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Eigenvalue problems of Ginzburg—Landau operator
in bounded domains
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Hangzhou 310027, People’s Republic of China

(Received 21 September 1998; accepted for publication 5 March 1999)

In this paper we study the eigenvalue problems for the Ginzburg—Landau operator
with a large parameter in bounded domains in R? under gauge invariant boundary
conditions. The estimates for the eigenvalues are obtained and the asymptotic be-
havior of the associated eigenfunctions is discussed. These results play a key role in
estimating the critical magnetic field in the mathematical theory of superconduc-
tivity. © 1999 American Institute of Physics. [S0022-2488(99)02806-6 ]

I. INTRODUCTION AND STATEMENT OF MAIN RESULTS

This paper is devoted to the asymptotic estimates, for large parameter o, of the first eigen-
value u(oA) and the associated eigenfunctions of the Ginzburg—Landau operator —Vi 4 In a
smooth bounded domain € in R%. Given a real vector field 4=(4"',4?), the Ginzburg—Landau
operator — Vj associated with 4 is defined by

—Viy==V - (V) =—=V+i[24-Vip+ divA]+]4]> ¢,

where i=\—1. We denote V)=V iy—ipd, curlA=09,4>—3,4", and curl®> 4=(d,(curl 4),
—dy(curl4)), here d;=d/dx;.
Let = u(A) be the first eigenvalue of the following problem:

~Vig=py in Q,
(1.1)
(V, ¢)-v+vd=0 on 9Q,

where ¢ is a complex-valued function, v is the unit outer normal to 9}, and y=0 is a given
constant. Then,

JalVawlPdx+y[ y0|¢|* ds

pd)= inf Taldl7 dx

pew2(Q)

(1.2)

It is well-known that the Ginzburg—Landau operator has the gauge invariance property
Vv e ="V b, Vi (eM)=e"Viy
for every real smooth function y. The equation and the boundary condition in (1.1) as well as the

functional in (1.2) are invariant under the gauge transformation A—4+V,, — e'Xy. Therefore,
m(A+V,)=pu(4). By a gauge transformation if necessary, we may assume

divd=0 in Q, A-v=0 on /.
Our main result is the following

0022-2488/99/40(6)/2647/24/$15.00 2647 © 1999 American Institute of Physics
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Theorem 1: There exists a universal constant By, 0<B¢<1, such that for all A Cz((f)

oplod) ,
lim ——— =min{min|curl 4(x)|, 8, min|curl 4(x)|}. (1.3)
T— | o | xeQ xedQ
Remark 1.1: As a consequence of Theorem 1 we see that, if curl A(x)=H, a nonzero constant,
then

. mlod)
lim o] = Bo|H]|.

o—®%

The universal constant 3 stated in Theorem 1 is the number (1) given in Lemma 2.2. We
have an estimate for B:

0.5<8¢<0.76,

see Ref. 1. It has been expected that 8,=0.59, see for instance Refs. 2 and 3. If curl 4 vanishes
at some points, the estimates can be greatly improved, see Sec. VI. It is interesting to see that the
distribution of minimum points of |curl 4| determines the magnitude of u(oA4) and the location of
the concentration points of the eigenfunctions for large o. This is partially due to the gauge
invariance of the Ginzburg—Landau operator and due to the invariance of curl 4 under the gauge
transformations.

To prove Theorem 1 we shall establish two estimates for w(o4), the upper bound estimate
(given in Sec. VI) and the lower bound estimate (given in Sec. VII). The gauge invariance of the
Ginzburg—Landau operator, the local decomposition formula of vector fields obtained in Sec. 111,
and the results obtained in Ref. 4 concerning the eigenvalue problems of Ginzburg—Landau
operator in the entire plane and on the half plane will play essential roles to obtain these estimates.
To derive the lower bound estimate we also need to show the local convergence, as c— o, of the
rescaled eigenfunctions (after a series of gauge transformations). Since the eigenfunctions may
concentrate either in the interior of ) or at the boundary, both interior and boundary a priori
estimates established in Secs. IV and V are needed to obtain the local convergence. We mention
that most of the estimates given in this paper are gauge invariant. As a by-product, the asymptotic
behavior of the eigenfunctions as o goes to  will also be obtained.

The technical difficulty in our problem comes from the boundary effects, which is our main
concern in this paper. One may see in Sec. VI that when the eigenfunctions concentrate in the
interior of (), the limiting equation obtained after rescaling is an eigenvalue problem in the entire
plane R?, see (2.3). All the eigenvalues of (2.3) have been obtained in Ref. 4. However, when the
concentration happens at the boundary, very technical analyses are required to get the boundary
estimates and to prove the local convergence of the rescaled eigenfunctions near the boundary. In
this case, the limiting equation is an eigenvalue problem in the half plane (7R%r , see (2.5). The first
eigenvalue B(4) of (2.5) was obtained in Ref. 4 after lengthy analyses, which is the difficult part
of Ref. 4. Comparing Lemma 2.1 with Lemma 2.2 in Sec. II, one may see the significant differ-
ence between the problems in the domain without or with boundary.

The motivation to study such type eigenvalue problems is to estimate the value of the upper
critical magnetic field at which superconductivity can nucleate.

In the mathematical theory of superconductivity, the following Ginzburg—Landau equation for
(i, A) was proposed as a macroscopic model (see Ref. 5)

V2 =21 =)y,
(1.4)

curl A= — i@w— IV —|pPA+curd H in Q.
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Here ) is the region occupied by the superconducting specimen, ¢ is a complex-valued function
called order parameter, A is a real vector field called magnetic potential, H is the applied magnetic
field, « is the so-called Ginzburg—Landau parameter. The natural boundary conditions for a
superconductor-other material junction are (see Ref. 6)

(Viath) - v+yyp=0, (curlA—H)Xv=0 on dQ, (1.5)

where v is the unit out-normal vector at the boundary of () and 7 is a positive constant.

It is well-known that a superconductor placed in an applied magnetic field may change its
phase when the field varies. Consider a spatially homogeneous field. 1f the field is sufficiently
strong, it penetrates through the entire sample and the superconductor is in a normal state. As the
field is gradually reduced to a certain value H c called the upper critical field, the nucleation of
superconductivity at surface occurs. If the field is further reduced to another value Hc,, the

nucleation in the interior occurs. It is important in both theory and applications to estimate the
values of the critical fields, especially for type 2 superconductors with large value of «.

The physicists Saint-James and De Gennes were the first to study the surface nucleation
phenomenon for semi-infinite superconductor occupying the half space (see Ref. 2). The most
amazing result they obtained was the relation H¢ /Hc,=1/0.59. The argument for this relation
was nontrivial, even though they studied only the superconductor which occupies the half space
and is subjected to a spatially homogeneous applied magnetic field.

