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ABSTRACT

Rigorous Computation of the Evans Function

Devin McGhie
Department of Mathematics, BYU
Doctor of Philosophy

We develop computer-assisted methods of proof for rigorous computation of the Evans
function in order to prove stability of traveling waves. We use the parameterization method,
series solutions, and the Newton-Kantorovich Theorem to obtain precise, rigorous error
bounds for the numerical solution of the ODE used in the construction of the Evans function.
We demonstrate these methods on a scalar reaction-diffusion model and on the Gray-Scott
model.
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CHAPTER 1. INTRODUCTION

Many physical processes can be modeled well with partial differential equations. Traveling
wave solutions play an especially important role in PDE models of fluid flow and chemical
reactions. Of particular interest is determining the stability of traveling wave solutions. A
wave is stable if small perturbations of the wave do not significantly alter the long term
behavior of the PDE solution. If a wave is not stable, then a small perturbation of the
wave may result in the long term behavior of the solution varying drastically. This can have
significant implications. For example, an unstable wave may not even be observed in nature
since noise is always present in the physical system. Alternatively, if the model predicts a
stable wave, one expects a corresponding wave to exist in the physical phenomena.

Much work has been done studying the stability of traveling wave solutions of PDEs.
In the last several decades, huge strides have been made concerning the theory of stability
of nonlinear waves. For a very large class of systems, stability of a wave is implied by
spectral stability of the wave. Determining spectral stability of a traveling wave solution
reduces to determining the spectrum of an ODE eigenvalue problem. Typically, this ODE
is too complicated to obtain an explicit solution, and so one uses numerical methods to
approximate the solution to the ODE. By obtaining rigorous error bounds on the ODE
solutions, including using an interval arithmetic package to bound rounding error that occurs
during the computation, one may be able to prove the spectrum lies in the stability region.

The main challenge we address in this dissertation is how to rigorously compute the Evans
function, a complex analytic function whose zeros correspond to eigenvalues of the ODE
eigenvalue problem obtained from linearizing the governing equations about the traveling
wave. The wave is said to be spectrally stable if these eigenvalues, with the exception of the
zero eigenvalue corresponding to translational invariance, have negative real part. The wave
is said to be asymptotically orbitally stable if any sufficiently small perturbation of the wave

converges to a spatial translate of the wave. Spectral stability implies asymptotic orbital



stability for all the systems we consider in this dissertation, and for a very broad class of
problems; for details see [12, 15, 16, 18, 21, 28, 29, 34, 41, 42]. Thus, to prove nonlinear-
orbital stability, one may prove that the Evans function has no zeros in the closure of the
right half of the complex plane, with the exception of the origin.

Usually one must resort to numerical methods to approximate the Evans function, which
provides compelling evidence of stability, but does not constitute a proof. In this dissertation
we develop a computer assisted method of proof, or CAMP, to prove spectral stability, hence
nonlinear-orbital stability, of traveling waves in physical systems. A detailed description of
CAMP is given, for example, in [8, 13, 31, 38]. CAMP consists of rigorous analysis as-
sisted at strategic times by rigorous computations. By a rigorous computation, we mean a
computation that provides a rigorous error bound on numerical rounding error. We use the
MATLAB based package INTLAB [33], which is a well-developed interval arithmetic pack-
age. INTLAB rigorously bounds rounding error by computing with appropriate rounding a
machine representable lower and upper bound on a quantity, that is an interval containing
the desired quantity.

We note that CAMP have been used to prove several notable results, including proving
Mitchell Feigenbaum’s universality conjecture in non-linear dynamics, the Kepler conjec-
ture, and Warwick Tucker’s proof of the existence of the Lorenz attractor (14th of Smale’s
problems).

There are a few results in the literature in which stability of waves is proven using
rigorous computation; see for example [2, 3, 5]. We note the recent result described in [7],
which describes an extremely efficient method for validated numerics for systems of a certain
form. There are many systems of interest for which this method does not apply. For these,
the Evans function is a useful tool for proving stability. In this dissertation, we develop
a general approach for proving stability of waves using rigorous computation of the Evans

function. We begin by providing more background about the Evans function.



CHAPTER 2. MATHEMATICAL BACKGROUND

In this chapter we provide details about the theoretical tools we use. We begin by discussing
stability of traveling waves. We describe the Evans function, an analytic function whose zeros
correspond in location and multiplicity to the eigenvalues of an ODE eigenvalue problem one
obtains by linearizing the nonlinear PDE equations about a traveling wave solution. When
these eigenvalues, except for certain eigenvalues at the origin, lie in the left half plane, the
wave is said to be spectrally stable. For a large class of PDEs, spectral stability implies
nonlinear stability.

We also provide details about useful theory we use in developing computer assisted meth-
ods of proof (CAMP) for establishing stability of traveling wave solutions. We review results
regarding error bounds when interpolating analytic functions, and results that say the uni-
form limit of analytic functions is analytic. We review bounds on the modulus of ODE
solutions, and we review the Newton-Kantorovich contraction mapping principle, a main

tool used in our CAMP.

2.1 STABILITY OF TRAVELING WAVES

We consider evolution equations of the form

up + f(u)e = (B(u)ug ) + (C()tzs) s (2.1)
where the spatial variable x € R, the time variable ¢t € R, the unknown dependent variable
u: R? — R™, the flux term f is a function f : R®™ — R”, and the diffusion matrix B and the

dispersion matrix C' are sufficiently smooth functions

B:R" - R"™" (C:R"— R™",
We specifically consider traveling waving solutions which are solutions of the PDE that are

stationary in a co-moving frame as described in the following definition.



Definition 1. A solution of (2.1) that takes the form

u(z,t) = a(z — ct)
is called a traveling wave solution, where ¢ € R is the wave speed. We refer to # as the

traveling wave profile.

Looking for a traveling wave solution with wave speed c is equivalent, via the transfor-

mation r — x — ct, to looking for a stationary solution of

g+ (f'(u) — )uy = (B(w)ug)e + (C(0) gy ) -
We only consider the case that the wave profile is smooth with asymptotically constant

end-states,

. . _ . - (n) _ >
Iggloou(x) Us, xgrinoou () =0, n>1.

In the above equation, the superscript (n) denotes the n-th derivative with respect to x.
We are interested in determining the stability of these waves. Our main objective in this
dissertation is to develop computer assisted methods of proof (CAMP) for proving stability
of traveling wave solutions of PDEs of the form given in (2.1). As part of proving stability,
we must obtain an approximation of the traveling wave profile with concrete error bounds
on the approximation error. The method we use to do this proves existence of the profile as

well. We now describe what we mean by stability.

Definition 2. A solution U is asymptotically orbitally stable with respect to P, the set of

acceptable permutations, if for all V € P,
Ulz,t) =Uz) + V(z,t) = Uz +¢) (2.2)
for some € € R as t — oo.

Thus, a wave is stable if a sufficiently small perturbation of the wave converges to a spatial
translate of the unperturbed wave as time tends to infinity. Determining the nonlinear orbital
stability of a wave requires understanding the spectrum of the wave. Spectral stability, which

we introduce next, plays a central role in determining stability; see [19, 27, 28, 42].



2.1.1 Spectral Stability. By linearizing (2.1) about the standing wave U, and then

looking for separated solutions, we obtain the eigenvalue problem,

AV = LV = —(a(0) - V))u + (B(0) - Vi) — (1(0) - Vi), (23)
where a(U) -V =dg(U) -V —dB(U) -V - U, —dy(U) -V - Up,.

We are interested in the spectrum of L, which we now define.

Definition 3. We define:
e The spectrum o(L) of L is the set of all A € C such that L — AI is not invertible.

e The point spectrum o,(L) of L is the set of all isolated eigenvalues of L with finite

multiplicity.

e The essential spectrum o.(L) of L is the entire spectrum not including the point

spectrum, i.e. o.(L) = o(L) \ o,(L).

With the spectrum of a wave defined, we can now define what we mean by spectral

stability of a traveling wave.

Definition 4. A wave is spectrally stable if there is no spectrum of the eigenvalue problem

(2.3) in the deleted right half plane: C, := {\ € C\ {0}|Re(\) > 0}.

For a wide class of systems, spectral stability implies nonlinear orbital stability; see
(14, 19, 25, 26, 28, 27, 30, 36, 42].
We note that o,(L) # 0 since 0 is always an eigenvalue corresponding to translational

invariance, as described in the following result of Sattinger.

Lemma 5. (Sattinger [35]) The derivative of the profile U’ is an eigenfunction of L with

eigenvalue 0.

Proof. By translational invariance, we have Vo € R that

F(U(x +0)) =0,



where

F(u) := =(f'(u) = Juz + (B(u)tia)x + (C(t)tza)e-

Taking the derivative with respect to  and setting § = 0, we obtain

0= %F(U(w +0))ls—0 = F'(U(@)U'(x) = L(U'(x)).

]

The main focus of this dissertation is developing computer assisted methods of proof to
obtain rigorous error bounds on numerical computations of the Evans function in order to
determine if a wave is spectrally stable. We must also verify for given systems that the
essential spectrum is well-behaved in order to prove a wave is stable. Fortunately, this is

straightforward due to the work of Henry, as we now describe.

2.1.2 Essential Spectrum. Recall the following result of Henry regarding essential

spectrum.

Theorem 6. (Henry [18])
The essential spectrum of L in (2.3) is sharply bounded to the right of o.(Ly)Uo.(L_), where
Ly correspond to the operators obtained by linearizing about the constant solutions U = Uy,

respectively.

Thus, the essential spectrum is determined by solving the eigenvalue problem,
ANV =LV := —Oéj:‘/m + /B:I:V:mc - f)/:tva:xzv (24)
where ay = dg(Uy), fx := S(Us), and vy := y(UL).
We note that the linear operators Ly have no point spectrum, so o(Ly) = o.(Ly).
To solve the eigenvalue problem which gives the essential spectrum, we use the Fourier

transform,

(L= X)WV = (—iCas — 2By +iCPys — M)V, C€R. (2.5)



Then we can see that L — AT is singular whenever 0 € o(—iCax — (201 +i(3yL — A).

Another way of saying this is this equivalence:
N€o(Ly) <= N€o(—iCay — B +iCye — M) (2.6)
for some ¢ € R. We thus have 2n-curves A\ which correspond to

o(—iCas — By + iCPye — ).

