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Abstract
A Fortran program is set up to solve for the reflectance of XUV light from a rough
two dimensional surface, resembling experimental mirrors used to reflect XUV light.
Because the roughness of the surface is on the order of magnitude of the wavelength
of XUV light, our approach requires a Greene’s Function instead of using traditional
geometrical optics or physical optics. Our Fortran program calculates the impedance
(Z) matrix which requires integration over Greene’s Function at non-singular points.
The Z matrix helps solve for the induced surface current J(~x0 ) at non-singular points.
At singular points, the program implements a series of transformations, including the
Duffy transformation, in order to eliminate the singularities. This allows for integration
of the Greene’s Function over the rough surface using numerical Gaussian quadrature
rules. The transformations lead to solving for weights specific to each singularity that
aid in the calculation of J(~x0 ) at singular points. After an incident electric field is
generated in the program, the scattered electric field can be solved for directly.
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1

Introduction

Extreme ultraviolet radiation (XUV), a section of the electromagnetic spectrum, has
wavelengths between 1 nm and 80 nm. Some applications of XUV include making precise
images because of their relatively small wavelength, developing XUV plasma spectroscopy
which helps characterize objects such as stars, and improving the resolution of lithography
[1, 2]. Looking at XUV light emitting objects can be revealing but requires telescopes with
mirrors that reflect XUV light. Because the roughness of a very smooth mirror is around the
same order of magnitude as the wavelength of XUV radiation, reflectance cannot be predicted
through traditional methods like geometrical optics or physical optics. Spatial frequency and
root mean square (rms) roughness are parameters that help characterize roughness. Spatial
frequency refers to how often bumps occur on a surface while rms roughness depicts the
height of the peaks and grooves of a surface.
We approach this problem with a scalar electric field, one component of the vector field.
Greene’s function, which aids in calculating the reflectance of XUV light, in three dimensional
space
0

eik|~x−~x |
,
G(~x, ~x ) =
4π|~x − ~x0 |
0

(1)

where ~x is the observation point and ~x0 is the source point, is a solution to the homogeneous
Helmholtz equation[3]. It relates the electric field E to the induced current J:
Z
E(~x) = J(~x0 )G(~x, ~x0 )d~x0 .
(2)

2

Approach

In the Fortran program, using a perfect conductor as the reflecting surface simplifies
calculations because on such a conductor,
Etot = 0 = Ei + Er ,

(3)

where Ei represents the electric field incident on the conductor and Er represents the scattered electric field.
The Nyström Method converts the continuous equation 2 into a matrix equation so
the induced surface current is solvable by means of matrix inversion. First, discretizing
equation 2 yields
X
E(~x) ≈ Ei =
Gi,j wj Jj
(4)
j

where Ei represents a column matrix of the values of the incident electric field at observation
points i, or previously ~x, along the surface. wj and Jj represent column matrices of the weight
determined by the cubature rule used and the value of the surface current respectively at
source points j, or previously ~x0 . Equation 1, Greene’s function, is calculated for all the
observation points i and source points j to find the values of all the entries in the Greene’s
3

Function matrix, Gi,j . The Nyström Method requires that the set of observation points are
the same as the integration points. Next, let the impedance matrix
Zi,j = Gi,j wj

(5)

X

(6)

to simplify equation 4 to
Ei =

Zi,j Jj .

j

The computer generates an incident electric field column matrix so that the only unknown
in equation 6 is Jj . Equation 6 becomes a matrix equation after finding n places where the
relationship holds true. This creates a set of n linear equations with n unknowns, making it
possible to solve for Jj using matrix inversion; however, the electric field and the impedance
matrix must be generated before solving for Jj .
(− √h3 , √h3 )
•

( √h3 , √h3 )
•
(0,0)

(− √h3 ,− √h3 ) ( √h3 ,− √h3 )
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Figure 1: The square rule is shown with the origin at the center of the square with side 2h
and points (± √h3 , ± √h3 ) [4].

