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ABSTRACT

Skew Relative Hadamard Difference Set Groups

Andrew Haviland
Department of Mathematics, BYU
Master of Science

We study finite groups G having a nontrivial subgroup H and D C G \ H such that (i)
the multiset {xy~': z,y € D} has every element that is not in H occur the same number of

times (such a D is called a relative difference set); (i) G = DUDVUH; (iii) DN DY = (.

We show that |H| = 2, that H has to be normal, and that G is a group with a single
involution. We also show that G cannot be abelian.

We give examples of such groups, including certain dicyclic groups, by using results of
Schmidt and Ito.

We describe an infinite family of dicyclic groups with these relative difference sets, and
classify which groups of order up to 72 contain them.

We also define a relative difference set in dicyclic groups having additional symmetries,
and completely classify when these exist in generalized quaternion groups.

We make connections to Schur rings and prove additional results.

Keywords: difference set, subgroup, Hadamard difference set, Schur ring, dicyclic group.
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CHAPTER 1. INTRODUCTION

A difference set D in a finite group G is a nonempty subset of GG such that any non-identity
element of G can be written in exactly A ways as dydy* where dy,dy, € D. We say D C G
is a (v,k,\)-difference set if |G| = v, |D| = k, and each non-identity element of G' can be
represented A ways as a ‘difference’ of elements of D.

The study of difference sets is related to the study of designs. We describe the connection
here.

An incidence structure is an ordered triple (P, B, I) consisting of a set of points P, a set
of blocks B, and an incidence relation I C P x B, where we say the point p € P and block
b € B are incident if (p,b) € I.

Given a difference set D C G, the development of D is the incidence structure whose

points are the elements of G and whose blocks are the left translates of the difference set
{aD ; a € G}.

A symmetric (v, k,\) design is an incidence structure (P, B, I) in which 0 < k < v and the

following hold:
G) |P|=|B|=v.
(17)  Each point is incident with & blocks.
(77i) Each block is incident with k& points.
(tv)  Each pair of points is incident with A\ blocks.

(v)  Each pair of blocks is incident with A points.

Theorem 1.0.1. [19, Theorem 4.7, p. 54] Let D C G be a (v, k, \)-difference set. Then the

development of D is a symmetric (v, k,\) design.

This connection between difference sets and designs allows many algebraic and geometric

tools to be applied to difference set theory. A common example of a difference set is the



(7,3, 1)-difference set D = {1,2,4} of G = Z;. The corresponding design

{{1,2,4},{2,3,5},{3,4,6},{4,5,0},{5,6,1},{6,0,2},{0,1,3}},

is known as the Fano plane.

We shall make use of the following technique commonly applied to difference sets: Let G
be a group with a normal subgroup N. Let {g1,...,¢,} be a complete set of coset represen-
tatives for N in G. If D is a difference set in G, then the numbers n; = |D N g;N| are the
intersection numbers for D with respect to N.

For a finite group G, we will identify X C G with the element ) _ = € ZG of the group
algebra, and let X(=V = {27! : 2 € X}. We write C, for the cyclic group of order n.

Let H < G and h = |H| > 1.

Then a (v, k, \)-relative difference set (relative to H) is a subset D C G\ H, |D| = k,v =



|G|, such that
DDV = \(G — H) + &,

so that every element g € G\ H occurs A times in the multiset {zy~' : 2,y € D}.

We now further assume

(1) DN DY =
(2) G=DUD"YUH (disjoint union).

A group having a difference set of the above type will be called a (v, k, A)-skew relative
Hadamard difference set group (with difference set D and subgroup H); or a (v, k, A\)-SRHDS
group. Categorizing which groups are SRHDS groups is the main motivation of this research.

Recall the following related concept: a group G is a skew Hadamard difference set if it
has a difference set D where

G=DuDVuU{1},
DN DY =4.
Such groups have been studied in [5, 6, 7, 10, 11, 12, 13, 20].
In this paper we find infinitely many examples of such SRHDS groups. We also find

groups that cannot be SRHDS groups, but which satisfy certain properties of a SRHDS

group, as given in:

Theorem 1.0.2. For a (v,k,\) SRHDS group G with difference set D and subgroup H we

have:
(i) |H| =2;
(i) H<G;

(iii) G is a group having a single involution;
(iv) v =0 mod §;
(v) G is not abelian;

(vi) A Sylow 2-subgroup is a generalized quaternion group.



Parts (7), (i7), and (i4i) will follow from Proposition 3.1.1. Parts (iv), (v) will follow from
Corollaries 4.1.3 and 4.1.4. For part (vi), suppose that G is a finite group with a unique
involution z. Let Z = (z) and let Q = G/Z. Since G has a unique involution, the same is
true of any subgroup of GG of even order, in particular, for any Sylow 2-subgroup of GG. Now
the 2-groups with unique involution were determined by Burnside (see [24, Theorems 6.11,
6.12] and [1, 4]); they must be cyclic or generalized quaternion groups. Corollary 4.1.5 will
show that they cannot be cyclic. O]

Groups with a single involution are studied in [21, 22, 14]. Dicyclic groups Dic, are
examples of such groups. However, we note that Dicz, has no SRHDS (Proposition 5.2.1).

We now establish a connection with Hadamard groups. Recall that a Hadamard group is
a group G containing H < Z(G) of order 2 such that there is an H-transversal D, |D| = v/2,
that is a relative difference set relative to H, so that DD"Y = \(G — H) + |D|.

We show that if D C G is a SRHDS, then G is also a Hadamard group (where F = D+ 1
is the relative difference set); see Proposition 3.1.5. Thus it is natural to try to obtain
results for SRHDS groups that are similar to the results of Schmidt and Ito [29, 15] from the
Hadamard group situation. For example Schmidt and Ito show that if 4p—1 is a prime power
or 2p — 1 is a prime power, then the groups Dicg, and Dicy, (respectively) are Hadamard
groups.

For dicyclic SRHDS groups we show:
Theorem 1.0.3. Ifp € N and 4p — 1 is a prime power, then Dicg, is a SRHDS group.

There is no analogous result when 2p — 1 is prime.

Now Ito [15] determines a ‘doubling process’ that takes a Hadamard difference set for
Dic, and produces a Hadamard difference set for Dicy,. We note that this doubling process
does not work in general in the context of a SRHDS, however we will show that it does
work under an additional ‘symmetry’ hypothesis (see Corollary 4.3.3) that is satisfied in the

situation of Theorem 1.0.3. This allows us to prove:

Theorem 1.0.4. Ifp € N and 4p — 1 is a prime power, then Dicyg, is a SRHDS group.



Theorems 1.0.3 and 1.0.4 will be a consequence of Theorems 4.2.1 and 4.3.3.

Theorem 1.0.5. Let G = C), x Dicg,, with p > 2 prime and n odd. Then G is not a SRHDS

group.

This will be a consequence of Proposition 5.2.2.
We will also define doubly symmetric SRHDS groups that have even more ‘symmetry’

(see Definition 6.1.3). This will allow us to prove:

Theorem 1.0.6. Let G = Dicg.ou be a generalized quaternion group for some u € Zxqy. Then

G contains a doubly symmetric SRHDS if and only if 211 — 1 is either prime or 1.

This will be shown in Theorem 6.2.3.

We will also provide a detailed proof of a result known to Travis [31]:

Theorem 1.0.7. Given a subgroup H of a finite group G, we have that (G, H) is a strong
Gelfand pair if and only if C[G]¥, the ring of H-classes in G, forms a commutative Schur

TIng.

The definition of a strong Gelfand pair and the proof of this theorem can be found in

Corollary 7.2.5.



CHAPTER 2. DEFINITIONS AND RESULTS FROM

REPRESENTATION THEORY

One main tool for this research is representation theory, so we will list some well-established
definitions and results from representation theory.

Let G be a finite group. A representation p of G is a group homomorphism
p:G— GL(V)

where V' is a finite-dimensional vector space (which we will assume is over the complex
numbers) and GL(V) is the general linear group of invertible linear transformations from
V' to itself. Given a basis for V, we can identify GL(V) with GL(n,C), where n is the
dimension of V, and think of a representation as mapping into a matrix group.

A representation of G in V' is irreducible if its only G-invariant subspaces are V' and {0}.

Theorem 2.0.1. [19, Maschke’s Theorem, p. 188] Every representation of a finite group G
i a finite-dimensional vector space V over C can be written as a direct sum of irreducible

representations.

Given a finite group G and a commutative ring R, the group algebra RG is the set of

formal linear combinations
{z euglas € R} ,
9i€G

under the operations

Z aigi + Z bigi = Z(ai + bi)gi,

9i€G g:€G g:€G
(Z aiQi) (Z biQi) = Z Z aibj h.
9i€G 9i€G heG \ gigj=h

The group algebra allows us to take advantage of the ring structure on matrices. We can

extend a representation

p:G— GL(V),



to

p:CG — End(V),

by extending linearly over C. Here End( V) is the set of endomorphisms on V: that is, the set

of linear transformations from V to itself. Thus V becomes a CG-module under the action

u-v = p(u)(v),
for all w € CG, and v € V. A CG-module V is irreducible if its only CG-invariant subspaces
are itself and {0}. A CG-module homomorphism is a linear map between CG-modules that
commutes with the CG action: that is, a linear map T : V; — V5 such that
T(u-v)=u-T(v),

for all u € CG, v € V.

Theorem 2.0.2. [16, Schur’s Lemma, p. 78] Let V and W be irreducible CG-modules.
IfT :V — W is a CG-module homomorphism, then T is either an isomorphism or the
zero map. Additionally, if T is an isomorphism, then T is a scalar multiple of the identity

endomorphism on V.

A ring R is semisimple if any short exact sequence of left R-modules splits. The following

is a portion of Wedderburn’s Theorem that we will use later.
Theorem 2.0.3. [9, Wedderburn’s Theorem, p. 854] Every semisimple ring R considered
as a left R-module is a direct sum
R=Li® Ly @D Ly,
where each L; 1s a simple module, and L; = Re;, where the e; € R are primitive orthogonal

tdempotents.

