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ABSTRACT 
Improved Endmember Mixing Analysis (EMMA): Application to a Nested Catchment, Provo 

River, Northern Utah 
 

Alyssa Nicole Thompson 
Department of Geological Sciences, BYU 

Master of Science 
 
  
An endmember mixing analysis (EMMA) is a hydrograph separation technique used to identify 
and quantify stream source contributions, but the error within the results of the analysis itself can 
be difficult to quantify. Employing EMMA to accurately quantify these contributions is 
particularly important for critical watersheds that supply water to large populations, such as 
montane watersheds. We applied EMMA to the Provo River, a nested catchment with three 
monitoring locations in northern Utah, to understand the limitations and potential improvements 
that could be made to EMMA. Four main endmembers (quartzite groundwater, soil water, snow 
and carbonate groundwater) were identified for the watershed and differentiated using the 
conservative tracers δ18O, δ2H, Si, HCO3

-, Mg2+, K+, and Ca2+. In a traditional EMMA approach, 
a principal components analysis (PCA) is used to identify endmembers for a single location in a 
watershed, and the principal component (PC) scores are used to calculate the fractional 
contributions of each endmember. However, we found that calculating the fractional 
contributions of the endmembers in tracer space resulted in less error in the calculations 
compared to performing the calculation in PC defined space (U-space). Performing the mixing in 
tracer space with four endmembers showed that during spring runoff, snow was the main 
endmember with inputs ranging from 23 – 66% for the highest part of the watershed and 14 – 
60% for the lowest part of the watershed. During baseflow, the stream was dominated by 
groundwater with contributions ranging from 23 – 60% quartzite groundwater for the upper part 
of the watershed and 30 – 57% carbonate groundwater for the lower part of the watershed. The 
amount of error present in the results depended on the scale of the catchment and the number of 
endmembers included, with more error in downstream locations relative to upstream locations. 
The nested catchment approach is a further improvement on traditional EMMA because it allows 
for identification of missing endmembers and error analysis for characterizing stream chemistry 
in several locations in a complex watershed.   
 
 
 
 
 
 
 
 
 
Keywords: EMMA, endmember mixing analysis, PCA, Provo River, catchment hydrology, 
nested catchment  
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1. Introduction 

Quantifying water sources to alpine streams is critical for managing water resources in 

mountain watersheds. At least one sixth of the world’s population rely on snowpack melt from 

mountain watersheds, but climate and water use changes threaten this critical resource (Barnett et 

al., 2005). High alpine streams contain a mixture of both surface and subsurface sources, the 

contributions of which vary widely between snowmelt runoff and baseflow (Foks et al., 2018). 

Hydrograph separation methods, including endmember mixing analysis (Christopherson et al., 

1990), are used to quantify water source contributions in relatively complex watersheds. 

Common water sources (endmembers) in high alpine watersheds include groundwater, 

precipitation, snow, and soil water (Christopherson & Hooper, 1992). The endmembers are 

defined by chemical or isotopic tracers that permit differentiating the water body of interest by 

each source (Christopherson et al., 1990; Hooper, 2003). Common tracers include Ca2+, Mg2+, 

K+, Na+, Fe, Si, Cl-, HCO3
-, NO3

-, δ18O, δ2H, and electrical conductivity, depending on whether 

the tracer behaves conservatively or not (Barthold et al., 2011). Characterizing stream flows in 

terms of these sources may be used to better understand the chemical evolution and changes in 

water sources to a stream over time.  

An endmember mixing analysis (EMMA) is useful for estimating endmember 

contributions to streams, including complex watersheds. EMMA uses a principal components 

analysis (PCA) to reduce the dimensionality of the data, making it easier to visualize and identify 

clusters of elemental numeric data (Christopherson & Hooper, 1992). Visualizing the data in 

terms of dimensionally reduced space allows for identifying the potential endmembers that 

circumscribe the stream data. The extent of mixing between the various endmembers is 

calculated by solving a system of linear equations to obtain the fractional contributions of each 



 2 

endmember, with the mixing calculation primarily being done using the data in terms of the 

dimensionally reduced space (Christopherson & Hooper, 1992). 

The ability of EMMA models to accurately represent hydrological reality depends on two 

main factors. First, the computational method used in the mixing calculations can affect the 

degree to which the fractional contributions of the endmembers are optimized. Many studies 

calculate the mixing in the dimensionally reduced space (Foks et al., 2018; Lukens et al., 2022; 

Wilson et al., 2016), but this approach is more prone to error in the calculation of the fractional 

contributions. Second, abstracting a real-world stream as a simple mixture of a few endmembers 

will always be an oversimplification, and the degree to which that is the case exerts a limitation 

on model accuracy that can be difficult to quantify. Some methods exist for determining the 

extent of error within the endmember datasets, such as gaussian error propagation, bootstrapping, 

or Monte Carlo simulations (Bazemore et al., 1994; Christopherson et al., 1990; Genereux, 1998; 

Vonk et al., 2010; Xu Fei & Harman, 2022). However, EMMA can produce plausible results that 

may be qualitatively inaccurate, and more information is needed to estimate how accurately the 

endmembers define the stream chemistry. 

The purpose of our study is to critically evaluate existing EMMA approaches and provide 

recommendations to yield more reliable results. The primary objectives are to: (1) develop an 

alternative approach to EMMA to minimize error in the mixing calculation and allow for a more 

complex analysis by including more endmembers; and (2) use a nested-catchment approach to 

narrow down the location of missing endmembers and tease out inaccuracies in the model that 

are difficult to identify via a traditional error analysis. 

Our study focuses on three monitoring sites in the upper Provo River, a snow-dominated 

perennial stream located in the Uinta Mountains of northern Utah. The Provo River is part of the 
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drinking water supply for over half of Utah’s population. The upper Provo River watershed is an 

ideal field area with abrupt transitions in underlying lithology, allowing for a nested catchment 

study with monitoring locations within each rock type. Most EMMA studies are applied to a 

small watershed with a single monitoring location to characterize changes in endmember inputs 

over time (Barthold et al., 2010; Cuoco et al., 2021; Durand & Torres, 1996; Guinn et al., 2010). 

We show that applying EMMA to multiple monitoring locations along an alpine stream in a 

nested catchment allows for better endmember identification and mixing error analysis by 

quantifying inputs between locations.  

2. Methods 

An endmember mixing analysis (EMMA) is a tracer-based hydrograph separation 

technique that is carried out via the following steps as described in Christopherson and Hooper 

(1992) and Christopherson et al. (1990): (1) measure chemistry of the water to be analyzed (e.g., 

stream water) and water sources that could be used as potential endmembers for the hydrograph 

separation (e.g., groundwaters, precipitation, soil water, etc.); (2) determine which solutes or 

isotopes appear to behave conservatively, and so could be used as tracers; (3) identify which 

potential endmembers can be plausibly applied to the model using a principal components 

analysis; (4) optimize the mixing models to calculate the fractional contributions from the 

selected endmembers to the resulting mixture; and (5) perform an error analysis of the 

endmember datasets. In the following subsections, we describe the sites where we applied 

EMMA and provide further details of how we have modified established EMMA methods to 

improve mixing estimates. 
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2.1 Upper Provo River watershed site description 

The upper Provo River watershed covers 675 km2 in the southwestern Uinta Mountains of 

northern Utah (Figure 1). The watershed is dominantly fed by high elevation snowmelt and 

receives diverted water from the Duchesne River and Weber River as part of the Provo River 

Project (U.S. Bureau of Reclamation, 1958). The upper Provo River extends ~50 km with a 

vertical relief of 1000 m, from 2900 m asl at the headwaters at Trial Lake to 1900 m asl at 

Jordanelle Reservoir. Three monitoring stations are located, from upstream to downstream, at 

Soapstone, Woodland, and Hailstone, with the rate of discharge generally increasing from 

Soapstone to Hailstone (Figure 2). 