We have been interested in estimating the value of the upper critical field for superconducting
specimen occupying an arbitrary bounded smooth domain. In Ref. 1, to get such estimate, we
considered the applied field having the form H= o H and estimated the maximal value of o, say
o*, so that under the applied field o* H,, the nucleation of superconductivity occurs. Choosing a
vector field F so that curl F=H,,, we found that when « is large, the value of o* is close to the
number o+ for which u(o«xF)=«*. This led us to study the asymptotic estimates of u(oF) for
large value of . In Ref. 1, by using the results in this paper, we obtained the asymptotic estimate
for H c, for large « and the location of nucleation of superconductivity.

There have been many recent works on the mathematical theory of superconductivity, see
Refs. 3, 7-19, and the references therein. The works® by Chapman,7 by Bauman, Phillips, and
Tang, and by Bernoff and Sternberg!® are closely related to our present paper, while Refs. 7 and
10 were found after this work had been completed. In Ref. 3, Chapman studied the half-plane
problem on H c, by using formal mathematical analysis. In Ref. 7, Bauman, Phillips, and Tang
rigorously estimated H c, and found the location of nucleation for a sample occupying a cylinder

with two-dimensional cross section consisting of a disk. The sample is adjacent to a vacuum and
is subject to a homogeneous applied magnetic field pointing in the axial direction. From the
bifurcation point of view, they studied small solutions bifurcating from the eigenfunctions. In Ref.
10, Bernoff and Sternberg considered a sample occupying an infinite cylinder with two-
dimensional cross section consisting of an arbitrary simply connected smooth bounded region in
R2. The sample is adjacent to a vacuum and is subject to a homogeneous applied magnetic field
pointing in the axial direction. They estimated H ¢, and found the location of nucleation by using
formal asymptotic expansions. In this paper we study eigenvalue problems in bounded smooth
domains with nonhomogeneous applied magnetic fields under the boundary conditions for a
superconductor—other material junction. The result obtained in this paper was used in Ref. 1 to
obtain rigorously estimates for H, c, and locations of nucleation for a cylindrical sample which is
placed in an applied magnetic field being parallel to the lateral surface but not necessarily spatially
homogeneous and is adjacent to other material.

Il. PRELIMINARIES

In this section we give some basic lemmas which will be used later to establish our main
result. Throughout this paper, we let
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w(x)=3(—x3,%)). (2.1)

Note that curl w=1 and div w=0. Denote, for a nonzero real number #,

Jr2lVyth* dx

a(h)= inf W,

e WMR?)

(2.2)

where W(R?) = W}gz(Rz)ﬂLz(Rz). Clearly, the minimizers are the L? eigenfunctions of the fol-
lowing problem associated with a= a(h):

—V2 y=ay in R (2.3)
Let
. f\l%i|vhwl//|2dx
B(h)= we;ﬁf}%i)m, (2.4)
where W(Ri) = Wllgg(Ri) ﬂLz(Ri). The associated eigenvalue problem is
~Vi=By in R,
(2.5)

(Vo) - v=0 on dR%,

where v(x)=(0,—1) is the outer normal to Ri
Lemma 2.1: (Ref. 4). For every h#0, a(h)=|h|. The associated eigenfunctions are given by

3 @exp(—|h|r2/4) if h>0
W)= f(x) exp(—|h|r?/4) if h<O,

where r=|x|, f(x) is any function analytic in R* such that f(x)exp(—|h|r*/4) e L*(R?). For all
a<a(h), (2.3) has no nontrivial bounded solution. O

Lemma 2.2: (Ref. 4). There exists a positive constant By, 0<B,<1— V\2ear, such that
B(h)= Bylh|. For all h#0, B(h) is not achieved in W(Ri), i.e., there is no L* eigenfunction
associated with B(h). For all B<B(h), (2.5) has no nontrivial bounded solution. U

lll. LOCAL DECOMPOSITION OF VECTOR FIELDS

In the proof of the convergence of the rescaled eigenfunctions in later sections, we use the
gauge transformations frequently. Thus, we need to decompose a vector field into a gradient part
and a curl part near a given point P. When P is an interior point, this decomposition follows
directly from the Taylor expansion (see Lemma 3.1). When P is a boundary point, we need to
decompose the vector field in new coordinates which straighten a portion of boundary (see Lemma
3.2).

Let A(x)=(4'(x),4%*(x)) e C*(By) and denote

I A

i (9141 i 1 1 2 2
aj=5 (0. ap=5 o (0), a'=4'0), @’(0)=4%(0).
J J

Let H(x)=curl 4(x). Then, curl® 4(x)=(3,H,—d,H).
Lemma 3.1: Let A e C*(Bg). Then,

A(x)=A(0)+VEx)+VI(x)+curl 4(0)w(x)— 3 |x|*curl> 4(0)+ D(x), (3.1

where
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1.2 1, 2 2.2
&(x)= %[alx1 +(a,tay)xx,+asxs],

(3.2)
{x)=Hex3+3cx3x,+3c3x x5+ cax3 ]
with
ci=a},+,H(0), cy=al, cy=al, ci=a%—0a;H(0),
and |D(x)|=o(|x|?) as x—0. IfA e C3(B_R), then |D(x)|<C(R)|x|* in By. O

In the following we assume that () is a smooth (say, C* for some k=3) bounded domain in
R? and 0 € 9. Then, 4 consists of a finite number of simple closed C* curves disintersecting
with each other. Every component I" of () can be represented as z=z(s), where s is the arclength
of I', and 7(s)=(7,,7,)=2z'(s) is the unit tangent vector. Let v(s)=(v;,v,) be the unit outer
normal. We choose the positive direction of I" in such a way that the orientation of (v,7) is
coincident with the orientation of the x;x, coordinates. Then, 7,= —v,, 7,=v;. From the Frenet
formula we have

==K, T/IZ—K;V—KfT, v =k,T, V,,ZK;T—K’Z,V, (3.3)

where «, is the relative curvature of I" under the given orientation. Obviously, there exists a
positive constant uy= uy(2) such that | k,|<1/u, on Q.
Fix 0<u<pu,. Denote by d(x)=dist(x,d() the distance function, and denote Q(u)={x

e(?:d(x)<,ud}. Then, de C*"'(Q(ug)). For every xeQ(u,) there exists a unique point z
=z(x) € dQ such that x=z—d(x)v(z), Vd(x)=—v(z). The mapping

x=F(s,t)=z(s)—tv(s) (3.4)
determines a C! transformation of coordinates. Set
g(s.0)=|det DF| =| F, X F| =1—1x,(s).

