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ABSTRACT
Multipath Mitigation in Frequency Selective Channels with an Emphasis on 5G Cellular
Mobile Networks and Aeronautical Mobile Telemetry Applications
Farah Arabian
Department of Electrical and Computer Engineering, BYU
Doctor of Philosophy
This dissertation explores the role of polarization, combining, and equalization operating over frequency-selective channels to improve the reliability of wireless communications systems in terms of BER for two applications: 5G mobile networks (operating in the
mmWave band and NR FR1), and aeronautical mobile telemetry systems (operating in L
band). The equivalent discrete-time models for a variety of spatial combining techniques at
5G mmWave bands were derived to investigate the performance of co-located cross-polarized
antenna elements when polarization diversity is used and also when a combination of spatial
and cross-polarized antennas is exploited. In both cases, ML combining has the lowest BER
and EPC produced the worst results.
The use of co-located cross-polarized antenna elements also is examined in 5G FR1
assuming post-FFT processing of the two antenna element outputs in a mobile-to-mobile
setting. The optimum strategy, in the ML sense, for incorporating the two antenna outputs
is developed. The optimum combining strategy together with a FDE is compared to the
traditional combining techniques: MRC, EGC, and SC, where the last two also require a
FDE. Computer simulations performed over a stochastic channel model with polarization
state information show that the difference between ML detection and MRC (the best performing methods) and SC with FDE (the worst performing method) is 2 dB. The similar
results were observed with pilot based channel estimators, however the difference in this case
was the presence of a BER floor at low values of N0 and caused by channel estimation errors.
In aeronautical mobile telemetry applications, the ML combiner is derived and shown
to be equivalent to the summing the outputs of two filters matched to the channels in the
horizontal and vertical polarization states. For historical reasons, current systems combine
right-hand and left-hand circularly polarized antenna feed outputs using a MRC. To compare
the two combining approaches, the aeronautical telemetry multipath channel was extended
to include polarization state information. The simulation results for SOQPSK-TG with a
CMA equalizer show that the post-equalizer BER for the two approaches is the same.

Keywords: 5G millimeter-wave band, 5G-FR1, aeronautical mobile telemetry, frequency selective multipath fading, polarization diversity, diversity combining, equalization, CP-OFDM,
CPM, SOQPSK-TG
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CHAPTER 1.

1.1

INTRODUCTION

Motivation And Related Works
Increasing the number of users in wireless communications systems still has an upward

trend happening all around the world in different applications. Cellular mobile networks and
aeronautical mobile telemetry systems are special cases of wireless communications that also
experience a huge increment in the number of users as mobile technologies are becoming more
affordable and available than ever and as the number of test ranges increases. Therefore
applying diversity techniques is necessary for the development of the new generations of
cellular mobile networks and aeronautical mobile telemetry systems.
The principle of diversity is to ensure that the same information reaches the receiver on
statistically independent channel [2], and the purpose of diversity is improving the reliability
of the system. Diversity can be obtained in many different ways, such as spatial diversity,
time diversity, frequency diversity, angle diversity, and polarization diversity. Polarization
diversity has the advantage of compact space required to achieve it by using a pair of colocated orthogonally polarized antenna elements. This is so important especially in the
mmWave bands that multiple antennas can be developed in smaller dimensions.
The performance of polarization diversity reception highly depends on how uncorrelated the outputs of the two antenna elements are [3], [4]. Multiple reflections between the
transmitter and receiver tend to decorrelate the outputs of the two antenna elements [4],
but not completely [3]. Despite the lack of complete decorrelation, it is possible to realize performance gains using polarization diversity [4]. The potential advantage for polarization diversity gains occurs in multipath propagation, where wideband signals experience frequency-selective fading. Equalization is the most common method used to address
frequency-selective fading [5]. Thus, any study of polarization diversity should also investigate equalization.
1