The geology of the upper part of the watershed contains mainly silica-cemented 

sandstone with minor amounts of shale overlain by glacial and other Quaternary deposits (Figure 

1). The depth of the soil in the upper area of the watershed is typically ~1 m (Munroe et al., 

2015), enriched by dust in the A soil horizons (Munroe et al., 2020). The lower part of the 

watershed contains primarily Paleozoic sedimentary rocks between Soapstone and Hailstone 

with Tertiary volcanic rocks between Woodland and Hailstone. The upper part of the watershed 

is mostly undeveloped except for the Mirror Lake Highway and several campgrounds. The lower 

part of the watershed is more developed with agricultural fields, small towns, and maintained 

roads. 

 

2.2 Stream and endmember water sample collection 

Stream samples included in the study were collected along Provo River from the 2016 to 

2018 water years, and again for the 2021 and 2022 water years. Sampling occurred biweekly to 

monthly except for the months following the snowmelt runoff period, where sampling occurred 
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once or twice weekly (April – June). A total of 318 stream samples were collected during these 

collection periods, with 106 collected from Soapstone, 106 from Woodland, and 106 from 

Hailstone (Table 1). Potential endmember samples for were collected between 2012 and 2022 

(Table 4). Stream and endmember samples included separate subsamples for major cations and 

trace elements, major anions, bicarbonate, and δ18O and δ2H isotopes. Samples for major cations 

and trace elements were filtered with a 0.45 µm PES syringe filter into an acid-washed 60 mL 

LDPE bottle and acidified to 2.4% v/v TMG nitric acid. Samples for major anions and 

bicarbonate were collected in a 1 L plastic bottle and further processed in the lab. Water samples 

for δ18O and δ2H analysis were collected in amber glass bottles with Polyseal caps to prevent 

evaporation. All samples were refrigerated until analysis. 

Snowpack endmember samples (n = 22) were collected prior to spring snowmelt at 

maximum accumulation. Samples were collected by digging snow pits and taking a cross section 

of snow using an acid-washed plastic tube. Sample from the plastic tube was deposited into 

FLPE acid-washed bottles. The bottles were taken into the lab and melted, then sub-sampled for 

chemical analysis.  

Soil water endmember samples (n = 6) were collected during spring snowmelt to allow 

for maximum saturation of the soils. Sample was collected by using a small shovel to collect 

both soil and water, placed into a plastic bag, and refrigerated. Saturated soils were transferred 

into 50 mL centrifuged tubes and centrifuged at 6000 rpm for 20 minutes. Sample was decanted 

and sub-sampled for various analyses.  

Quartzite (n = 9) and carbonate (n = 8) groundwater endmember samples were collected 

from springs throughout the watershed during baseflow but before snowfall (between July and 

October). Samples were collected at this time to get a representative value for isotopic ratios with 
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limited mixing with snow or ice. Springs discharging from quartzite and carbonate are classified 

as quartzite and carbonate groundwater, respectively. Although no carbonate or quartzite 

groundwater springs were sampled in the Weber or Duchesne watershed, the chemistry of these 

endmembers was assumed to be uniform across the three watersheds.  

 

2.3 Laboratory analysis 

Stream and endmember samples were analyzed using similar methods. Major cations and 

trace elements were analyzed using an Agilent 7500ce quadrupole inductively coupled plasma 

mass spectrometer (ICP-MS). The following elements were measured for all stream and 

endmember samples: Al, As, B, Ba, Be, Ca, Cd, Ce, Co, Cr, Cs, Cu, Dy, Er, Eu, Fe, Gd, Ho, K, 

La, Li, Lu, Mg, Mn, Mo, Na, Nd, Ni, Pb, Pr, Rb, Sb, Sc, Se, Sm, Sr, Tb, Th, Tl, U, V, Y, Yb, and 

Zn. Further descriptions of the methods are given in Checketts et al. (2020). Inductively coupled 

plasma optical emissions spectroscopy (ICP-OES) was additionally used to analyze for Si as the 

detection limits through ICP-MS were insufficient to accurately determine Si concentrations. 

Major anion (F-, Cl-, NO3-, and SO4
2-) concentrations were analyzed using a Dionex ICS-90 

chromatograph (IC). HCO3
- concentrations were analyzed through an alkalinity test on unfiltered 

samples by acid titration using a Mettler Toledo DL50 titrator on the samples collected before 

2020, and titrated by hand using a Hach alkalinity test kit on the samples collected after 2020. 

Alkalinity values were assumed to be equal to bicarbonate concentrations. Stable isotope (δ18O 

and δ2H) ratios in water were analyzed using a Los Gatos Research Liquid Water Isotope 

Analyzer. All samples are reported relative to Vienna Standard Mean Ocean Water (VSMOW).  
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2.4 Data quality control 

Where solute concentrations are low, small changes in solutes greatly influence the 

charge balance. To set the charge balance, any sample that was outside of +/- 5% charge balance 

error was adjusted by varying the bicarbonate concentration. Bicarbonate values were 

determined to be the solute concentrations with the most uncertainty and were adjusted in 50 out 

of 106 Soapstone samples, 22 out of 106 Woodland samples, and 17 out of 106 Hailstone 

samples. The average adjustments for Soapstone, Woodland, and Hailstone were 9.5 mg/L, 13.5 

mg/L and 24.5 mg/L, respectively. Of the total adjustments made, 88% of the samples were 

adjusted from samples collected during 2020 and later. This is likely due to the change in 

methods in measuring alkalinity beginning in 2020. The adjustments result in values that were 

linearly consistent with the samples collected from the three previous water years when plotted 

against other solutes. 

 

2.5 Tracer selection 

To evaluate which tracers could be used in the mixing analysis, we estimated the 

potential conservative behavior of isotopes and solutes in the full dataset. Isotopes and solute 

concentrations are considered conservative if they do not undergo isotopic fractionation or 

participate in chemical reactions, which can be observed by linear relationships in bivariate plots 

(Christopherson & Hooper, 1992). The set of solutes or isotopes to include as tracers must 

exhibit linear behavior with respect to each other. δ18O and δ2H values can be assumed to be 

conservative, even if they do not exhibit linear relationships with respect to the solute tracers. 

This is because δ18O and δ2H track elevation and meteoric precipitation (Clark & Fritz, 1997) 

and therefore variations arise from fundamentally different process than for the solute tracers.  
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We used a step-wise approach to determine the best conservative tracers to include in the 

analysis. The conservative behavior of potential tracers was determined from an array of 49 

elements and two stable isotopes, δ18O and δ2H. As many conservative elements as possible were 

retained to maximally constrain the mixing models. In our case, bivariate plots of solutes and 

isotopes with strong linear relationships (𝑅𝑅 > 0.80) were determined to behave conservatively. A 

key principle of an endmember mixing analysis is for the endmembers to have distinct chemical 

or isotopic composition (Cuoco et al., 2021; James & Roulet, 2006). By including all 

conservative solutes or isotopes in the analysis, tracers representing each endmember are more 

likely to be recognized.  