After rotating the coordinate system we may assume 7(0)=(1,0), »(0)=(0,—1). Denote
e =7, e=—Vv, =5, ¥,=t, y=(V1,V2). ¥ is the new coordinate straightening the boundary.
Using (3.3) we get

1 0 1 ,[—x}0) ,
e (y)=1(y))= 0 + Kk,(0)y, +5_)/1 K’(O) +O(|yl| )s
0 A0 1 1(0)
eZ(y):_V(yl):(l>_(K(O)yl)_iy%(ZZ(o) +0(|y1|3)a
(3.5)
A0)[—2
J—'(y)=y+K§_ )( yyzly2 +0(lyl’) as y—o0,
1
g =1=£1,0)y,=x,.(0)y1y,+0(|y]).
Denote the inverse map of F by G(x). At the point x=F(y) we have
g @) T~ G=pxomn) &

For a given vector field 4(x) we define a new vector field a(y) associated with 4(x) by

a(y)=a'(y)e,+a’(y)e,, 3.7)
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where
a' (y)=gMA(F(y))-ei(y), a*(¥)=A(F(y))-exy). (3.8)
Then,
a'(y)=a'+[aj+K,(0)a* Iy +[a;— k,(0)a' Iyo+ 5{lay, + k,(0)ay +2k,(0)at
—k,(0)2a'+ K/ (0)a*]yi+2[al,~2x,(0)aj + k,(0)a;— k}(0)a*— k) (0)a' 1y 1y,
+[ay—2x,(0)ay ]y} +o(ly[?),
a’(y)=a’+(aj—k(0)a )y +azyy+ i{lat + k(0)a3—2k,(0)a; — k;(0)a” = k/(0)a' Iy}
+2[at,~ k,(0)at = k,(0)a3 ]y ya+aryit+o(|yl?).

Summarizing the above discussion, we obtain
Lemma 3.2: Let Q0 be a smooth domain in R* with 0edQ. Assume that A

e C2(QNF(ByR)). Then, in the new coordinates y straightening the boundary, the vector field
a(y) associated with A(x) has the following decomposition for y € By :

(a'(y),a%(»))=4(0)+VE(y)+VI(y)+curl 4(0) w(y)

- %[curle(O)—K,(O)curlA(O)T(O)]-f-ﬁ(y), (3.9)
where
Ep)=al(a1+x,(0)a®)yi+ (aytai=2u,(0)al )y iy +azy3],
L) =l +38 iy +38y 13+ Ey3]
with
Z\=aj,—ap+ai,+ k. (0)(al+a))—k2(0)a'+«.(0)a?,
&y=ap+ K,(0)(a3—2a)) = k}(0)a’ ~ k](0)a,
&=ahr~ k,(0)(ai+ay),
54:"{2_“%1"'“%2-
ID)|=0(lyl) as y—0. If 4 C*(QNF(By)), then |D(y)|<C(R)|y[ in B . 0
Note that in (3.9) VE(y)=( aylé, ayz'é). In the following we denote
e L[ L o

From (3.7) and (3.10), we can write (3.9) as follows:

a(y)=A4(0)+V,&»)+V,Z(y)+curl 4(0)&(y)

v

- T[curle(O)— k,(0)curl A(0)7(0)]+D(y), (3.11)
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where @(y)=—(y,/2)e;+(y,/2)e,. The decomposition in the form of (3.11) is more closely
related to the gauge invariance of the operators involving the vector a, and will be used often in
later sections.

IV. INTERIOR ESTIMATES
In this section we shall derive a priori interior estimates for the solutions ¢ of the equation
Vig=g in Q, (4.1)

where the vector field 4 and the function g are given. We shall establish the gauge invariant
estimates which depend on curl 4 instead of 4 itself.

Theorem 4.1: Assume that i is a smooth solution of Eq. (4.1) and curl A € L*(Q). Then, for
any compact subset K of ), there exists a constant C depending only on Q) and K such that

”lVA ’M ||§{1(K)s Ek ||VA./VA"‘#H12‘2(K)$2H Yeurl4 ”22(9)"' 6||g||22(9,) +C[1+ chrlA ”22(9)]
Js

X[”VA ‘ﬂ”iz(g)"' ”‘ﬂ”iZ(Q)]- (4~2)

Before proving Theorem 4.1 we mention that |V 44|/;2 can be controlled by ||#]|;2, as shown
in the following

Lemma 4.2: Assume that e Wll(;z(ﬂ) is a weak solution of Eq. (4.1) for geleoc(Q). Then,
for every R>0 such that B, C Q) we have

16
| W=z | leylast g | lupax
Bg Bar R* J Ry

Proof: Let 7 be a smooth cutoff function supported in B, such that =1 on By and |V 7|

<2/R. Multiplying Eq. (4.1) by 7*¢ and integrating by parts we get the conclusion. O
For_convenience we denote F; (= (V iV 4=V V)b, V jp=(9,—id’) and (¢,)
=Jadipdx.

Proposition 4:3: Let A € Cl((Y) and e Cz(m. Then,

2 IV Vsl = curl Al ) + IV 3 2 )+ 28V 40§V oihcurd ) +1(902),
J>
(4.3)

where

1(3Q)=LQ(% [VAkVA.NﬂVA“ﬁVj]_ﬁ(VAIP)'V ds

19 - -
:LQ(E5|VA¢|2+(C‘H1A)[3('//V¢)—|l//|2A]-T—Z)‘{(VAlp.y)Vf“/, ds.  (4.4)

Here 7 is the unit tangent vector to oK) such that the orientation of (v,7) is the same as the
orientation of xx, coordinates.
Proof: Let ¢;=V 4. Then,

(ViVaep,V 5V h) = (V githi JF 1) — (e F i) +(V ki, V i)

+J VAkijijdS_j VAjl,Djlkade.
Q) 9]
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Taking summation over 1=<j, k<2 we obtain

20 IV ¥ sl 200 = 2 LOVartheoFyath) = (s F i) 1+ 1502
J> Js

|
Q)

=i(Y{ V.=V o]+ 'ﬂl%_ ‘ﬂz%,CUﬂA)

% [V 4kt v, 1= V(Y 4) - vjds

HIV2S2 200+ fm ,Zk [vAkijku,-]—W<vA¢>-v}ds

= (|| curl A +2F (31460, th) + 2R(A Yy hp— A% Yd, ) ,curl 4)

HIVE Y2 20+ LQ Ek [vAkwkvj]—WwAw).v}ds

=l reurl 4|7 o, + V387200, + 28320, r.curl 4)

+2R(A4 Yoy h— A2, curl A)

g/
0]

which gives (4.3). (4.3) implies that /(9€)) is real and

jzk [Vacv)] _Vi W(V44)- V] ds,

100 =R | {3 [F 4+ Vb= V(Y ) - v ds.
Q| j.k

A computation shows

DAt Zalpkuj:mf Fio(V 1y —V 24pw)ds
a0k ko)
=9af ip(curl A)(V g1pvy—V p24hv))ds
a0