2.2 'THEORETICAL BACKGROUND OF THE EVANS FUNCTION

In this section we describe the background needed to prove spectral stability of a traveling
wave, hence nonlinear orbital stability. By a traveling-wave solution of Uy = F(U) where F

is a differential operator in x, we mean a solution of the form
Ulx,t) = Ulx — ct),

where c is wave speed. Changing to co-moving coordinates x — x — ct and linearizing about

the (now stationary) profile U, we obtain the eigenvalue problem,

AV = LV = (DF(U) + ¢d,)V, (2.7)

where A € C. We say the traveling wave profile U is spectrally (orbitally) stable if first,
L has no spectrum in P = {\ € C|R(\) > 0}\{0} and second, multiplicity of spectra at
A = 0 (always present by translational invariance), appropriately defined, corresponds to the
dimension of the manifold of nearby traveling-wave solutions. Spectral stability has been
shown (for example see [12, 15, 16, 18, 21, 28, 29, 34, 41, 42]) in a variety of contexts, to
determine nonlinear orbital stability of traveling-wave solutions.

One may determine the presence of unstable eigenvalues of (2.7) when U is a viscous
shock wave by constructing the Evans function, D(\), which consists of writing (2.7) as a

first order ODE,



W'(z) = A(x, VW (z), Ax(\):= lim A(z;)N), (2.8)

xr—*+00

and then taking the Wronskian at x = 0 of the linearly independent spanning set of ODE
solutions W7, ..., that span the unstable manifold at * = —oco and the linearly inde-
pendent spanning set of solutions Wy.1,...,W,, that span the stable manifold at z = 400,
where n is the dimension of the ODE system. The zeros of the Evans function, D()\) =
det[Wy, ..., Wi, Wiy, ..., W] |z=0, correspond in location and multiplicity to the eigenvalues
of (2.7). With initializing basis chosen appropriately at © = 400, the Evans function is
analytic in A\. Consequently, the existence or absence of eigenvalues of (2.7) may be deter-
mined by computing the Evans function on appropriately chosen contours and counting the
winding number of the image.

For many systems, an explicit representation of the Evans function is not known and
so numerical approximation is used. Computing the Evans function numerically can be
challenging due to competing growth modes in the solutions of (2.8) leading to loss of
significance. Thus numerical methods must be chosen carefully. Many algorithms have
been developed for computing the Evans function (for a few examples see [4, 20, 23]), but
special algorithms are needed for rigorous computation in order to control the wrapping
effect (computed intervals growing too large to be useful), a known challenge with CAMP.

One way to control the wrapping effect is to use analytic interpolation, which we review

next, followed by several other tools we use.

2.3 THE COMPOUND MATRIX METHOD

When computing the Evans function, one must carefully choose the numerical method for
computing the Evans ODE. For example, suppose that {W; (z),...,W, (z)} is a basis for
the solution space of the Evans ODE (3.3) that belongs to the unstable manifold of the fixed

point zero at * = —oo. The growth of these solutions near x = —o0 is similar to that of



the solutions of the constant coefficient ODE, Y'(z) = A_Y(z). A basis for this solution
space is given by terms of the form e”*v where v is an eigenvalue of A_ with positive real
part and v is an eigenvector corresponding to v. When numerically solving for a basis
{Wi (),..., W, (x)} of the unstable subspace at x+ = —oo of the ODE (3.3), any numerical
error blows up in the direction corresponding to the eigenvalue of A_ with greatest real part.
Further, components of the solution corresponding to smaller eigenvalues get lost at machine
precision as the evolution of the ODE continues. Thus the computation is not numerically
well-posed; see [10]. To overcome this, one may use the Compound Matrix Method.

The Compound Matrix Method is used to lift a manifold from C™ to the exterior product
space AF(C"). Note that AF(C") = C(). If the dimension of the system is 20 and the
dimension of the original manifold is 10, then the dimension of the lifted space is 184,756,
which is not practical. However, for small dimensional systems, the lifted space is reasonable
to work with and has the clear advantage that the k-dimensional manifold now corresponds
to the one-dimensional manifold in the lifted system that corresponds to the largest growth
rate.

Example: Let n =4 and k = 2. Let {e,...,e4} be the standard basis on C*. Our basis
for A2(C*) becomes (e1 A ey, ey Aes,e1 Aey,ea Aey,esAey). Then we can lift a matrix B into
A2(C*) by defining B® as follows: B® oe; Ae; = (Be;) Aej + e; A (Aej). Then if
bir bz bz b
b1 bz baz Doy

b31 b32 b33 bS4

b41 b42 b43 b44



we get that

bi1 + b2 bas baa —bis —buy 0
bso b11 + bss b3y b1o 0 —byy
s | e by butby 0 iz e | 10,
—bs1 ba1 0 bao + b33 b34 —boy
—by 0 bo1 b43 baa + bay bos
0 —by bs1 —bsz bs2 b33 + baa

The resulting ODE that we wish to solve is given by

w' = B®w, wech) (2.11)

where p_ is the sum of the eigenvalues of A_ with positive real part. This new ODE is
numerically well-posed as now we are only evolving a one-dimensional manifold that corre-
sponds to the largest growth mode. The Evans function is now the inner product of the one
dimensional manifold coming from the left and from the right.

Now if we let W = e ®v(z), then W' = u~e* “v(z) + e “v'(x). So p~ e *v(x) +

et ' (x) = B®et *y(x). Then our new ODE is:

V(@) = (B® —pu)u(x)

See [6] for details.

2.4 ANALYTIC INTERPOLATION

Chebyshev polynomials are defined recursively as follows:
To(x) =1, Ti(x)==z, T,(x)=2xT, 1(x)+T, o for n>2.

To interpolate with Chebyshev polynomials we represent a polynomial in the Chebyshev

basis as py(z) = Z;y:_ol a;Tj(x). To solve for the coeflicients a;, one may use the following

10



property,

;

N if n=m=0

N-1
> cos(nb;)cos(mb;) =S N/2 if n=m >0
5=0
0 otherwise
\
i+1)mw . . . .
where 0; = % Now note that if f(z) is the function that we want to interpolate, we

have the following:

r
=

x) = Z a, cos(nb;), = an, » cos(mb;)cos(nb;) Z cos(mb;) f(z;),

J

3
Il
=)
I
o

9 _
= Ay, = sgn Z cos(mb;) f(z;).

To determine the error associated with interpolating an analytic function f, we use the

error bounds described in [32]. As detailed in these papers, if f is complex analytic inside

1 —10
Ep::{zE(C|z:§(pe + 5 )96[0727]}7

then the error bound is given by

and on the ellipse

ML,
(mD,sinhn(N + 1))’

|f(x) = pn(2)] <
where

1,
n=logp, Dy=g(p+p ") =1, L, =7/p*+p=* M, = max(|f()]).
z<bp

2.5 UNIFORM LIMIT OF ANALYTIC FUNCTIONS IS ANALYTIC

In obtaining a rigorous enclosure of the ODE solutions involved in computing the Evans
function, we use series solutions of the ODE problem. These series solutions have analytic
coefficients in the spectral parameter and these series converge as shown by bounding the
truncation error with a geometric series. We need the theorem stated in this section to show

the infinite series is analytic in the spectral parameter. We state the relevant definition and

11



theorem now.

Definition 7 (Locally Uniform Convergence). Let U C C be an open set. Let (f,) be a
sequence of functions f,, : U — C. For z € U, let D,(z) be the open disk of radius r about z.
Then f, converges to f locally uniformly if and only if for each z € U, there is an r € Ry

such that f,, converges uniformly to f on D,(z) and D,(z) C U.

Theorem 8. (Lang p156 [22]) [Uniform Limit of Analytic Functions is Analytic] Let U be
an open subset of C. Let (f,) be a sequence of analytic functions, f, : U — C. Let (f,)

converge locally uniformly to f on U. Then f is analytic.

2.6 BOUNDS ON DIFFERENTIAL EQUATIONS

To interpolate the Evans function with analytic interpolation error bounds, we need to bound
the ODE solutions associated with computing the Evans function. In doing so, the following

theorem, which we quote from [9], is useful.
Theorem 9. ([9/) Consider the system of ordinary differential equations
' = f(t, x) (2.12)

where x and f are n-dimensional vectors, and 0 < t < oo. We assume that f(t,x) is
continuous for 0 < t < oo, |z| < 0o, but we require no assumptions on f to assure the
uniqueness of solutions of (2.12), as our arguments do not require uniqueness. Suppose that

there exists a continuous non-negative function w(t,r) on 0 <t < oo, 0 <r < oo, such that
ft,x)| Sw(t,|x]), 0<t<oo, |z]<o0. (2.13)

It is well known [11, 40] that if x(t) is a solution of (2.12), and r(t) is the mazimum solution

of the scalar equation
r=wl(t,r) (2.14)
with r(0) = |z(0)|, then x(t) can be continued to the right as far as r(t) exist, and

(1) < (1) (2.15)

12



for all such t.

2.7 PARAMETERIZATION METHOD FOR VECTOR FIELDS

In this section, we describe the parameterization method, which is key to our method of
computer assisted proof. For details about this method, see [39].

Let us start with the stable manifold. Let n € R™ be an equilibrium point for an analytic
vector field f : R" — R"™. We also assume that D f(n) has m < n stable distinct eigenvalues
Aoy A € Ro Then Df(n) is diagonalizable, and we choose (1,...,(n € R to be the
paired eigenvectors.

Our method is going to look at solutions of the following equation:

0 0
Mp1m—W(p1, - pm) + o A=Y (1, o) = F(Y(p1, - om))- (2.16)
3/)1 apm
If a function ¥ : (—1,1)™ — R™ solves (2.16) and fits the constraints:
0
v(0,...,0)=mn, and %\11(0,...,0) =n;, 1<j<m, (2.17)
J

then it is a chart for some local stable manifold patch at 7.

Note that if we rewrite 2.16 more simply, to better understand, we get:
DU (p)Ap = F(U(p)). (2.18)

Theorem 10. (See [39]. ) Let ¢ represent the flow of f, and let ¥ be a solution of (2.16)
that also satisfies (2.17). Then W is a one-to-one mapping and V’s image is a local stable

manifold at n. Also,

HW(p1, . p)t) = U(Mpr, ... M),

for all p=(p1,...,pm) € (—1,1)™ and t > 0.

The proof of this theorem can be found in [39]. So V¥ tells us the embedding of the local

stable manifold, and the dynamics on the manifold due to the conjugacy. We also know

13



that if n is hyperbolic, then the stable and unstable manifolds exist and are of the same

smoothness as f.