The following two theorems are consequences of applying Wedderburn’s Theorem to the

group algebra CG, which is semisimple [9, Corollary 5, p. 856].



Theorem 2.0.4. [9, Theorem 10, p. 861] Let G be a finite group.
(1) There are ny,no,...,n, such that CG = M,,(C) x M,,(C) x --- x M, (C);
(2) CG has exactly r distinct isomorphism types of irreducible modules and these have
complex dimensions ny,na, ..., n, (and so G has exactly r inequivalent irreducible

complex representations of the corresponding degrees).

® Yoni=lGl

(4) 1 equals the number of conjugacy classes in G.

Theorem 2.0.5. [9, Corollary 11, p. 861] A finite group G is abelian if and only if every

wrreducible complex representation of G is 1-dimensional.

Given a representation p : G — GL(V), the character x, is the map x, : G — C given
by

Xo(9) = Tr(p(g)).

Here Tr is the trace function. A character is irreducible if the associated representation is.

The standard inner product on characters (or any class functions on G) is given by

1 _
(o) =15 > x(9)a(y).

geG
Theorem 2.0.6. [9, The First Orthogonality Relation for Group Characters, p. 872] Let G
be a finite group and let x1, X2, - - ., Xr be the irreducible characters of G over C. Then with

respect to the inner product ( , ) we have
(Xi X5) = dij
and the irreducible characters are an orthonormal basis for the space of class functions on

G.

Theorem 2.0.7. /9, The Second Orthogonality Relation for Group Characters, p. 872] Let

G be a finite group and let x1, X2, - - -, X» be the irreducible characters of G over C. Then for



any z,y € G,

r |Ca(x)| if x and y are conjugate in G;
Z Xi(z)xi(y) =

=1 0 otherwise.




CHAPTER 3. DIFFERENCE SETS AND NECESSARY

CONDITIONS

3.1 |H|=2 AND NORMALITY OF H

Recall that for p > 1 the dicyclic group is
Dicg, = (x,y[x® = y* x® =y* = 1,x¥ =x71),
so that |Dicgy| = 8p. A generalized quaternion group, denoted QQsa, is just a dicyclic group

Dicga, a > 3.

Proposition 3.1.1. Let G be a SRHDS group with subgroup H. Then G has a single

involution t, and H = (t). In particular h = |H| =2, H < Z(G), and H < G.

Proof. Let D be a SRHDS for G. Since D N DY = ) we see that D does not contain an
involution. Since G — (D + DY) = H we see that all involutions are contained in H.

If we have dy,ds; € D, with
hldlthdQGHdlﬂHdg, hiEH,
then

hy'hy = dod* € H,

which implies that
hythy = dyd* =1,

(since DDV = \(G — H) + k implies that the only element of H of the form dyd; ' is 1).
Thus d1 = dQ and hl = hg.

Thus the cosets Hd,d € D, are disjoint, and so
| Ugep Hd| = |H| - |D| = hk.
Since Hd C G — H for d € D, we see that

hk = | Ugep Hd| < |G — H| = |D + D"V | = 2.

10



Thus h < 2andsoh =2ash > 1. This implies that H consists of the identity and the unique
involution ¢ € G. Since t is an involution, (gtg™!)? =1 for all g € G, so gtg~' is in (t). Tt
cannot be 1 since t # 1. Thus gtg~' = t, so t € Z(G). This implies that H = {1,t} < Z(G),

and thus we have that H is normal in G. O

This proves (i), (ii) and (iii) of Theorem 1.0.2.
In what follows we will let H = (t), where t € Z(G) has order 2. Then:
G=D+D"YV+H  D-D"Y=XG-H)+k-1. (3.1)

These equations give

v=2k+2, k=k+v—2),
and solving gives (i) of

Lemma 3.1.2. (i) v=2k+2, A=(k—1)/2=(v—4)/4 and 4|v.
(i) DH = HD = DE-VH = HDY = G — H.
(i) G, D, DY H all commute.

Proof. From D C G—H we have DHNH =0, and DH C G—H; but |G—H| =2k = |DH|,
so that

DH=HD=G-H=(G-H)™ =D"YH =DV,

giving (ii).
Since D™V = G — D — H and H < Z(G) it now follows that D and D=Y commute.

This shows that G, D, DY, H all commute. O

Lemma 3.1.3. Let G be a SRHDS group with difference set D and subgroup H = (t). Then
DY =+¢D.

11



Proof. We have
D+Dt=(1+t)D
=HD
=G-H
=D+ DY, O
We now define Schur rings [26, 30, 32, 33]. A subring & of ZG is a Schur ring (or S-ring)

if there is a partition I = {C;}_, of G such that:
1. {1g} € K;
2. for each C € IC, CY e K;
3. Ci-C; =51 NijkCr for all 4,7 <r where \; ;1 € Z>y.
The C; are called the principal sets of &. Then we have:
Lemma 3.1.4. {1}, {t}, D, DY are the principal sets of a commutative Schur ring.

Proof. The sets {1}, {t}, D, D=V partition G' and we have each of the following:

DY =¢D,
tDY = D,
t? =1,

DUYVD = DD = NG — H) + k= \D+ DY) + £,
D?*=tDDY = t(\(D + DY) + k).

This concludes the proof. O

Proposition 3.1.5. If D C G is a SRHDS, then G is a Hadamard group.

12



Proof. We have DDV = \(G — H) + k. Let E = D + 1, so that
EETY =DDY + D4+ DY 11
=NG-H)+k+(G-H)+1
=N+ 1)(G—-—H)+k+1,

as required. N

3.2 INTERSECTION NUMBERS

Let N <G and let g1, ¢a,...,g- be coset representatives for G/N. If G is a SRHDS group
with difference set D, then the numbers n; = |D N Ng;| are called the intersection numbers.

Standard techniques give (see Section 7.1 of [19]):

Lemma 3.2.1. Let D C G be a SRHDS with subgroup H = (t),t> = 1. Let N <G have
order s and index r in G. Let gy = 1,g2,...,g, be coset representatives for G/N and let

n; =|DNNgl|,1<i<r. Then

Zn =k, an = AN\ H| + k.
=1

i=1

Proof. We have

i=1

and thus

13



Since DDY = \(G — H) + k, if we denote D; = |D N Ng,|, we get
2 ni=) |Dif
i=1 i=1
i=1

= [Nn DDV

— INAAG\ H) + k)|

= AN\ H|+ k. O
Lemma 3.2.2. Let G be a dicyclic group and let N <G. Let D C G be a SRHDS with

subgroup H. Let Ngs,--+,Ng, be the cosets that don’t meet H, and let n; = |D N Ng;|.

Suppose that we have distinct i,i' > 2 where g;g» € N. Then n; +ny = |N]|.

Proof. Since n; = |D N Ng,|, we have n; = [DY N Ng;!| = |[DEY N Ngy|. But if i > 3,
then we have Ngy C G\ H = D + DY so that

IN|=|(D+D"Y)N Ngy|
= |DN Ngy|+ | DY N Ngy|

The next result concerns intersection numbers for subgroups that are not necessarily

normal.

Proposition 3.2.3. Let G be a SRHDS group with difference set D and subgroup H. Let
K < G be any subgroup where t € K. Let b = |G : K| and let go = 1,91, , gp—1 be coset

representatives for K < G. Let k; = |D N Kg;|,0 <i<b. Then
ko= |K|/2—1 and k; = |K|/2, 0 <i<b.
Let Di=DNKg;,i1=0,--- ,b—1. Then
b—1
> DDV = MK — H) + k.
i=0
Proof. We have DY =tD. Let D; = DN Kg,; then

tD; = (DN Kg) = (tD) NtKg = D"V N Kg,,

14



so that DNtD = () and ¢ > 0 gives
D;+tD; = (DN Kg)+ (D"Y N Kg,)
=(D+D"Y)N Ky
=(G—H)NKg;
=GNKg = Kg;.

Taking cardinalities, again using D NtD = (), gives 2k; = | K| for i > 0.

Then Y.7-) k; = k now gives
ko+(O—1|K|/2=k=v/2—1;
but v = b - |K|, from which we obtain ky = |K|/2 — 1.
Now from DD = NG — H) 4+ k and D = Y.} D;g; we get
bipipg—lu..- = \G — H) +k,
i=0

so that

D CNK — H)+ k.

g
IS
5

The last part will follow if we can show that both sides of the set containment have the same
size.

From b = v/| K| and the first part, the number of elements of the left hand side is
b—1
> IDiP = (1K1/2 = 1)" + (b= DIK*/4 = 2p| K| — |K| + 1,
=0
and (since H C K) the number of elements of the right hand side is

MK =2) + &k =2p|K| = |K|+1,

and we are done. O

15



CHAPTER 4. THE SCHMIDT PROCESS AND THE

DOUBLING PROCESS

4.1 DIrReECT PrRoODUCTS AND (G IS NOT ABELIAN
Let ¢, = exp2mi/n,n € N. We first show

Theorem 4.1.1. Suppose that N I G, G/N = Cy,a > 2, and t ¢ N. Assume that
k=1G|/2 —1 is not a perfect square. Then G is not a SRHDS group.
Proof. Assume that G is a SRHDS group. Suppose that N < G with
G/N = (rN) = Ca

where r € GG. Then there is a linear character

NGNS T, Y (N) =G
that induces

x:G—=C*,  x(r)=x(rN).
We note that N = ker x. Further, any g € G can be written as

g=1b, 0<i<?2% be N.

Then we can write
2a_1

D = 1/N;, where N; C N.
=0
Since t ¢ N we have x(t) = —1 and so x(H) = 0. We certainly have x(G) = 0.
From G = D + DY + H we get
X(D) +x(D"Y) =0,

and from DDV = MG — H) + k we get X(D)X(D(*l)) — L.
These then give
x(D)? = —k, and so x(D) = £V —k.