=9‘if it?(curlA)(&l¢V2—82¢vl)ds+f | p]*(curl 4) (4 vy — A% v, )ds
Q) a0

=Lﬂwurmm@w—|¢|2A]'rds;

and
R[S (omvrds=n | S (04id) T g, ds
0Tk 0Tk
o[ S 0V ey ds= f ® v d
= aft (9j Ak Aklij S_E 3Q£| Alﬂ' S.
So (4.4) is true. O
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Proof of Theorem 4.1: For a given compact subset K of (), we choose a smooth real cutoff
function 7 such that spt »C{) and =1 on K. Denote /;=V 4. From (4.3) and the Kato’s
inequality it follows that

”VlVA( ny) | ”22(9)S Ek IV 45V 4x( 7]’#)”22(9)
Js

=l mipeur 4|7 o, + V(0917200 + 28(V g1 () V 42( ), curl 4)

<llny curl 4|72, + 1 7V50+2V 7-V g5+ yh 2
+2f lcurl A||V (79 dix.
Q

Next, we estimate

1/2
J et a9 o P a=teun Al [ 15l sl

12 32
<[ curl 4 ||L2(Q)||VA( ”¢)||L2(5))||VA( ﬂ¢)||L6(g))

/
<C ||curlA ||L2(Q)||VA( 77¢)||i/22(g))||V|VA( n) | HzZZ(Q)

(by Sobolev inequality)
= %”V|VA( ) | ||i2((),) + C2||CurlA ||22(Q)||VA( ﬂ‘p)HiZ(Q)-

Therefore,

2 2 2 2
;‘”V'VA( nY) | ||L2(Q)$ H ni cur1A||L2(Q)+ 3 ” 77V/24 ¢||L2(Q)+ 12”V n-Vy WHLZ(Q)
2 4 2
+3 ” YA 77||L2(Q) + C2||Cur1A||L2(Q)||VA( 7/‘#)”1}(9)
2 2 2 2
= || eurl 4 ||L2(Q)+ 3 ||g||L2(Q) + C3[||VA ¢||L2(Q)+ ” lpHLZ(Q)]
4 2
+ C2||Cur1AHL2(Q)||VA( 77’;”)”1}(9)»

where C,,C,,C5 are constants depending only on ) and K. The proof is complete. O

V. ESTIMATES NEAR BOUNDARIES
In this section we establish the boundary estimates for the solutions of the equation
-Viy=g in Q,
(5.1)
(V) -v+yp=0 on 9Q.
As mentioned in Sec. I, by making a gauge transformation if necessary, we may assume that

divd=0 in Q, A-v=0 on Q.

Of course, under the gauge transformation, function g in (5.1) will be changed to a new function
g. However, since it does not effect the estimation given below, we still denote the new function
ghbyg.

To obtain the estimates we shall straighten a portion of boundary and study the new equation
in the half ball B . We also need to extend the solutions to the entire ball. For this purpose we
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transform Eq. (5.1) to an equation having homogeneous boundary condition. Let u be the positive
eigenfunction associated with the first eigenvalue \ of the following eigenvalue problem:

—Au=\u in (,
(5.2)

u
54— yu=0 on Q).

u is smooth and positive on Q. Set y=ud, v=log(u?), f=g/u. Then, ¢ satisfies the equation
-V2¢=Vu-V,p—\op+f in Q,

J
—d): on d().
v

In the following we denote ¢(y)= d(F(»)), 7(y)=v(F(y)), where F(y) is the diffeomorphism
defined on B Ry» S€€ (3.4). We shall always assume R<<R,/2. Let a(y) be the vector field associ-

ated with A(x) defined by (3.7). We define the following differential operators:

D(g)w=D(g)we;+D(g),we,,
1
where D(g)1=§r91, D(g)2=d,,
D(g)aw=[D(g)aw]e; +[D(g)2w]e,,
1
where D(g)a|w=§((91—ial)w, D(g)ow=(d,—ia*)w,
D(g)fw=[D(g)siwle;+[D(g)2w]e;,
1
where D(g)w=D(g)aiw, D(g)yw=_[d:(gw)—ia’gw],

A(g)w=D(g)iD(g)aw+D(g)5D(g) 2w

1‘ 1 ja!
= — 01
g g

ia
—((91w—ialw)} - ?(&lw—ialw)
1
+ g{ﬁz[g((?zw— ia’w)]—ia’g(d,w—ia’w)}.

As in Sec. Il we denote V, x=(d;x)e,; +(dx)e,. The operators D(g), and A(g), have the
following gauge invariant properties:

D(g)arv, (eX@)=e"D(g)ap, A(g)arv, (@) =eA(g)0. (5.3)

Note that, in the above notations, V ,¢=D(g) ., Viqﬁ: A(g)ad. Thus, ¢ satisfies the equa-
tion
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—A(g)ap=D(2)7-D(g),d—NJ+] on B,
(5.4)

¢
%—0 on FR,

where T'p={(y1,0):[y1|<R}.
Next, we extend the solution ¢ of Eq. (5.4) onto the entire ball. Note that
a’=0, d,=0 when y,=0.

Hence, we can evenly extend a' and ¢ in y, and oddly extend a’ in y,. Note that although g(y)
is defined on the entire ball, it is not even in y,. Therefore, for y,<0 we define

G(r1.y2)=0(1,=v2), T1w2)=0(r1,—y2)s
giy2)=g(yi,—y2),

a' (y1.y2)= a' »1>—¥2), 32()’1 V2)=— 320/1 ,—V2).

After such extensions, ¢e C'(Bg), ae C(Bg), and &jaje C'(Bg). We further notice that
D(g)a1 ¢ is continuous and even in y,, D(g),2 is continuous and odd in y,, and A(g),@ is even
in y,. Although 9,7 is not continuous at y,=0, it is bounded, and D(g),2¢=0 at y,=0. Hence,

D(g)T-D(g),¢ is continuous.
The main result in this section is the following

Theorem 5.1: Assume that ¢ is a solution of Eq. (5.4) and is extended as the above. Then,

~12 ~2 ~ ~ ~n2
3 ID(@uD(@) Bl <6172 5,46 [ D)7 D@0, v+ Cla R Bl
Js 4 4 R g

+ClgR1+aai= 2!l HD(@ 2,
+Cla.R) [ 10,02 220 PIB dy. 59
R
To prove Theorem 5.1 we need an identity, see Proposition 5.3 below. Define
Gw=D(g)aD(g)aw—D(g)kD(g)aw,
G5=D(g)yD(g)yw—D(g)D(g) 5w

Denote

R
[W]FR:L+WCIJ/1_L,WCI)’1: lim [j_R[W(ylael)_W(yl7_62)]dy1 .