 

2.6 Data formatting and standardization 

In preparation for applying EMMA, both the stream and endmember data must be 

properly organized and standardized. Let 𝐑𝐑 be an 𝑚𝑚×𝑛𝑛 matrix where 𝑚𝑚 is the number of stream 

water samples and 𝑛𝑛 is the number of tracers. We will refer to each column of 𝐑𝐑 as vector 𝑟𝑟𝑗𝑗, 

which is the collection of tracer j values in the 𝑚𝑚 stream water samples. The individual elements 

of matrix R, 𝑟𝑟𝑖𝑖𝑗𝑗, are the concentrations (or isotopic ratios) of tracer j in sample i. Prior to the 

PCA, concentrations in the matrix R were standardized using z-scoring, where the mean of each 

column of the solute data is subtracted from the values in the column, and then divided by the 

standard deviation of that column. This allows each column to have a mean of zero and a 

standard deviation of 1, ensuring that the subsequent analysis is not dominated by variables with 

large absolute values (Christopherson & Hooper, 1992). The resulting matrix, 𝐑𝐑𝑧𝑧, is then 

composed of column vectors 𝑟𝑟𝑧𝑧𝑖𝑖𝑖𝑖, which are the z-scored values of tracer j in sample i. 
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𝐑𝐑 = [𝑟𝑟1 … 𝑟𝑟𝑗𝑗 … 𝑟𝑟𝑛𝑛] =

⎣
⎢
⎢
⎢
⎡
𝑟𝑟11 … 𝑟𝑟1𝑗𝑗 … 𝑟𝑟1𝑛𝑛
⋮ ⋱ ⋮ ⋱ ⋮
𝑟𝑟𝑖𝑖1 … 𝑟𝑟𝑖𝑖𝑗𝑗 … 𝑟𝑟𝑖𝑖𝑛𝑛
⋮ ⋱ ⋮ ⋱ ⋮
𝑟𝑟𝑚𝑚1 … 𝑟𝑟𝑚𝑚𝑗𝑗 … 𝑟𝑟𝑚𝑚𝑛𝑛⎦

⎥
⎥
⎥
⎤

 (1) 

 

𝑟𝑟𝑧𝑧𝑖𝑖𝑖𝑖 =  
𝑟𝑟𝑖𝑖𝑗𝑗 −  µ𝑟𝑟𝑖𝑖

σ𝑟𝑟𝑖𝑖
 (2) 

 
Prior to applying EMMA, each dataset of individual endmembers should be averaged together to 

create a single sample that represents the single endmember for that area. Each of these averaged 

endmembers should then be arranged in a d×n matrix (𝐌𝐌), where d is the number of averaged 

potential endmembers and n is the number of tracers. Prior to calculating the principal 

component (PC) scores for the endmembers, concentrations are first standardized using the mean 

and standard deviation of the stream sample tracers. The new matrix of standardized endmember 

values is 𝐌𝐌𝑧𝑧. 

𝐌𝐌 = [𝑚𝑚��⃗ 1 … 𝑚𝑚��⃗ 𝑗𝑗 … 𝑚𝑚��⃗ 𝑛𝑛] =

⎣
⎢
⎢
⎢
⎡
𝑚𝑚11 … 𝑚𝑚1𝑗𝑗 … 𝑚𝑚1𝑛𝑛
⋮ ⋱ ⋮ ⋱ ⋮
𝑚𝑚𝑖𝑖1 … 𝑚𝑚𝑖𝑖𝑗𝑗 … 𝑚𝑚𝑖𝑖𝑛𝑛
⋮ ⋱ ⋮ ⋱ ⋮

𝑚𝑚𝑑𝑑1 … 𝑚𝑚𝑑𝑑𝑗𝑗 … 𝑚𝑚𝑑𝑑𝑛𝑛⎦
⎥
⎥
⎥
⎤

 (3) 

 

𝑚𝑚𝑧𝑧𝑖𝑖𝑖𝑖 =  
𝑚𝑚𝑖𝑖𝑗𝑗 −  µ𝑟𝑟𝑖𝑖

σ𝑟𝑟𝑖𝑖
 (4) 

 

2.7 Principal components analysis 

A principal components analysis (PCA) is performed on the standardized stream data 𝐑𝐑𝑧𝑧 

to determine which potential endmembers to use in EMMA. A PCA is a dimensional reduction 

technique used to reduce the number of variables to a more manageable level. In a PCA, a new 
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set of n variables (principal components or PCs), composed of linear combinations of the n 

original variables, is created by rotating the original axes to maximize the amount of data 

variance explained by the fewest number of PCs. The PCs are then ranked in descending order of 

how much data variance they describe, so that the first principal component (𝑃𝑃𝑃𝑃1) describes the 

most variance and 𝑃𝑃𝑃𝑃𝑛𝑛 describes the least. The PCs contain the same information as the original 

data, but if some of the later PCs are discarded, less information is lost than if the same number 

of the original variables were discarded.  

In our case, this was done using the MATLAB pca function, which accepts 𝐑𝐑𝑧𝑧 as input 

and produces several outputs, including the following. First, it produces an n×n coefficient 

matrix, 𝐂𝐂𝐑𝐑, composed of column vectors representing the coefficients of linear equations that 

transform the original data coordinates into principal component space (Table 2). A matrix of 

principal component scores (𝐑𝐑𝑃𝑃𝑃𝑃), contains the original data values transformed in terms of the 

new principal components in rotated data space, and is produced by multiplying the matrix 𝐑𝐑𝑧𝑧 by 

𝐂𝐂𝐑𝐑.  

𝐑𝐑𝑃𝑃𝑃𝑃 =  𝐑𝐑𝑧𝑧 ∗ 𝐂𝐂𝐑𝐑 (5) 

Next, the function produces an n×1 vector (𝑒𝑒𝐑𝐑𝑷𝑷𝑷𝑷) of eigenvalues of the covariance matrix of 𝐑𝐑𝑧𝑧, 

where each value represents the amount of variance explained by the corresponding principal 

component. An eigenvalue of one (for z-scored data) would mean that the corresponding 

principal component explains the same amount of variance as any one of the original variables, 

whereas any value higher than one would mean that it explains more variance than the original 

variables (Davis, 2002). The principal components are arranged in descending order of the 

amount of variance they explain, so one retains the first few principal components and discards 
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the rest to reduce the dimensionality of the data while retaining as much of the total variance as 

possible.  

There are multiple ways to determine the number of principal components to retain for 

the analysis. For example, the rule of one involves retention of all PCs with eigenvalues equal to 

or greater than 1 (Barthold et al., 2010; James & Roulet, 2006; Joreskog et al., 1976), meaning 

that they explain at least as much variance as the original variables. Perhaps a more practical 

approach is to analyze residual plots by back-calculating stream water concentrations using 

different numbers of retained PCs and subtracting the original stream water concentrations to 

observe whether the residuals exhibit any structure (Hooper, 2003). The number of PCs to retain 

is indicated by iteratively increasing the number of PCs and stopping when there is no observed 

structure in the residual plots. This ensures that enough information is retained to adequately 

represent all tracers. Another method includes creating a scree plot which is especially useful if 

the user intends for the model to explain a certain percent of the total variance in their analysis. 

A scree plot typically shows a steep decline in the magnitude of eigenvalues as the number of 

PCs increase, with the plot eventually flattening out beyond a certain point. This point is known 

as the “elbow” of the plot, and its location indicates the number of PCs to retain in the analysis 

(Cattell, 1966).  

 
 
2.8 Endmember selection  

Once a subset of the PCs is retained for further use, the space defined by these PCs is 

called U-space (Christopherson & Hooper, 1992) and the data are projected on U-space for 

visual examination to aid in endmember selection. The minimum number of endmembers to 

include in the analysis is the number of retained PCs plus one (Christopherson & Hooper, 1992). 
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That is, it takes at least three points to circumscribe a cloud of data in two-dimensional space, 

and four points to circumscribe a cloud of data in three-dimensional space. If more than three 

PCs are retained, selecting the appropriate number of endmembers becomes more challenging as 

only three-dimensions can be visually represented at once (Davis, 2002). Because U-space must 

be defined by the stream data and not the endmember data, PC scores for the stream endmembers 

are calculated using the coefficient matrix 𝐂𝐂𝐑𝐑. The PC scores for the endmembers are calculated 

from the standardized endmember values 𝐌𝐌𝑧𝑧 and multiplied by the coefficient matrix 𝐂𝐂𝐑𝐑.  

𝐌𝐌𝑃𝑃𝑃𝑃 =  𝐌𝐌𝑧𝑧 ∗ 𝐂𝐂𝐑𝐑 (6) 
 

The selected PC scores for the stream water and endmembers samples are then projected into U-

space to determine which set of endmembers adequately circumscribe the data. The selected 

endmembers are then treated as the main sources of water for the watershed. From this point 

forward, 𝐌𝐌𝑧𝑧 will be constructed from the standardized mean tracer values of only the selected 

endmembers. The primary purpose of the PCA is to select endmembers for the analysis, and we 

propose that the mixing calculation should be performed in the original tracer space rather than 

in U-space, as described below.   