16



But

:ti\/E = X(D) =X (Z 7“ij> = i(c2a)j|Nj|v (4'1)

§=0
which gives vk € Q(i,(e) = Q((ae), since a > 2. But the Galois group of Q((z)/Q
is Cy X Coa—2. These groups have at most three subgroups of index 2. Thus the Galois

correspondence [9, Theorem 14, p. 574] tells us that Q((2.) contains at most three quadratic

extensions, the only possibilities for which are Q(i)/Q, Q(v/2)/Q and Q(v/—2)/Q. But the

hypothesis says that k is not a perfect integer square, so that vk ¢ 7Z. But k > 1 is also
odd, and so

VEk ¢ Q(i), Q(V2),Q(v-2).

This contradiction gives Theorem 4.1.1. [

Corollary 4.1.2. Suppose that N <G, G/N = Cya,a > 3, and t ¢ N. Then G is not a
SRHDS group.

Proof. Since 2% > 8 we see that k = (|G| — 2)/2 satisfies k = 3 mod 4, and so the result

follows from Theorem 4.1.1. O

Corollary 4.1.3. If G is an abelian group with |G| = 0 mod 8, then G is not a SRHDS

group.

Proof. Let G be an abelian SRHDS group, and write G = A x N where A is a Sylow
2-subgroup, and N is a subgroup of odd order. Since G has a single involution, we see that

A is cyclic, say of order 2¢. The results now follow from Corollary 4.1.2 . [

Corollary 4.1.4. If G is a SRHDS group, then v = |G| =0 mod 8.

Proof. Assume that G is a SRHDS group with subgroup H = (t) and difference set D. Then
we know that 4|v by Lemma 3.1.2, so suppose that |G| = 4n where n is odd. Then a Sylow

2-subgroup of G must be Cy = (r) and ¢t = r?. Burnside’s theorem ([24, Theorem 5.13])

17



shows that (r) has a complement N <G, |N| =n,G = N x (r). So we can write
D = Dy + Dyr + Dor* + D3r®, D; C N.
Now

D+DYV=G—-H=N+Nr+Nr?+Nr® —H

then gives

2

Do+DS Y =N-1, D+ D)y =N, Dy+ (DS =N -1
D3+ (D\™V) = N.
Next, DY = tD gives
Dy =tDo, (Di7V) =tDs, (Dy V)" =Dy, (D5TV)" =tDy.

Using Dy + (D) = N and (DS V)™ = tDy we get Dy(1+t) = N. However D; (1 +t) has
an even number of elements (counting multiplicities), while | V| is odd. This contradiction

gives the result. L

Corollaries 4.1.3 and 4.1.4 now prove Theorem 1.0.2 (iv) and (v).

Corollary 4.1.5. If G is a SRHDS group, then a Sylow 2-subgroup of G is not cyclic.

Proof. Assume G is a SRHDS group with cyclic Sylow 2-subgroup (r). By Corollary 4.1.4,
|(r)] > 8. Again, Burnside’s theorem ([24, Theorem 5.13]) shows that (r) has a complement

N <G,G = N x (r). This now contradicts Corollary 4.1.2.

This concludes the proof of Theorem 1.0.2. O

4.2 CONSTRUCTION OF SOME SRHDS GROUPS
Theorem 4.2.1. Suppose that 4p — 1 is a prime power. Then Dicg, contains a SRHDS.

Proof. We follow [29, Theorem 3.3] where Schmidt proves a result of Ito about relative

difference sets in Dicyclic groups. Let ¢ = 4p — 1 and let F» be the finite field of order ¢".
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Let

tr: qu — Fq

denote the trace function [9, Exercise 18, p. 583]. Let o € F 2 satisfy tr(a) = 0. Let z € Fe
be a generator of the multiplicative group Fl.. Let () denote the set of non-zero squares in
[F,. Note that —1 ¢ () since ¢ =3 mod 4.

Since Gal(F 2, F,) is generated by the Frobenius map we see that
tr(a) = a+ o,
so that a? = —a. Now choose D € F, \ (Q U {0}). Then any 8 € Fp has the form
B8 =a+ bVD, for some a,b € F,. Now the conjugate of o = a + bv/D is a — bv/D and so
tr(a) =0
if and only if @ = 0. Thus we can choose o = v/D. We note that the elements o/ with

tr(a’) = 0 are just those in Fya.

Let U < Fy, be the subgroup of order (¢ —1)/2, and let
T Fpe =W :=Fg/U
be the natural map. Let g := 7m(z) be a generator for W and note that [W| = 2(¢+ 1) = 8p.

Let

R={n(x):2 € Fp,tr(ar) € Q}.

Then by [27, Thm 2.2.12], R is a relative (¢ + 1,2, ¢, (¢ — 1)/2) difference set in W relative

to the subgroup H := (g*?) of order 2. Define Ry, Ry C W := (g?) by
R = Rl + Rgg.
Since R is a relative (¢ + 1,2, q, (¢ — 1)/2) difference set,

—1
RR<—1>:—Q2 (W — H)+q

from which we get
_ _ —1
RiBTY 4+ RyRUY = g+ L 5 (W2 = H).
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Ifde Feo has order dividing q + 1, then d? = d~! and so
tr(ad) = ad + ad! = ad — ad ™ = —tr(ad ™).

Thus if tr(ad) € @, then tr(ad™!) € —Q. But ¢ = 3 mod 4 tells us that ¢ = —1 ¢ Q, so
that

tr(agd™") € Q.

Thus g?d~! € R;. Now the order of g*?d~! is a divisor of 2(q + 1) = |W|. This gives a
bijection,
Ud < Ug*d™,
between the elements of Ry C Wy, which then gives Rgfl) = ¢ R;. Now let
G = Dicg, = (a,b|a® = b%, 0% = 1,a" = a™ 1)
and identify (a) with W5, so that a <+ g*. To construct the SRHDS in the dicyclic group,

we first need to show the following:

Lemma 4.2.2. (i) Ry + 1 is a transversal for Wy/H.

(ii) Ry is a transversal for Wy /H.

Proof. From R{™Y = ¢* R, we see that if v € Ry N R\, then ¢ € RiR\"™Y, a contradiction
to R being a relative difference set relative to H. It follows that Ry N R§_1) = (). Now

1,-1=g"¢ Ry as tr(al) =0 ¢ Q, and so
Ri+ RV =w, - H. (4.2)
Then (4.2) and Rg_l) = ¢g" R, gives
Wy — H = Ri(1+g¢") = Ry H,

This proves part (i).
For part (ii), We first show that R+1 is a transversal for W/H.

If w € W, then tr(au) € @, and it follows that

tr(ag*u) = —tr(au) ¢ Q.
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This sets up a bijection u <+ ¢g*u of W — H where the orbits of this bijection are the
non-trivial H-cosets and a transversal corresponds to the elements of ().
Since R+1 is a transversal for W/H and R; 41 is a transversal for Wy /H it follows that

Ry is a transversal for W5/H. This concludes the proof. O

Now if @ = VD, 8 = a+ bV/D, then tr(af) = 2bD € Q if and only if 2b € F} \ Q.
Define
S = a®Ry + Ryb.

First we show that SSY = X\ (G — H) + k where k = (v —2)/2,A = (k—1)/2:
SSCY = (a® Ry + Rob)(a® RV + b1 RUY)
= RiRUY + RoRSY + Ry Ry(1 + a®)b
= RiRUY + RoRSY + Ry Ry HY
= RiRUY + RoRSY + RyWab
=g+ L Wy~ H) Rt
= k+ AWy — H) + AWab
=k+\N(Wy+Web—H) (4.3)
=AG—H)+k, (4.4)

as desired. Next we need
Lemma 4.2.3. For S as above we have SN SV = ().

Proof. Assume that

reSNSTY, S =a?*R; + Ryb.

Then there are two cases.
(a) First assume that r € (a). Then there are x', 27 € R; where r = a*a’ = a*a™7 so we

have i = —j. Since a corresponds to g2 the elements g%, g=% satisfy

tr(ag®), tr(ag ) € Q.
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Let g' = ¢ + bv/D. Then tr(ag?), tr(ag=%) € Q (respectively) gives 4bcD € Q,

—% € @ (respectively), which in turn gives —1 € @, a contradiction.

(b) Next assume that r € (a)b. Then there are 4, j such that
r=a'b=(a’b)"' = a’*?b,
where a’,a’ € Ry. Thus i = j + 2p. As in the first case this gives

tr(ag”™), tr(ag"’) = tr(ag” ") € Q.

2i=Apt1) Zi+1) this gives —1 € @, a contradiction. O

Since tr(ag = —tr(ag
From SN S =0 =SNH we get
G=S+S"V+H
and so Eq. (4.4) shows that S is a SRHDS, giving Theorem 4.2.1. O
We next wish to show that we can double this example (see the next section for the
definition of this doubling process), and so we need the following ‘symmetry’ results:
Symmetry proof for R;.
Now S = a*R; + Ryb and if @’ € a* Ry, then i = 2p + j where tr(az¥) € Q.
We note that z, the generator of IF;‘Q, has order ¢ — 1, and so (27)¢ = z, showing that

the non-trivial Galois automorphism is determined by z > 29.

So from tr(az%) € Q we get tr(a?z21) € Q. But a? = —a = 2@ /2. Thus
g
tr(afz%9) = tr(a ¥t -1/2)
— t'r’(azQ(quqQ*l)/Ll)) €qQ.