R €1,6,—0

If w is continuous in By, then [W]FRZO. Note that g=1 on I';. We have
Lemma 5.2: Assume that ¢ and e CY(BR\I'y) and the support spt(¢)CBy . Then,
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JB (D(g)aih) thg dy=— fB $D(g) g dy+[v; by,

where v, =0, v,=— 1. Moreover if e C*(BR\I'y), then

| (@ Dertgay = | 6D(@)5D(e) sz v+ L1 DR I,

For our convenience we denote by |-||;2 the L norm with the weight g, and (,w),
— g
=Jp,pwgdy.

Proposition 5.3: Assume that e C'(Bg)NC?*(BR\I'z) with its support spt()) CBy , and i is
even in y,. Then,

J
_ 2 _ 2 2 2,9 [ 28
S, 1D)uD )t 3 1), 1000y + [ 1D 005 25y

—23J (6’132—0231)(D(g)a1¢)D(g)a2¢dy—29‘{f (028)
Bp Br

drg\ Ji1gdrg
o == -
g g

X(D{g) ey Dl Ly |

Bp
X(D(g)arh)D(g)a2th dy. (5.6)

Remark 5.1: Note that curla=(J,a>— d,a')/g. Although it is not continuous at y,=0, it
remains bounded. The term 9,((d,g)/g)—(312)(d,g)/g is also bounded. Therefore, the integrals

involving such terms make sense. Also note that when y,#0, gd,((d,2)/g)=—[k,(v,)]*/g
=<0. So

drg
f ID(g)aZ¢|2gﬁz<—>dy$0~
Bg g

Proof of Proposition 5.3: The proof is similar to one of Proposition 4.3, but involves more
computations. Set f;=D(g),¢. Using Lemma 5.2 we have

(D(g)aiD(g)akth,D(2) D (g) akth)
=(D()wthi, G+ D(2)uth))
=(D(&)wthic»Gjith) g+ (D(2)aithi»D(&) atkih)) g
=(D(Q) k> Gjth)g— (Wi, G i) o+ (D(2) githic ,D(2) 1)) g

v nD(g) i, — [ Vk'vlka(g);kj’vllj]FR~

Summing up the above over 1=<j, k<2 we have
2 2
2 ID(@)wD(@) kit 25 = IA b2, + 2 D) athi, Giath) = (U1, G th) o}
Jok g R g Rk

+,2k [y, D() it Ir .~ [ vt D(Q) 5 1r ).
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Since v1=0, v,=—1, ¥,=D(g)2¥=0 on I'p, we have v, ;=0 on I', and

2 AL D (@)t Ir, =~ [V D(2) iy Ir } =~ [(D(@)ar D) D ()i, = 0.

J
Here the following fact is used:

1
D(g)a11//2=D(g)a1D(g)azl//=g[alay//—ialaz¢—iﬁl(a2¢)—alazw]—>0 as y,—0.
Therefore,
2
% 1D(&) D (&) witl 25,

=18(2) a2 5,y + (D@2 = D)t Gia)s= 2 (4Gt

J
lﬂk"pZD(g)k[égD . (57

2 2
:||A(g)a¢||L2(BR)+||G12¢||L2(BR)_2 (lﬂkstklﬂj)gJ’_E
g g Jjk k g

By computation we get

%8| _ 2. [ 928
; (m,dsz(gn[ . D = fBR|D<g>az¢| gaz( .

g

9 -
dy+ L al(f) (D(g)u)D(g)wth dy,
(5.8)

% (lﬁkanklﬁj)gZZSL (0132—5231)(D(g)allﬂ)D(g)aztﬂdersz (028) 2 D(g) a1 by dy

d,90 [
+ f 18928 (D(g)a¥)D(2)w i dy. (5.9)
By &

For instance, to obtain (5.9), we note that

% (Ui, G b)) g= = (1, G 128) o + (102, G 128

= fB gl G — i G, 1dy

2§ JB (0102 0r2))(D(2)u ) D(2) s dy

+ L (22)[ 4 D(g)arthy — 41 D(g) a1 > 1dy.

Since
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JB (022) [, D(g)arth1 — 41 D(g) a1 0> ]dy

. d,90 —
- L (022)[ 2D (@) ur i + Ia(D(g) ) 1y + f lgg 22 0 dy

Bp

- d1gd —
—2% L (028) 92D (g)urth1 + f 1‘2 2 0 dy,

Bp
so (5.9) holds.

Now, (5.6) follows from (5.7) to (5.9). O

Proof of Theorem 5.1: In the proof, for simplicity we denote ¢ by ¢ and denote a constant
depending only on g and R by C. Let 5 be a smooth cutoff function supported in B, such that
n=1 on By, and 7 is even in y,. Using Proposition 5.3 we have

2 2 2
jE,I; ||D(g)a/D(g)ak( 77¢)||L§(BR)$”A(g)a( 77¢)||LZ'(BR)+ ”GlszL;(BR)
2 2
+ C{||D(g)a¢”L§(BR)+||¢||L§(BR)}+J1 +2J,, (510)
where

=l aalliD@)ne P ay.
R

J2=JB |9,8|1D(2)a2( 7)||D() (1) |dly.
R
Now, we estimate each term on the right of (5.10),
1A 7D52 5 <3125+ CUlBT2 5 FID(@)al 32 5}
&)al 7 L2(Bp) L2(Bp) L2(Bp) &)a L2(Bp)

+3JB |D(g)0-D(g).d|*g dv.,

R

1G 1292y \<CLID()adl}2 s+ | 10102 —doal|| 8] d
12 Lé(BR) 8)a Lé(BR) By 1 2 Y

1/2
sl =aealliay | [, 10G0rlID P |

12 32
< C”alaz_ 0231||L§(BR)||D(g)a( 77¢)”Lz’(BR)”V|D(g)a( 7’¢)|”L§(BR)

(by Sobolev inequality)
<€|VID(2)u( 7o)} +£II0 a’= 0y 2, [D(2)u(7)]72
a Ly(Bp) ~ ¢ 171 25 LB a Leo(Bg)

and
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C
2 2 2
J2$E||D(g)al(77¢)||L§(3R)+:||D(g)a(77¢)“L§(BR)
2 C 2
<€ [D()wD()u(n)ll;2 5, + = ID(@)al 1) 125 -
Jk g\ "R € g\ "R

Plugging the above inequalities back in (5.10), using the following

IVID@(7) 125, =Cle RO % DD 7D 205

and choosing € small enough, we obtain the estimate (5.5). O
In the same fashion as the above, one can also prove the following

Lemma 5.4: Assume that & is a solution of Eq. (5.4) and is extended even in y,. Then,

L» ID(g)a5|2gdy<C(g,R)fB {lg1*+|71*+|D(2)|*| $|* g dy.