The waveform propagated by the transmitter antennas in a wireless communications
system in a frequency selective environment has a polarization state. This polarization state
may change due to the multipath fading, therefore we can exploit the present diversity
to help equalize the signal. The question here is how to use diversity signals in a way
that improves the total quality of the signal that is to be detected. Different diversity
combining techniques are used depends on the application. The most common ones among
these techniques are: selection combining, equal gain combining, maximum ratio combining,
and elliptically polarized combining (right/left-hand elliptically polarized combining).
We developed a diversity combining technique based on maximum likelihood detection theory for two applications: cellular mobile networks: for two scenarios including single
carrier modulation/demodulation along with time domain equalization and multi carrier
modulation/demodulation along with frequency domain equalization operating at 5G frequency range 2 (specifically at 28 GHz) and 5G frequency range 1 (specifically at 3.7 GHz)
respectively, and also for aeronautical mobile telemetry systems. Then we compared the performance of this combiner versus the other common combining techniques which are already
practiced in the two applications. The criteria in the performance analysis is the bit error
rate. The maximum likelihood analysis is used to define how the cross-polarized outputs
(along with spatial diversity in the mobile single carrier scenario) should be combined prior
to the equalization as an optimum implementation. This means the optimum development
regarding the detection before the equalization in the receiver architecture.
Each application has its own modulator/demodulator, multipath propagation modeling, detector and in general its own system design that has been developed to represent
a real world scenario in the wireless communications systems. The related works for 5G
mobile networks at mmWave bands using single carrier modulation and time domain equalization is explored in the introduction of Chapter 2. The related works for the aeronautical
mobile telemetry application is explored in the introduction of Chapter 3, and similarly the
related works for the 5G mobile-to-mobile system including multi-carrier modulation and
frequency domain equalization is discussed in the introduction of Chapter 4. The outline of
this dissertation will be illustrated in the following section.

2

1.2

Dissertation Outline
Chapter 2 explores multipath mitigation in an urban cellular environment apply-

ing polarization/spatial diversity combining techniques and time domain equalization at
mmWave band (specifically at 28 GHz) using a single-carrier modulation. To facilitate the
performance analysis, the Forney observation model for a maximum likelihood combiner,
and a number of popular combining techniques were derived and used to assess the postequalizer BER performance of a MMSE equalizer. The set up of the problem covers the
BER performance simulation and analysis of two set of spatial diversity realized as follows:
1) the use of cross-polarized antenna elements, and 2) the use of spatially-separated crosspolarized antennas in the receiver. The contributions of Chapter 2 have been discussed in
the Introduction of Chapter 2.
Chapter 3 explores the multipath mitigation applying polarization diversity combining and equalization for aeronautical mobile telemetry systems, where the modulation is
the telemetry version of shaped offset quadrature phase shift keying (SOQPSK-TG), the
constant modulus algorithm (CMA) is used as a natural choice in this application to implement channel equalization, because it exploits the constant envelope property of continuous
phase modulation (CPM). A dynamic multipath channel is developed to model multipath
propagation as explored in Appendix A, to track the polarization states of each path from
the airborne transmitter to the ground-based receiver. A full comparison between the BER
performance of maximum likelihood combiner developed over linearly polarized signals and
the other traditional diversity combiners, which usually are developed over elliptically polarized signals also are presented. The contributions of Chapter 3 have been discussed in the
Introduction of Chapter 3.
Chapter 4 similar to Chapter 2 is dedicated to polarization combining and equalization of 5G mobile networks, but for an urban mobile-to-mobile scenario at frequency
range 1, using multi-carrier modulation, specifically cyclic prefix orthogonal frequency division multiplexing (CP-OFDM). The maximum likelihood detection (MLD) and consequently
maximum likelihood combining along with frequency domain equalization (MLC+FDE) for
post-FFT processing of the dual-polarized antenna outputs with a CP-OFDM waveform in
a frequency selective multipath fading environment were developed. Then the performance
3

of MLD and MLC+FDE were compared to the traditional diversity combining techniques.
Combiner/equalizers with perfect knowledge of the channels and with channel estimates
based on pilot signals are considered. Three-dimensional geometry-based stochastic channel
modeling is used to analyze and simulate multipath propagation as elaborated in Appendix
B. The contributions of Chapter 4 have been discussed in the Introduction of Chapter 4.
Chapter 5 offers a summary on the conclusions obtained and work that can be done
in the future.