 

2.9 Mixing calculation 

The primary purpose of the PCA is to select plausible endmembers for the mixing 

analysis, but past studies have gone further by performing the mixing calculations in U-space 

(defined by the subset of retained PCs). We argue that there is no compelling reason to adopt this 

strategy, and that performing the mixing calculations in standardized tracer space is preferable. 

Mixing models are most commonly used to determine the fractional input from multiple 

sources (endmembers) to the main area of interest, like a stream or sediment sample. A general 
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way of expressing this mixing is in the form of a summation (Albarède, 2009), where 𝑃𝑃0
𝑗𝑗  is the 

concentration of tracer j in the stream sample, 𝑓𝑓𝑑𝑑 is the fractional contribution from endmember 

d, and 𝑃𝑃𝑑𝑑
𝑗𝑗  is the concentration of tracer j in endmember d and w is the collection of endmembers 

within d. This solution adheres to the principle of conservation of mass by assuming that the 

concentrations of all defined inputs or endmembers into the system will fully explain the 

concentrations in the mixture. This introduces the following set of constraints: 

�𝑓𝑓𝑤𝑤 = 1
𝑑𝑑

𝑤𝑤=1

 (7) 

 

𝑃𝑃0
𝑗𝑗 = �𝑓𝑓𝑤𝑤𝑃𝑃𝑤𝑤

𝑗𝑗   
𝑤𝑤

 (8) 

The summations may then be solved for the 𝑓𝑓𝑑𝑑 values as a system of linear equations. This can 

be done via direct calculation (e.g., Gaussian elimination, etc.) if the system is critically 

determined (i.e., the number of variables equals the number of equations), but this does not allow 

one to constrain the 𝑓𝑓𝑑𝑑 values to be non-negative, which can lead to non-physical results (Ali et 

al., 2010; Liu et al., 2004).  Therefore, it is preferable to solve the system via optimization, which 

can deal with both critically determined and overdetermined (the number of variables is less than 

the number of equations) systems and can include various types of constraints. This defines the 

system of equations as a constrained, least-squares linear estimation problem to solve for the 

fractional contributions of each source as described in Christophersen (1990), where n is the 

number of j tracers in the dataset. In any case, where n > (d – 1), the system results in an 

overdetermined system of equations. 

1 =  𝑓𝑓1 + 𝑓𝑓2 + … 𝑓𝑓𝑑𝑑 
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𝑃𝑃0
𝑗𝑗 = 𝑓𝑓1𝑃𝑃1

𝑗𝑗 + 𝑓𝑓2𝑃𝑃2
𝑗𝑗 + ⋯𝑓𝑓𝑑𝑑𝑃𝑃𝑑𝑑

𝑗𝑗  (9) 

𝑃𝑃0𝑛𝑛 = 𝑓𝑓1𝑃𝑃1𝑛𝑛 + 𝑓𝑓2𝑃𝑃2𝑛𝑛 + ⋯𝑓𝑓𝑑𝑑𝑃𝑃𝑑𝑑𝑛𝑛 

These linear equations have been traditionally solved using the concentrations defined by tracer 

space, where endmembers would typically be selected by determining which endmembers best 

circumscribed the data in each bivariate plot of the tracers used in the analysis. 

Rather than using the raw or standardized tracer concentrations in the system of linear 

equations, Christopherson and Hooper (1992) recommended using the composite concentrations  

in the retained PC scores of the stream and endmember samples as the input (c.f., Barthold et al., 

2010; Christopherson et al., 1990). (Each PC depends on all of the original variables to different 

degrees, which is why we refer to them as composite variables.) However, using the retained PC 

scores for the mixing calculation can generally lead to inaccuracy in the results because the 

scores represent only a fraction of the total information contained in the raw or standardized data. 

Using the PC scores for the mixing calculation is an unnecessary step, and instead, the full set of 

standardized data should be used. To address this in our study, fractional contributions were 

calculated both using standardized stream water data and the PC scores for the stream data and 

compared using the optimization described in Christopherson et al. (1990).  

We set up the optimization as shown in Equations 10 – 11. The objective function 

minimized in our analysis is the sum of squared error, where the inputs include an n×d matrix of 

standardized endmember values (𝐌𝐌𝑧𝑧) and an n×1 column vector of standardized stream water 

concentrations from each row in matrix 𝐑𝐑𝑧𝑧. The constraints on the optimization include that the 

sum of the fractional contributions should be equal to 1, and the value of each contribution can 

only be between 0 and 1. This calculation is then used for each stream sample to determine the 

fractional contribution of each endmember for a given sampling day.  
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𝐸𝐸𝑗𝑗 =  �𝐌𝐌𝒁𝒁 ∗  𝑓𝑓� −  �⃗�𝐫𝒛𝒛𝒋𝒋 (10) 

 

  arg min
𝑥𝑥∈[0,1]

 ��𝐸𝐸𝑗𝑗2
𝑛𝑛

𝑗𝑗=1

� , subject to: �𝑓𝑓𝑤𝑤 = 1
𝑑𝑑

𝑤𝑤=1

(11) 

In our case, the fractional contribution values in 𝑓𝑓 were optimized for each stream sample using 

the MATLAB function fmincon. This function minimizes an objective function to determine the 

best values for the adjustable parameters, given a set of initial guesses and various types of 

constraints. Initial guesses for each endmember were set to 1/d, where d is the number of 

endmembers used in the analysis. The output from fmincon is a d×1 column vector (𝑓𝑓) of 

estimated fractional contributions for a single stream sample, where the elements (𝑓𝑓𝑤𝑤) are the 

individual endmember contributions in the order they were arranged in 𝐌𝐌𝑧𝑧.  

𝑓𝑓 = �

𝑓𝑓1
𝑓𝑓2
⋮
𝑓𝑓𝑑𝑑

�  (12) 

The fractional contributions calculated for each sampling day were plotted in a stacked bar graph 

to observe how these contributions changed over time. A weighted discharge plot can also be 

created by multiplying the fractional contributions by the rate of discharge measured at the time 

of sample collection to observe seasonal fluctuations of the relative contributions from each 

endmember.  
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2.10 Residual analysis 

To check the accuracy of the model and the endmembers selected, the predicted 

concentrations based on the estimated fractional contributions are compared to the actual stream  

chemistry for each sampling day (Foks et al., 2018). To convert the estimated fractional 

contributions into stream concentrations, the vector 𝑓𝑓 is multiplied by the matrix of standardized 

endmembers, resulting in a m×n matrix of predicted standardized stream values, 𝐑𝐑𝒛𝒛
∗ . Each 

standardized value is then de-standardized using the standard deviation and mean calculated for 

each tracer from the original matrix R.  

𝐑𝐑𝒛𝒛
∗ = 𝐌𝐌𝒛𝒛 ∗ �⃗�𝑥 (13) 

𝒓𝒓𝒛𝒛∗ =  (𝑟𝑟𝑧𝑧𝑖𝑖𝑖𝑖
∗  ∗  σ𝐫𝐫𝑖𝑖) + 𝜇𝜇𝐫𝐫𝑖𝑖   (14) 

The predicted concentrations are then plotted against the observed concentrations and assessed 

for linearity and adherence to the 1:1 line. Those tracers which are under- or overpredicted by the 

model indicate the possible need for an additional endmember, or suggests a chemical process 

which makes them non-conservative. 

