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Abstract. Suppose M is a compact surface and Λ ⊂ M is a nontrivial mixing

hyperbolic attractor for some f ∈ Diff(M). We show that if Λ is a hyperbolic set

for some g ∈ Diff(M), then Λ is a nontrivial mixing hyperbolic attractor or repeller

for g.

1. Introduction

Hyperbolic attractors and repellers are central to many problems in dynamical

systems and possess many interesting dynamical properties. The structure of

hyperbolic attractors on surfaces has been studied extensively by Plykin [6],

Bonatti [1], Williams [9], Zhirov [10] [11] [12], and others. Much of the previous
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2 T. Fisher

work studies the topology of a hyperbolic attractor. In this paper we take a different

approach. Namely, we assume some knowledge of the topology of a hyperbolic set Λ

contained in a surface, and we conclude that Λ is a hyperbolic attractor or repeller.

Specifically, we prove the following result.

Theorem 1.1. If M is a compact surface and Λ is a nontrivial mixing hyperbolic

attractor for a diffeomorphism f of M , and Λ is hyperbolic for a diffeomorphism

g of M , then Λ is either a nontrivial mixing hyperbolic attractor or a nontrivial

mixing hyperbolic repeller for g.

Additionally, we are able to show, by counterexample, that the above theorem

does not hold if dim(M) ≥ 3.

Theorem 1.2. If dim(M) ≥ 3, then there exists a compact set Λ hyperbolic for

f, g ∈ Diff(M) such that Λ is a nontrivial mixing attractor for f and neither an

attractor nor repeller for g.

If the mixing condition in Theorem 1.1 is dropped we have the following weakened

result.

Theorem 1.3. If M is a compact surface and Λ is a nontrivial hyperbolic attractor

for a diffeomorphism f of M , and Λ is hyperbolic for a diffeomorphism g of M ,

then there exists an n ∈ N and sets Λ1, ...,ΛN where Λ =
⋃N

i=1 Λi, Λi ∩ Λj = ∅ if

i 6= j, and each Λi is a mixing hyperbolic attractor or repeller for gn.

We note that in [3] and [2] topologically one dimensional hyperbolic sets are

constructed on compact surfaces that are neither hyperbolic attractors nor repellers.
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The Topology of Hyperbolic Attractors on Compact Surfaces 3

There are a number of additional open problems related to Theorems 1.1-1.3.

Problem 1.4. Suppose Λ is a locally maximal hyperbolic set for a diffeomorphism

f and hyperbolic for a diffeomorphism g. Does this imply that Λ is locally maximal

for g? or that Λ is contained in a locally maximal hyperbolic set for g?

Problem 1.5. Suppose M is a compact smooth boundaryless manifold of

dimension n and Λ is a mixing hyperbolic attractor for f with dim(Eu) = n−1 and

hyperbolic for a diffeomorphism g. Does this imply that Λ is a mixing hyperbolic

attractor or repeller for g?

Related to the first problem we note that in [3] it is shown that on any manifold,

of dimension greater than one, there is an open set of diffeomorphisms containing

a hyperbolic set that is not contained in a locally maximal one.

2. Preliminaries

We first review some basic facts. A set X is transitive for a continuous map f if

there exists a point x ∈ X such that the closure of the orbit of x is X. If X is a

compact set of a smooth manifold M and f is a continuous map from M to itself,

then f |X is transitive if and only if for any open sets U and V of X there exists

some n ∈ N such that fn(U)∩V 6= ∅. A set X is mixing if for any open sets U and

V in X there exists an N ∈ N such that fn(U) ∩ V 6= ∅ for all n ≥ N .

From now on we assume that all the maps are diffeomorphisms. A compact set Λ

invariant under the action of f is hyperbolic if there exists a splitting of the tangent

space TΛf = Eu ⊕ Es and positive constants C and λ < 1 such that, for any point
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4 T. Fisher

x ∈ Λ and any n ∈ N, satisfies:

‖Dfn
x v‖ ≤ Cλn‖v‖, for v ∈ Es

x, and

‖Df−n
x v‖ ≤ Cλn‖v‖, for v ∈ Eu

x .