2.8 NEWTON KANTOROVICH

To obtain a rigorous error bound on the numerical approximation of the solution to an
ODE, we use the Newton-Kantorovich Theorem. This theorem allows us to get rigorous
bounds on how good of an approximation one has to the zeros of a function. By setting up
the ODE problem as a root finding problem, one can obtain bounds on the ODE solution

approximation error via use of the Newton-Kantorovich theorem.

Theorem 11 (a-posteriori Newton-Kantorovich). (see [24])
Suppose that F': X — Y is continuously differentiable and thatz € X, AT € B(X,Y), A €
B(X,Y) with A one-to-one. Let Yy, Zy, Z1 > 0 be positive constants, and Zs : [0,00) —

[0,00) be a positive function, all satisfying the following conditions:

[AF(Z)]|x < Yo

T —AAT||px) < Zo

IA(AT = DF(@)ll5x) < Z

SUP,, 5.7 |A(DF(Z) — DF(2))||px) < Za(r)r.

If p(r) := Zy(r)r? — (1 — Zy — Z1)r + Y} is negative for some r € (0,00), then there is a

unique Z € B,(Z) such that F(Z) = 0.

2.8.1 One-dimensional fixed point example. We demonstrate how to use the Newton-
Kantorovich Theorem for rigorous computation by using it to prove that a fixed point exists
for the function g(x) = sinz — 1. We start by reformulating the problem as a root finding
problem. We define F'(z) := sinx — x — 1. Thus, if F(z¢) = 0, we have g(z¢) = zo. We

use Newton’s method to determine z := —1.934563211 such that F(Z) ~ 0. We note that
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Name of Bound Bound
Y, 0,2.47975771 % 10~1]
Zo [0, 5.33328937 * 10712
Z [0, 3.79422938 * 10~1Y]
Zo(r) [0.6596664177,0.7120642921]

Table 2.1: Table of bounds needed for the Newton-Kantorovich Theorem.

DF(z) = cosz — 1 and D?*F(x) = —sinz. Now we let AT = —1.355797141, which comes
from evaluating cosz — 1. Then A = % = —0.7375734686. Now we will let r, = 0.1 and
M = |sin ([T — r«, T + r.]) |, which gives us M = [0.8943738431,0.9654147315]. Then we can
finally find the bounds for the Newton-Kantorovich Theorem, which are given in Table 2.1

Then p(r) = Zy(r)r?* — (1= Zo— Z1)r+ Yy < 0 for r € [—1.40437, —2.47976 x 10~1°]. Thus

sinz — 1 has a unique fixed point z, with z, € [T —2.47976 x 1071°, 7 + 2.47976 % 10~17].

2.8.2 2-Dimensional Root Example. We now demonstrate how to use the Newton-
Kantorovich Theorem for a slightly more complicated rigorous computation. We prove a

root exists for the following 2-d system:

2(zq — m) + sinh x4
f(l‘hx?) =

$1—2ZE2—7T

We will use the obvious root of (7,0) to inspire our guess at the zero,

3.141592654

Kl
I

0

We will use a value of r, = 1% 107!°. Now we need to calculate D f and evaluate it at our z:
2 coshxy

Df(fﬂl,wz) = )
1 -2

15



1
At =Df(z) =
1 -2

Next we calculate our D?f(x1, z5) which ends up being 2 x 2 x 2,

) 0 0
Dzlf(ml,ﬂh) = )
00
) 0 sinh s
ngf(xth) =
0 0

And then when we evaluate the derivatives at z, yielding,

D? f(m,0) = 00 D? f(m,0) =

00 00
We choose
2 1 04 0.2
Al = and A=
1 =2 0.2 —-04

Then ||Al|p; = 0.6, which gives us:

8.2041
f(z) =10« ,
4.1021
B . [ 41021 1
| Af(@)|lar = [|10710 % € [0,4.1021  1071°] = Y,
0
M

11— AAT|| =0 = Z,,
JA(A" = Df(z))|| = 0 = Zi,
M €[0,1%1071],

|M * Al| € [0,4 %1071 = Z,.
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Then plugging these values into the Newton-Kantorovich equation yields
p(r) = Zo(r)r? — (1 = Zy — Z))r + Yy = (4% 107109% — r 4 4.1021 % 1071,

so that p(r) < 0 when 7 = 107°. Thus a root of f exists within a neighborhood of Z of size

107°.
CHAPTER 3. A REACTION-DIFFUSION EQUATION

We now demonstrate how we compute the Evans function rigorously to determine stability of
a traveling wave solution. We illustrate our method with a scalar reaction-diffusion equation,

Up = Upy — U+ 1%, z €R. (3.1)

A traveling wave solution satisfies the corresponding profile equation,

v = cuy +u — u?,

where ¢ € R is the wave speed. With zero wave-speed, a standing wave solution is given by

q(z) == (3/2) sech?(z/2).
We linearize (3.1) about the profile ¢(z) and then seek separated solutions to obtain the

eigenvalue problem

Au=u"+ (2¢ — 1)u.
Writing this as a first order system, where W = (wy, ws)? = (u,u')T, we have
Wi(z) = Az; AW (),
0 1 (3:2)

I+ X—2¢(x) 0

A(z; N) =

We define AL(\) = lim, 40, A(z; N).
We note that the ODE given in (3.2) is invariant under the coordinate change z — —x,

wy — —wsq. This invariance allows us to define the Evans function, without loss of generality,

17



as

D(X) = wy1(0; N)wo(0; N),
where W : (—o00,0] — R2, W (x; \) = (w1 (z; \), wa(x; \))7, is a solution of (3.2) that belongs
to the unstable manifold of the fixed point zero.

As detailed in Section 2.2, the Evans function is constructed by solving for a basis of
solutions of (3.2) that belong to the unstable manifold at x = —oo, and for a basis of
solutions of (3.2) that belong to the stable manifold at * = +oo, and then forming a
matrix for these solutions and evaluating the determinant of that matrix at x = 0. For this
simple example, the unstable and stable manifolds are one dimensional. In this situation, to
make (3.2) better conditioned, it is standard practice to factor out the asymptotic growth
of the ODE solution as * — Zo0o. This rescaling is accomplished by defining a function
V by W(z) = eV (x), where p is the the eigenvalue of A_ with positive real part, or
the eigenvalue of A, with negative real part. The new ODE to solve is then of the form
V'(x) = (A(x; \) — pl)V(z). The solution V' posed on a half-line converges at asymptotic
rate as x — +o0o to the eigenvector of AL that corresponds to pu. We recall that under the
rescaling, W(0) = V/(0), so the roots of the Evans function remain the same.

In our computer assisted proof, we make a different choice than the usual one for rescaling
(3.2), which allows us to use the parameterization method, described in Section 2.7, to
obtain a tight enclosure of the solution to (3.2) on an interval (—oo, x| for some zy < 0.
In particular, we rescale (3.2) via W(x) = e**V(x) where u is chosen so that the positive
eigenvalue of A_ — ul is the same as that of the Jacobian of the profile ODE. If we do
not make this scaling choice for u, the series expansion for the solution to (3.2) will have a
different basis than the series expansion for the solution of the profile equation. If we use the
usual scaling used in an Evans function computation, then the solution we seek will belong
to the center manifold rather than the unstable manifold, and there will not be an analytic
expansion of the solution in the basis we use. Thus, our careful choice of the scaling factor

1 is key to the method.
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For the scalar reaction-diffusion system (3.1), choosing yt = v/1 + A — 1 results in A_ — pul
having a single positive eigenvalue, 1 € o(A_ — uI), which corresponds to the single positive
eigenvalue of the Jacobian of the profile ODE equation evaluated at the fixed point zero.
Parameterizing by pu, rather than by the spectral parameter A, leads to the new ODE system

to solve,

(3.3)
Az p) =
(0 +1)*=2g(z) —p

We newly define Ay (p) = lim, 400 A(x; p).
To obtain a rigorous enclosure of a solution of (3.3) on the interval (—oo, 0] belonging to

the unstable manifold of the fixed point zero, we carry out the following steps:
(i) We augment (3.3) with the profile equation to form a larger system.
(ii) We formulate finding the solution of this augmented system as a root finding problem.

(iii) We obtain a solution of the augmented system on the interval (—oo, ] for some xy < 0

using the parameterization method.

(iv) We obtain a solution of the augmented system on small intervals [z;,z;.+1], where

To < 1 < T9 < ... < xy, Via a series solution.

(v) We use the Newton-Kantorovich Theorem, described in Section 2.8, to obtain a rigorous
bound on the error of our numerical approximation of the solution to the augmented

problem.

The augmented system is given by

19



Yy z
2
2 y—y
= , (3.4)
v W — v
w ((u+1)%=2y)v — pw

where © = v/1 4+ A — 1, the first two components are the profile equation, and the last two

components are those given in (3.3).

3.1 FORMULATING A ZERO FINDING PROBLEM

Next, we form a function whose roots correspond to the existence of an ODE solution of
(3.4). First, we define ®(#) to be a parameterization of the unstable manifold of the fixed
point zero of the ODE system (3.4). We define ®(y, z, v, w, Ax) to be the solution at Az of

the initial value problem (3.4) with initial conditions (y, z, v, w) at x = 0. We then form the

function
Vo — @(0)
‘/1 - ¢0<%,A$)
Vo — i (Vy, Az
F(X) 5 — 1 (V1, Ax)
Vn — n_1(Vn-1, Ax)
ZN
where X = (0)y07Z07U0aw07y17zlavbwla e 7yN7ZN7UN7wN) and

T
Vi = (yk 2k Uk wk) ‘

The zero of F' will give the solution to (3.3) at the nodes

ro=—-NAz <x; < ..<zy=0,

where ;41 — z; = Az for each 0 < j < N — 1. That is, (y;, zj,v;,w;) is the value of the

solution to (3.3) at x;. This is demonstrated in Figure 3.1. Red dots indicate the ordered
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pairs (x;,y;). The solid black line indicates the actual profile solution.

081 y
0.6
0.4r

021

-4.5 -4 -3.5 -3 2.5 -2 -1.56 -1 0.5 0

Figure 3.1: Plot of the profile solution with a solid line, and plots of the ordered pairs (z;,y;) that
form some of the components of the vector that is a root of F.

To apply the Newton-Kantorovich Theorem to obtain a rigorous bound on the error of a

good approximation X of the zero of F, we need the Jacobian of F, which is given by

_% Lisa 0 0 0

0 —Dy(Vo, Ax) L . 0 0

0 0 —Dy(Vi,Az) I 0
DF(X) = PR, 82) T :

0 0 0 oo =DY(Vy_1,Az) Iixq

0 0 0 0 eg

where el is the standard Euclidean basis vector (0,1,0,0)%.