 

2.11 Endmember error analysis 

An error analysis was performed on the endmembers using jackknifed mean values of the 

endmember tracer compositions to measure the error due to the variations in the endmember 

samples collected. This method was used on the original endmember datasets before they were 

averaged together. The method of jackknifing the mean includes generating a distribution of 

mean values by systematically excluding a single observation and averaging the remaining 

observations (Trauth, 2021). This error method is used to account for the existing error within 

the endmember samples. As mentioned above, the endmembers used in the model are each 
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composed of a group of samples that are averaged together to represent the endmember. If each 

group of samples for an individual endmember had m samples, then a new representative 

averaged endmember would be created by removing one sample from the dataset and averaging 

the remaining m-1 samples together. This would be repeated m times, creating a new matrix the 

same dimensions as the initial matrix of endmember samples, but now containing a variety of 

averaged endmember values for the individual endmember. This is repeated for each endmember 

used in the analysis, and the averaged groups calculated for each endmember are then arranged 

in every possible combination and used in the optimization for every sample collected. If a 

dataset then had four endmembers and 10 samples collected for each endmember, there would be 

10,000 iterations of different averaged endmember combinations used to calculate the fractional 

contribution of each endmember for each sample in the dataset. The resulting mean and standard 

deviation for the percent contribution between all of the iterations for each sampling day are then 

used to quantify the extent of error due to endmember sampling. The MATLAB function 

jackknife was used to calculate the jackknifed mean values for each endmember.  

 

2.12 Calculation of model misfit for non-tracers 

 It may sometimes be possible to infer processes contributing to non-conservative 

behavior by examining how solutes other than the original tracers are underpredicted or over 

predicted by the model. The magnitude of the misfit can be calculated by fitting an equation (not 

necessarily linear) to the residuals of the predicted and observed solute values, then subtracting 

the real solute concentrations from those predicted by the equation.  
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3. Results 

3.1 Conservative tracer selection 

From the bivariate plots (Figure 3) we selected δ18O, δ2H, Si, HCO3
-, Mg2+, K+, and Ca2+ 

as conservative tracers, because the correlation between the solutes was 𝑅𝑅 > 0.80. Na+ and Cl- 

were highly correlated with each other but were determined to be poorly suited for the model 

since their 𝑅𝑅 values relative to other conservative solutes were < 0.80. Although Na+ and Cl- 

likely behave conservatively in the watershed, they were not used in the model because of 

relatively poor linear correlations in bivariate plots driven by unexplained sources of enrichment 

in the lower part of the watershed, as discussed below.  

 

3.2 Endmember selection for the Provo River watershed 

 The minimum number of endmembers to include in the analysis depends on how many 

PCs are required to explain a reasonable amount of variance in the dataset. The number of 

principal components to include was determined by applying the “rule of one”, a scree test, and 

assessing the residual structure in the stream values for each tracer. Only the first and second 

PCs had eigenvalues greater than one, suggesting a three-endmember model to describe the 

stream data according to the rule of one. The scree test (Figure 4) and the structure in the 

residuals (Figure 5) additionally validated the use of two PCs to describe the data.  

In our case, the endmembers that best circumscribed the data in two-dimensional U-space 

were quartzite groundwater, snow, and carbonate groundwater. However, a previous study 

showed that soil water has a strong influence on Provo River chemistry during spring runoff 

(Checketts et al., 2020). Therefore, a third PC was included because there was an a priori reason 

for including a fourth endmember. The first three PCs explain 95.4% of the variance in the 
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original, z-scored stream dataset. The arrangement of the endmembers around the stream data in 

U-space was assessed in combined plots of PC1, PC2, and PC3 scores (Figure 6).  

 

3.3 Model predicted concentrations versus observed concentrations for selected tracers 

 The model predicted concentrations of δ18O, δ2H, Si, HCO3
-, Mg2+, K+, and Ca2+ were 

compared to the observed stream data to assess the accuracy of the model (Figure 7). The 

intercept, slope, the coefficient of determination (𝑅𝑅2), and both the mean and the standard 

deviation of the residuals were used for each plot to determine how well the model was able to 

replicate the stream data based on the selected endmembers. We primarily considered the 

predictions to be good if the average of the residuals and error was relatively small. The statistics 

for the fit of the plots can be found on Table 3. The predictions for the Si and K+ concentrations 

were less accurate for Woodland and Hailstone relative to Soapstone. Additionally, the model 

predicted values for δ18O were underpredicted for Hailstone, the location furthest downstream in 

the watershed. This is likely due to the limitations of the endmembers selected to describe the 

chemistry of the full watershed, particularly with the snow endmember. Underpredicted tracers 

were used as a proxy for inferring the character of unknown endmembers (Foks et al., 2018).  

 

3.4 Comparing mixing calculations using U-space versus tracer space 

 The maximum difference in fractional contributions for all endmembers calculated in 

tracer space versus U-space for a three-PC, four-endmember system of equations was between -

0.0774 and 0.0978 for Soapstone, -0.0973 and 0.1389 for Woodland, and -0.1229 and 0.1096 for 

Hailstone (Figure 8, a-c). For the two-PCs, four-endmember case, the maximum differences in 

fractional contributions between all endmembers was between 0.1181 and 0.2171 for Soapstone, 
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-0.3187 and 0.3532 for Woodland, and -0.3903 and 0.3831 (Figure 8, d-f). In all locations, the 

model had more difficulty predicting the carbonate groundwater and soil water contributions for 

the calculations done in U-space rather than tracer space, primarily during spring runoff.  

 

3.5 Endmember mixing contributions in a nested catchment 

 Between Soapstone, Woodland, and Hailstone, the endmember contributions vary 

seasonally and spatially. The groundwater endmembers dominated the water chemistry of each 

location during winter baseflow (December – February), with quartzite groundwater being the 

main contributor at Soapstone and carbonate groundwater being the main contributor at 

Woodland and Hailstone. For Soapstone, Woodland, and Hailstone, the snow endmember 

increased greatly during spring runoff (April – June), with contributions ranging between 23 - 

66%, 21 - 63% and 14 – 60% for each location, respectively (Figure 9 - 11). The average snow 

input over all the years sampled during spring runoff was 3.9, 5.6, and 7.1 m3/s for Soapstone, 

Woodland, and Hailstone, respectively (Figure 12).  

 

3.6 Endmember inputs from upstream to downstream 

 To quantify the volume of endmember input between locations, the discharge-weighted 

endmember contributions were subtracted between each location to find the difference in 

endmember input (Figure 13). Between the Woodland and Hailstone sampling locations, 

negative volumes were sometimes calculated for the endmembers, with snow most frequently 

showing negative values. These negative values were interpreted as error in the ability of the 

endmember to accurately describe the stream data. Also, there were a few cases during summer 
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where the calculated endmember inputs were negative because discharge was lower at Hailstone 

due to water diversions between Woodland and Hailstone.  

 

3.7 Estimating error in the endmember datasets  

Jackknifing is an important cross-validation technique to use in EMMA to quantify 

uncertainty caused by the assumption of precisely defined, static endmembers. In the case of 

Provo River, new datasets of jackknifed endmember averages were calculated for the 9 quartzite 

groundwater samples, 22 snow samples, 6 soil water samples, and 8 carbonate groundwater 

samples, which created the same number of averaged groups for each endmember as the number 

of samples in the respective endmember datasets. Jackknifing the endmember means resulted in 

9504 different combinations of the four endmembers, which we used to assess the uncertainty in 

the fractional endmember contributions of all stream samples (Figure 14).  

4. Discussion 

4.1 Process for determining conservative tracers  

 From the bivariate plots (Figure 3), we determined that the conservative tracers for Provo 

River included δ18O, δ2H, Si, HCO3
-, Mg2+, K+, and Ca2+. The choice of which tracers to include 

in the mixing model is largely subjective, but tracers should only be removed if there is sufficient 

justification to do so. As a rule of thumb, if the tracer behaves conservatively, then the tracer 

should be included in the model. The model can only be improved by the inclusion of multiple 

tracers and helps identify the characteristics of potential missing endmembers (see Section 4.5 - 

4.6 below).   
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4.2 Process for endmember selection using a PCA   

EMMA is used to simplify the complex processes of a watershed by using only a few 

endmembers to model the main inputs. These endmembers are determined using a PCA to 

visualize the data, where the PCs retained must explain a considerable percentage of variance to 

accurately determine which endmembers reasonably circumscribe the data. If the mixing is 

calculated in tracer space, the number of PCs retained dictates the minimum number of 

endmembers that may be included in the analysis, whereas the maximum number of endmembers 

is dictated by the number of tracers used in the model to describe the stream data. Performing the 

mixing calculation in tracer space allows for the inclusion of more endmembers than would be 

allowed in U-space, allowing the user to make their model potentially more complex. 