This if ' = (jg + (¢*> — 1)/4), then a®** € a®R,, and so j + j' determines a function
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R; — R; that we show is an involution. If j — j’ +— j”, then
J"=51+ ("= 1)/4
= (ja+ (¢ = D/4q+(¢* - 1)/4
=Ja* + (6" — )[4+ (¢* — 1)/4
=j+ (@ =D+ (g +1)/4)
=j+ (=1 +p)
Thus 27" = 27 since 24°~! = 1.
One can then check that j = p+ r is sent to j' = p — r (recalling that j is defined mod

4p). This gives a ‘reflective’ symmetry for R;. We note this result for later.

o) =a"*"" € Ry = o =a’" €R,. (4.5)

Symmetry proof for R,. We now do a similar thing for Ry. Let a’b € Ryb, so that

tr(az?*1) € Q. Then acting by the Galois automorphism we get
tr(aqz(%ﬂ)q) _ tr(az(2i+1)q+(q2_1)/2)

— 757=(0422(1‘q+(¢12—1)/4+(2:0—1))+1) €Q.
This similarly gives the involutive map
ivig+ (¢ —1)/4+2p—1)=—i—1 modd4p. O
So we have

ai € Ry — a_i_l € Rs. (46)

Using the results of the next section, these symmetry results will show that we can apply

the doubling process to the Schmidt construction given in Theorem 4.2.1.

4.3 THE DOUBLING PROCESS

Let G = Dic, = (z,y), v =4n,so that k =2n — 1, A =n— 1.
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We denote K = (z) and put
D =Dy + Doy, Di € K, ki = |Di.
Then k; = n — 1,ky = n and D; U {1} and D, are transversal for K/H (this comes from
looking at G — H = D + DY = Dy + Doy + (D7 + (Day)D)).
We also have (from DDV = X\(G — H) + k)
(i) ADyH +k = D,D{"™" + D,DSY
(i) AKy = DyDyy + D1 Doy .
Also D{V =¢D; and DY = DIV,
Now (ii) is equivalent to D1Dy(1 +t) = AK or D1 K = AK. But D1 K = AK follows
directly from D; C K, and |D;| = .
Thus (i) and (ii) are equivalent to

AD H + k= D,D{™" + D,DSY.

So we have

Lemma 4.3.1. The requirement that D = Dy + Doy is a SRHDS is equivalent to

(o) D1H =K — H,

(b) D\ = tDy,
(¢) DoH = K,
(d) MK — H)+ k= D;D\™" + D,D{Y. O
Now
Dicigp = (2, y | P =yt =1,2Y = o), t= Y2,
We let

Dicg, = (77, y) < Dicygp.

Let D be a (v, k1, A1)-SRHDS in Dicgp,, so v1 = 8p, ky = 4p — 1, and \; = 2p — 1. We note

that the t in Dicygp, is the same as the ¢ in Dicg,. Write D = Dy + D;y. We construct the
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set &/ C Dicygp, as

E:=Ey+ Eyy

with

Ey:=Dy+ Diz and E;:= Dg_l)x_lt + D(()_l) + 1.

We show that if D; satisfies the symmetry: z* € D; implies 2%~2=2 € Dy, then E is a

(UQ, l{?27 AQ)—SRHDS with

vy = 16p, ke =8p —1, Ay =4p — 1.

Theorem 4.3.2. The set E as defined above is an SRHDS if D = Doy + D1y is an SRHDS

in Dicg, and 2% € Dy implies z**~%~2 ¢ D;.

Proof. We note that D=1 = ¢D implies that E-1) = tE. We also observe that the map

4p—2i—2

% — is an involution. Using Lemma 4.3.1, to show E is a SRHDS it suffices to

show that E satisfies
(1) EUE"Y = Dicygy — (t);
(2) ENECY =0
(3) BBV + EiBIY = M) — (1)) + k.
They are sufficient because conditions (1) and (2) along with E(—Y = tE imply conditions
(a) and (c) of Lemma 4.3.1.
First we note that E does not contain ¢ or the identity, as this would imply Dy contains
these. We now show (2), which will imply (1). We split condition (2) by considering the
intersection of F with each of the cosets of (x?), all of which cosets are their own inverses.

There are four such cosets: (z?), (x?)z, (x*)y, and (z*)zy.

(x?) : For E N (z*) = Dy, we know that x* € Dy implies z=* & Dy since Dy N D(()_l) = 0.
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(x%)z : We have E N (2?)x = Dyx. We show Dz N (Dyz) =Y = ().
e Dir — 2¥e D
. 22 ¢ D,

— 7% 2 c Dy

— ta*" 2y & Dyy (4.7)
= 7% ¢ D, (4.8)
& 171 ¢ D (4.9)

Here we used the symmetry and the fact that (D;y) N (Dyy) Y = () where (Dyy)™Y = tDyy.

(x?)y : Here we have E N (2?)y = D((]_l)y + y. First we check that D((]_l)y doesn’t con-
tain any of its inverses:
—92 —1 —27 \— —92i -1
vy e DYy = (a7¥y)" = ta~y ¢ D Vy.

We also check the additional y doesn’t have an inverse in D(()_l) Y

t & D((fl) = y_1 =ty & Défl)y.

(z%)zy : Here we have E N (z2)zy = D\ Va1ty, and
2y € D§_1)x_1ty — ¥ e D
— tz* ¢ D,
— tr ¢ D§_1)
= gy =tV iy & Dg_l)x_lty.
Thus £ N ECY = . This concludes (2) and implies (1), since both £ and E-Y don’t

intersect (t) and |E| = ke = 8p — 1.
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Now we prove (3): we have
EoBy Y+ BB = (Do + D) (D§ + D{ Vet
(-1),.—1 (-1)

+ (D1 xt+ D +1) (Dt + Do + 1)

= 2D,D{" + 2D, DY

(1) -1 (-1)

+(14+t)DoD;y "z + (1+t)D1Dy x
+ Dyat+ Do+ DS Ve + DSV 41, (4.10)

For E to be a SRHDS we need (4.10) to be equal to A\a((x) — (t)) + k2. Looking at just the

even powers of z, we need
2DyDSY + 2D, DY + Dy + DSV +1
to be equal to A\y({x?) — (t)) + ko. We note that
Do+ Dy = (%) = (¢),
and

DoDSY + DyDUY = A ((22) = (8) + by

since D is a SRHDS for (2%, y). Since 222 = )\, we have

2(DeDS + DD V) + (Do + D V) +1
=2(M((2?) — () + k) + ((&%) = (1)) + 1
=2\ + 1)((@*) — &) + (2k; + 1)
= Xa((2%) = (1)) + k2,

as desired. We now look at the odd powers of z in (4.10), which must equal \y(z*)z. We

see that
(1+6)DeD\ Ve + (14 6)Dy DS Ve + Dot + DSVt
=(1+8)(Dg+1) DS Va4 (1+t) (D + 1)V Dy (4.11)

— (Dll')(il) + Dll’.

27



Looking at the first two terms of (4.11), Dy + 1 is a transversal of (t) in (x?), so
(L+1t) (Do +1) = (2?)
and
(1+1) (Do + 1)) = (2?).
So we can reduce (4.11) to
(z>)DS Ve + (2% Dy — (Dy2) Y + Dya.

To evaluate the last two terms of (4.11), we note that (4.7) gives us: if 2% € Dy, then
2=%=2 ¢ D;. Thus Dy and (D;22)™" are disjoint, so their sum is (22) since | D | = 4p. Thus
(Dla:)(_l) + Dz = <(D1x’2)(_1) + D1> r = (2?)w.

So the sum of the odd powered terms is
(@) (D)"Y 2™ + (@) Diz — (@) = D{7V (@ + (D) — Da)a
= |Dil(a®)a + (|1 D1| = 1)(2%)z
= N (2%)x

as desired. Therefore we have shown (3), and E is a SRHDS. O

Corollary 4.3.3. The set E = Ey + Eyy as defined above is an SRHDS in Dicygp if D =

Do + D1y is an SRHDS in Dicg, and z* € Dy implies x=2"2 € D;.

Proof. This follows by applying the automorphism ¢(z) = x, ¢(y) = 2%y to Dicep in the
preceding theorem. We have that D is a SRHDS for Dicg, if and only if ¢(D) is, and
similarly E is a SRHDS for Dicyg, if and only if p(F) is. The condition 2% € (D) implies

x7%72 € (D) is equivalent to the condition z* € D; implies x%~%72 € D,. u

Many other equivalent symmetries can be obtained by using a different automorphism
that fixes (z). The one we have used is that obtained at the end of Theorem 4.2.1). In
the SRHDS S = a*’ Ry + Rsb of Dicg, from Theorem 4.2.1, we showed that a’ € Ry implies

a”"! € Ry (See (4.6)). As a subgroup of Dicygp, this is the necessary symmetry condition
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for Corollary 4.3.3 to apply. Thus Dicye, is a SRHDS group when 4p — 1 is a prime power.

This proves Theorem 1.0.4. O]
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CHAPTER 5. IDENTIFYING SRHDS AND

NON-SRHDS GROUPS

5.1 D AND COSETS OF (g

Let G be a SRHDS group with subgroup H and difference set D. Suppose that ) < G has

even order and that go =1,--- , g,—1 is a transversal for () < G. Then we can write

D:F0g0+F191+"'+Fp_1gp_1, ECQ (51)

Lemma 5.1.1. Let Q < G be as above. For all subsets F' C Q of size greater than |Q|/2,

the multiplicity of t in FFY is greater than zero.

Proof. We have t € @, so H < @ and if |F| > |Q|/2, then some coset of H < () meets F' in

two elements and so t € FFD, O

Now DDV = X\(G — H) + k and a part of the left hand side is 7~ FF" Y. Thus
|F;| < |Q|/2 when D is written as in Eq. (5.1).

Now let f; = |F;|,0 <i < p—1, so that

p—1
(6] -2)
fi=1D| = k=2

2
_ Q=2 _1l,

Since f; < |Q]/2 we must have f; = |Q]/2 for all 0 < i < p — 1 except one. To see that

fo =1Q|/2 — 1 we just note that Q — H has |@Q| — 2 elements that come in inverse pairs.