The pioneering article by Smale [8] states many of the standard results for

hyperbolic sets.

A set X ⊂ M has an attracting neighborhood if there exists a neighborhood V of

X such that X =
⋂

n∈N fn(V ). A set X ⊂ M has a repelling neighborhood if there

exists a neighborhood U of X such that X =
⋂

n∈N f−n(U). A set Λ ⊂ M is called

a hyperbolic attractor (hyperbolic repeller) if Λ is a transitive hyperbolic set for a

diffeomorphism f with an attracting neighborhood (a repelling neighborhood). A

hyperbolic attractor (repeller) is nontrivial if it is not the orbit of a periodic sink

(source).

Note, it is always possible to make a smooth change of the metric near the

hyperbolic set so that C = 1. Such a metric is called an adapted metric. For ε > 0

sufficiently small and x ∈ Λ the local stable and unstable manifolds are respectively:

W s
ε (x, f) = {y ∈ M | for all n ∈ N, d(fn(x), fn(y)) ≤ ε}, and

Wu
ε (x, f) = {y ∈ M | for all n ∈ N, d(f−n(x), f−n(y)) ≤ ε}.

The stable and unstable manifolds are respectively:

W s(x, f) =
⋃

n≥0 f−n (W s
ε (fn(x), f)) , and

Wu(x, f) =
⋃

n≥0 fn (Wu
ε (f−n(x), f)) .

The stable and unstable manifolds of a hyperbolic set are injectively immersed

submanifolds.
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The Topology of Hyperbolic Attractors on Compact Surfaces 5

A hyperbolic set Λ is called locally maximal (or isolated) if there exists a

neighborhood V of Λ in M such that Λ =
⋂

n∈Z fn(V ). A hyperbolic set Λ possesses

a local product structure provided there exist constants δ, ε > 0 such that if x, x′ ∈ Λ

and d(x, x′) < δ, then W s
ε (x, f) and Wu

ε (x, f) intersect in exactly one point which is

contained in Λ. For a hyperbolic set locally maximal and possessing a local product

structure are equivalent conditions.

We now review properties of Markov partitions. For a hyperbolic set Λ, the

continuity of the stable and unstable distributions implies there exist constants

ε ≥ α > 0 such that

f−1(W s
ε (f(p))) ∩ f(Wu

ε (f−1(q))) = W s
ε (p) ∩Wu

ε (q)

is a single point, possibly not contained in Λ, whenever p, q ∈ Λ satisfy d(p, q) ≤ α.

A set R ⊂ Λ is a rectangle provided R has diameter less than α and p, q ∈ R

implies that W s
ε (p)∩Wu

ε (q) ∈ R where ε and α are as above. A rectangle is proper

if R = cl(int(R)). If R is a rectangle containing a point x, then there exists a

natural homeomorphism

R ' W s
ε (x,R)×Wu

ε (x,R),

where

W s
ε (x, R) = R ∩W s

ε (x) and Wu
ε (x, R) = R ∩Wu

ε (x).

Definition 2.1. A Markov partition of Λ is a finite collection of proper rectangles

{Ri}M
i=1 covering Λ such that

1. if i 6= j, then int(Rj) ∩ int(Ri) = ∅,
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6 T. Fisher

2. if z ∈ int(Ri) and f(z) ∈ int(Rj), then Wu(f(z), Rj)) ⊃ f(Wu(z,Ri)) and

f(W s(z,Ri)) ⊂ W s(f(z), Rj).

Next, we review some facts about subshifts of finite type. Let A = [aij ] be an

n×n matrix with nonnegative integer entries. The graph of A is the directed graph

GA with vertices V(GA) = {1, ..., n} and aij distinct edges with initial state i and

terminal state j. For the graph GA with edge set E and adjacency matrix A let Σ

be the space over E specified by

Σ = {ω = (ωj)j∈Z | t(ωj) = i(ωj+1) for all j ∈ Z},

where t(ωj) is the terminal state of edge ωj and i(ωj+1) is the initial state of edge

ωj+1. The map on Σ defined by σ(ω) = ω′ where ω′j = ωj+1 is called the edge shift

map. The subshift of finite type is the space (Σ, σ). The stable set for a point t ∈ Σ

is denoted W s(t) and defined as

W s(t) = {s ∈ Σ | there exists k ∈ Z where si = ti for all i ≥ k}.