We also need the second derivative Dy F', which we do not record here as it is a large 3D
array, but we note that it is convenient to code it by using a for loop ranging from 1 to N
and using the fact that DF' is band-diagonal.

Next, we describe how we obtain a rigorous enclosure of the parameterization ®(#) of the

unstable manifold of the fixed point zero of (3.3).
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3.2 PARAMETERIZATION OF THE UNSTABLE MANIFOLD

We obtain a solution of (3.3) on the interval (—oo, x| that belongs to the unstable manifold

of the fixed point zero by making the Ansatz that

y(x) Un

z(x) < | zn
=2

v(x) n=0 | vy

w(z) Wh

0" (z),

where 0(z) = fpe” and 0y € R is constant. Plugging the Ansatz into (3.3), we obtain

!

S ()
Sem@) |

S vaf (@)
Siewtn())  \ -2

Zf:o 20" (1')
S o Un (@) — (2 yn (2))”

2o wnb" ()

o Unf" () (20 vab" () + (1

— Yoo vnd™ (@)

+A) Xt vt (@) —

This leads to the following recurrence relation for n > 2,

01

1
nl —

0
0
0

We define

B! =

0 0 Yn 0
0 0 A Zz;i Yn—kYk
—l 1 Un 0
(h+1)* —p) | |wa] —2 31 Yok
n —1 0 0
-1 n 0 0
0 0 n+pu —1
0 0 —(p+1)? n+p
S 0 0
n21—1 n2n—1 0 0
0 ntp 1 ’
(ntp)?=(p+1)?  (ntp)?—(u+1)?
0 (pt1)? ntp
(ntp)?=(p+1)2  (nt+p)?—(p+1)2

22

ny - "(x)

—ownt

(3.5)




so long as (n + p)? — (u+ 1)* # 0. For R(\) > 0, we have R(u) > 0, and so B, is always
invertible for n € N, n > 2. That is, there are no resonances. Thus we can solve for
(Yns Zn> Vn, wy) T in equation (3.5).

The series is initialized with (yo, 20, v, wo) = (0, 0,0, 0) and with the first order coefficients
given by (y1, 21, v1,wy) = (1,1,1,1 + u), the eigenvector with corresponding eigenvalue 1 of

the Jacobian of (3.4) evaluated at the fixed point zero,

01 0 0

10 0 0
J(0,0,0,0) =

0 0 — 1

00 (p+1)> —p

With these choices and inside the radius of convergence of the series, the series gives
a solution of (3.4) that belongs to the unstable manifold of the fixed point zero. The

parameterization of the unstable manifold of interest is thus given by

o0

o(0) = Z(ymzmvn,wn)TQ”.

n=0

To determine a lower bound on the radius of convergence of the series, we bound the

series by a geometric series as described in the following proposition.
Proposition 12. If R(u) > —1 and C = 4 - max(1, |1 + pl|), then

n+1
b o ool < (5) €
for alln € NU{0}.
Proof. We first recall that yo = zg = v9 = wg = 0, so the result is true for n = 0. We recall
that (y1, z1,v1,w1) = (1,1,1,1 4+ p), so the result is true for n = 1. Let n > 2 be an integer.

Assume that the result holds for indices 0 through n — 1. We show that |w,| < (%)n+1 cr.

Showing the other three nth coefficients satisfy this bound is similar, but more straight
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foward. Using B, ! to solve (3.5), we have

n—1
n-+ p

w,| < |—2 n—kU
fwal < (n—1)(n+1+2u) ;y ok
n—1 n+2

n—+pu 1

<2 - c"
T (n=1)(n+1+2p) ;(2)

n+1
<) ol
2 n+p+ (14 p)

O

When using the Newton-Kantorovich Theorem, we need to compute ®(6) and its first
two derivatives. Let r = |C6/2] where C' = 4 - max(1,|1 + u|). If » > 1, the geometric
series bounding the coefficients of ® does not converge. Otherwise, excluding the terms of
the series of index N + 1 or bigger, the truncation error bound satisfies
SRTLEE DI

2

n=N-+1 n=N-+1
1 TN—i—l

<z ;
21 —r
where y,, represents y,, 2, v, or w,. To bound the truncation error involved in computing

1N+

®'(0) and ®"(0), we define f(r) := 55— The bound on the truncation error involved in

computing ®'(0) is Cf , and for ®”(0) it is 021;”(7")'

Next, we obtain the recurrence relation for the series solution over a finite interval.

3.3 SERIES SOLUTION ON A FINITE INTERVAL

To obtain the solution of (3.4) as an initial value problem with initial condition (yg, 20, vo, wo)”

at x = 0, we make the ansatz

o0

(y(Az), z(Az),v(Az), w(Ax)) = Z(yn, Zn,y Up, Wy ) (AZ)"™.

n=0
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The recurrence relations are thus given by

Zn
Yn+1 = n+ 1
1
n+1 Yn — Zykyn k
1
Up+1 = n+1( n_/”)n>>

1 n
Wp+1 = ntl ((M + 1)2Un — pwy, — 2 % yk”ﬂ—’f) )

for n > 1, where g, 20, Vo, Wy are given by the initial condition.

We define x = (yo, 20, vo,wo)". For 1 <i < 4, we obtain the derivatives
ayn—H 1 azn
% n+10x;’

Oznyr 1 [ Oyn Oy, Yk
oy  ntl (axi kz<a nor o))

8Un+ 1 ]. ( awn avn )

OXi ~n +1 \ dy B Maxi
Wy 11 1 o owy, " [ Oy OVp—1
= 1 - —2 e .
OXi n+1 ((u—i— ) OXi M@xz % <8XZU bt Y OXi ))

We note that

8yn—f—l _ ayn-‘rl _ aZn—s—l _ 8Zn—s—l -0
87)0 3w0 81)0 awo .

The second derivatives are then given by

02yn+1 1 5’22n

Pepsr 1 < *Yn _Z": ( Oy - L Oy Oyn-ic | Oyi Oy e 32ynk)>
OxiOx; n+1\oxdx; “=\oxox; = Oxi Ox;  Ox; O oxiox;) |’
Pvpir 0*w,, 20,

oxi0x; n + 1 8)(18)(] 3X13Xg>

82wn+1 ( aan )

oviox; n+l a axj ~Hoxiox,
2 ( Yk i Y OV, n Y OV, n 82vn—k>'
+ k=0

Yk
OXiOX; oxi Ox;  Oxi Ox; OXiOX;
Next, we establish a result which allows us to use computer assisted proof to bound the
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coefficients and their first two derivatives by a geometric series.

Proposition 13. Let N € N, m € N, C > 0, and define Cy = 2™ max(|yol, |20, [vo, |wol)-

‘ 2 ¢n | CoC™

If for all 0 < n < N and each ¢y € {Yn, Zn, Un, 20} it holds that |py|, |222], o o

oxi I’
1 1
122 (0 92=m
—c< 2 )

and if

1+ Iu\
“C(N+1)
LS ulP A ul 27 C
- C(N+1) c
then |yal, |2al, [vnl, |wa] < SE- for all integers n > 0.

Proof. We prove the result for 2 o g“ using induction. Proving the result for the other terms

is similar, but less involved. Assume the hypothesis holds. Let n > N be an integer. We

note the following bounds on representative terms, which hold by the inductive hypothesis,
2 n
8 Yn < C()O
8)@8)@ - 2m
ayk 8Un_k < CSC”
8)(2 8)(] - 22m ’
2 2/ n
O Yy o | < csC ‘
8)(23)(] 22m

Using the appropriate analogous bounds on all the terms, we see that

1 ) S L C,C
((Iu+1\ + | u|)CoC™2 +2k2:04 o )

‘ aanJrl
Oxi0x;

“n+1

< O()Cm+12_m <|lu + 1|2 + |1u| 23mc«0>

C(n+1) C
< CpC™*12=m  Thus, by induction the

[Ltpl+lpul  28-mC w41
Hence, if 1 > onNty T o , then axiOxs

result holds for all integers n > 0. [

With these propositions in place, we are ready to use the Newton-Kantorovich Theorem

described in Section 2.8.
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3.4 NEWTON KANTOROVICH THEOREM

Applying the Newton Kantorovich Theorem described in Section 2.8 to the function F
described in Section 3.1, we obtain a rigorous enclosure of the Evans function for a single
value of p. We record statistics for the case that p = 1.

We choose 0}, so that xg corresponds to x = —5. We use Az = 0.1. We obtain an
initial guess T to the zero of F' by computing with double arithmetic the solution to (3.4)
initialized with ®(0;). We use the first 21 terms of the series to compute ®(#), and we
use the first 36 terms of the series to rigorously approximate the solution of (3.4) over an
interval of width Az, although we only use 21 terms to compute the second derivative as only
a rough upper bound on the modulus is needed. We took r = 5e — 9 to compute p(r) in the
Newton-Kantorovich Theorem, though we bounded the second derivative using r = le — 5.

We choose A" to be the midpoint of the Jacobian, DF, of F. We use double arithmetic
to set A to the numerical approximation of the inverse of Af.

The resulting bounds associated with the Newton-Kantorovich Theorem are

Yo ~ 6.850 x 107"
Zy ~ 8.559 x 107"
Zy ~2.7710 x 10717
Zy(r) ~ 7.2521 x 10°
p(r) = Zy(r)4* — (1 = Zoy — Z1)r + Yolr—se—o
~ —4.296 x 1077
Since p(be — 9) < 0, the zero of F' lies within r = 5e — 9 of the initial guess z. It took
833 seconds to run the code.
The next step is to determine for which values of 1 we need to compute the Evans
function. In the next section, we obtain a bound on the modulus of unstable eigenvalues,

which in turn gives a bound on u.
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3.5 ENERGY ESTIMATE
We recall that the reaction-diffusion equation of interest is given by

Up = Ugy — U+ U2 (3.6)
Recall that a standing wave solution is given by ¢(z) := (3/2) sech®(x/2). Linearizing (3.6)

about the standing wave ¢, and looking for separated solutions leads to the eigenvalue prob-

lem

A= u" —u+ 2qu. (3.7)

We note that the essential spectrum consists of (—oo, —1]. We use an energy estimate to
obtain a bound on how large the modulus of an unstable eigenvalue can be. We multiply

both sides of (3.7) by @ and integrate over the real line to obtain

M2 = —|yuy|§2+/ au"+2/ qui
o S (3.8)

=l = s +2 | qlul
—00

where the last line comes from doing integration by parts on the second term. Taking the

real part of (3.8) leads to
Rullzz < 2lgllcllullze = llullzz — vlZ2
< 2|z,
since ||q]|loo < 3/2. Thus, R(A\) < 2. Since the right hand side of (3.8) is real valued, we
conclude () = 0. Thus it suffices to find any point spectra in the real interval [0, 2].
The next step is to determine where nodes should be placed in the interval [0,2] for

analytic interpolation.