Note that after extension J,a*—d,a' is not continuous at I' . Therefore, the estimates de-
pending only on the data given on B are needed. As a direct corollary of Theorem 5.1 we have

Theorem 5.5: Assume that ¢ is a solution of Eq. (5.4). Then,

~112 -2 ~112
jEk ”D(g)a/D(g)ak(ﬁ”L;(B;)SC{”fHL;(B;)—’— || d)”Lz’(B;)}’ (51 1)
where the constant C depends on R, g, D(g)17||L2(B;) and ||a1a2—a2a‘||Lz(B;). O
4 4

VI. UPPER-BOUND ESTIMATES

In this section, we give an upper bound for u(a4)/|o|. Throughout this section we assume
AeC*(Q).
Lemma 6.1: Assume that A e C*(Q). Then,

o |
lim sup%iminkurlA(x)L (6.1)
xeQ

g— %

Proof: Let H(x)=curlA(x). First, we note that u(—oA4)=u(cA4). In fact, for every ¢

e W(Q) we set ¢p= . Then, |V_,,¢|=|V,4|=|V 4. Therefore, we may assume o>0.
We shall show that for every x, € (),

gA)

lim sup <|H(x,)|.

o—+®

Without loss of generality we may assume x,=0.

Set h=H(0). When 2=0 the conclusion is obvious, see Proposition 6.3 below. So, we
assume /1 # 0. Denote 6= 1/\/o. Let R>0 be fixed such that B,C Q). For any e WH(Q), we let
Ys(x)=(6x) and 4 s(x)=A(5x)/ 8. Then,
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u(od) 1 fBR|VaA</f|2dx
=<

= — m — 7 77
ool

T T 12
yeWy*(By)

fBR/5|VA5¢|2 dx

inf
fBR/5|¢|2dx

be Wy (Bps)
Using (3.1) and noting that V&(Sx) = 6V E&(x), w(dx)= dw(x), we have

As(x)=Vxsx)+hw(x)+Bsx),

where
1
Xs(x) = 5A(0)-x+&(x)+6L(x),
) 1
B(;(x)=—5|x|zcur12A(0)+ SD(ﬁx),
S 2 2 .
|B,;(x)|$§|curl A0)||x]*)[14+0(8R)] in Bgs.
Therefore,

‘ . (1+)\)&”
V4,eX0b1> =V )i 5,8° =V 40— iB s’ < (1+N)|V,,0|*+ — U +0(8R))|x|* |,

where 0=\=1. So,

o4 1
el )$ inf —zd[(l—k)\)f IV ,oo|* dx
o ¢eW(l)’2(BR,6)fBR/5|¢| X Rpss
1+))6°
+¥(1+0(5R))|cur12/1(0)|2f |x|*|)* dx |
4N Rris

Choose ¢= ¢, =un,,, where u(x)=u(|x|)=exp(—H*|x[*/4) and 7,, is a smooth cutoff function
supported in B, such that 7, =1 on B,,,,. For fixed R and for all small &,

u(od)
= 2
g me|¢m| dx
(1+\)8°
T

{(HML Vol dx

(1+0(5R))|cur12A(0)|2f |x|4|¢m|2de.
Rm
We first fix m>1, A €(0,1) and let o approach + (so §—0), then we fix m and send \ to 0,

finally we send m to +. By using Lemma 2.1, we obtain

/.L(O'A) fR2|Vhwu|2dx
< =
o [ p2|u|? dx

lim sup a(h)=|n|=[H(0)|.

g— +

This completes the proof. O
Lemma 6.2: Assume that A € C*(). Then,
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oA
timsup “L72 < 5 mineurl A (o)), 6.2)
|

xedQ)

g—®

where B is given in Lemma 2.2.
Proof: As in the proof of Lemma 6.1, we only need to show that, if 0 € Q) and A= H(0),
then

gd)
lim sup M(|T|$,80|h|.

Now, we need to use the local decomposition of 4 in the new variables which straighten a portion
of boundary of d) near the point 0. We shall use the notations presented in Sec. III. For a fixed
small R>0, we have

I 5:1D() g *g(r)dy+ ¥ 4l B1 dy
Istldlg(y)dy ’

u(cA)< inf
e W*(By)

where W*(B3)={pe W"¥B}):spt(¢)C By}, a is the vector ficld associated with 4 given by
(3.7).
For o>0 we set 5= 1/ /o, as(y)=(1/6)a(dy), gs(y)=g(dy). Then, for all small J,

u(oA) J5: 1D(g5)a, 872 s(v)dy+ 82 5l 17 dy,
< inf . .
o e W*(Bys) fB;/5|¢| gs(y)dy

From (3.11) we have

a5(»)=V,Xs(y) +hd(y)+B ),

where
1 5 -
Xs(y)= 5A(0) y+EW)+6L(y),

o(y)=(—y22)e;+(y1/2)e,,

AP
2

55(y)= [curle(O)—hK,(O)T(O)]-f—%D(éy).

Here «,.(0) is the relative curvature of d{) at the point 0. Since the operator D(g), is gauge
invariant, see (5.3), so

+A

1 ~
|D(g5)a,exp(iXs) B> =|D(g ) o+ 5,81 <(1+N)|D(gs) |+ Mo |B 5|,

where \ is an arbitrary number lying between 0 and 1.

Choose ¢=¢7,,, where e W(Ri), 7, 1s the cutoff function used in the proof of Lemma
6.1. Note that g s— 1 uniformly on each B as §—0. Therefore, by the same argument as in the
proof of Lemma 6.1, we obtain

w(od) f\|~a§r|th'ﬂ|2d)’
lim su =<
0'—>+ocp o fﬂi|¢|2dy
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Since the above is true for all ¢ e W(Ri), using Lemma 2.2 we have

gA)

<PB(h)=Bolh| =Bl H(0)|.

lim sup

o—t+®

The proof is complete. O

If curl 4 vanishes at some point in Q, the estimates (6.1), (6.2) can be greatly improved.
Denote

Z(4,Q)={xeQ:curl4(x)=0}, Z(4,0Q)={xedQ:curld(x)=0}.