The minimum number of endmembers that can be used in EMMA is the number of PCs 

used to explain the stream data plus one, as this is the number of points required to define a 

convex hull. Using the minimum number of endmembers can be used to describe the basic 

processes occurring in the watershed and is the more common approach to apply EMMA. The 

model could be made more complex by including additional endmembers, and these 

endmembers may also be screened using a PCA. However, it may be necessary to observe how 

well the endmembers circumscribe the data in U-space with additional PCs to ensure that the 

endmembers are distinct from each other. In the case of Provo River, the potential endmembers 

were projected into U-space and the snow, quartzite groundwater, and carbonate groundwater 

endmembers sufficiently circumscribed the stream data in 2D space. However, previous studies 

of the Provo River watershed showed that soil water as an important contributor (Checketts et 

al., 2020; Hale et al., 2022). In U-space, the soil water endmember plotted between the snow and 

carbonate groundwater endmembers, seeming to indicate it could be treated as a simple mixture 
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of the two endmembers. To confirm whether soil water had distinct behavior from the other 

endmembers, the stream data and potential endmembers were projected into 3D space (Figure 5). 

Viewing the spread of data in 3D made it clear that soil water would be an important endmember 

to include to describe the stream data, which was not apparent in the previous 2D model. This 

was then confirmed with the raw tracer data, where soil water was uniquely enriched in Si and K 

in comparison to the other endmembers.  

There is also a limit in EMMA to the maximum number of endmembers that may be 

included. The maximum number of endmembers that may be included is equal to the number of 

tracers being used in the analysis to avoid creating an underdetermined system of equations. 

Using an equal number of endmembers to tracers would result in a critically determined system 

of equations, producing a unique solution. Including more endmembers than tracers in the model 

would result in an underdetermined system of equations, which typically results in an infinite 

number of solutions, but may be solvable depending on the shape of the function and if proper 

constraints are put on the solution (Butt, 2011). It is likely that there is no unique solution in an 

overdetermined system, but a least-squares, best-fit solution can typically be found which has the 

advantage over an underdetermined system by being constrained by more variables (Gentle, 

1998).  

In terms of calculating the mixing in U-space, the maximum and minimum number of 

endmembers that may be included are directly restricted to the number of PCs retained. Since the 

mixing is calculated using the PC scores, the maximum number of endmembers that may be 

included is the number of PCs retained plus one, as including more endmembers would result in 

an underdetermined system. In this approach, many studies usually perform the calculation in U-

space using the minimum number of endmembers, creating a critically determined system of 
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equations (Chisola et al., 2022; Montagud et al., 2021; Wilson et al., 2016). Performing this 

calculation using the PC scores is solvable, but considerable error could be introduced into the 

results as the PC scores contain only a fraction of the original information (this will be explained 

in the next section).  

 

4.3 Improved mixing calculations using tracer space instead of U-space 

After determining the tracers and endmembers to use in the analysis, the fractional 

contributions may be calculated. Calculating the mixing in tracer space rather than in U-space 

allows for the inclusion of more information and thus more accurate results. The main problems 

involved with performing the mixing in U-space are that the optimization is constrained using 

less information, and that the number of endmembers that may be selected is more limited. 

Calculating the mixing in U-space without using all of the PC scores will result in the calculation 

being done with only a fraction of the information, which could cause the fractional 

contributions to be less accurate. Fractional contributions calculated in U-space may be 

comparable to those calculated in tracer space, but the accuracy of the U-space calculation is 

heavily dependent on how much information is retained by the principal components and how 

well the endmembers circumscribe the data. This makes the use of a PCA an important and 

effective tool for screening potential endmembers, but not as accurate for calculating the 

fractional contributions themselves. We can then assume a priori that calculating inside of tracer 

space is more reliable than calculating in U-space because the optimization is constrained using 

more information. 

In the case of Provo River, the fractional contributions were calculated in three different 

cases: a two PC and four endmember model, a three PC and four endmember model, and a seven 
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tracer and four endmember model. In the two PC and four endmember model, the accuracy in the 

predictions deviate significantly from the results calculated in tracer space using four 

endmembers. Since the system of equations was underdetermined, the fractional contributions, 

particularly for carbonate groundwater and soil water, were not predicted well by the model 

(Figure 7, a-c). In the three PC and four endmember model, the estimated fractional 

contributions became far more accurately represented by the model compared to the previous 

case, but there are still deviations between the values calculated in tracer space rather than in 3D 

U-space (Figure 7, d-f). We can assume that deviations in the calculation occur from the 

calculations done in U-space because the optimization would be constrained on a fewer number 

of variables than in tracer space. This makes calculating the mixing in tracer space the best 

approach to retaining the maximum amount of information for both simple and complex models.   

 

4.4 Using jackknifing to calculate error in the EMMA model 

 The results from jackknifing the mean endmember compositions suggest that there is 

little error caused by the distribution of the data in the endmember samples themselves and that 

the removal of an individual sample in the group did not strongly control the results of the 

mixing model. The greatest amount of error observed in Soapstone was with the carbonate 

groundwater endmember, likely because of the difficulty that the model might have had 

constraining the differences between soil water and carbonate groundwater for the enrichment in 

the higher part of the watershed. With Woodland and Hailstone, the largest errors were 

calculated for the snow endmember because differences between the snow and quartzite 

groundwater endmembers were largely due to the isotopic ratios, and there may have been more 

isotopically enriched snow input further downstream that were not sampled.   
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4.5 Application of EMMA to a nested catchment 

 Standard error calculation, such as the jackknifing method, only addresses error within 

the endmember samples themselves. However, they cannot address the more fundamental 

problems such as the fact that simplifying the water input to a complex watershed to only a few 

endmembers will unavoidably introduce error. Because the application of EMMA is necessarily 

a simplification, calculating plausible results does not necessarily equate with correct results. In 

fact, it is always incorrect to some degree because any real system is more complicated than the 

EMMA model. However, performing EMMA in a nested catchment can make it easier to infer 

the nature of possible sources of error by identifying which location in the catchment is best 

described by the selected endmembers, and in turn identify those areas where additional 

endmembers are required. EMMA can additionally produce results that help to understand the 

relative inputs of endmembers between locations throughout a watershed. These errors can be 

assessed by identifying underpredicted or overpredicted model values, and the relative 

endmember inputs between locations.  

 

4.5.1 EMMA produced plausible results for the Provo River watershed 

The fractional contributions of the endmembers at the three locations in Provo River were 

quite plausible when viewed individually. Between the three sampling locations, strong seasonal 

variability was observed in the fractional contributions of quartzite groundwater, snow, soil 

water, and carbonate groundwater. Baseflow was dominated by the groundwater components 

most associated with the geology upstream from the sampling sites, i.e., quartzite groundwater 

dominated at Soapstone and carbonate groundwater dominated at Woodland and Hailstone. The 
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increase in the snow fraction for all locations correlated with peak runoff, but the total volume of 

snow input into the stream each year was difficult to quantify. The 2017 water year had 

relatively high snowpack, which was reflected in increased calculated fractional contributions of 

snow, but similar trends were seen in 2020, which was a below-average snowpack year. Thus, 

snowpack volumes do not necessarily indicate a year of high runoff or snow input because 

antecedent soil moisture and air temperature also control how much snowmelt makes it directly 

into the stream without significant soil interaction (Brooks et al., 2021). Additionally, the 

increased calculated input of soil water and quartzite groundwater at Woodland is likely due to 

the input from the North Fork of the Provo River, a major tributary to the upper Provo located 

between Soapstone and Woodland (Figure 1). Likewise, the increased input of soil water and 

quartzite groundwater to Hailstone is likely due to inputs from the Weber-Provo Diversion 

Canal. 