1.3

Publications Produced By This Dissertation
The following manuscripts have been published or are in review for publication in

peer- reviewed academic journals:
• F. Arabian and M. Rice, “Polarization Combining and Equalization in 5G Mobile-toMobile Systems,” in IEEE Access.
• F. Arabian and M. Rice, “On Polarization, Combining, and Equalization in Aeronautical Mobile Telemetry,” in IEEE Transactions on Aerospace and Electronic Systems,
2021.
• F. Arabian, G. P. Nordin and M. Rice, “On the Ungerboeck and Forney Observation
Models for Spatial Combining And Their Application to 5G Millimeter-Wave Bands,”
in IEEE Access, vol. 9, pp. 22214-22231, 2021, doi: 10.1109/ACCESS.2021.3054687.
The following manuscripts have been published in manuscript-reviewed conference
proceedings:
• F. Arabian and M. Rice, “Polarization combining and equalization for aeronautical mobile telemetry,” in MILCOM 2021 - 2021 IEEE Military Communications Conference
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Symposium on Wireless Communication Systems (ISWCS), Lisbon,Portugal, Aug.
2018.
The following manuscripts have been published in abstract-reviewed conference proceedings:
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CHAPTER 2.

2.1

APPLICATIONS TO 5G MMWAVE BANDS

Introduction
To support high data-rate downlinks in 5G systems [6], wideband channels are re-

quired. In multipath environments, wideband channels exhibit frequency-selective fading.
Equalization [5] is the most commonly applied technique to address the impact of frequencyselective fading. The realities of how mobile handsets are used motivate the use of multiple
antennas in the mobile handset [7]. Consequently, the combination of spatial diversity reception and equalization is of interest and is the focus of this chapter.
Spatial diversity can be realized in two ways: 1) the use of spatially-separated antennas by the receiver, and 2) the use of cross-polarized antenna elements. For example,
the mobile handset antenna design described in [7] uses both. In both of its forms, spatial
diversity presents to the detector multiple copies of the corrupted waveform generated by the
transmitter. The performance gains realized by spatial diversity depend on how uncorrelated
the copies are [2].
Cross- (or dual-) polarized antennas have long been employed in mobile handsets
to capture the received signal when the mobile is in an arbitrary orientation. Polarization
diversity is an increasingly attractive source of spatial diversity in mobile handsets due to its
ability to provide good antenna element isolation and to provide two outputs in a compact
space through the use of co-located cross-polarized antenna elements [7]. The performance
of polarization diversity reception depends on how uncorrelated the outputs of the two
antenna elements are [3], [4], [8], [9]. Reflections between the transmitter and receiver tend
to decorrelate the outputs of the two antenna elements [4], but not completely [3]. Despite the
lack of complete decorrelation, it is possible to realize performance gains using polarization
diversity [4].
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Table 2.1: Notation

Notation
In
g(t)
Ts
c(t)
C(f )
z(t)
N0
⋆
h(t)
x(t)
y(t)
ν(t)
UOM
X(z)
FOM

XPD
ρenv
ρcoh
E

Description
the n-th symbol from a QAM alphabet of size M
the unit-energy pulse shape used for the QAM signal
symbol time
the complex-valued low-pass equivalent impulse response of the multipath channel
the channel transfer function: the Fourier transform of c(t)
the complex-valued low-pass equivalent additive thermal noise modeled as a
circularly-symmetric normal random process
the parameter for the power spectral density level (with units W/Hz) of the additive
thermal noise
continuous-time linear convolution
= g(t) ⋆ c(t), the distorted pulse shape observed at the channel output
h(t) ⋆ h∗ (−t), the correlation function of h(t)
the output of a filter matched to h(t)
the output of a filter matched to h(t) due to the additive noise z(t)
the Ungerboeck observation model: an equivalent discrete-time system with input In ,
channel filter x(nTs ), noise ν(nTs ), and output y(nTs )
the z-transform of x(nTs )
the Forney observation model: a whitened version of the UOM based on the spectral
factorization X(z) = F (z)F ∗ (1/z ∗ ). The input is Ik , the channel filter is fk (the
coefficient of z −k in F (z)), the noise is η(kTs ), and the output is v(kTs )
cross polar discrimination
cross correlation of the signal envelope
coherent cross correlation
channel energy