3.6 ANALYTIC INTERPOLATION

We now describe the various choices we make to carry out analytic interpolation, as described

in Section 2.4. We use the coordinate change p = (up + pr)/2 + (g — pr)ft/2, where
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i € [—1,1] and py and pg are the left and right bounds of the values of p that we consider.
We choose p = 3 and verify that ®(u) > —0.5 for i inside and on the ellipse given by
E, = {(pe®+p~te ") /2}. We then divide [0, 2] into 10 equally spaced intervals and obtain
a bound, using interval arithmetic computations, on the modulus of the Evans function
evaluated at each of those subintervals. To bound the Evans function, we evaluate ®(6)
and verify that the series, by which ®(0;) is defined, converges. This gives a bound on
the size of the solution (y, z,v,w)T of (3.4) at xy. We then use the method described in
Section 2.6 to obtain a crude bound on the growth of the solutions over the interval [z, 0].
We then use these bounds to bound the modulus of D(u) = v(0)w(0). We request that
the interpolation error be no more than 107!°, which results in the number of interpolation

nodes needed being 59.

3.7 RESULTS

In Figure 3.2 we plot the Evans function, as computed rigorously, against the spectral pa-
rameter A at the interpolated nodes needed for rigorous interpolation. We note that the sign
of the Evans function changes at approximately A\ = 1.25, which indicates the existence of

an unstable eigenvalue.

0.8

0.6 K

-0.2

0 0.5 1 1.5 2

Figure 3.2: Plot of the rigorously computed Evans function at the nodes needed for rigorous
interpolation.

29



If the there were no eigenvalues and we wanted to prove the wave is stable, we would
choose enough interpolation nodes to have a good approximation of the derivative of the
Evans function by the derivative of the Chebyshev interpolant; see [32, 37]. We would then
evaluate the interpolant all along the interval [0, 2] to ensure that there are no zeros of the
Evans function except at A = 0. In a small neighborhood of A = 0, the interval enclosure of
the Evans function evaluation would include zero. However, in that neighborhood, we would
use the derivative of the interpolant to show that the derivative is of one sign only, hence
the Evans function has only one zero at the origin.

With this scalar reaction-diffusion model, we have demonstrated how to obtain rigorous
error bounds on the computation of the Evans function. We recall a few key points of this
method before demonstrating in the next chapter how to deal with some other situations

that arise when computing the Evans function for other systems.

(i) Using the parameterization method is essential in order to represent the solution of
(3.4) on the interval (—oo, z5]. We note that the choice of 0, for all values of the spectral
parameter A makes it so ®(0y; ), which is ®(6) for a given p, varies analytically with

respect to p. This is important in order for the Evans function to be analytic.

(ii) The careful choice of scaling factor p is key to be able to represent the unstable manifold
of the fixed point zero of (3.4) using the parameterization method. We must choose p

so that an analytic solution exists for the manifold we wish to obtain.

(iii) The use of the standard polynomial basis for the series solution on the finite intervals of
width Az is convenient since we can use a proof by induction to bound the coefficients
of the series with a geometric series. We note that many other rigorous methods work
for computing the solution on these intervals, including the use of a series with a basis
consisting of the Chebyshev polynomials. Some of these other methods are far more

computationally efficient, but also more involved to implement.
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(iv) Finally, we note that in more complicated systems, one may have to solve for an
unstable or stable manifold that is of dimension larger than one. We outline how to

deal with this situation in the next chapter.

CHAPTER 4. MULTI-DIMENSIONAL MANIFOLDS

In this chapter, we use the Gray-Scott system to demonstrate how to deal with the situation
that the dimension of the stable/unstable manifold of a fixed point (the limit of the profile
as r — 400) of the profile equation is greater than one. All other aspects of rigorously
computing the Evans function are demonstrated in Chapter 3. We begin by introducing the

system.

4.1 THE GRAY-SCOTT SYSTEM

The Gray-Scott system of equations is given by

Uy = Ugy — uv? + (1 — u),

(4.1)
Vy = Vgg + Uy — v /7,
where o,y > 0. A stationary traveling wave solution satisfies the profile equations,
v’ = uv® — a(l —u),
1 (4.2)
V' =~ (v — w?)
Y
Setting w = o/, and z = v/, we arrive at the first order system,
!/
u w
w uv? — a(l — u)
= (4.3)
v z
2 (v —uv?)

The Jacobian of this system is given by,
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v4+a 0 2uv 0
0 0 0 1

== 0 %(1—2uv) 0

The fixed points of the system (4.1) are (1,0,0,0)T and (uo, 0, 1/ug,0)T, where we define

_1%y/1-4/a
2

Ug = . The eigenvalues of the Jacobian evaluated at the fixed point (1,0,0,0)7 are

given by uf = 4++/a and /ﬁ = i%. Corresponding eigenvectors are given by (1, i, 0, 0)”
and (0,0, 1, u3)T, respectively.

We note that the unstable manifold of the fixed point that corresponds to x = —oc is
two-dimensional, as is the stable manifold of the fixed point that corresponds to x = +4o00.
Parameterizing these manifolds is more involved then what we described in Chapter 3 since

the manifolds are now two-dimensional. To parameterize the unstable manifold of the fixed

point (1,0,0,0), we make the ansatz

u(x i Upnn m n
(z) — Z <9?euffﬁ> (986@%)
v(x) mn=0 \ Upmn
The unstable manifold is then parameterized by 6; := Q?e“fr"” and 0, := 086“;9”. This

again leads to a recursion formula that we can show yields coefficients that are bounded
by a geometric series inside a certain radius. The main difference is in how we rescale the
Evans function given that the profile requires an ansatz of this form. We recall that for the
system described in Chapter 3, we rescaled the Evans function which in practice resulted in
subtracting p multiplied by the identify from the matrix A(z;A) given in (3.3). We recall
that u was chosen so that the eigenvector corresponding to the eigenvalue of A_ with positive
real part was an eigenvector of the rescaled system, A_ — ul, with corresponding eigenvalue
matching that of the Jacobian of the profile ODE. The main point of this chapter is to
describe how to rescale the Evans function (what to choose for ;1) when the parameterization

of the profile in a neighborhood of infinity is multidimensional.
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Before discussing this issue, we must introduce some additional details, but we first note

that when ay =1 and 0 < v < 2, an analytic solution (see [17]) is given by
37
1+ Qcosh(t/\/7)’
o) = 5
- 1+ Qcosh(t/\/7)’
where @ := /1 — 9v/2. Derivatives of the profile are given by
() = 3Q\/ysinh(t/\/7)
(14 Qcosh(t/\/7))?
1oy = 320/ s/
(1+ Qcosh(t/\/7))?

We plot u, v, and their derivatives in Figure 4.1.

u(t)y=1-

(4.6)

profile

Figure 4.1: The graphs of the profile equations.

4.1.1 The eigenvalue problem. Linearizing (4.1) about the profile (4.5) and looking
for separated solutions leads to the eigenvalue problem,

M= u" — ud? — 20tv — au
b

(4.7)
M = 0" + ub? [y + 2600/ — v/,
where 4 and © are the profile solutions. Rearranging terms, we have
u” = M+ 9%u + 2000 + au,
. o 4.8
v”:AU—U—Zu—zﬂv—l—E. )
v Y v
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Note that, due to the symmetry of @ and 0, eigenfunctions may be symmetric about the
origin, or reflexive about the origin.

We write (4.8) as a first order system as follows,

U 0 1 0 0 u
u A+024+a 0 200 0 u
v 0 0 0 1 v
v’ —0*/y 0 A+ (1—2a0)/y 0 v’

The asymptotic matrices are given by
0 1 0 0
Ad4a 0 0 0

Ay = . (4.10)
o 0 0 1

0 0 A+1/y 0
The eigenvalues of A are given by pui = +v/A + a and 5 = £1/A + 1/v. The associated
eigenvectors are given by v = (1, 4F,0,0)7 and vy = (0,0,1,43)". Thus, to compute the
Evans function, we need to solve for the two-dimensional unstable manifold of (4.9) corre-
sponding to z = —oo, and for the two-dimensional stable manifold of (4.9) corresponding to
xr = +00. Even for computations using double arithmetic, this is an extremely challenging
problem that requires specialized numerical solvers due to the conditioning of the problem;
for example see [4, 20].

Rather than use specialized solvers, we may raise the dimension of the system using
exterior products and solve for manifolds W**(z; \) of dimension one. An intersection of
these one-dimensional manifolds in the larger system corresponds to an intersection of the
two-dimensional manifolds in the original system. This method of using exterior products is
known as the compound matrix method and is described in Section 2.3; for details see [1].
We note that in practice, the compound matrix method can only be used if the dimension of
the system is sufficiently small since the dimension of the raised system can be much larger.

We note that using the compound matrix method reduces the ODE problem we must solve
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for the Gray-Scott equation to the same situation considered in Chapter 3. That is, we only
need solve for a one-dimensional manifold.

The compound matrix corresponding to (4.9) is given by

0 2010 0 0 0 0
0 0 1 1 0 0
5O _ 0 A+ (1—2a0)/y 0 0 1 0
0 A+ 02 +a 0 0 1 0
92/ 0 A2 +a A+ (1—2a0)/y 0 20
0 92/ 0 0 0 0

The ODE to solve is then

Wi (z) = B (a; )W), (4.11)
where W, : [0,00) — RS belongs to the one-dimensional manifold of the fixed point zero of
(4.11) corresponding to the eigenvalue of Bf) = lim,_, oo B®(x) with the most negative
real part, and W_ : (=00, 0] — R® belongs to the unstable manifold of the fixed point zero
of (4.11) corresponding to the eigenvalue of BY = lim, ,_., B® () with the most positive
real part. The Evans function is given by the inner product of W, (0) and W_(0).

At this point, we are ready to discuss the choice of p in rescaling the Evans ODE.