 

4.5.2 Identifying limitations in the nested catchment approach by observing the accuracy of 

model predicted values and endmember inputs between locations 

To determine whether the selected endmembers can describe the chemistry at several 

points of interest along a watershed, the predicted model concentrations can be assessed for 

missing endmembers. A limitation in the nested catchment approach is that only a few 

endmembers can be selected to explain the stream data at all locations of the watershed. To apply 

the model to the whole watershed, the endmembers that are observed at the bottom of the 

watershed must also be observed at the top of the watershed. In the case of the Provo River 

watershed, most of the endmembers were identified from the geology in the area, except for the 

groundwater that had interacted with volcanic bedrock in the lower part of the watershed. 
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Previous studies of Provo River found little evidence of pronounced solute loading from 

groundwater interactions with volcanic rock (Carling et al., 2015; Checketts et al., 2020), so this 

potential endmember was ignored. Using a volcanic groundwater endmember would have 

excluded Soapstone from the model because there is no volcanic rock above this site. After 

running EMMA on the dataset, Soapstone was well predicted for all tracers by the selected 

endmembers. However, the accuracy of the predicted concentrations of Si and K+, and to a lesser 

extent Mg2+, became increasingly poor between Woodland and Hailstone. This suggests the 

necessity for an additional endmember, perhaps a volcanic groundwater endmember, to explain 

the chemistry at Woodland and especially Hailstone. This approach can be used as a preliminary 

assessment to determine whether there are any missing endmembers at multiple points along the 

watershed.  

One way to assess the accuracy of the calculated fractional contributions is to calculate 

the net increase in endmember contributions between successive sampling locations downstream 

in the catchment. The endmember inputs between locations were calculated by subtracting the 

discharge-weighted contributions between locations to determine what the inputs were. For 

Provo River, the fractional contributions alone for each location gave realistic and interpretable 

results. However, viewing the data in terms of the endmember inputs into successive locations 

downstream produced some negative values, indicating error within the analysis since it is 

impossible that a single endmember source would be lost in the stream between sampling points. 

The endmember that appeared most frequently as a negative input was snow, particularly 

between Woodland and Hailstone. This could be a result of increasing complexity in the 

watershed from upstream to downstream with a greater likelihood that additional water sources 
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would affect downstream locations and confound mixing calculations based on a now 

insufficient set of endmembers.  

 The difficulty in accurately quantifying snow input to the downstream locations could be 

caused by two different factors. First, isotopically enriched snow sources lower in the watershed 

could confound the mixing calculations with respect to snow and quartzite groundwater. The 

snow and quartzite groundwater endmembers are primarily distinguishable by their isotopic 

composition, with snow being more depleted in the heavy δ18O and δ2H isotopes. Therefore, an 

influx of isotopically enriched snowmelt would be interpreted by the mixing model as having a 

larger fraction of quartzite groundwater, and a smaller fraction of snow, than is actually the case. 

This would manifest as a negative contribution for the snow endmember between locations in 

Figure 12. This interpretation is supported by the fact that our snow endmember samples were 

only collected in one of the highest parts of the watershed. The snow input estimates are the 

poorest between Woodland and Hailstone, and it should be noted that the Weber Diversion 

provides some input of water there. Although that watershed is geologically similar to the Provo 

River watershed, it may be that the snow there is isotopically distinct, on average. Second, 

mixing with other, previously undetected endmembers might produce a similar effect. Our 

proposed volcanic groundwater endmember is a likely contributor. 

Considering the endmembers selected to represent the whole watershed, there is much 

room for improvement. Generally, the calculation overall could be improved by including more 

representative endmember samples. For Provo River, it appears that EMMA may be best suited 

for Soapstone, the upstream site with the simplest watershed characteristics. An advantage of the 

nested catchment analysis in Provo River is that the model produced plausible results, and using 

this approach, we can identify how useful the interpretations are based on the assumptions made. 
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A nested catchment analysis can help with identifying error present in EMMA throughout the 

watershed than would have been noticed in measuring the mixing at only one location.  

 

4.6 Quantifying differences in predicted solute concentrations to identify missing endmembers 

Fractional contributions from the mixing calculations can be used to calculate predicted 

values for other tracers not included in the analysis to identify missing endmembers. The values 

for several of the commonly conservative elements that were not included in our mixing model, 

specifically Na+ and Cl-, were used to predict concentrations. For the Provo River, both of these 

tracers were significantly underpredicted for Woodland and Hailstone but not for Soapstone, 

suggesting a missing endmember such as road salt in the model. Because the roads are regularly 

maintained in the lower parts of the watershed, we would expect a larger input of road salt 

further downstream in the watershed. The industry standard for road salt is ~50 kg of salt per km 

per lane. Based on the total amounts of salt used to maintain the roads in Kamas and the lengths 

of road maintained, there can be anywhere between 6 – 12 metric tons of salt placed on a single 

lane of road 1 km long over an entire winter season. These rough estimates suggest that the 

underpredicted values of Na+ and Cl- for the lower parts of the watershed are due to the addition 

of road salt, making salt a missing endmember for Woodland and Hailstone. Salt maintenance 

and total salt usage from 2015 – 2023 was obtained from the Utah Department of Transportation 

(personal communication).  
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4.7 Suggested workflow for applying EMMA models 

Considering the multitude of approaches in the literature for building an EMMA model for a 

watershed, we suggest a streamlined workflow that minimizes error and identifies missing 

endmembers, as follows: 

1. Collect stream and endmember samples for the area of interest. To better understand the error 

associated within the EMMA calculation, the stream should be sampled in multiple locations 

along the watershed to compare the spatial changes in stream chemistry over time. However, if 

limitations do not allow multiple sampling locations, EMMA may still be performed on stream 

samples collected in a single location.  

2. Determine which elements included in the dataset behave conservatively. One should be 

aware of the fundamentally different processes affecting isotopes and solutes and make general 

assumptions about the behavior of the isotopes to determine if they should be included in the 

analysis.  

3. Standardize (z-score) the stream data and perform a PCA. Determine the number of PCs to 

include by observing eigenvalues (see “rule of one”), structure in residual values for each tracer, 

and the percent variance explained by each PC. The selection of PCs is a largely subjective 

choice, but one should provide justification for the number of PCs selected and ensure that they 

explain a reasonable amount of variation in the dataset.  

4. Project potential endmembers into the stream data-defined U-space. Endmembers should be z-

scored using the mean and standard deviation of the tracers in the stream data and PC scores 

calculated using the coefficient matrix of the stream data. Select endmembers to use in the 

mixing analysis based on how well the endmembers circumscribe the stream data in U-space.  
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5. Perform the mixing calculation by using a non-negative least-squares optimization using z-

scored tracer values for both the stream and endmember data. Ideally, the system of equations 

should be either critically determined or overdetermined.  

5. Conclusion 

An endmember mixing analysis is a useful tool for understanding how the main water 

sources for a stream change over time. However, it is important to highlight that EMMA is 

inherently an oversimplification of real processes occurring within a watershed. Many 

assumptions must be included for the analysis to be possible, including that the mixture is 

composed of a small number of endmembers, and that these endmembers have fixed 

concentrations over time. In reality, natural systems are often far more complex, but the use of 

EMMA can still be useful depending on the intention of the user. Applying EMMA to a nested 

catchment allows for further assessment of the error present in the analysis. The application of 

EMMA to the Provo River shows that the lowest part of the watershed, Hailstone, is the most 

poorly represented by the model because the watershed becomes increasingly complex further 

downstream. This approach validates the application of these endmembers to the highest 

sampling location, Soapstone, and suggests additional endmembers that may be required to 

accurately describe the chemistry of Woodland and Hailstone. By calculating the mixing in 

tracer space and testing the selected endmembers at multiple locations in the watershed, the error 

in the already simplified EMMA may be minimized and yield more reliable and interpretable 

results.  
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6. Tables 

Table 1. Table of river samples collected over the five-year study. All samples from each 
location (Soapstone, Woodland, and Hailstone), so the samples shown in the table represent the 
samples collected for one site. Between all locations, 318 samples were collected.  
 