Thus fo = |Q|/2 — 1.
Next note that DDV = )\(G — H) + k and FiFi(fl) C Q. We want to show

ZFF MQ - H) + (5.2)

Now, U—8p,k’—% -1, A-'Q‘ — 1 and so A(Q — H) + k has

2
G-ty e -2+ (- 1) = 45, o1+
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elements, while 7=} F,FY has

(%— >2+(p—1) (@>2 = |Q|2p— QI +1

2 4
elements, so we must have Eq. (5.2).
For @ = Qs, considering those F; of size |Q|/2 = 4 a Magma [21] calculation gives the

following result by finding all those subsets F' C Qg such that FF1) does not contain t:

Lemma 5.1.2. Suppose that () = Qs < G. Then each F; of size 4 is one of the following 16

sets:

{1, 2,y,2y}; {1, z,y,2%};  {z,2% 2%y, 2%}, {1,z,2%, 2%}
{1,2°, 2%y, 2%y} {1,2% y, 2y} {w,2%y, 2%y} {2% 2%y, 2%y}
{z, 2% zy, 2%y} {2? 2% vy, 2%y} {2% 2%y, 2y} {12, 2y, 2Py}

{z, 2%y, 2%y}; {2* 2%, 2%y, 2%} {1, 2,2y, 2%y} {1,2°,y, 2%} O

Each of these is a relative difference set for QJs. Thus each Fj,i > 0, is a relative difference

set for Qg. It follows then from Eq. (5.2) that Fy is a SRHDS for Q)s. Thus Fj is determined
by

Lemma 5.1.3. The following sets are equal:

(i) The set of all SRHDS for Qs = (i, j, k).

(ii) The set of all conjugate (by elements of Qs )-translates (by elements of H) of {i, j, k}.

(iii) The set of all {a,b,c} C Qs \ H where |{a,b,c}| =3 and t ¢ {uv™" : u,v € {a,b,c}}.
O

Call this common set S and note that |S| = 8.

Now any Fy must satisfy (iii), so Fy € S. Further, we can choose Fy to be any element
of § by applying the operations in (ii) to D, which still result in a SRHDS.

Assume that G = Dicg, so that a transversal of Qs < G is 1,z,--- , 2P~ Now we can

write

D=Fy+ Fx+ B’ + -+ F, o™t
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where F; C Qg and Fy € S.
Here each Fj,7 > 0, is one of the 16 subsets of (Jg in Lemma 5.1.2 and
F, = (1+2")(a+by) =a+ by + zPa+ 2Pby, where a,b € (aF).
Now D"Vt = D and so if Fyz' C D, then t(Fz')(Y = tx*iFi(_l) C D. Here
FUY = a ' 4 bty + 27Pa™" + 2bty,

)

and so
t(ﬂxi)(—n _ tx_lFi(_l)
=tr (' + bty + xPa”! + 2Pbty)
=tala ™" +tePa e + bya' 4 2Pbya’.
Thus F; and ¢(Fyz®)(Y have by’ + 2Pbyx’ in common and so
Frt Ut(Fiz)) ™Y = ax® + bya® + aPas’ + 2Pbya’ + ta o™+t Pa "tz

We denote this by J;(a,b), so that D is a union of Dy and some of the J;(a,b).

)

Now J;(a,b) has four elements in Qgx’ and has two elements in Qg ™. Since we know

that each non-trivial coset of ()3 has to contain four elements of D we know that D has to

contain some J_;(c, d) so that
(a+aPa)r’ + (a7t + 27 Pa ta ™' = (c+ aPe)z™ + (b1 + 2 7Pb )t
This is true if and only if we have
a+xPa=b""t+2Pb 't and (a ' + 2 Pa" )t = b+ 2Pb.

However these equations are equivalent and we note that for any choice of a € (2P) there
is a b € (2P) that solves the first equation.

Thus we now obtain eight element sets by taking the union of these two J's. We denote
these by L;(a,b,c):

(a+2Pa)z’ + (o' + 2 Pa ta™" + (by + 2Pby)x’ + (cy + 2Pey)z™

= (1 +a")(a+by)a' + (1+a")(a"a” +cy)a™"
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We note that L;(a,b,c) = L;(a',V,c) if and only if i = j,a = o/,b = V/,c = ¢. For
1<i<p—1let

L; ={Lia,b,c):a,b,ce (zP)}.

Then |£;| = 64.

5.2  GROUPS THAT ARE NOT SRHDS GROUPS
Proposition 5.2.1. The dicyclic group Dicre is not a SRHDS group.

Proof. Suppose it is and that D is the SRHDS. Let

Then by the above section there are D; € L£;,1 < i < 4, such that
4

D= Dy+ ZDZ-.
=1

There are 64 = |L;| choices for each D;, 1 <i < 4. Using the standard irreducible represen-
tation p : Dicys — GL(2,C) given by

0 0 —1
p(x) = 0 oY) = ,Gas = €
0 (o 1 0

211/36
)

we have p(G) = p(H) = 0. From D + DY = G — H we then have p(D) + p(D=Y) = 0.
By DDY = \(G — H) + k we have p(D)p(D"Y) = kI, = 35I,. Therefore,

351, = p(D)p(D'") = —p(D)>.
A Magma calculation determines that of the 64* possibilites for D, only 648 have p(D)? =

—3515. Another Magma [2] calculation verifies that none of these 648 give a SRHDS, com-

pleting the proof. O

Proposition 5.2.2. Let G be a group where Qg < G. Suppose that there is an epimorphism
m: G — C, x Qg for p prime where m(Qs) = {1} X Qs and | ker 7| is odd. Then G is not a
SRHDS group.
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Proof. Suppose that G is a SRHDS group with difference set D and subgroup H = (t). Let
Qs = (z,yla*, 2 =y*, 2V =27") <G,

so that

First note that p must be odd since G has a unique involution. Let N = kerw. Put
C, = (m(r)),r € G, so that we can write

p—1 3 p—1 3
D= Z Z r'a? Do + Z Z r'a’yDyj, Dy C N.

i=0 j=0 i=0 j=0
We note that |D; ;.| < |NJ.

Let py = (p — 1)/2. We can also write D = 32" 0 7' D;, D; C (x,y, N) so that

3 3
Di = Z {L‘jDOJ"j + Z ijDl,i,j'
=0 =0
From DY = tD we get

D(il)rii = trpiiDpfh O S i < p,

so that D,_; = tr‘p(DZ(_l))’H. Thus
P2
D=Do+ Y r'Di+r (DI V)

=1

Now let p: Qs — GL(2,Q(7)), i = v/—1, be an irreducible faithful unitary representation
of QYg where

34



since p(z?) = —B;. We note from Lemma 5.1.3 that we may assume Dy = {z,y,zy}, so

i —i—1
p(Do) = = By + B3 + By.
1—7 —i
Let w = exp 2mi/p. Then 7, p and r — wls determine an irreducible unitary representa-

tion of G that we also call p. Then
4
p(?"lDl) = wi Z Giij,
j=1

where a;; € Z, so that

p(r= (D)) = —wTip(DY)

%

= —w (D)

4

:—(JJ_Z E (ZZ]B;<
i=1

Here
Bf = B1,B; = —By,B; = —B3, B] = —D,.
This gives
1 —1—1 P2 ‘ 4 (—1)ypmi
p(D) = + Y p(Dr + (D))
1—1 —1 i=1
i —i—1 p2 4 . .
— + Z Z(aiijwZ — a,-jB;w_Z). (53)
1—2 —1 i=1 j=1
We can write this matrix as
i —i—1 4
p(D) = + Z ay By, where a, € Z|w]. (5.4)
1 —1 —1 u=1

From DDY = NG — H) + k and DY = tD we get D? = \(G — H) + kt. Now if

p(D)? = (e;;), then from

(eij) = p(D?) = p(\(G — H) + tk) = —kI,
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and Eq. (5.4) we get
0=-e11 — e =4ia;(1 +az), 0=-e10=2a1(i + 1 + a3 + iay),
0=e9 =2a1(—1+17—as+iay).
Solving, we must have either

(i) ay =0; or

(ZZ) ag = —]., as = —1, ay = —1.
Now we find a4, - -- , a4 in terms of the a;;. From (5.3) and (5.4) we have
4 p2 4

Z auBu = Z Z aiijwz — aijB;w*Z

u=1 i=1 j=1
p2 . . . .

= Z aﬂBlw’ — aﬂBlw*Z + aigBQw’ + CLingwil

i=1

+ aingwi + aingw*i + ai4B4wi + al-4B4w”'.
From this we get

p2 P2
a) = Z an(w' —w™); ap = Z app(w' +w™);
z';; z’p:21
az = Z aiz(W' +w™);  ay = Z aig(w' +w™).
i=1 i=1
Now if we have (i) a; = 0, then the fact that p > 2 is a prime means that the w’ —w™ i =
1,2,---,po are linearly independent over QQ, so that we must than have a;; = 0 for all 7.
Observe from previous definitions that a; = |Dg,o| — |Dosz|- From DY = tD and
DU DY =G — (t) we have

|Doiol + Dozl = |N|.

So
|Do,iol = |Doz2| = |N|/2.

Thus |N| is even, which contradicts our assumption on ker 7.

36



So now assume (ii), so that

i —i—1 1
p(D) = +) aBi
1—2 —1 i=1
1 —1—1
- +G1B1—BQ—B3—B4
1-1 —1
= CL1]2.