4.2 RESCALING THE Evans ODE

We discuss how to rescale the Evans ODE system (4.11) on the interval (—oo, 0]. Rescaling

on [0, +00) follows an analogous procedure. We note that the eigenvalues of BY

are given
by the sum of the eigenvalues of A_, and the corresponding eigenvectors of B? are given
by the exterior products of the eigenvectors of A_. We recall that the eigenvalues of A_ are

given by +v/A + o and £4/X + 1/v. Thus, the eigenvalues of B? are given by

— VAt a—VA+1/y, —VAd+a+ A1)y, Vi+a—A+1/y,
~VAt+a+VA+a=0, —V/A+1/y+V/A+1/y=0, VAi+a+/A+1/y.
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The one dimensional manifold of the solution space of (4.11) that we wish to solve corre-

sponds to eigenvalue 1, = VA + o + \/ A+ 1/, the eigenvalue of BY with largest real
part. If we rescale (4.11) so that B® (x;\) goes to B®(x;\) — 1,1, then the solution we
seek will converge at asymptotic rate to a non-zero multiple of the eigenvector corresponding
to u.. However, this solution will belong to the center manifold of the fixed point zero of

the rescaled system

Wi(2) = (B (3 \) — p)We(x), (4.12)
where 1 = u,.. We would not be able to obtain an analytic expansion of the desired manifold
using the parameterization method because the solution we seek would not belong to the
unstable manifold. We could instead choose p = pu, — C where C' > 0 is a constant that is

small enough that the only eigenvalue of B®

— il that is greater than or equal to zero is
1y — C'. We could then use the parameterization method to obtain an analytic basis for the
unstable manifold of the ODE system obtained from coupling the profile ODE and (4.12)
into one system. The unstable manifold of this coupled system would be three-dimensional.
The unstable manifold of the profile is two-dimensional, and the unstable manifold of (4.12)
is one dimensional with the choice y = p, — C'. However, we can do better than this. If we
choose 1 more carefully, we only need solve for a two-dimensional unstable manifold, which
is easier to implement.

Recall that the eigenvalues of the Jacobian of the profile ODE at the fixed point corre-
sponding to x = —oo are given by ++/a and j:\/m. Without loss of generality, assume
that \/1/_7 > /a. If we choose 1 = p. —+/«, then only one eigenvalue, /a, of BY® — ul will
have positive real part, and the eigenvector corresponding to y/a will be the same eigenvector
of B® that corresponds to the eigenvalue p,. Then the unstable manifold of the coupled
system will be two-dimensional instead of three-dimensional. This is the same strategy we
used for the system described in Chapter 3, only here the strategy is more involved since the

profile has a two-dimensional unstable manifold.

We note that for m,n > 0, m 4+ n > 2, if my/a + ny/1/7 is an eigenvalue of BY — wl,
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or equals /a or \/7 , then the recursion formula corresponding to the parameterization
method is not solvable because the system is not invertible, something referred to as res-
onance. Our choice of u, that is u = p. — \/«, guarantees that the only possibility that
my/a + ny/1/7 is an eigenvalue of BY® — il is if my/a + n/1/y = v/a, but this can not
happen for m +n > 2 since \/a < \/1/_7 by assumption (without loss of generality). Thus,
a resonance only arises in the computation of the unstable manifold for the Evans function
if it does for the profile.

With this example of choosing the rescaling of the Evans ODE complete, we are almost
ready to state our algorithm in its general form, but first we mention one other aspect of
rigorous computation of the Evans function. We must obtain a bound on the region where
unstable eigenvalues may occur. For the Gray-Scott system, we can do this with an energy
estimate. For many systems, obtaining an energy estimate is much more difficult. For
those systems, one may use other methods, but we propose that computer assisted proof
can be used to make this process easier. First, we provide an energy estimate to bound the
eigenvalues for the Gray-Scott system. Comparing this energy estimate to the one given in
Section 3.5, we see how the level of difficulty already increases between these two systems.
After providing the energy estimate, we present a strategy for using computer assisted proof

to obtain a bound on the eigenvalues.

4.3 HIGH FREQUENCY ENERGY ESTIMATES

The eigenvalue problem is given by
\u =" — ud® — 2uiv — au,
(4.13)
M = 0" + ub? [y + 2000/ — v/,
where @ and v are the profiles.

Our goal is to obtain a bound on the region in the right-half complex plane where eigen-

values may occur. Using an energy estimate, we obtain the following result.
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Theorem 14. If X is an eigenvalue of the ODE eigenvalue problem (4.13) and if R(\) > 0,

then
2110113, 1t/ oo
Y|
and
RO\ < QHF+mrHHw Lol2 + 2 il )6l 1) (4.15)
< max { ||7]|%, U] oo 0]]00 — @, = ||0]|5 + —|]T||co] 0|00 — = ] - )
B A S

Proof. We multiply the first equation in (4.13) by @ and the second equation in (4.13)
by v where the bar indicates the complex conjugate, and then we integrate. We also use

integration by parts on [u”@ and [v”v. This leads to

Mwﬁz—WAP—/Emw—2/amU—mwﬁ

] 5 ] (4.16)
Aol = =111+ o +2 [aotol? = 2y
Y 8 8
Taking the imaginary part of both sides, we have
SOV)|Jull? =S (—2/&@@1}) ,
(4.17)

S| = S (% /1721@) |

Taking the absolute value of both sides and using standard bounds, we arrive at the inequal-
ities
ISO)ull? < 2[1al || 91100 / |uv,
SOl < Tl | ool

Multiplying the second equation above by |(A\)| and using the first inequality we find

(4.18)

2101131 oo

SN Py <
ISl o

o]z, (4.19)

which implies that

2Jo[ 13Nl

RIS o

(4.20)
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We now take the real part of both sides of (4.16) to obtain

ROVl = 111 - ® ([ 202) -2 ( [ o ) - allul

1 2 1
MMWW=%WW+—/Ww+—/MMF—ﬂMR
2 2y ¥ v

Bounding some terms on the right using standard techniques including Holder’s inequality

(4.21)

leads to

RO ullz < o115 ul Iz + 2l loo 18] oo [ull2[[0] |2 — allul 2,
ROV0E < {0l fullallollz + = llolollocl o] = ~1l0]12 e
vl|s < —Io[1Z 1 ull2]|vllz + = 1|@] oo ||2] ool |v] 5 — =I]v]3-
27 Rl 2oy
We note that ||ull; > 0 and ||v||2 > 0 if (u,v) forms an eigenfunction, so dividing the first

equation above by ||ul|3 if ||u||2 > [|v]|2, and dividing the second equation above by ||v||3 if

l|lv]]2 > ||u||2, we arrive at

1 9 1
R(A) < max (|Iﬁllio + 2@ ]oo] 9] |00 — at, = |10]12 + =]t | s8] |oc — —> : (4.23)
kel 17| v

]

This completes our proof on a bound on the region where unstable eigenvalues of (4.13)

can exist, if there are any.

4.4 A STRATEGY FOR OBTAINING BOUNDS ON UNSTABLE EIGENVALUES

In this section, we return to suggesting a strategy for bounding unstable eigenvalues using

computer assisted proof. The Evans ODE often takes the form,

W' = A(x) + AB(x).
Let R = |A| and rescale the Evans ODE to obtain

, 1 A
W' = }—%A(x) + }—%B(x)

Now one can use rigorous computation to enclose the solution to this rescaled Evans ODE
and show that for R sufficiently large, the manifold coming from the left and the right can

not intersect.
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We are now ready to summarize our algorithm for rigorous computation of the Evans

function in its full generality.

CHAPTER 5. SUMMARY

In this chapter, we summarize the algorithm that we presented in Chapters 3 and 4, and we

discuss future directions.

5.1 THE ALGORITHM

We now summarize the algorithm that we presented in Chapters 3 and 4. The steps are as

follows,

(i) Use the compound matrix method to lift the Evans ODE system.

(ii) Rescale the Evans ODE system so that the one dimensional manifold of the lifted
Evans ODE system we wish to approximate corresponds to the eigenvalue of the Profile
Jacobian at x = —oo with the smallest positive real part, or to the largest negative

real part eigenvalue at x = 4o00.

(iii) Use the parameterization method to parameterize the unstable/stable manifold at

x = Foo of the coupled profile and Evans ODE system.

(iv) Use a standard series solution to represent the solution to the coupled system over

finite intervals.

(v) Form a zero-finding problem by forming a function F' whose zero corresponds to a

solution to the coupled ODE system.

(vi) Use the Newton-Kantorovich Theorem to obtain a bound on the error involved in our

best approximation of the ODE solution.
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(vii) Use analytic interpolation to interpolate the Evans function with rigorous error bounds.

In Chapter 3, we successfully demonstrated that this algorithm works for a diffusion
equation. In Chapter 4, we showed how to deal with the case that the profile has a fixed
point with a multi-dimensional stable/unstable manifold. This provides an algorithm for
rigorously establishing spectral stability of traveling waves using the Evans function. For
many systems, proving spectral stability is the last open problem in order to prove that

traveling waves are stable.

5.2 FUTURE DIRECTIONS

In this dissertation, we have developed a computer assisted method of proof for rigorously
approximating the Evans function. This method enables proving spectral stability of travel-
ing waves, the last open problem for proving stability of traveling waves for many physical
systems. We have demonstrated this method for a scalar reaction-diffusion equation, and we
have shown how to deal with more complicated cases as occur in the Gray-Scott equations
we discussed in Chapter 4. The next step is to use this computer assisted method of proof
to prove stability of traveling waves in physical models. This method would especially be
helpful for proving stability of traveling waves in the compressible Navier-Stokes equation
with a non-isentropic ideal gas equation of state and with a Van der Waal gas equation of

state, and for the equations of magnetohydrodynamics with the same gas equations of state.

APPENDIX A. MATLAB CODE

In this appendix, we provide our code for the scalar reaction-difusion system described in

Chapter 3.