The unstable set for a point t ∈ Σ is denoted Wu(t) and defined as

Wu(t) = {s ∈ Σ | there exists k ∈ Z where si = ti for all i ≤ k}.

A matrix A is irreducible if for each pair 1 ≤ i, j ≤ n there is a k ∈ N such that

(Ak)ij > 0. A standard result states that if A is irreducible, then Σ contains a

transitive point (see [7, p. 277]).

Every adjacency matrix A can be recoded into a block lower triangular matrix,

by relabeling the vertices of the graph representing the matrix, where each block is

an irreducible component. An irreducible component is a sink (source) if there are
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The Topology of Hyperbolic Attractors on Compact Surfaces 7

no outgoing edges from (into) it. There is a dense set of points S ⊂ ΣA such that

for all s ∈ S there exists a J ∈ Z, a sink Ai, and a source Aj in A depending on s

such that for all k ≥ K the transition sk to sk+1 is contained in Ai and s−k−1 to

s−k is contained in Aj . (See [5, p. 117] for details.)

Canonically associated to a Markov partition M is a SFT (Σ, σ) with alphabet

A(Σ) = {1, ..., n} such that a transition from i to j is allowed if

f(int(Ri)) ∩ int(Rj) 6= ∅.

Similarly, a SFT (Σ, σ) with factor map π : Σ → Λ is said to generate a Markov

partition M if the following hold:

1. the image of a cylinder set C(i) = {s ∈ Σ |s0 = i} under π is a proper rectangle

for any i ∈ A(Σ),

2. a transition from i to j in Σ implies f(int(Ri)) ∩ intRj 6= ∅, and

3. if x ∈ intRi and f(x) ∈ intRj , then

f(W s
ε (x,Ri)) ⊂ Rj and f−1(Wu

ε (x, Rj)) ⊂ Ri.

For i ∈ A(Σ) we denote the proper rectangle Ri as the image of the cylinder set

C(i) under the map π.

3. Proofs

The following theorem will be useful in the the proof of Theorem 1.1.

Theorem 3.1. [3] If Λ is a hyperbolic set and V is a neighborhood of Λ, then there

exists a hyperbolic set Λ̃ with a Markov partition such that Λ ⊂ Λ̃ ⊂ V .
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8 T. Fisher

We now proceed with the proofs.

Proof of Theorem 1.1. The idea of the proof is the following. The proof is divided

into two cases. First, if for all x ∈ Λ either

TxWu(x, f) = TxWu(x, g) or TxWu(x, f) = TxW s(x, g),

then the fact that Wu(x, f) is dense in Λ for all x ∈ Λ will imply that Λ is a mixing

hyperbolic attractor or repeller. We do not assume such a choice is consistent for

all x ∈ Λ. However, we will show this implies that either

TxWu(x, f) = TxWu(x, g) for all x ∈ Λ or

TxWu(x, f) = TxW s(x, g) for all x ∈ Λ.

Second, if

TxWu(x, f) 6= TxWu(x, g) and TxWu(x, f) 6= TxW s(x, g) for some x ∈ Λ,

then we will show that any hyperbolic set Λ̃ ⊃ Λ with a Markov partition will

have nonempty interior and contain a mixing hyperbolic attractor and a mixing

hyperbolic repeller for some power of g. This will imply that Λ contains a mixing

hyperbolic attractor Λa and a mixing hyperbolic repeller Λr for some power of g.

For x ∈ Λa we will show that Wu(x, f) = Wu(x, g) so Λa = Λ. For y ∈ Λr we will

show that Wu(y, f) = W s(y, g) so Λr = Λ, a contradiction.