But

—p(D?) = p(DD'Y) = kI,

then gives a? = —k. Here a; € Q[w]. Recall that w = ¢’#, so the Galois group of [Q(w) : Q]
is cyclic of even order p — 1. By the Galois correspondence, Q(w) has a unique quadratic
subfield. In particular, we can verify that the subfield is exactly Q(,/p) if p = 1 (mod 4),
and Q(y/—p) if p=3 (mod 4). This follows from the Gauss sum:

(EG)-) -

n=0

Note that k¥ = 3 (mod 4) so k is not an integer square. Therefore a? = —k implies k = px?
for some x € Z. However, k = 4p|N| — 1 so we have a contradiction, as k must be congruent

to both 0 and —1 (mod p). O

5.3 GROUPS OF ORDER LESS THAN OR EQUAL TO 72
Here is the list of non-dicyclic groups (using the magma notation) of order less than or equal
to 72 that meet the following requirements:

() they are not abelian;
(77) the Sylow 2-subgroups are generalized quaternion groups;

(7i1) they have a single involution.
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Gasgz,  Gosnr, Gaonr, Gasis, Gasar, Gagas, Grag,
Gra11, Graoa, Graos, Grage, Gragl,  Gragss.
We note that all of the dicyclic groups of order less than 72 and divisible by 8 are SRHDS
groups by Theorems 1.0.3 and 1.0.4, while Dicy, is not by Proposition 5.2.1.

We will determine whether the remaining groups have a SRHDS. If they have a SRHDS

then we give a SRHDS explicitly. If not, then we give a proof that the group is not a SRHDS
group.

Remark 5.3.1. In the cases of Gras, Gr211, Gr224, Gr225, and Gro 31, we use the following
process to show they are not SRHDS groups: Given one of the five groups G, we take a right
transversal go = 1,...,gs for Qs < G. Assuming there is an SRHDS D, we write D as

in (5.1). We can assume Fy = {x,y,zy} by Lemma 5.1.3. By Lemma 5.1.2, there are 16

possibilities for each F;, and a Magma [2] calculation verifies that none of these combinations

giwe a SRHDS.

(1) Gaaz = SL(2,3) = (a,b,c,d|a® = 1,0* = d,® = d,d*,b* = ¢,c* = be,® = cd). Here
D = {a’*cd, abcd, acd, cd, a*bd, a*d, a*be, a, be, ab, b}

(2) Gos11 = C5 x Qg. This is not a SRHDS group by Proposition 5.2.2.
(3) Gao11 = Cs x Qs. This is not a SRHDS group by Proposition 5.2.2.
(4) Gug1s = C3x Dicig = {a,b,c,d,eld*> = €3 =1,a®> =V? = 2 = d,b* = be,c* = & = cd,d* =
d"=d*=d,e* =e? e’ =e°=e =¢) and let D be
{ade? de?, ae, e, abce?, abe, bee?, abde?, bde?, bee, acd, acde?, abd,
cde?, cd, acde, cde, bde, bed, a, abede, b, abe}.

(5) Gusor = C3 x Dicig. We show Gugor is not a SRHDS group. Let C;3 = (r). Then
D = Dy + Dyr + Dyr?, D; C Dicyg. Now DY = ¢D gives DSV = tDy and Dy = tD{7Y.

Also Lemma 3.2.1 shows that the sizes of Dy, D1, Dy are 7,8, 8 (in some order). By replacing
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D by r'D if necessary we may assume that |Do| = 7 and that Dy + 1, Dy, Dy are transversals
for G/H. Using Défl) = tDy one sees that there are 64 possible Dys and 256 possible D;s.
Further, D, is determined by Dy = tD§_1). There are thus 64 - 256 possibilities for D and

one checks that none of these give a SRHDS.

(6) Let Gugas = {(a,b,c,d,elb® = € = 1,a®> = ¢ = d* = ¢,b* = b, ¢* = d,® = de,d* =

c,d’ = cd,d® = de,e® = e® = e¢ = ¢? = ¢). Here one D is
{adee, ab’cde, b*cde, ce, abe, b2e, be, d, ade, ab*ce, ac, ab?, acd, cd,
b?d, b%e, abde, bde, bed, a, ab, abede, b}

(7) G72,3 = QS A CQ = <i7j7 b‘24 :j4 = bg = 17ij = i_laiQ = j27ib = jajb = Z]> Remark 5.3.1

shows this is not an SRHDS group.
(8) G211 = Cog X Q5. Remark 5.3.1 shows this is not an SRHDS group.

(9) G4 = C2 ¥ Qg = (a,b,4,jla® =03 =it = j2 = 1,ab = ba, =i 1,i® = j%,a' = a,b' =

b, a’ = a?®, b/ =b). Remark 5.3.1 shows this is not an SRHDS group.
(10) G725 = C3 x SL(2,3). Remark 5.3.1 shows this is not an SRHDS group.
(11) G726 = C3 X Dicgy. This is not an SRHDS group by Proposition 5.2.2.

(12) Grag = C2 x Qs = (a,b,i,jla®> =V = i* = j* = 1,ab = ba,#’ = i',i* = j%,a' =

a0 =b?,a’ = a,b = b). Remark 5.3.1 shows this is not an SRHDS group.

(13) Gra3s = C3 X Qg. This is not an SRHDS group by Proposition 5.2.2.
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CHAPTER 6. SYMMETRY IN DOUBLED SRHDS DI-

CYCLIC GROUPS

6.1 DEFINING DOUBLY SYMMETRIC SRDRS GROUPS

Recall that a SRHDS is a relative difference set with additional conditions imposed. The
results of this paper up to this point have looked at categorizing when these exist in a par-
ticular finite group. We will now add an additional symmetry condition present in a SRHDS
constructed by the doubling process, which will allow us to completely determine which gen-

eralized quaternion groups have this type of SRHDS. Recall that Dicg, = (x,y | x** = y* =

1,x%* = y% x¥ = x71), where we denote t = 2% = y>.

Proposition 6.1.1. Let D be a SRHDS in Dics,. Write D = Do+ D1y with Dy, Dy C (z) C
Dicg,. Then x* € Dy if and only if tx=" € Dj.
Proof. Applying Lemma 3.1.3, and knowing D N DY = (), we have
2’ € Dy < 2" e D{Y
— tz~ etD{Y
< ta~' €Dy = D,. O
This symmetry is present in all dicyclic group SRHDS. Additionally, for SRHDS con-

structed by the doubling process (Corollary 4.3.2), there is nearly the same symmetry in
D;.

Proposition 6.1.2. Let I/ be a SRHDS in Dicygp, that was constructed by the doubling process
(Corollary 4.3.2). Write E = Ey + Ey with Ey, By C (x) < Dicygp. Then ' € Ey — {1}

implies tx~" € By — {1}.

Proof. Let D = Dy + Dyy C (x?,y) be the SRHDS that was doubled to obtain E. Then by

the hypothesis of the doubling process, we assume that 22/ € D; implies 2**~%=2 € D, and

Ey— {1} = D{ Va1t + DY,
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Let z' € By — {1}. Then there are two cases, depending on whether i is even or odd:

i=2j = 2% D"

— x_Qj € Dy
— ta¥ € tDy = D{V

— to e DY,

and
i=2j—1 = 2¥"'¢ Dg_l)x_lt
— tz¥ € D§‘1>
—s % ¢ DY
— =2 — p2(=i-2) ¢ D,
— pir—2(=i-2p)-2 o D,
— p%PTET2 = 272 ¢ D,
S A= Dgfl)
— tx VUt =l e Difl)x_lt.
This concludes the proof. O

Definition 6.1.3. We say a SRHDS D = Dy + Dyy in Dicg, is doubly symmetric if 2% €

Dy — (t) implies tx=" € Dy — (t).
Note that D; will contain exactly one of {1,¢}.

Corollary 6.1.4. Let 4p — 1 be a prime power. Then Dicyg, contains a doubly symmetric

SRHDS.

Proof. We constructed an SHRDS for Dicyg, using the doubling process. See Corollary 4.3.3

and the paragraph following it. By Proposition 6.1.2, this SHRDS is doubly symmetric. [
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Let p : Dicg, — M3(C) be the representation determined by

C4p 0 0 —1
plz) = o ply) =
0 (i 1 0
where (4, = e>™/*P. We observe that

o |G o S0 = -1 0
pla)= 7" L ety =] T plt) =
0 C4pz C4pz 0 0 _1
Since (7! = ¢ for any root of unity ¢, any sum of matrices in this representation will be

of the form

d+ai —c—bi
c—bi d—a
for some a,b, c,d € R.

Let D = Dy + D1y be a SRHDS in Dicg,. Then

d+ai —c—W
p(D) = :

c—bi d—ai

where d 4 ai = Y _{C}, | ' € Do} and ¢+ bi = Y_{C}, | ' € D1}

Lemma 6.1.5. With a,b,c,d as defined above, we have d = 0, and a® + b* + ¢* = 4p — 1.

Additionally, if D is doubly symmetric, then ¢ =1, so a®> + b* = 4p — 2.

Proof. By Proposition 6.1.1, we have 2° € Dy implies tx=% = 2?’~% € Dy, so the sum
d+ai =3 {C, | ©' € Dy} can be written as a sum of elements of the form
Gt Gy == Gy
- Cip - CTP‘
which are pure imaginary, so we must have d = 0. If D is doubly symmetric, we can apply
the same argument on D;. We would have that z' € D; — (¢) implies **~* € D; — (t). Thus
> {¢i, | #* € Dy — (t)} is the sum of pure imaginary numbers, so ¢+ bi = Y {(}, | #* € D1}

is pure imaginary except for the contribution of either 1 or ¢, so either ¢ =1 or ¢ = —1, and
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we have ¢ = 1. Since D is a SRHDS for Dicg,, we have
DDV = (2p — 1)(G — () +4p — 1
= p(DD"Y) = p((2p — 1)(G — (1)) +4p — 1)
= p(tD?) = (2p — 1)(p(G — (1)) + (4p — 1)p(1)

— —p(D)? = (2p = 1)(0) + (4p — DI

ai —c—bi
c—bi —ai
a’? + b + 2 0
= =Ap-1)h
0 a®>+b> +

where I, is the identity matrix. Thus we have a® + b? +c? = 4p — 1, and if ¢® = 1, this gives

a?+ b = 4p — 2. O

In order to determine when the relation a? + b*> = 4p — 2 can be achieved, we shall make

use of a bounding theorem of Schmidt [28].