A.1 THE DRIVER
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2

4

5

8

10

11

12

16

17

18

19

20

21

22

23

24

¢

clear all; close all; beep off;

scalel = 1;
scale2 = 1;
N = 30;

% scalar reaction—diffusion example

cle;

intvalinit ('DisplayMidRad ") ;

% solve for the Evans function non—rigorously and plot it

LAM = fliplr (linspace(le—3,3,30));

D = zeros(size (LAM));

options = odeset( RelTol’ 1e—8, AbsTol’ ,1e—8);

for j = 1:length (LAM)

lambda = LAM(j);
mu_L. = sqrt(l+lambda);

muR = —sqrt(l+lambda) ;

VL = [1;mulL];
VR = [1;muR];

odefun_L = @Q(x,y)[—muL*y(1)+y(2);(mulL"2—3%sech(x/2)"2)*y(1)—

mu_Lxy (2) ];
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26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

odefun_.R = Q(x,y)[—muRxy(1)+y(2);(muR"2—3xsech(x/2) " 2)*y(1)—

mu-Rxy (2) ];

sol_L = odel5s(odefun_L ,[—15,0],VL, options);

sol_ R = odel5s(odefun_R,[15,0] ,VR, options);

temp_L = deval(sol_L ,0);

temp_R = deval(sol_R ,0) ;

D(j) = temp_L(1)xtemp_L(2);

end

% figure;

plot (LAM,D, "k’ , "LineWidth " ,2) ;

h = xlabel (’\lambda ) ;

set (h, "FontSize [18);

h = ylabel ('D(\lambda) ’);

set (h, "FontSize  18);

h = gca;

set (h, "FontSize ;18);

%

% Obtain a bound on the Evans function ODE manifolds
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51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

oy,

% obtain the left and right side of the
our Evans

% function comptuation

lambda_left = iv (0);

lambda_right = iv(2);

mu_left = sqrt(l+lambda_left)—1;

mu_right = sqrt(l1+lambda_right)—1;

interval of mu values for

% Choose rho for the stadium for getting the bound on

interpolation of the

% Evans function ODE manifolds. The coefficients of the left

manifold are

% analytic if the real part of mu is greater than —0.5.

rho.mu = 3;

% compute the manifold at infinity

d = manifold_at_infty (0);

% choose the finit evalue of x where the left manifold meets the

middle
% manifold

x L = —5;

44



71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

¢

% get the value of the profile at x = x_L
y_-L = 1.5%xsech(x_L/2)"2;

% Determine which value of theta corresponds to the manifold
connecting to
0y

o the profile

fun = @Q(theta) mid([1,0]*eval_-manifold_at_infty(d.y-n,d.z.n,theta
options = optimset( Display ", off ", "Jacobian  ~off ",

"Algorithm ’ | "Levenberg—Marquardt ’, "TolFun’ ,1e—8);

[theta_L ,res_err ,success| = fsolve(fun,0.01,options);

% Get the stadium for analytic interpolation
theta = linspace (0,sup(2xiv( ' pi’')),11);

theta = iv(theta(l:end—1),theta(2:end));

mu_tilde = (rho_muxexp(lixtheta)+1./(rhomu*exp(lixtheta)))/2;

mu = (mu_left+mu_right)/2+(mu_right —mu_left )xmu_tilde /2;

min(inf(real (mu)))
if min(inf(real(mu))) <= —1/2
error ('Real(mu) > —0.5 required for the coefficients to be
analytic’);

end
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95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

% Find a bound for the analytic interpolation error bound

M_rho = 1;

max_.C0 = 0; % Also, find the max of CO and C

max_C = 0;

for

end

j = l:length(theta)

d = manifold_at_infty (mu(j));

CO0 = max(sup(abs([l,d.y-n(1),d.z.n(1).,d.v.n(1l),d.wn(1)])));
C=0;
for k = 2:length(d.y_n)

temp = [(d.y-n(k)/C0)"(1/(k=1)),(d.zn(k)/C0)"(1/(k=1)),

(d.vn(k)/CO)"(1/(k=1)),(d.wn(k)/C0) " (1/(k=1))];
C = max ([C,max(sup(abs(temp)))]);

end

max_C0 = max ([CO, max_C0]) ;

max_C = max ([C,max_C]) ;

VL = eval manifold_at_infty(d.v.n,d.w.mn,theta L ,d.C);

M_rho = max(M_rho,max(sup (norm(VL))));

max_mu = iv (max(sup (abs(mu))));

max_lam = iv (max(sup(abs((mu+1)."2—-1))));
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121 operator_bound = sqrt(2442*«max_mu”2+6+«max_lam+max_lam " 2) ;

122

123 % the number of nodes needed to track just one component of Evans
product .

124 M_rho = M_rhoxexp (abs(x_L)*operator_bound) ;

125

126 % find out how many Chebyshev nodes are needed for the desired
error bound

127 pie = iv( ' pi’);

12 D_rho = (rho.mu+1/rho.mu)/2—-1;

120 L_rho = piexsqrt (rho.mu”2+1/rho.mu”2);

130

131 M = 1;
132 eta = log(rho_mu);
133 interpolation_error = 1075;

13« while sup(interpolation_error) > le—10

135 M = M+1;

136 interpolation_error = M_rhoxL_rho/(piexD_rhoxsinh (etax(M+1)));
137 end

138 M

139

[§)
140 0

11 % Evans function using the re—scaled manifold

142 %
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143
s ode_options = odeset( RelTol’ 1e—8, AbsTol’ 1e—8);

145

s theta = (2xiv (0:1:M—1)+1)xpie/(2xM);

ur mu_tilde = cos(theta);

s mu = (mu_left+mu_right)/2+(mu_right —mu_left )xmu_tilde /2;
19 LAM = (mu+1).72—-1;

50 D = iv(zeros(1,length(LAM)));

151

152 disp (’Computing the Evans function’);

13 figure;

152 hold on;

155 h = xlabel (’\lambda’);

56 set (h, "FontSize [18);

57 h = ylabel ('D(\lambda) ") ;

155 set (h, "FontSize  |18);

159 h = gca;

wo set (h, FontSize ,18);

161 t_start = tic;

w2 for j = 1:length (LAM)

163 J

164 lambda = LAM(j ) ;

165

166 mu_LL = sqrt(l+lambda)—1;

167

168 D(j) = NK(mu_L, theta_L ,x_L) ;
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169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

187

188

Dlam = D(j);

plot (mid(lambda) ,mid(D(j)), .k, MarkerSize ;18);

drawnow ;

end

evans_run_time = toc(t_start);

figure;

plot (LAM, mid (D) , '=b ', "LineWidth " ,2) ;

h = xlabel( "\lambda ) ;
set (h, "FontSize ;18);

h = ylabel ('D(\lambda) ") ;
set (h, "FontSize ;18);

h = gca;

set (h, "FontSize’ 18);

A.2 EVALUATION OF THE UNSTABLE MANIFOLD

function [out,out_der ,out_der_der]

B.n,theta ,C)

% sum the finite number of terms

out = zeros(2,1);

49

eval_manifold_at_infty (Amn,



for n = fliplr (0:length(An)—1)
out = out + theta’nx[An(n+1);B.n(n+1)];

end

% sum the finite number of terms in derivative
out_der = zeros(2,1);
for n = fliplr (1:length(An)—1)
out_der = out_der + nxtheta”(n—1)*[An(n+1);Bn(n+1)];

end

% sum the finite number of terms in second derivative
out_der_der = zeros(2,1);
for n = fliplr (2:length(An)—1)
out_der_der = out_der_der + nx(n—1)xtheta” (n—2)*[An(n+1);B_n(
n+1)];

end

% Get a bound on the tale of the dominating geometric series
r = abs(Cxtheta/2);
if sup(r) >=1

error ('0<r<l required ’);

end

% Add the truncation error bound
N = length (A.n)—1;
f =1 " (N+1)/(1—1)/2;

out = out + iv(—f,f);
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31

32

33

34

35

36

37

38

39

40

10

11

f_der = ((N+1)*r"N/(1—r)+r " (N+1)/(1—-1)"2)/2;
out_der = out_der + iv(f_.derxC/4,—f _derxC/4);

templ = (N+1)«Nxr " (N—1)/(1-r1);
temp2 = 2% (N+1)xr 'N/(1—-1r) "2;
temp3 = r"(N+1)/(1-1) " 3;

f_der_der = (templ+temp2+temp3) /2;

out_der_der = out_der_der+iv(f_der_derxC"2/8,—f_der_derxC"2/8);

A.3 THE INTERVAL

function out = iv(numl,num?2)
% function out = iv (num)
%

% returns a mathematically rigorous enclosure
interval

% given .

if nargin = 1
out = intval (numl) ;
elseif nargin = 2
out = hull(intval (numl) ,intval (num2));

end

A.4 OBTAINING THE UNSTABLE MANIFOLD

function d = manifold_at_infty (mu)

o1

of the number

of



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

7o
mu = sqrt(l+lambda) —1;
o}

t_start = tic;

% N = 20 suffices yeilds the desired error bound (0 \leq mu \leq
1)
N = 20;

% initialize the coefficients

y.n = iv N+1,1

’

z.n = iv(zeros (N+1,1

Y

( ( ))

( ( ))
von = iv(zeros(N+1,1));

( ( ))

wn = iv(zeros (N+1,1

I

% Record the eigenvector corresponding to eigenvalue 1

yn(2) = 1;
2 (2) = 1;
von(2) = 1;
wn(2) = ltmu;

% define C as needed for the proposition

C = iv (4sxmax(sup ([1,abs(14+mu)])));

% Compute the coefficients
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28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

for n = 2:N

% sum that shows up in the RHS

sml = yn(2:n). *flipud(y-n(2:n));

% Solve for the first two components

temp = ([n 1; 1 n]*[0;—sml])/(n"2-1);
% Record the coefficients
y-n(n+1) = temp(1);

z_n(n+1) = temp(2);

% sum that shows up in the RHS of the last two components

sm2 = yn(2:n). *flipud(v.n(2:n));
% Solve for the last two components
temp = ([ntmu,1l; (mu+1)"2, ntmul*[0; —2*sm2]) /((n+mu) " 2—(mu+1)

"2);

vn(n+1) = temp(1);

wn(n+1l) = temp(2);

end

% record C

d.C = C;
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% record the coefficients

d.y.n = y_n;
d.zn = z_n;
d.v.n = v.n;
d.wn = w.on;

% record the run time for this function

d.run_time = toc(t_start);

A.5 THE SERIES SOLUTIONS ON FINITE INTERVALS

function d = middle_rig (U0, delx ,mu,N)

d.mu = mu;
d.N = N;
d.delx = delx;
d.U0 = U0;

t_start = tic;

% initialize coefficients
Q = iv(zeros (4 ,N+1));

DQ = iv(zeros (4,4 ,N+1));
D2Q = iv(zeros (4,4,4 N+1));