Before proceeding to the proof we show that the stable and unstable manifolds

of Λ for g are each one dimensional. Indeed, suppose dim(Es) = 2. Then

Wu(x, g) = {x} for all x ∈ Λ. Then for V sufficiently small and Λ̃ ⊂ V a hyperbolic

set with a Markov partition for g containing Λ we have a SFT (Σ, σ) and finite-to-

one map π from Σ to Λ. This implies that the unstable set for any point s ∈ Σ is
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The Topology of Hyperbolic Attractors on Compact Surfaces 9

finite. Hence, Σ consists of a finite number of points, a contradiction. Similarly we

can show that dim(Eu) 6= 2.

We now proceed with the proof. Suppose that for all x ∈ Λ either

TxW s(x, g) = TxWu(x, f) or TxWu(x, g) = TxWu(x, f).

Fix x ∈ Λ and suppose TxWu(x, f) = TxWu(x, g). Since Wu(x, f) is homeomorphic

to the reals we know that

TyWu(y, f) = TyWu(y, g) for all y ∈ Wu(x, f).

The set Wu(x, f) is dense in Λ, see [7, p. 424]. Hence,

TyWu(y, f) = TyWu(y, g) for all y ∈ Λ.

A similar argument shows that if TxWu(x, f) = TxW s(x, g), then

TyWu(y, f) = TyW s(y, g) for all y ∈ Λ.

Therefore, we know that either

W s(x, g) = Wu(x, f) for all x ∈ Λ, or

Wu(x, g) = Wu(x, f) for all x ∈ Λ.

If Wu(x, g) = Wu(x, f) for all x ∈ Λ, then Λ is locally maximal and has an

attracting neighborhood for g. Indeed, if we extend the adapted metric on Λ for g

to a neighborhood of Λ and fix ε > 0 sufficiently small, then the set

V =
⋃
x∈Λ

W s
ε (x, g)

is an open neighborhood of Λ such that
⋂

n∈N gn(V ) = Λ. Hence, Λ is locally

maximal for g with an attracting neighborhood V .
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10 T. Fisher

If Λ is a locally maximal hyperbolic set for g and contains a point x ∈ Λ such that

Wu(x) ⊂ Λ, it follows from Propositions 5 and 6 of [2] that Λ contains a mixing

hyperbolic attractor Λa for some power n of g. Let x ∈ Λa. The set Wu(x, gn)

trivially contains Wu(x, g). Since

Λ ⊃ Λa ⊃ Wu(x, gn) ⊃ Wu(x, g) = Wu(x, f) = Λ

we know that Λ is a nontrivial mixing hyperbolic attractor for gn. The set Λ

is transitive for g since Λ is mixing for gn. Hence, Λ is a nontrivial hyperbolic

attractor for g. We need to show that Λ is mixing for g.

The set Λ is locally maximal and transitive for g, hence Per(g|Λ) = Λ. Fix open

sets U and V in Λ and p ∈ U ∩Per(g|Λ). Since Wu(p, g) = Λ we know there exists

a y ∈ V ∩ Wu(p, g) and N ∈ N such that g−n(y) ∈ U for all n ≥ N . Hence,

gn(U) ∩ V 6= ∅ for all n ≥ N and Λ is mixing for g. If W s(x, g) = Wu(x, f) a

similar argument shows that Λ is a nontrivial mixing hyperbolic repeller for g.

Next, suppose for some point x ∈ Λ that

TxW s(x, g) 6= TxWu(x, f) and TxWu(x, g) 6= TxWu(x, f).

It then follows that there exists a neighborhood U of x in Λ such that for all y ∈ U

we have

TyW s(y, g) 6= TyWu(y, f) and TyWu(y, g) 6= TyWu(y, f).

Then there exists a constant δ0 > 0 such that Wu
δ0

(x, f) ⊂ U .

Let V be a neighborhood of Λ and Λ̃ ⊃ Λ a hyperbolic set with a Markov

partition for g such that Λ̃ ⊂ V . Since the rectangles of the Markov partition are

Prepared using etds.cls



The Topology of Hyperbolic Attractors on Compact Surfaces 11

proper and there are only a finite number of rectangles we know there exists a point

y ∈ Wu
δ0

(x, f) and δ1 > 0 such that Wu
δ1

(y, f) ⊂ Wu
δ0

(x, f) ∩ Ri for some rectangle

Ri in the Markov partition.