Definition 6.1.6. [28, Definition 2.2.5, p. 33] Let m,n be positive integers, and let m =

Hﬁzlpfi be the prime power decomposition of m. For each prime divisor q of n let

Hpi#qpi, if mis odd or q = 2,
my =
4Hpﬁé27q pi, otherwise.
Let D(n) be the set of prime divisors of n. We define F(m,n) = [['_, p" to be the minimum
multiple of Hle pi such that for every pair (i,q), i € {1,...,t},q € D(n), at least one of the

following conditions is satisfied.

(a) g =p; and (p;, b;) # (2,1),
(b) bz = Gy,
(C) q 7& pz and qO'r'qu(Q) ?—é 1(Hl0d p?i+1)’

where ord,(y) denotes the smallest positive integer k such that y* = 1(mod x).
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Theorem 6.1.7. /28, Theorem 2.3.2 (F-bound), p. 36] Let X € Z[(,] be of the form

m—1
X = Z aicrim
i=0
with 0 < a; < C for some constant C' and assume that XX =n € Z. Then

< C?*F(m,n)?
~ 4p(F(m,n))’

where ¢ is the Fuler totient function.
We can apply this bound to obtain:

Proposition 6.1.8. Assume that there exists D = Dy + Dyy, a doubly symmetric SRHDS

in Dicg,. Then
F(4p, 4p — 2)?
¢(F(4p,4p — 2))

Proof. Given that a doubly symmetric SRHDS exists, by Lemma 6.1.5 we have that a?+0? =

dp — 2 <

4p — 2 where ai = ) {(}, | 2’ € Do} and ¢+ bi = > {(j, | 2 € D1}, with ¢ = +1. Thus we
have that a = Z{CEI’;H | ' € Dy} is a sum of distinct 4p-th roots of unity. Since z° € Dy

implies tz* = 2P ¢ Dy, exactly one of 1 = () or —1 = Cfg is in the sum Z{Cjﬁ“ | 2 € Dy}

It follows that either

a+bi=—c+ Z{Cj{fgﬁ | ' € Do} + Z{Cip | 2" € Dy}
or

—a+bi = —c—l—Z{Cﬁ’;i | 2 € Dy} +Z{C‘ip |z € Dy}

can be written in the form
4p—1

> adi,
i=0

with 0 < a; < 2. In either case, defining X = +a + bi gives XX = a2 +b?> = 4p — 2. The

F-bound Theorem 6.1.7 then gives that

P — 4 > = )
dp(F(4p,4p —2))  (F(4p,dp —2))

as desired. O
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6.2 APPLICATION TO GENERALIZED QUATERNION GROUPS

Proposition 6.1.8 gives a means to prove that certain dicyclic groups do not contain a doubly
symmetric SRHDS. We will now focus our attention on generalized quaternion groups, where

p = 2" for some u € Z>.

Lemma 6.2.1. If the generalized quaternion group Dicou+s, where w € Zsq, has a doubly

symmetric SRHDS, then F(2u+2 2¢t2 — 2) = 2! where | > u + 1.

Proof. We notice from condition (b) in the definition (6.1.6) of F'(m,n) that F(m,n) divides
m, so F(2472 2472 — 2) = 2! for some | € Z~. Also note that condition (a) guarantees that

[ > 2. By Proposition 6.1.8, we have
2u+2 P F(2u+2’ 2u+2 _ 2)2
T p(F(2wr2, 242 = 2))
B (2[)2
(2")

jS

22[
2l-1
2l+1

Since 2 < [, this implies that u +2 <[4+ 1,801 > u + 1. O

This lemma motivates us to calculate (2472 242 —2) = 2! in general. We first find that
F(4,2) = 4 and then consider when u > 1. Going through Definition 6.1.6, let 2¢7*¢52 . .. ¢
be the prime power decomposition of 2472 — 2. Then my = 1 and m,, = 4 for each other
prime ¢;. We have that ordy(q;) = 1 if ¢; = 1(mod 4) and ordy(¢;) = 2 if ¢; = 3(mod 4).
Condition (a) guarantees that [ > 2, and condition (b) guarantees that [ < u + 2. Besides

that, only condition (c) is relevant to this calculation. Either [ = u + 2, or we have that
qiord4(qi) # 1(mod 2" for all 1 < i < 7.
Since 2472 — 2 = 2¢{"q3? . .. ¢", the maximum possible value a prime ¢; can achieve is if

2ut2 _ 9 = 2¢; in which case ¢; = 2¢*! — 1. Thus no prime factor is larger than 2**!, so we

will always have

¢ # 1(mod 2“11h).
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Thus if we assume that | > u + 1, there must be some prime ¢; = 3(mod 4) such that

q?rd‘l(%) = qu. = 1(mod 2"
— ¢; = 1(mod 2)
— ¢; —1=2"""s forsomeseN
= (¢ +1)(gy — 1) =2"""s.

Since ¢; — 1 = 2(mod 4), only one power of 2 in the product 2“*s can come from ¢; — 1, so

we have

g; +1=2" for somet € N.

Since the maximum value ¢; can be is 2“7 — 1, we have either t = 1 or t = 2. But, the t = 1
case is impossible because that would imply ¢; = 2* — 1 and since

424 — 1) +2=2""* — 2,
we would have 2“7 — 2 = 2(mod ¢;), contradicting that ¢; divides 2“*? — 2. Thus the only

possibilty is that ¢; = 2“T! — 1, so 272 — 2 = 2¢;. Therefore we have proved the following:

Lemma 6.2.2. [f F(2472,2v%2 — 2) = 2! where | > u + 1, then 2*72 — 2 = 2q where either

qg=1 orq is an odd prime.

Finally, we can use these lemmas to classify which generalized quaternion groups contain

doubly symmetric SHRDS.

Theorem 6.2.3. Let G = Dicg.on be a generalized quaternion group for some u € Z>q. Then
G contains a doubly symmetric SRHDS if and only if 2T — 1 is either prime or 1.
Proof. If G contains a doubly symmetric SRHDS, then Lemma 6.2.1 requires that

F<2u+2, 2u+2 - 2) — 2[

where [ > u+1. By Lemma 6.2.2, this implies 2“2 — 2 = 2¢ where either ¢ = 1 or ¢ is an odd
prime, so ¢ = 247! —1 is either prime or 1. For the other implication, if ¢ = 1 then G = Dicg.

By Theorem 1.0.3, Dicg contains an SHRDS, which will be trivially doubly symmetric since
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Dy — (t) is just a single element of order 4 in (z) = C,. Otherwise, if ¢ = 2“*! — 1 is prime,
setting p = 27! in Corollary 6.1.4 gives that Dicjg, = Dicg.ou contains a doubly symmetric

SHRDS. 0

As a fun consequence of the results in this chapter, we get the following number theoretic

result:
Lemma 6.2.4. If 2™ — 1 is a prime power, then 2“1 — 1 is prime.

Proof. If 2vT — 1 is a prime power, Corollary 6.1.4 says that there is a doubly symmetric
SRHDS in Dicg.ou. Then by Theorem 6.2.3, 247! — 1 is a prime. O

This corollary is also a consequence of Catalan’s Conjecture, which was proved in 2004

23].
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CHAPTER 7. ADDITIONAL SCHUR RING RESULTS

7.1 PRELIMINARIES AND LEMMAS

We begin with preliminary definitions. Let H be a subgroup of a finite group G. Let C[G]
denote the complex group algebra of G. An H-class in G is some {g* : a € H}. Let C[G]?
be the subalgebra of C[G] generated by the H-classes in G.

We denote by G and H the set of irreducible characters of G and H, respectively. Given
Y € G, we let v be the restriction of x to H. Then we can write xy as a sum of irreducible

characters in H with multiplicities Cyyp € Li>, 1.e.

Xt =Y Cyp .

veH

Given y € G, let R, be the irreducible representation of G with character y, and let V),
be the CG-module that R, acts on. Let f, be the dimension of V,. Define Ry, Vi, and fy
similarly for ¢ € H.

Let End( V) be the space of endomorphisms of a CG-module V: that is, the space of
all C-linear maps from V to V. For a C[H]-module W, let Endg( W) be the submodule of
End( W) consisting of the endomorphisms that commute with the action of H. Specifically,
T € Endy(W) if

ToRy(h)=Ry(h)oT

for all h € H.

Recall from Lemma 3.1.4 that we can construct a commutative Schur ring given an
SRHDS group. The following theorem is useful in relating commutative Schur rings and the
group algebra. We work towards the following result from Travis [31, Corollary 1, p. 72],

with the goal of providing a more accessible proof using modern notation.

Theorem 7.1.1. Given a subgroup H of a finite group G, we have that (G, H) is a strong
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Gelfand pair if and only if C[G]¥, the ring of H-classes in G, forms a commutative Schur

Ting.

The remainder of this chapter will build up to this the proof of this theorem in Corollary
7.2.5.

Remark 7.1.2. Observe that for h € H and x € G,
Tr(Ry(h)) = xu(h)

= Z - ¥ (h)

weH

= > cw Te(Ry(h)

weH

=Tr Z CX"ZJ ’ RT/J(h’) )
YeH
and since representations are uniquely determined by characters, we have

RX = Z Cxw . R¢.
YeH
Taking the spaces these representations act on, we get

Vi = @ Cxy  Vip,
Yel
where ¢, - Vi, denotes the direct sum of ¢,,, copies of V,,. For convenience, we will define
Xy " VY XY (

Viw = Cxp - Vg,
and we naturally associate V), with the corresponding subspace of V.

Lemma 7.1.3. [31, Lemma A, p. 70] Let x € G, (NS H. LetT: Vi — Vi be a CH-module

homomorphism. Then the image of T' is contained in V..