Q(: 71) = U0;

o4



18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

DQ(: 7:71) = eye(4)§

% obtain $C_0$
templ = max(sup(abs(Q(:,1))));

temp2 = max(max(sup (abs(DQ(:,:,1)))));

temp3 = max(max(max(sup (abs(D2Q(:,:,:,1))))));
CO0 = 2"mxiv (max ([templ,temp2,temp3]));
C = 0;
for n = 0:N
% sum(y_n—k x y_k)
sml = newconvolution (squeeze (Q(1,:)),squeeze(Q(1,:)),n);
% sum(y_n—k * v_k)
sm2 = newconvolution (squeeze (Q(1,:)),squeeze(Q(3,:)),n);
% sum(Dy_{n—k} * y_k + y_{n—k} % Dy k)
sm3 = iv ([0,0,0,0]) ;
for i = 1:4
sm3(1,1) = newconvolutionbig(squeeze (DQ(1,i,:)),squeeze (Q

(1,:)),n)
+ newconvolutionbig (squeeze (Q(1,:)),squeeze (DQ(1,i,:))

) ;

end
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63

64

% sum(Dy k % v_{n—k} + y_k % Dv_{n—k})
sm4d = iv ([0,0,0,0]);
for 1 = 1:4
sm4(1,1) = newconvolutionbig(squeeze (DQ(1,i,:)),squeeze (Q
(3,:)),n)
+ newconvolutionbig (squeeze (Q(1,:)),squeeze (DQ(3,i,:))
) ;

end

% sum (D2y_ {n—k} x y_k + y_{n—k} % D2y k + 2 Dy_{n—k} x Dy k)
smb = iv(zeros (4,4));
for i = 1:4
for k = 1:4
smH(1,i,k) = newconvolutionbig(squeeze (D2Q(1,i ,k,:) ),
squeeze (Q(1,:)),n) +
newconvolutionbig (squeeze (Q(1,:)) ,squeeze (D2Q(1,1,
k) m)
+ 2xnewconvolutionbig (squeeze (DQ(1,1,:)),squeeze (
DQ(T,1,:) ) n);
end

end

% sum(D2y n—k % v_.k + yn—k x D2v.k + 2 Dy n—k % Dv_ k)
smb6 = iv(zeros (4,4));
for i = 1:4

for k = 1:4

26
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78

79

80

81

82

83

84

85

86

87

sm6(1,i,k) = newconvolutionbig(squeeze (D2Q(1,i ,k,:) ),
squeeze (Q(3,:)),n) ...
+ newconvolutionbig (squeeze (Q(1,:)),squeeze (D2Q(3,
i,k,:)).,n) + ...

2xnewconvolutionbig (squeeze (DQ(1,i,:)),squeeze (DQ

(3,1,:)),n);
end
end
Q(1,n+42) = Q(2,n+1)/(n+1);
Q(2,n42) = (Q(1,n+1)—sml)/(n+1);

( )
( ) = (
Q(3,n+2) = (Q(4,n+1)—muxQ(3,n+1)) /(n+1);
( ) ((mu+1) "2xQ(3 ,n+1)—muxQ(4 ,n+1)—2+sm2) /(n+1);

for k = 1:4
DQ(1,k,n+2) = DQ(2,k,n+1)/(n+1);
DQ(2,k,n+2) = (DQ(1,k,n+1)—sm3(k))/(n+1);
DQ(3,k,n+2) = (DQ(4,k,n+1)-muxDQ(3,k,n+1)) /(n+1);
DQ(4,k,n+2) = ((mu+1)"2+DQ(3,k,n+1)—muxDQ(4 k,n+1)—2xsmd (k
))/(n+1);
end
for k = 1:4
for j = 1:4

D2Q(1,k,j,n+2) = D2Q(2,k,j ,n+1)/(n+1);
D2Q(2,k,j,n+2) = (D2Q(1,k,j,n+1)—sm5(k,j))/(n+1);
D2Q(3,k,j,n+2) = (D2Q(4,k,j ,n+1)-musD2Q(3 .k, j ,n+1))/(n

o7
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101
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104
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106

107

109

110

111

112

+1);
D2Q(4,k,j,n+2) = ((mu+1) 2«D2Q(3,k,j ,n+1)—muxD2Q(4 ,k,j ,
n+1)
—2xsmb (k,j))/(n+1);
end

end

templ = max(sup (abs(Q(:,n+2))));

temp2 = max(max(sup (abs(DQ(:,:,n+2)))));

temp3 = max(max(max(sup (abs(D2Q(:,:,:,n+2))))));
maxabs = 2 m#iv (max([templ,temp2,temp3]));
if n>20

C = max(C, sup ((maxabs/C0) " (iv(1)/n)));

end

end

C=iv(C);

out = iv(zeros(4,1));
for n = fliplr (0:N)
out = out + Q(:,n+1)*xdelx "n;

end

out_der = iv(zeros(4,4));

for n = fliplr (0:N)

o8



113 out_der = out_der + DQ(:,:,n+1)xdelx "n;
e end

115

e out_der_der = iv(zeros(4,4,4));

ur for n = fliplr (0:N)

118 out_der_der = out_der_der + D2Q(:,:,: ,n+1)xdelx "n;
e end

120

121 1 = abs(Cxdelx);

122 1f sup(r)>=1

123 error ( "bounds are not valid’);

124 end

125 err_bound = COxr " (N+1)/(1—r1);

126

127 err = 2°(—m)*iv(—err_bound ,err_bound);
128

120 d.CO = CO;

0 d.C = C;

131
132 d.U = out + err |
3 d.DU = out_der + err;

s d.D2U = out_der_der+err;

s d.err = err;

wr o d.r = I

138

1o d.run_time = toc(t_start);
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A.6 THE CONVOLUTION OF VECTORS

function out = newconvolutionbig(u,w,n)

% convolution of u(l:n) and w(1l:n)

u=squeeze (u);

w=squeeze (W) ;

if size(u,2) < size(u,l)

u=u. ;

end

if size(w,1) < size(w,2)

w=w. ;

end

out = u(l:n)x*flipud(w(l:n));

A.7 THE NEWTON-KANTOROVICH THEOREM

function D = NK(mu, theta L ,x_L)

delx = 0.1; % step size

r.newton = le—5; % goal is to show error is no bigger than this

ode_options = odeset ( 'RelTol  ,le—14, AbsTol’ [ 1e—14);
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% get the parameterization of unstable manifold at x = —infty

dinf = manifold_at_infty (mu);

% evaluate the unstable manifold at $\theta_L$

VL = eval_manifold_at_infty (dinf.v.n,dinf.w.n, theta L ,dinf.C);

% Solve the Evans ODE non—rigorously

mud = mid (mu) ;

odefun_L. = Q(x,y)[—muds*y (1)+y(2);((mud+1)"2—3*sech (x/2) "2)*y(1)—
mudxy (2) ] ;

sol_L = odelbs(odefun_L ,[x_L,0],mid(VL),ode_options);

% form $\bar x$, the guess at the solution to $F$ for the

% Newton—Kantorovich method

dom_bar = x_L:delx:0;

evans_bar = deval(sol_L ;dom_bar);

prof_bar = [1.5%xsech(dom_bar/2)."2; —1.5xsech(dom_bar/2)."2.xtanh(
dom_bar /2) ];

N = 4xlength (dom_bar)+1; % number of equations

% instantiate $F$ and its derivative $DF$
F = iv(zeros(N,1));
DF = iv(zeros(N,N));

% equations 1—4 regarding variable theta_L
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s [pfl ,pf2 ,pf3] = eval_manifold_at_infty (dinf.y n,dinf.z.n , theta_L
dinf.C);

55 [efl ;ef2  ef3] = eval manifold_at_infty (dinf.v.n,dinf.won, theta L,
dinf.C);

36

sz % The first four equations require the manifold coming from x = —
infty

ss % to match the ODE solution at $x_0$

30 F(1:2) = pfl—prof_bar (:,1);

w F(3:4) = efl—evans_bar(:,1);

"

w2 DF(1:2,1) = pf2;

i DF(3:4,1) = ef2;

s DF(1:4,2:5) = —eye(4);

15

s % Now compute the series solution at the nodes $x_1, x_2,
x_n$

a7 dm{length (dom_bar) —1}=[];

s dmr{length (dom_bar) —1}=]];

1 r_int = iv(—r_newton ,r_newton);

so for j = 1l:length(dom_bar)—1

51

52 dm{j} = middle_rig ([prof_bar (:,j);evans_bar(:,j)],delx ,mu,35);

53 dmr{j} = middle_rig ([ prof_bar (:,j)+r_int;evans_bar(:,j)+r_int

|, delx ,mu,25) ;
54

55 end
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80

% Now use the series solutions on the finite inetervals $[x_]

+11)$, to

% fill out $F$ and $DF$, and to get a bound on $D_2F$.

B = max(sup(abs ([pf3;ef3])));
Id = iv(eye(4));
for j = 1:length(dom_bar)—1

d = dm{j};
dr = dmr{j };

F(4xj+1:4xj+4) = d.U—[prof_bar (:,j+1);evans_bar (:,j+1)];

DE(4%j+1:4%j+4,4%(j—1)4+2:4%j+1)
DF (4% j+1:4%j+4,4%j+2:4x(j+1)+1)

d.DU;
—Id;

Bl = max(max(max(sup (abs(dr.D2U)))));

B = max ([B,B1]);

end

= iv(B);

yx-{]

% Finally , fill out $F$ and $DF$ for the last equation which has

to do with

% the derivative of the profile being zero at $x = 0%
F(end) = prof_bar(2,end);

DF(end,end—2) = 1;
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% Choose $A_{dagger}$ and $A$ and get the bounds needed for the
% Newton—Kantorovich Theorem .

J = mid (DF) ;

A _dagger = iv(J);
A = iv(J\eye(size(J,1)));

Y0 = norm (AxF) ;

Id = eye(size(A,1));

Z0 = norm (Id—AxA _dagger, 'fro’);

Z1 = norm (Ax(A_dagger—DF) ) ;

Z2r = norm(A,2)*norm(iv(—B,B)*ones(size (A)));

% Now show that the polynomial evaluates to be negative for r_newt

% which guarantees the error is no bigger than r_newt
r-newt = 5e—9;

newton_kantorovich_poly = Z2rxr_newt 2—(1-Z0-21)*r_newt+Y0;

if sup(newton_kantorovich_poly) >= 0
error ('Failed to verify the solution’);

end

% add on error bound to Evans function computation

err = iv(—r_newt ,r_newt);

D = (evans_bar(1,end)+err)x(evans_bar(2,end)+err);
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