Claim 3.2. int(Λ̃) 6= ∅.

Proof. Fix ε ≥ α > 0 such that diam(Ri) < α for any Ri in the Markov partition

and p, q ∈ Ri implies W s
ε (p) ∩Wu

ε (q) consists of one point in Ri. Furthermore,

f−1(W s
ε (f(x′))) ∩ f(Wu

ε (f−1(x′′))) = W s
ε (x′) ∩Wu

ε (x′′)

is a single point, possibly not contained in Λ̃, whenever x′, x′′ ∈ Λ̃ satisfy

d(x′, x′′) ≤ α. By the product structure in Ri we know that for each y′ ∈ Wu
δ1

(y, f)

we have the points

W s
ε (y′, g) ∩Wu

ε (y, g) and W s
ε (y′, g) ∩Wu

ε (y, g)

are contained in Ri. Since Wu
ε (y, f) is diffeomorphic to an open interval this implies

that there exist constants δu, δs > 0 such that

Wu
δu

(y, g) ⊂ Ri and W s
δs

(y, g) ⊂ Ri.

Again using the product structure of Ri we have y ∈ int(Λ̃). 2

Claim 3.3. The set Λ̃ contains a nontrivial hyperbolic attractor Λa and a nontrivial

hyperbolic repeller Λr.

Proof. Let (Σ, σ) be the SFT associated with the Markov partition. Then there

exists a point z ∈ int(Λ̃) and s ∈ Σ such that π(s) = z and under forward iterates s

approaches a sink Ai and under backward iterates s approaches a source Aj . From
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12 T. Fisher

Lemma 4 in [2] it follows that for each x ∈ π(Ai) we have Wu(x, g) ⊂ π(Ai) and for

each x ∈ π(Aj) we have W s(x, g) ⊂ π(Aj). The set Λa = π(Ai) is a transitive set.

For ε and α as above we know that if x, y ∈ Λa, then W s
ε (x, g) ∩Wu

ε (y, g) consists

of one point. Since Wu(y, g) ⊂ Λa ⊂ Λ̃ it follows that W s
ε (x, g) ∩Wu

ε (y, g) ∈ Λa.

Hence, Λa has a local product structure and Λa is locally maximal. Let V be an

isolating neighborhood for Λa. Then there exists an ε′′ > 0 such that

V ′ =
⋃

x∈Λa

W s
ε′′(x, g) ⊂ V

is an isolating neighborhood of Λa. Fix y ∈
⋂

n∈N gn(V ′). If m ∈ N, then

g−m(y) ∈
⋂

n∈N gn(V ′) since

⋂
n∈N

gm+n(V ′) ⊃
⋂
n∈N

gn(V ′).

Hence, y ∈
⋂

n∈Z gn(V ′) = Λa and V ′ is an attracting set for Λa. Therefore, Λa is

a nontrivial hyperbolic attractor for g. A similar argument shows that Λr = π(Aj)

a nontrivial hyperbolic repeller for g. 2

Lemma 3.4. If

TxW s(x, g) 6= TxWu(x, f) and TxWu(x, g) 6= TxWu(x, f)

for some x ∈ Λ, then the set Λ contains a nontrivial hyperbolic attractor and

nontrivial hyperbolic repeller for g.

Proof. From Claim 3.3 we know that arbitrarily close to Λ there exists a nontrivial

hyperbolic attractor and nontrivial hyperbolic repeller.

Suppose Λ does not contain a hyperbolic attractor for g. Then there exists a

point p ∈ Λ such that p is a limit point of a sequence xn where each xn is contained
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The Topology of Hyperbolic Attractors on Compact Surfaces 13

in a hyperbolic attractor not contained in Λ. For ε > 0 sufficiently small the set

⋃
x∈W u

ε (p,f)

W s
ε (x, g)

is a neighborhood of p. Then there exists x ∈ Wu
ε (p, f) and some n ∈ N such that

xn ∈ W s
ε (x, g). Hence, x is contained in a the basin of attraction for a nontrivial

hyperbolic attractor Λa for all n ∈ N. This implies that gn(x) is contained in the

basin of attraction for Λa. Let x′ be a limit point for a subsequence of gn(x), then

x′ ∈ Λa and x′ ∈ Λ since Λ is closed.