•
• •
•
Figure 2: The patches used in the circular integration rule. Each patch has an equal area
and each ring has a width a [5].
The numerical cubature rule, developed by Turley and depicted in Figure 2, serves as a
tool in calculating the entries of Zi,j as it determines wj in equation 5 [5]. The cubature
rule maps the square rule [4] in Figure 1 onto a circle as shown in Figure 2. The square
4

rule numerically integrates a function over
√ a square
√ centered about the origin with side 2h
1
1
by calculating the function at points (± 3 3h, ± 3 3h) and multiplying each function value
at those points by a weight w = 14 such that the integral I over a function f (x, y) over the
square is
1√
1√
1X
f (±
3h, ±
3h).
(7)
4
3
3
The circle that we map the square rule onto has a radius s = a(N + 1) where a is the
ring width, N is the number of rings, and n is the ring index starting at zero. Each ring
has 3(2n + 1) segments such that each arc piece has the same area, facilitating the mapping
of the square rule to the circular rule. Additionally splitting the rings into patches make
calculations at singular points, where x = x0 in Greene’s Function, more efficient. After
mapping, the integration rule approximates that
I=

Z

s

Z
r dr

0

0

2π

N −1 2n+2
1
πa2 X X
1+ √
[f (r+ , θ+ ) + f (r+ , θ− )] +
f (r, θ) dθ ≈
12 n=0 m=0
3(2n + 1)
1
[f (r− , θ+ ) + f (r− , θ− )] [5]
1− √
3(2n + 1)

(8)

where r+ , r− , θ+ , and θ− are the maps of the four points from the square rule using 2h = a


1
1
r+ = a n + + √
2 2 3


1
1
r− = a n + − √
2 2 3

m + 21 + 2√1 3
θ+ = 2π
3(2n + 1)

m + 21 − 2√1 3
θ− = 2π
,
3(2n + 1)

(9)
(10)
(11)
(12)

and m and f represent the arc piece index, starting from zero in each ring, and the function
to integrate over respectively [5].
A circular reflecting surface best suits this problem because the cornerless circle reduces
edge effects and resembles the symmetry of the expected solution. Also, when we integrate
over singular patches, where the singularities are caused by Greene’s function, it is more
efficient to have the rings split up into patches rather than left as whole rings.
The coefficients in the integration become the weights needed to fill the impedance matrix
which allows us to solve for the induced surface current J(~x0 ) in equation 6. Once J(~x0 ) is
known, the scattered electric field can be solved for by plugging J(~x0 ) into
Z
Er (~x) = − J(~x0 )G(~x, ~x0 ).
(13)
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2.1

Create Surface

To create the surface, normally distributed pseudo-random numbers fill a matrix representing the surface heights at each point (i, j) in the matrix. The Box-Muller Transform
assists in generating these numbers by ensuring a normal distribution and a standard deviation of one [6]. The Fortran program randomly selects two numbers, U1 and U2 , between
0 and 1, each number having the same likelihood of being selected. Then, the Box-Muller
transform,

z1 =

p

z2 =

p

−2ln(x1 ) cos 2πU2

(14)

−2ln(x1 ) sin 2πU2 ,

(15)

returns two numbers, z1 and z2 , with a Gaussian distribution, an expectation value of zero,
and a standard deviation of one.
After the pseudo-random heights selection, high spatial frequencies must be reduced to
ensure a realistic surface, so a Fast Fourier Transform returns the amplitudes of each spatial
frequency in the surface. Next, inputting the spatial frequencies into a half Gaussian
ν2

f (ν) = e− 2σ2 ,

(16)

where ν is the spatial frequency, filters out unrealistically high spatial frequencies. A half
Gaussian works better than a hard frequency cut-off because it prevents ringing [7]. Additionally, atomic force microscopy data has shown that the power spectral density of an
experimental mirror used to reflect XUV light resembles a half Gaussian as shown in Figure
3.

Figure 3: Power spectral density of mirror used in lab to reflect XUV light. Produced from
atomic force microscopy data. Resembles half Gaussian [8].
A backwards Fast Fourier Transform returns the surface to the spatial domain where the
height entries are divided by the rms roughness of the current surface
∆h =

p
hh2 i − hhi2

(17)

hi
,
N

(18)

where hhi is the mean height
hhi =
6

N is the number of heights, and hh2 i is the mean of the square height. Finally, the product
of these heights and the desired rms roughness returns a matrix of surface heights with the
desired rms roughness.