Proof. We have

Vy = P Vi

el

Applying Schur’s Lemma 2.0.2 to T gives that either Im(T) = 0, in which case

Im( T) Q wa,
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or T is an isomorphism onto its image. This implies that Im(7') is C[H]-module isomorphic
to Vy. Since V., contains all ¢, copies of the irreducible Vi, in V,, this implies Im(7") C
Vi O

Lemma 7.1.4. [31, Lemma B, p. 70] Let x € G and T € Endy(V,). Then T maps Vi
into Vi for all ¢ € H.

Proof. Let ¢ € H. By Lemma 7.1.3, restricting T" to any copy of V,, in V,, results in the
image T'(V,,) being in V). Since Vi = ¢,y - Vi is generated by the copies of Vi, and T is
linear, we must have

T(Vw) C Vi O

Corollary 7.1.5. [31, Corollary 1, p. 70] Let x € G. If u € C[G]", then Ry (u) maps Vi,
into Vi for all ¢ € H.

Proof. By Lemma 7.1.4, it suffices to show that R,(u) € Endy(V,). We already have that
R, : G — GL(V,) extends to R, : CG — End(V,) by definition of R, as a representation,
so R, (u) is linear. Recall that C[G]" is the Schur ring generated by the H-classes in C[G],
so u commutes with all elements of H. Given h € H,v € V, we have
Ry(u) o Ry (h)(v) = Ry (uh)(v)
= Ry (hu)(v)
= Ry(h) o Ry(u)(v).

So Ry (u) € Endy(V3). 0

Lemma 7.1.6. [31, Lemma C, p. 70] Let x € G and 1 € H. Then the ring Endg(Vyy) is

1somorphic to MCW(C), the vector space of cyy X ¢y matrices with complex coefficients.

Proof. Let T € Endy(V,y). By Schur’s Lemma 2.0.2, restricting 7' to any copy of Vj
gives a scalar multiple of an identity map onto each copy of V, in the image. Thus the

isomorphism is given by T — [a;;] where T restricted to the ith copy of Vj, is the map
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{air -id,ap - id, . . ., G, - id} onto Viy =V @V, @ - @ Vy, where id : Viy — Vi is the

identity map. [

Lemma 7.1.7. [31, Lemma D, p. 70] Let x € G. Then the image of C[G]” under R, is

equal to Endg (V).

Proof. In the proof of Corollary 7.1.5, given u € C[G]", we showed that R, (u) € Endu(V,).
For the reverse inclusion, let T € Endg(V,). Since R, is irreducible, the Wedderburn
decomposition gives that C[G] acts as the full matrix ring Mg (C) on V,. Therefore, the
image of R, under C[G] must be all of End(V,). Thus there exists some w € C[G] such that

R, (w) =T. Define

1 -1

heH
Let a € H. Then,

1
aua ' =a | — hwh™t | a™!
)

heH

1
= m Z ahwhta™!

heH

= ﬁ > (ah)yw(ah)™

heH

= ﬁ > hwh!

heH

= Uu.

Since u commutes with all of H, u is generated by the H-classes of C[G], so u € C[G]”. Then
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we have

Thus R, maps C[G|¥ onto Endy(Vy), so Endy(V,) is the complete image of this map. [

Lemma 7.1.8. /31, Lemma E, p. 71] Let x € G and ) € H. Then R, restricted to C[G]H

yields a representation of C[GJH on V., whose image is isomorphic to M. ,(C).

Proof. By Corollary 7.1.5, R, (u) maps V., into V,y for all u € C[G]”. Since we also have
that R, (u) € Endy(V,), we see that R, (u) commutes with the action of H. This implies that
the image of R, as a representation on V,, restricted to C[G]¥ is contained in Endy(V,y).

Now, let T € Endg(V,y). Then T extends to an element T of Endy(V,) by setting T

equal to 0 on all V,,» where ¢ # 1)’. To see this, note that for v € V,,, and h € H,

T'o Ry(h)(v) = T o Ry(h)(v)
— Ry(h) o T(v)

= R (h) o T(v),

since R, (h) € Endg(Vyy). For v € V) with ¢’ # ¢, we have R, (h)(v) € V,y by Corollary
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7.1.5, so

By Lemma 7.1.7, we see that 7" is in the image of C[G]" under R,. Thus, by taking the
representation R, acting on V,,, we have 7" in the image of R, restricted to C[G]#. Thus,
the image of this representation on V,, is exactly Endg(V,y), which by Lemma 7.1.6 is

isomorphic to M. ,(C). O

We will denote the representation in Lemma 7.1.8 as R,..

7.2 MAIN RESULTS

Theorem 7.2.1. [31, Theorem 5, p. 71] The representation Ry, of C|G] acting on V,y

decomposes into fy copies of an irreducible representation of dimension cy..

Proof. Since V,, is the direct sum of ¢, copies of V,;, the dimension of V,, over C is
fo - cyp. By Lemma 7.1.8, the representation R,, acts as the full matrix ring M. ,(C), so
the Wedderburn decomposition gives that R, is an irreducible representation of dimension
Cyy- Thus, when R, acts on a space of dimension f - ¢,y, it must decompose into f,;, copies
of the irreducible representation. Note in the case that c,, = 0, we have V,,, = 0, so in this

case we have R,, = 0, the trivial map. O

Lemma 7.2.2. [31, Theorem 6, p. 71] The R, where x € G and Y € H are distinct,

excluding the cases where ¢y = 0.

Proof. Let e, be the primitive central orthogonal idempotent corresponding to R, in the

Wedderburn decomposition of C[G]. Similarly, let e, be the primitive central orthogonal
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idempotent corresponding to Ry in the Wedderburn decomposition of C[H]. Since they are
central, e, is in the center of C'[G] and e, is in the center of C[H]. So these idempotents
commute with all elements of H, and are thus contained in C[G]".

By definition, R, maps C[G] into End( V). If we choose a basis for the vector space V,,
we have that End(Vy) is isomorphic to My, (C). Since C[G] is semisimple, this matrix ring
occurs in the Wedderburn decomposition and corresponds to e,. So, up to isomorphism, we

can express

R, : C[G] — C[G]
using e, as follows:
R, (u) = eyu
for u € C|[G]. In particular, this gives that

R, (eyu) = e2u (7.1)

X

since e, is idempotent. We can similarly identify
as

Ry(u) = eyu.

Now, recall that we obtained R,, by restricting R, to C[G]¥ acting on V,,, namely the

copies of V,, in V). Rewriting this definition in terms of the idempotents, we get

R : C[G)" — C[G]

Ryy(u) = ey Ry (u) = eyeyu.
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Now, let ' € G with y # x'. Then,
Ryy(ey) = ey Ry (ey)
= ey By (exey)
= ey R, (0)
= ()’
by (7.1) and orthogonality. Since the idempotents must sum to 1, that gives

1= Rxw(l)

= Ry Z Ex’

x’EG

= Z Ryy(ey)

X’ eG
= Ryp(ey)-
So we have
Rypley) = yy-
Similarly, we see that for ¢/ # 1 in H,
Ryy(ey) = epexey
= (epeyr)ex
= 0.
So the same argument gives that
Ryy(eyr) = Oy
Therefore, each choice of x and 1 gives a distinct irreducible representation R, of C[G]?
(excluding when ¢, = 0). O

Lemma 7.2.3. [31, Theorem 6, p. 71] Every irreducible representation of C|G]™ is of the

form R, for some x € G and ¢ € H.

Proof. The Schur ring C[G] is generated by the H-classes in C[G]. By the Burnside orbit
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formula [9, Exercise 8, pg 877], the number of H-classes is

i 22 1Calhl,

heH

where Cg(h) is the centralizer of h in G. By the Second Orthogonality Relation for group

characters (Theorem 2.0.7), this equals

1 S A - X 13 3 o )

heeré XGG hEH
= E 06X H
xe@G

= Do ewts Y et

xeG \yeH el i

= Z CxpCx (Vs )

xeG \wy'eH

:chiwa

xe@ wEPI

where (-, ) is the standard inner product on H-class functions. Therefore the dimension of
C[G]™ is the sum of the 2. Since the dimension of C[G]" is also the sum of the squares of
the dimensions of distinct irreducible representations, by Theorem 7.2.1 and Lemma 7.2.2,

we have that the R, exhaust all irreducible representations of C[G]". O

Corollary 7.2.4. [31, Theorem 7, p. 72] Let x € G. Restriction of R, to C[H] and C|G]#

give representations that interchange multiplicity and dimension.

Proof. If we restrict R,, to C[H], we have

Ry = Z Cyp - Ry,
YeH

so this decomposes into irreducible representations of dimension f, and multiplicity ¢, for
all ¢y € H. See Remark 7.1.2. By Theorem 7.2.1, if we restrict R, to C[G]#, then for each
¢ € H, the action on Vi decomposes into irreducible representations of dimension c¢,,, and

multiplicity f,. Thus we have dimensions and multiplicities interchanged. ]
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Corollary 7.2.5. [31, Corollary 1, p. 72] The pair (G, H) is a strong Gelfand pair if and

only if C[G]" is commutative.

Proof. By definition, (G, H) is a strong Gelfand pair if and only if for all y € G and ¢ € H,
we have that ¢,,, = (xm, ) n is equal to either 0 or 1. By Corollary 7.2.4, this occurs if and
only if each nonzero R,, has dimension 1. By Lemma 7.2.3, the R, contain all irreducible
representations of C[G]". Finally, all irreducible representations have dimension 1 if and

only if C[G]¥ is commutative. O

Corollary 7.2.6. [31, Corollary 1°, p. 72] H is commutative if and only if C[G|? is multi-

plicity free in C[G].

Proof. The subgroup H is commutative if and only if each irreducible representation R, has
dimension 1 for all » € H. That is, if and only if each fu = 1. By Corollary 7.2.4, this occurs
if and only if the multiplicity of each irreducible representation of C[G] is at most 1, which

is exactly the condition for C[G]" to be multiplicity free. O
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