Define, for 7>0,

el Vul? + 57 x| ||} dx

p(7)= inf
ue W(R?) Srolul® dx

(6.3)

Using the rescaling method we can show that p(7)=p(1)|7|*3 and p(7) is achieved for every

7#0. Choosing u=exp(—|x|>/6) as a test function we see that p(1)<3/3/I'(%). Define, for a
constant vector a,

2

i
[r2|Vé—5lyl*ag| dy
g(a)= inf 5 (6.4)
gbeW(R%r) f]Ri|¢| dy
Obviously,

. PATOE L B
g(a)< inf > =p(|a|)=p(1)|a|°= a|””.
W) T2l @l* dy L)

Proposition 6.3: Assume that A € Cz(m. If Z(4,Q0)#J, then
gAd)
limsupM(T$p(l) inf |curl®4(x)|?>. (6.5)
T—® |0.| xe2(4,Q)
If Z(A4,0Q0)# O, then
g
limsume)S inf  g(curl?4(x))<p(1) inf |curl®A4(x)|*>. (6.6)
T o] xe Z(4,00) xe Z(4,00)

Here p(1) and q(a) are defined in (6.3), (6.4).
Remark 6.1: Note that |curl> A(x)|=|VH(x)|, where H(x)=curl 4(x).
Proof of Proposition 6.3: Assume that 0 e Z(4,()). For >0 we set 6= 130, Ps(x)
=(x), As5(x)=A(5x)/5*. From Lemma 3.1, we have
A 5(x) =V xs(x) = 2]x[? curl 4(0) + D o(x),

where
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) 1 1
Ro(x)= 5 4(0)-x+ S E(x)+ {(x),

1
D(;(x):?D(éx), |Ds(x)|=0(5|x]?) in Bpgs.

Set ¢,,=umn,,, where 7,, is a smooth cutoff function as we used above and u is a real function to
be determined later. Then, we have

plod) ! f 2, 1 2 20141 4 |2
S | (0 [ [90ul Flert A Ol

I |x|6|¢m|2dx].
R”Vl

First sending 6 to 0, then sending A to 0, finally sending m to +o, we conclude that

+0(9)

1+1
A

i plod) JedlVal?+ leurl® 4(0) *|x[*|u|*}dx
1m su < 1n
o'~>+ocp 3 MEW(]RZ) f\H2|u|2 dx

<p(1)|curl?4(0)|*>.

So, (6.5) is true.
Now, we assume 0 € Z(A4,9Q). From (3.11) it follows that

a(y)=A4(0)+V,&»)+V,Z(»)—3ly|* curl? 4(0) + D(p).

Using the similar argument we obtain (6.6). O
Remark 6.2: If there exist a smooth open subdomain D C ) such that curl A(x) vanishes in D,
then
2 2
||VU'A¢||L2(D) . . ||V¢||L2(D)

pu(ocAd)< inf

=\(D)
2 2 1 >
¢eW(1)’2(D) ”d’”LZ(D) ¢EW(1)’2(D) ”d’”LZ(D)

where N\ (D) is the first Dirichlet eigenvalue of —A on D.

VIl. LOWER-BOUND ESTIMATES

In this section we give an lower bound of w(coA4)/|o| for large o. The asymptotic behavior of
the eigenfunctions as o— o will also be discussed.

Lemma 7.1: Let Q be a smooth bounded domain in R* and A e Cz(m. Then,

o oplod) ,
lim 1an =min{min|curl 4 (x)|, 8, min|curl 4(x)|}, (7.1)
o—® xel) xed)

where By is the positive constant given in Lemma 2.2.
Proof: Let H(x)=curl A(x),

m(Q)=min|H(x)|, Q,={xeQ:|H(x)[=m(Q)},
Q

m(0Q)=min|H(x)|, (dQ),,={xedQ:|H(x)|=m(sQ)}
a0
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and m = min{m(),m(3Q)B,}. We shall show that liminf,_., w(c4)/|c|=m. As in Sec. VI we
assume o>0 and denote = 1/\/o. Let ° be the eigenfunction associated with u(oA4) satisfying
max,_qo|’(x)|=1. Then, ¢ satisfies

~Vip=n(cd)y in Q,

(7.2)
(Voqth)-v+yp=0 on 90.
Denote by x? the maximum point of | 4?].
Now, we assume that {0} is a given sequence, o,— + . We choose a subsequence Ok, such

that

u(op A)
‘sk —j
x %k —x", —a
O'kj

for some non-negative number a. Lemma 6.1 implies a<m. We shall show a=m. Then it follows
that a=m for any sequence {o;}. For simplicity, we denote Ok, by o. Let hs=H(x%, h
=H(x%).

Case 1: x°eQ. We shall show a=m(Q). Let Qs=(Q—x°%)/8, s(x)=yy(x°+ bx),
A5x)=(1/8)A(x°+ &x), Hg(x)=H(x’+ 8x). Note that curl 4 5(x)=Hgx). Using (7.2) we
check that ¢ 5 satisfies

(od)
SV =y in O, (13)

and |5(0)|=1=| | ;... We shall show that {5} locally converges up to gauge transformations.
Let R>0 be a fixed constant. Then, for & small enough we have B;rC 4. Since {| 4|} is
uniformly bounded in L}, ., Lemma 4.2 implies that {|V A5¢5|} is also uniformly bounded in L7,.

Applying Theorem 4.1 to Eq. (7.3) we have

u(od

) 2
1V 071 = 2N H ol z2 oy + 6| — | 1ol 725,

+ C(R)[ 1+ ”H&”iZ( )][||VA6¢5||22<32R) + ” ‘/’5||i2(32R)]

2
<CR A=) sl 2, -

Bag

So, {|V.4,¥|} is uniformly bounded in W2, hence, is relatively compact in L7 .. Since |V| ]

<[V, 41, {IV|¢sll} is uniformly bounded in L} Thus, {|¢4]} is relatively compact in L7 .

Passing to a subsequence we may assume that | 5| converges in leoc(Rz) as 60— 0. It follows from
Lemma 3.1 that

As(x)=Vxs(x)+hsw(x)+Bsx),

where
1 P ! 1o6\.2 2,8 1.8 2/ 8.2
Xa(x)ng(x )x+ 5[(9114 (x9)x7+ (01 47(x°) + 94" (x°))x x5+ drA7(x7)x5].

Set ¢ s(x) =exp(—ixs)¥s(x). Then, ¢4 satisfies

u(od)

(oa

_V%o)qsﬁ: ¢5+f5(x)a (74)
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where #=H(x°) and
fs(x)=—[idivBs+2h(hs—h)+2hw-Bs+|(hs—h)w+Bys*1ds
=2i[(hs—=h)o+Bsx)]-Vs.
Since |V, o+ 5,85/ =V, and
IV <IVh,0s 5,051 i(hs0+Bs)bol*<2|V) i 5,0sl> +2](hsw+Bs) s,
{|IV ey} is also uniformly bounded in leoc. Passing to another subsequence we have ¢s— ¢,
weakly in Wﬁ;ﬁ and strongly in leoc. Since div B4x)=(div 4)(x°+ &)—(div 4)(x°)—0, |Bsx)]
<C&|x|? and hs—h, we have f5—0 in L} . Hence, the limiting function ¢, satisfies
—V2 do=a¢, in R? (7.5)
and |¢(x)|<1. Applying Theorem 4.1 to Eq. (7.5) yields that ¢, is smooth.
Denote ¢ 5(x)= ¢ 5(x)— ¢o(x). From (7.4) and (7.5),
~Viebs=adstfs, (7.6)
where

u(od)