2.2

Compute Non-Singular Impedance Matrix

Each entry of the impedance matrix correlates to the points specified in the circular
integration rule in Figure 2. The matrix is calculated by
Zi,j = wj Sj Gi,j

(19)

where w is the weight specified by the integration rule in equation 7, Sj is a column matrix
of the surface Jacobian
s
∂z 2 ∂z 2
+
(20)
S = 1+
∂x
∂y
at each of the source points, and Gi,j is the value of the Greene’s function at the points
specified in the circular integration rule, listed in equations 9, 10, 11, and 12. i and j refer to
the observation and source points respectively and are different points for the non-singular
∂z
∂z
and ∂y
describe the partial derivatives of the height of the surface
case. In equation 20, ∂x
with respect to x and y. Equation 20 differs from equation 4 by a factor of S which takes into
account the roughness of the surface when calculating each entry of the impedance matrix.
Once the incident electric field is generated, solving the linear equation
X
E(~x) ≈ Ei =
wj Zi,j Sj Jj
(21)
j

returns Jj .

2.3

Compute Impedance Matrix at Singularities

G(~x, ~x0 ) in equation 1 is singular when ~x = ~x0 . In order to address this problem, we treat
impedance matrix elements where ~x = ~x, or i = j, and where i and j are on the same patch
differently. Instead of calculating the singular entries of the impedance matrix, we integrate
over the product of Greene’s function, the surface Jacobian, and one of four equations over
which the circular integration rule is exact. We can calculate J(~x0 ) through the following
system of four equations:
X
E(~x0 ) ≈ Ei =
cj Jj
(22)
where the impedance matrix and surface Jacobian from equation 21 has been absorbed into
c.
The four functions that we use in calculating c that can be integrated exactly are

7

 
1
r

f (r, θ) = 
 θ ,
rθ
so we have a column matrix of the exact integrals

 R
0
0
0
S(~
x
)G(~
x
,
~
x
)dA
R
 rS(~x0 )G(~x, ~x0 )dA0 

R
 θS(~x0 )G(~x, ~x0 )dA0  .
R
rθS(~x0 )G(~x, ~x0 )dA0

(23)

(24)

When we plug in the points required by the circular integration rule from equations 9,
10, 11, and 12 into the functions in equation 23 on a given patch, we get a four by four
matrix since there are four points on each patch and four functions to plug each point into:


1
1
1
1
 r+
r+
r−
r− 
.
W (r, θ) = 
(25)
 θ+
θ−
θ+
θ− 
r+ θ+ r+ θ− r− θ+ r− θ−
The matrix multiplication product of W (r, θ) and a column matrix containing coefficients
c should be a column matrix of the exact integrals of the product of Greene’s function and
the surface Jacobian S(~x0 ) over each singular patch. We can solve for the weights necessary
in calculating the impedance matrix entries at singular points by solving the matrix equation

 R

 
0
x, ~x0 )dA0
1
1
1
1
c1
R S(~x )G(~
0
0
0 

 r+
 
r+
r−
r− 

 c2  = 1  R rS(~x0 )G(~x, ~x0 )dA0 
(26)
 θ+
θ−
θ+
θ−  c3  a2 R θS(~x )G(~x, ~x )dA 
rθS(~x0 )G(~x, ~x0 )dA0
r+ θ+ r+ θ− r− θ+ r− θ−
c4
where the subscripts refer to the coordinates of the four different points on a given patch.
Therefore, this equation must be solved for every patch in the circular integration region.
We integrate over dA0 or over the source points in the singular arc piece. After plugging
in the values in equations 9, 10, 11, and 12, we find the solution c to this system of linear
equations is

c1 =

√
√
√
√
1
(2(2 + 3 + (3 + 3)n + m(3 + 3 + 6n))πW (r, θ)1 − 2(3 + 3 + 6m)πW (r, θ)2
4π
√
− 3(1 + 2n)(−6W (r, θ)4 + (3 + 3 + 6n)W (r, θ)3 ))

c2 =

√
√
√
1
(2π((−1 + m(−3 + 3 − 6n) − (3 + 3)n)W (r, θ)1 + (3 + 3 + 6m)W (r, θ)2 )
4π
√
+ 3(1 + 2n)(−6W (r, θ)4 + (3 − 3 + 6n)W (r, θ)3

8

c3 =

c4 =

√
√
√
1
(−2(−2 + 3 + m(−3 + 3 − 6n) + (−3 + 3)n)πW (r, θ)1
4π
√
√
+ 2(−3 + 3 − 6m)πW (r, θ)2 + 3(1 + 2n)(6W (r, θ)4 + (−3 + 3 − 6n)W (r, θ)3 ))