Claim 3.5. If x ∈ Λ, then

g−1(Wu
ε (g−n(x), f)) ⊂ Wu(g−n−1(x), f).

Proof. Note that for all n ∈ N we know

g−1(Wu
ε (g−n(x), f)) ⊂ Λ.

Since Λ locally is a Cantor set cross an interval this implies that

g−1(Wu
ε (g−n(x), f)) ⊂ Wu(g−n−1(x), f).

2

We now return to the proof of the lemma. Suppose that

Tx′Wu(x′, f) = Tx′Wu(x′, g).

Then for n sufficiently large and ε′ > 0 sufficiently small we know that Wu
ε′(g

n(x), f)

is transverse to W s
ε′(x

′, g). It now follows from the continuity of the unstable

distribution and Claim 3.5 that Wu(x′, f) = Wu(x′, g). Hence, Λa ⊂ Λ since

Wu(Og(x′), g) is dense in Λa, a contradiction.
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14 T. Fisher

Suppose that

Tx′Wu(x′, f) 6= Tx′Wu(x′, g).

For any periodic point q0 ∈ Λa we know that Wu(Og(q0), g) is dense in Λa. Since

the intersection of Wu(x′, f) and Wu(x′, g) is transverse this implies there exists a

point q ∈ Per(Λa) and x′′ ∈ Wu(x′, f) such that x′′ ∈ Wu(q, g). Then q ∈ Λ since

g−n(x′′) ∈ Λ for all n ∈ N.

It now follows from the Lambda Lemma and Claim 3.5 that Wu(q, f) = W s(q, g).

Since Wu(q, f) is dense in Λ it now follows that

TyWu(y, f) = TyW s(y, g) for all y ∈ Λ,

a contradiction. Hence Λ contains a nontrivial hyperbolic attractor. A similar

argument shows that Λ contains a nontrivial hyperbolic repeller. 2

We now return to the proof of the theorem. Let Λa ⊂ Λ be a nontrivial hyperbolic

attractor for g and Λr ⊂ Λ be a nontrivial hyperbolic repeller for g. From the

Spectral Decomposition Theorem for locally maximal hyperbolic sets [4, p. 574]

there exist sets Λ1, ...,Λm1 , Λ′1, ...,Λ
′
m2

, and constant n ∈ N satisfying the following:

• Λa =
⋃m1

i=1 Λi

• Λi ∩ Λj = ∅ if i 6= j,

• g(Λi) = Λσ(i) for some permutation σ,

• gn(Λi) = Λi,

• Λi is mixing for gn,
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The Topology of Hyperbolic Attractors on Compact Surfaces 15

• Λr =
⋃m2

i=1 Λ′i

• Λ′i ∩ Λ′j = ∅ if i 6= j,

• g(Λ′i) = Λ′σ′(i) for some permutation σ′,

• gn(Λ′i) = Λ′i, and

• Λ′j is mixing for gn.

For each Λi there exists a neighborhood Ui of Λi such that Ui∩Λj = ∅ if i 6= j. Fix

Va an attracting neighborhood of Λa for g. Then Ui ∩Va is an attracting set for Λi

under the action of gn. Hence, each Λi is a nontrivial mixing hyperbolic attractor

for gn. Similarly, we can show that each Λ′j is a nontrivial mixing hyperbolic repeller

for gn. Let x ∈ Λa, and y ∈ Λr. Then Wu(x, gn) ⊂ Λi ⊂ Λ for some 1 ≤ i ≤ m1.

This implies that Wu(x, gn) = Wu(x, f) and

Λ = Wu(x, f) = Wu(x, gn) = Λi.