A

fo=fst

—a

$s—0 in LI

and ¢5—0 in L . Applying Lemma 4.2 to (7.6) we get |V,,bs—0 in Li . Since |Vy|>
<2|V,,bs*+2|hwds? we have |Vds/—0 in LL.. So,

ds—0 in W2 (7.7)
Denote w=(w',0?), V,,/=3d;—ihw'. Applying Theorem 4.1 to Eq. (7.6) we have
Ve Vietbs—0 in Li. (7.8)

Note that, for example,

N g . 1 i
Vit Vil 4’5:% ¢st lhxza b5 7 |hxy|* s
Therefore, (7.7) and (7.8) imply that a,ak<2;5—>0 in L% . So, ¢ps—0 in L} .
Now, we apply the classical C* estimates to (7.6) and conclude that ¢5—0 in C{.., that is,

$s— by in Cy,.. Especially, we get ¢o(0)=lims_ ¢p5(0)=1. Therefore, ¢, is a nonzero
bounded smooth solution of Eq. (7.5) in R?. From Lemma 2.1 we have

a=a(h)=|h|=|H(x%)|=min|H(x)|=m(Q).
xe()

Since a<m, we conclude that a=m. We also see that if Case 1 happens then m=m(Q), x°
e, and (7.1) holds.

Case 2: x" e 9Q. Now, we shall prove a=m(dQ). Let ds=dist(dQ,x°), the distance be-
tween x° and d€). Then, By, 16CQs. If there exists a subsequence 5;,—0 such that d,;j/ 6, —0,
then the argument in Case 1 also gives that u(o;4)/|o;|—|H(xg)|. Therefore, we assume that
ds/ 6 is bounded. Passing to a subsequence, we may assume that d5/6—d,.
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Let % 9Q such that |£%—x%|=dist(x?,0Q)=ds. At each point ¥° we take a diffeomor-
phism fng;OHQﬂfa(B R t0 straighten a portion of boundary around the point X such that

F5(0)=x°. For simplicity, we denote F5 by F. We keep in mind that the diffeomorphism F
depends on 6. However, the constant R, can be chosen to be independent of &, thus, we have
uniform estimates on F for all small &. Let y‘SEBEO be such that F(y®)=x°. Then, |y?%|<Cd,

=(Coé.
Let (/f‘s(f(y))zu(}'(y))lza(y), where u is the positive eigenfunction of Eq. (5.2) associated
with the first eigenvalue N and ||ul|;..=1. Then, {|#?°]} is uniformly bounded from above and

|#°(y?)| is uniformly bounded away from zero. As in Sec. V we can check that /° satisfies the
following equation:

—A(2) alh’=D(2)0-D(2) s’ +[u(d4)—N]J° in By,
(7.9)
(D(8)galh®)-¥=0 on T,.

Here the notations involved are the same as in Secs. III and V.

Define the following rescaled functions and vector fields: ¢5(y)=¢°(y), T5)=0(5y),
gs(¥)=g(dy), as(y)=(1/6)a(dy). Then,

m(oAd)—N\ -

_A(gﬁ)a5lZz$:D(g5)l75'D(gé)aﬁlZzS_’—T'ﬂ& in By, /s

(D(g5)a,hs)- v=0 on Ty 5.

Recall that 7 5= H(x%), h=H(x"). From (3.11) we have

a5(y) =V, Xs(y) +hs@(y)+Bsy),
which holds in B ;0 ,5» but not in the entire ball. Set ¢ s(y)=exp(—i¥s)#s. Then,

o~ - oy mlod)—N
DG+ 5,05=D(85)0s D(&s)nsa+b, b5t~ bs 10 Bp s

Using Theorem 5.5 we obtain

2
loc*

ds5— ¢y weakly in Wll(;z and strongly in L
Write B 5=1§ gel +1§%e2, and write the equation for <7> as follows:

(0d)

g

~ M ~ % -
—A(ga)noPs= ¢stfs In B;O/,s,

(7.10)
(D(g8)n,,Bs)- v=—iB3p5 on T ss.

Note that D(g5)175-D(g5)h55+§§$5—>0 in leoc and B5—0 in L,ZOC. So, f5—0 in LIZOC. We also
note that g5(y)=1—y,«,(8y,)— 1. Hence, @, satisfies

_Vl%zwaoz a($0 in R%—,
(7.11)
Vhw-J)O:O on aRer
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We apply Theorem 5.5 to the equation for ¢— ¢, then use the classical elliptic estimates to
obtain that ¢s— @, in C..

Recall that |y‘5|/ 85<C. By passing to a subsequence, we may assume that z°=y?%/§—z°,
hence, ¢(zo)=1im ¢ s(z°) #0. Therefore, $,=0, that is, p, is a nonzero bounded smooth solu-
tion of Eq. (7.11). Using Lemma 2.2 we conclude that

a=B(h)=Bo|h|= Bo|H(x")|= By min|H(x)|=m(3Q)B,.

xe o)

Since m(dQ)By=m=a, we have m=a. We also see that if Case 2 happens then m
=m(9Q) By, x" e (dQ),, and (7.1) holds. O
The proof of Lemma 7.1 has the following consequence.
Proposition 7.2: Assume that A € C*(Q). Let i, be the eigenfunction of Eq. (7.2) associated
with the first eigenvalue u(oA) such that ||| .<C. Then,

| ol —0 in Cp(O\Q,,) and in Ci (dQ\(IQ),,) as g—°.

Proof of Theorem 1: Combining Lemmas 6.1, 6.2, 7.1 yields Theorem 1. ([
As a corollary of Theorem 1 and Proposition 7.2, we have

Theorem 7.3: Assume A € C 2((7) and curl A(x)=H, a nonzero constant. Then

1im'u|(+|A)=ﬁo|H|. (7.12)

g—®

Let s, be the eigenfunction of (7.2) satisfying ||| .= 1, then i, concentrates at some points on
o, that is, ||| oe(o0y— 1 and

Yo— in CHQ) as o—».

Proposition 7.2 says that as o— the eigenfunctions concentrate at some points in
Q,,U(99Q),,. From the proof of Lemma 7.1 one easily see that, after rescaling near the maximum
points and making gauge transitions, the eigenfunctions exhibit profiles of either the eigenfunction
of (2.3) in the entire plane R? (when interior concentration happens), or the eigenfunction of (2.5)
in the half plane R2 (when boundary concentration happens). It will be interesting to find the
exact location of the concentration points. In Ref. 1 the concentration behavior of minimal solu-
tions of Ginzburg—Landau equations is studied and the location of concentration is investigated.
The arguments used in Ref. 1 can be applied in a similar way to obtain the location of concen-
tration of the eigenfunctions. We should mention that in Ref. 10 Bernoff and Sternberg obtained
the location of surface nucleation of superconductivity by using the asymptotic analysis.
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