√
√
1
(−2π((1 + 3n − 3n + m(3 + /sqrt3 + 6n))W (r, θ)1 + (−3 + 3 − 6m)W (r, θ)2 )
4π
√
+3(1 + 2n)(−6W (r, θ)4 + (3 + 3 + 6n)W (r, θ)3 ))

where the indices in after c and W (r, θ) refer to the specific entries in the column matrices.
Finally, we can calculate J(~x0 ) using equation 22.
In order to evaluate these integrals on the right side of equation 26, we must first eliminate the singularity using transformations. Specifically, we use the Duffy Transform which
removes a singularity at the origin of a standard right triangle by transforming the triangle
into a square, expanding the singularity into a line[9]. In order to transform the patches in
the circular integration rule into a standard right triangle to prepare for a Duffy Transform,
each patch is transformed into a square, and each square is divided into four triangles where
all triangles share a vertex at the singularity as shown in Figure 4. Because there are four
singularities on each patch, there are sixteen different transformations that transform each
triangle into a standard right triangle.
•

•

•

O

•

•

•

O

•

•

•

•

O

•

•

•
O

•

•

•

Figure 4: The Duffy Transform eliminates singularities at the origin when integrating over
standard right triangles [9]. In order to use it, we transform the patches from the circular
integration rule into a square and divide the square into triangles with the singularity at a
vertex as shown below.
After eliminating the singularity, the Fortran program can evaluate the right side of
equation 26 and therefore calculate the weights needed to calculated the induced surface
current at those source points.

3
3.1

Results and Discussion
Circular Integration Rule

Figure 2 shows results of the circular integration rule in a Fortran program and compares
it to exact answers from a Mathematica notebook. We integrate over different functions
using different radii and numbers of rings. Because the circular integration rule returns an
approximate integral, the returned value may not be the same as that from Mathematica.
When integrating over some functions such as r cos2 θ and r2 cos4 θ, only one ring is needed
9

in order for the rule to converge to an answer within seven decimal points of the exact value
from Mathematica; however, other functions like cos(r cos θ) need more rings to converge
to the correct answer. While s, the radius remains constant, we increased the amount of
rings N to observe how doing so effected the accuracy of the Fortran integral. As expected,
increasing the amount of rings, increased the accuracy of the value returned by Fortran. For
a radius of four and three rings, the Fortran result is only accurate to one digit; whereas,
maintaining the radius at four and increasing the amount of rings to sixteen yields a result
accurate within five decimal places.
Table 1: Accuracy of Fortran circular integration implementation, using Mathematica as
exact answer. f (r, θ) is function being integrated, s is radius of circle, N is number of rings.
f (r, θ)
r cos2 θ
r2 cos4 θ
cos(r cos θ)
cos(r cos θ)
cos(r cos θ)

3.2

s

N

Mathematica

1 1
1 1
4 3
4 10
4 16

1.047197551
0.589048623
-1.65985
-1.65985
-1.65985

Fortran

difference

1.047197596 -4.44526E-08
0.589048637 -1.41705E-08
-1.71043631 0.050586307
-1.65996507 0.000115072
-1.65985887 8.8707E-06

decimal accuracy
7
7
0
3
5

Surface Generation and Interpolation Using Splines

Figure 5 shows one example of a cross section of the two dimensional surface generated
by random heights and a low pass frequency filter. The discrete surface is generated from a
matrix where for each element, the row it is in defines the x-position on the surface and the
column defines the y-position on the surface. The value of the element defines the height at
that point. The blue cross symbols on the graph represent the values of the entries in the
matrix. In order to calculate the surface height at locations not given by the discrete surface,
namely the points described in equations 9, 10, 11, and 12, a spline interpolates between
the points. The black plus symbols are the interpolated values halfway between each of the
discrete surface points. The graph serves as a visual test of whether the interpolation points
seem realistic. Because the curve looks continuous and the placement of the interpolation
points appear reasonable, interpolation using splines works well in this project. Many cross
sections were generated, and many visual tests were performed until the confidence in results
reached a sufficient level.

10

Interpolation Test
0.3

Surface Height

0.2
0.1
0
-0.1
-0.2
Interpolated Surface
Generated Discrete Surface

-0.3
0

10
20
30
40
50
Location on the 14th Row of Surface Matrix

60

Figure 5: Visual test shows interpolated points seem reasonable.

