1156 

black dots, dark gray x’s, and light gray, solid circles, respectively, and are positive in flexion, 1157 

ulnar deviation, and pronation. The number in each box is the same subject identifier used in 1158 



Table 1 and Table 3. Target angles (𝜽) of 0°, 90°, 180°, and 270° correspond to targets in pure 1159 

radial deviation, extension, ulnar deviation, and flexion, respectively.  1160 

 1161 

Figure 6: PS-angle ∆𝒑 vs. target angle 𝜽 for all subjects in experiment 1 (A: small-slow only) 1162 

and experiment 2 (B), together with sinusoidal fits. Angle ∆𝒑 is positive in pronation. The 1163 

number in each box is the same subject identifier used in Table 1 and Table 3. Target angles (𝜽) 1164 

of 0°, 90°, 180°, and 270° correspond to targets in pure radial deviation, extension, ulnar 1165 

deviation, and flexion, respectively. 1166 

 1167 

Figure 7: Sinusoidal fits of PS-angle ∆𝒑 vs. target angle 𝜽 for all subjects in Experiment 1 (A; 1168 

small-slow only) and Experiment 2 (B). Each subject’s sinusoidal fit is shown as a thin gray line, 1169 

and the mean across all subjects is shown as the thick black line. Target angles 𝜽 of 0°, 90°, 1170 

180°, and 270° correspond to targets in pure radial deviation, extension, ulnar deviation, and 1171 

flexion, respectively. 1172 

 1173 

Figure 8: Simulated PS-angle ∆𝒑 vs. target angle 𝜽 for each hypothesized control strategy, 1174 

compared to the experimentally observed PS angle (thick black curve). A: Initial set of 1175 

simulations using passive stiffness. None of the control strategies match the experiment well. 1176 

The Simplifying Strategy (SS) hypothesis matches the experiment in shape (sinusoid) and 1177 

frequency (1 cycle in ∆𝒑 per revolution in 𝜽), but its amplitude is too large. The Path Length 1178 

(PL) hypothesis matches the experiment in amplitude and shape (sinusoid) but not in frequency 1179 

(2 cycles/rev). The Mechanical Work (MW), Potential Energy (PE), Movement Torque (MT), 1180 

and Postural Torque (PT) hypotheses differ from the experimentally observed pattern in multiple 1181 

aspects. B: Increasing the model stiffness within a physiologically plausible range caused three 1182 

hypotheses to approach the experiment. This was true for: the Simplifying Strategy hypothesis if 1183 

𝑲𝒑𝒑was increased (↑ 𝑲𝒑𝒑) or if 𝑲𝒑𝒑 and 𝑲 were increased (↑ 𝑲𝒑𝒑&𝑲); the Movement Torque 1184 

hypothesis if 𝑲𝒑𝒑was increased; and the Postural Torque hypothesis if 𝑲𝒑𝒑was increased or if 1185 

𝑲𝒑𝒑 and 𝑲 were increased. The Simplifying Strategy fit the best and the most robustly. Note that 1186 

the mean of the experimental data was ignored before applying the sinusoidal fit, so the 1187 

difference in absolute values between the hypotheses and the experiment should be ignored. 1188 
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