 Number of Samples Collected (per location) 
 2016 2017 2018 2021 2022 Total  

Spring Runoff 
(April – June)  11 11 12 12 14 60 
Other 9 7 8 10 12 46 
Total:  20 18 20 22 26 106 

 
 
Table 2. Values from the coefficient matrix for the river data. Three PCs were used to observe 
the river data and select endmembers, with particular weight being on the solutes for PC1, the 
isotopes for PC2, and Si for PC3. 

  PC1 PC2 PC3 PC4 PC5 PC6 PC7 
δ18O -0.09 0.71 0.31 -0.59 -0.21 -0.01 0.08 
δ2H -0.12 0.69 -0.31 0.60 0.23 0.01 -0.04 

HCO3
- 0.45 0.08 -0.31 -0.13 -0.19 0.73 -0.32 

Si 0.42 0.06 0.70 0.49 -0.30 0.04 -0.01 
Mg2+ 0.45 0.08 -0.27 -0.09 -0.20 -0.67 -0.47 
K+ 0.44 0.06 0.23 -0.19 0.85 0.00 -0.03 

Ca2+ 0.45 0.05 -0.31 -0.02 -0.13 -0.09 0.82 
 
 
Table 3. Statistics associated with the fit between the model predicted concentrations and 
observed concentrations. 

 R2 Slope-1 Intercept 
Residual 
Average 

Standard Deviation 
Average 

δ18O 0.78 -0.32 -5.50 0.23 0.35 
δ2H 0.90 0.03 4.00 0.02 1.28 

HCO3
- 0.98 -0.13 3.50 4.11 7.49 

Si 0.75 -0.54 1.40 0.15 0.82 
Mg2+ 0.98 -0.22 0.26 0.52 0.61 
K+ 0.71 -0.49 0.20 0.10 0.14 

Ca2+ 0.99 0.06 -0.03 -0.82 1.26 
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Table 4. Location in UTM coordinates and dates for each endmember sample collected. All soil 
water and carbonate groundwater samples were collected in 2022. 

Sample Name Date Collected UTM Zone Easting Northing 
Quartzite Groundwater 

UP-Spring 1 10/31/12 12T 507249 4504617 
UP-Spring 1 10/18/13 12T 507012 4504770 
UP-Spring 1 10/31/14 12T 507249 4504617 
UP-Spring 2 10/31/12 12T 506890 4504998 
UP-Spring 2 10/18/13 12T 506890 4504998 
UP-Spring 2 10/31/14 12T 506890 4504998 
POF 8 5/26/16 12T     
UP-Spring 1 10/14/22 12T 507249 4504617 
UP-Spring 2 10/14/22 12T 506890 4504998 

Carbonate Groundwater 
Carbonate Spring 1 8/5/22 12T 496962 4482869 
Carbonate Spring 2 8/5/22 12T 492228 4488303 
Carbonate Spring 1 9/23/22 12T 496962 4482869 
Carbonate Spring 2 9/23/22 12T 492228 4488303 
Carbonate Spring 1 10/19/22 12T 496962 4482869 
Carbonate Spring 2 10/19/22 12T 492228 4488303 
Wolf Creek Spring 10/19/22 12T 499446 4481797 
Carbonate Spring 2 11/18/22 12T 492228 4488303 

Soil Water 
2022 Soil 1 5/24/22 12T 504211 4498719 
2022 Soil 2 6/2/22 12T 508406 4503991 
2022 Soil 3 6/2/22 12T 507099 4503477 
2022 Soil 4 6/2/22 12T 507153 4503482 
2022 Soil 5 6/2/22 12T 507194 4503488 
2022 Soil 6 6/2/22 12T 506061 4503637 
2022 Soil 7  6/2/22 12T 506040 4503623 
2022 Soil 8 6/2/22 12T 503897 4502921 
2022 Soil 9 6/2/22 12T 503909 4502934 
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Snow 

Snow 1-A 4/19/21 12T      
Snow 1-B 4/19/21 12T      
Snow 1-C 4/19/21 12T      
Snow 2-A 4/19/21 12T      
Snow 2-B 4/19/21 12T     
Snow 2-C 4/19/21 12T     
Trial Lake-2B 4/29/16 12T 507333 4503767 
Trial Lake-2C 4/29/16 12T  507333 4503767 
Trial Lake 3 4/21/17 12T  507202 4503903 
Trial Lake 6 4/21/17 12T  502897 4503584 
Uinta Snow 1A 4/24/18 12T 507287 4503790 
Uinta Snow 1B 4/24/18 12T 507287 4503790 
Uinta Snow 1C 4/24/18 12T 507287 4503790 
Uinta Snow 2A 4/24/18 12T 503265 4502665 
Uinta Snow 2B 4/24/18 12T 503265 4502665 
Uinta Snow 2C 4/24/18 12T 503265 4502665 
Trial Lake 2 3/25/14 12T 504379 4503049 
Trial Lake 3 3/25/14 12T 504379 4503049 
Beaver Divide 1 3/25/14 12T 491727 4495728 
Soapstone 3 3/25/14 12T 496313 4491481 
Trial Lake 4 4/24/14 12T 507089 4504010 
Trial Lake 7 4/24/14 12T 502643 4503861 
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7. Figures 

 

 
Figure 1. Delineated watershed boundaries for Weber, Duchesne and upper Provo rivers, 
showing river sampling sites and endmember sampling sites. Geologic map modified after 
http://geology.utah.gov/map-pub/maps/gis/, obtained 26 April 2023. 
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Figure 2. Plot of discharge rates in m3/s for Provo River at the three separate sampling locations. 
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Figure 3. Bivariate plots of the tracers used in EMMA for Provo River. Each solute was strongly 
correlated with each other (𝑅𝑅 > 0.80).  
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Figure 4. Scree plot from Provo River PCA, indicating a two PC model to sufficiently describe 
the variance in the dataset. 
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Figure 5. Residual plots for each tracer in 1D, 2D and 3D U-space. Structure in the residuals, 
particularly for the isotopes δ18O and δ2H, improve significantly between a one PC and a two PC 
model, with little change in the structure for all tracers between a two PC and a three PC model.   
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Figure 6. Provo River data plotted in terms of the first, second, and third principal components, 
with PC1, PC2, and PC3 explaining 66.9%, 25.0%, and 3.4% of the total variance. The 
endmembers which adequately circumscribe the data are quartzite groundwater, snow, soil water, 
and carbonate groundwater.   
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Figure 7. Model predicted concentrations versus observed concentrations for the Provo River 
data. Na+ and Cl- model predictions were used to observe how well the selected endmembers 
could explain these solutes to determine a missing endmember. 
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Figure 8. (a – c) Plots of the fractional contributions calculated in tracer space subtracted by the 
contributions calculated in U-space using two PCs and four endmembers. (d – f) Plots of the 
fractional contributions calculated in tracer space subtracted by the contributions calculated in U-
space using three PCs and four endmembers. Dashed line indicates two-year break in sampling 
collection. 
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Figure 9. Fractional contributions from each endmember for Soapstone for the time period 2016 
– 2018 and 2021 – 2022. 
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Figure 10. Fractional contributions from each endmember for Woodland for the time period 
2016 – 2018 and 2021 – 2022. 
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Figure 11. Fractional contributions from each endmember for Hailstone for the time period 2016 
– 2018 and 2021 – 2022. 

 
  



 47 

 
Figure 12. Discharge weighted fractional contributions in m3/sec for Soapstone, Woodland, and 
Hailstone, respectively.  
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Figure 13. Endmember inputs between locations in the Provo River watershed.   
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Figure 14. Error within endmember sampling groups for each sampling day between all 
sampling locations. 
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