3.3

Using Transformations for Non-Singular Calculations

Figure 6 demonstrates the effectivity half Gaussian filter used to eliminate higher spatial
frequencies from the random generated surface. The z axis represents height and the units
of the axes are in wavelengths. The surfaces are plotted on the same axes and scales.
Before filtering, the curvatures in the surface are closer to each other, and after filtering,
the curvatures smoothen out and spread apart. The filtering effects the surface as expected
because eliminating high spatial frequencies, which refers to how often curvatures appear in
a surface, should reduce the amount of curves in the surface.

(a) Before filter

(b) After filter

Figure 6: Randomly generated surface before and after half Gaussian filter. Height on z-axis.
Units in wavelengths. Surface is smoother after filtering because higher spatial frequencies
are reduced.
The splines allowed for calculations of the entries of the impedance matrix and for in11

tegrating over the product of the Greene’s function and the surface Jacobian over singular
patches. A Fortran module implements the transformations required by calculating the
integral over singular patches, and its results agree with a Mathematica notebook that is
expected to return the same results.
One method to develop the necessary transforms to eliminate the singularity in each
singular patch and integrate involved a series of transformations including shifting, rotating,
and shearing linear transformations for only triangle 4 in Figure 7.

2

1
O

•

3
4

Figure 7: This is how a square is divided into triangle for one of the singularities on a patch.
Each of the triangles must be transformed into standard right triangles with their singular
vertex at the origin.
In Figure 7, the singularity has already been shifted to the origin O. Next the triangle
radians using the rotation matrix
was rotated by 3π
4


3π
cos 3π
−
sin
4
4
R=
(27)
sin 3π
cos 3π
4
4
which places the shortest side of the triangle on the x-axis. Next a horizontal shearing
transformation

 √
1 1
2(1 + √16 )
(28)
H=
a 0
1
moves one vertex to x=1 and the other to y=0. Finally an affine transformation
√
√ √ !
2
6−3
√ 2+ 6
− √33−3
3−3
√
V =
0
2

(29)

fixes the first vertex at (0,0) and shifts the other two to (1,0) and (1,1).
To find the single matrix that applies these three transformations, we must matrix multiply them together in the opposite order the transformations are done in to find

6 
1 0 √3−3
A=
.
(30)
a 1 −1
The vertices of the 4th triangle are (0,0), (− a2 + 2√a 3 , − a2 + 2√a 3 ), and ( a2 + 2√a 3 , − a2 + 2√a 3 ),
so we can apply A to a matrix containing these points, expecting to find the vertices of a
standard right triangle,
! 



0 − a2 + 2√a 3 a2 + 2√a 3
0 a(√63−3)
0 1 1
=
.
(31)
1
0 − a2 + 2√a 3 − a2 + 2√a 3
0 0 1
− a1
a
12

Equation 31 confirms that A does transform the vertices of triangle 4 to the vertices of
a right triangle. Table 2 provides more reassurance that the transformations implemented
within the Fortran program work correctly. The Fortran program returned the same values
for the integration over the singular patches for the constant function f (r, θ) = 1 as the
Mathematica notebook.
Table 2: Sample of checking whether Mathematica and Fortran programs agree integrating
over singular patches using Duffy Transform. n is the ring index and m is the arc piece
index. The Mathematica and Fortran programs return the same answer.
n m
3
1
2

4

2
5
7

Fortran

Mathematica

0.0489868 + 0.0731842i 0.0489868 + 0.0731842i
0.0495319 + 0.0726653i 0.0495319 + 0.0726653i
0.0491463 + 0.0730489i 0.0491463 + 0.0730489i

Conclusion

We have found an integration method that suits the symmetry of the reflectance problem
and yields weights needed for calculating the impedance matrix entries at non-singular points.
The efficient circular integration rule generally requires few rings in order to converge to the
exact answer given in Mathematica. Additionally, a realistically rough surface was created.
A fast Fourier transform makes the reduction of higher spatial frequencies in the randomly
generated surface efficient. We have calculated the impedance matrix at non-singular points,
setting us up to solve for the induced surface current and therefore the scattered electric field.
Additionally, we have integrated over singular patches, allowing us to solve for weights that
aid in the calculation of the scattered electric field. Future work includes the generation of
an electric field and the calculation of the scattered electric field. Once this is set up, rms
roughness and spatial frequency can be studied as parameters that effect the reflectance of
XUV electromagnetic radiation.
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