Similarly, W s(y, gn) ⊂ Λ′j ⊂ Λ for some 1 ≤ j ≤ m2 which implies that

W s(y, gn) = Wu(y, f) and

Λi = Wu(x, gn) = Λ = Wu(y, f) = W s(y, gn) = Λ′j ,

a contradiction. Hence, Wu(x, f) = Wu(x, g) or Wu(x, f) = W s(x, g) for all x ∈ Λ,

and Λ is a nontrivial mixing hyperbolic attractor or repeller for g. 2

Proof of Theorem 1.2. Let f0 be a diffeomorphism of the open 2-dimensional disk

D2 such that f0 is the identity on a neighborhood of the boundary and f0 contains a

hyperbolic attractor Λ. In the appendix of [3] such a diffeomorphism is constructed.
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Let n ≥ 3 and f1 be a diffeomorphism of the open n−2 dimensional disk Dn−2 such

that the origin is an attracting fixed point and f1 is the identity on a neighborhood

of the boundary. Let f = (f0, f1) and g = (f0, f
−1
1 ).

The set Λ × {0} is a hyperbolic attractor for f and hyperbolic for g. However,

Λ× {0} is neither a hyperbolic attractor nor a hyperbolic repeller on g.

Let M be a compact manifold with dim(M) ≥ 3. Then there exists a sufficiently

small open set U in M , a local coordinate system ϕ : U → D2 × Dn−2, and

diffeomorphisms F and G of M such that ϕ−1Fϕ = f , ϕ−1Gϕ = g, and the set

ϕ−1(Λ×{0}) is a hyperbolic for F and G, a hyperbolic attractor for F , and neither

a hyperbolic attractor nor a hyperbolic repeller for G. 2

Proof of Theorem 1.3. Let Λ be a hyperbolic attractor for f . Then from the

Spectral Decomposition Theorem we know that Λ = Λ1, ...,ΛN where each Λi is

topologically mixing and the Λi are compact disjoint topological sets. Furthermore,

there is a power m ∈ N of f such that under fm each of the Λi are invariant. Thus

each Λi is a mixing hyperbolic attractor under fm.

If there is a power n of g such that under gn each of the Λi are hyperbolic

sets, then it follows from Theorem 1.1 that each of the Λi are mixing hyperbolic

attractors or repellers for gn.

To complete the proof of Theorem 1.3 it is sufficient to show the following claim.

Claim 3.6. Given 1 ≤ i ≤ N the set g(Λi) = Λj for some 1 ≤ j ≤ N .

Proof. Let x ∈ Λi. If g(x) ∈ Λj , then there exists a δ > 0 such that

g(Wu
δ (x, f)) ⊂ Λj . This follows from the continuity of g since each Λi is closed and
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disjoint from any other set Λk where k 6= i and 1 ≤ k ≤ N . Suppose g(Wu(x, f))

is not a subset of Λi. The set Wu(x, f) is a smoothly immersed copy of R, so

identifying Wu(x, f) with the reals we can find a first point y ∈ Wu(x, f) such

that g(y) /∈ Λj . Let g(y) ∈ Λk for k 6= j. Then there is a δ′ > 0 such that

g(Wu
δ′(y, f)) ⊂ Λk, a contradiction. Hence, g(Wu(x, f)) ⊂ Λj . Then g(Λi) ⊂ Λj

since Wu(x, f) is dense in Λi.

We now show g(Λi) ⊃ Λj . There exists a sufficiently small neighborhood U

of Λi such that U ∩ Λk = ∅ for k 6= i. Then g(U) ∩ Λj = g(Λi) ∩ Λj since Λ is

invariant for g. Suppose x ∈ g(Λi) ∩ Λj . Then there exists an ε > 0 such that

Wu
ε (x, f) ⊂ g(Λi) ∩ Λj . As above suppose there is a first point y ∈ Wu(x, f)

such that y is not in g(Λi). Then there exists a δ′ > 0 such that g(Wu
δ′(y, f)) is

not contained in Λj , contradicting the choice of y. Hence, Wu(x, f) ⊂ g(Λi) and

g(Λi) ⊃ Λj since Wu(x, f) is dense in Λj . Therefore, g(Λi) = Λj . 2
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