Optimal combining in a frequency-selective environment is a non-trivial problem. The
traditional techniques, selection combining (SC), equal gain combining (EGC), and maximum ratio combining (MRC) have their origins in frequency non-selective fading channels [2].
The performance of the traditional techniques is well-understood in frequency non-selective
fading channels but less well-understood in frequency selective fading channels. For colocated cross-polarized antenna elements, combining using a 90° hybrid coupler is a popular
technique in microwave engineering. This is often termed “circular combining”, but is more
accurately called “elliptical combining” when the two signals being combined have different
strengths. Scott [10] derived the optimum combiner in the maximum likelihood sense for
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frequency-selective fading channels. (Balaban [11] obtained the same result six years earlier
via a minimum mean-squared error argument.)
The largest 5G bandwidth allocations exist in the millimeter wave (mmWave) band
[12]. The multipath modeling and analysis performed in [13]–[19] confirm the frequencyselective nature of the fading and the need for equalization [20]. For this reason, the examples
used in the chapter focus on operation in the mmWave band at 28 GHz.
One of the greatest challenges of using the mmWave band for this application is
the requirement of line-of-sight (LOS) propagation between the basestation and the mobile.
This requirement has prompted the idea of a network -level approach to solving the problem.
The concept assumes a dense population of basestations that allows a mobile to connect
to multiple basestations. The idea is that a sufficiently dense deployment of basestations
guarantees an LOS link to at least one of the available basestations. A network-level analysis
where multiuser interference is the dominant impairment was presented in [21]. A more
recent publication [22] based on the same idea formulates the problem as a spatial diversity
problem. Network level performance is still a function of the link-level performance between
a mobile and the available base stations. Consequently, the focus of this chapter is on the
underlying link-level system.
Modern radio systems implement equalization in the sampled data domain [5], [23].
Because the data are discrete and the equalizer operates in the discrete-time domain, the
data-to-equalizer path may be abstracted using an equivalent discrete-time model. The
equivalent discrete-time models of interest here are the Ungerboeck observation model [24]
and the Forney observation model [25].
The main contribution of this chapter is the development of the Ungerboeck and Forney observation models for the five combining techniques described above. We demonstrate
the use of the Forney observation model in performing computer simulations to evaluate
the post equalizer bit error rate for QPSK operating in a 5G urban environment in the
mmWave band. To incorporate polarization state in the multipath channel model, a simple
four-path multipath channel that preserves polarization state is developed. This represents
a secondary contribution in the sense that it demonstrates how to include polarization state
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directly in a multipath propagation model without the need to assume values for the cross
polar discrimination (XPD).
Given the popularity of multicarrier waveforms in 5G applications, a few comments
on our use of a single carrier modulation are warranted. First, given the difficulties of producing linear RF power amplifiers with sufficient transmit power in the mmWave band, signals
with low peak-to-average power ratio are preferred [26]. This is because low-peak-to-average
power ratio signals reduce the output back-off required to achieve linear or near-linear performance. It is well known that single-carrier modulations have lower peak-to-average power
ratios than multicarrier modulations. IEEE 802.11ad is a good example of a mmWave band
communication system that uses a single-carrier modulation [27]. Second, in [28], it was
shown that single-carrier modulations with time-domain equalization achieve superior performance, measured by achievable spectral efficiency and global energy efficiency, relative to
single-carrier modulations with frequency-domain equalization and to MIMO-OFDM when
the non-linear behavior of RF power amplifiers is included in the analysis. Third, singlecarrier modulations have a performance advantage when operating over frequency-selective
channels [29] in the sense that single-carrier modulations require no coding or high-rate
codes in contrast to multicarrier modulations that require relatively power codes to achieve
acceptable bit error rate performance. These three observations recommend single-carrier
modulations as a possibility in mmWave systems. Initial results for multicarrier modulations
with combining and equalization are presented by the authors in [30].
This chapter is organized as follows. A review of the Ungerboeck and Forney observation models is presented in Section 2.2. In Section 2.3, the Ungerboeck and Forney
observation models are extended to the traditional combining techniques (SC, EGC, MRC,
EPC) and to the maximum likelihood combiner. Numerical examples are presented in Section 2.4. The numerical examples are based on the downlink multipath channel derived in
the Appendix A where the massive-MIMO beamforming assumptions for the basestation
transmitter are included in the analysis. The chapter draws to a close with the conclusions
presented in Section 2.5.
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Figure 2.1: The ML detector for a linearly-modulated single-carrier modulation transmitted over
a frequency-selective channel: (a) The sequence of steps used to produce the inputs to the ML
sequence detector; (b) The equivalent discrete-time system—the Ungerboeck Observation Model.

2.2

The Ungerboeck and Forney Observation Models
The original formulations of Ungerboeck [24] and Forney [25] observation models were

based on a linearly-modulated single-carrier signal transmitted over a frequency-selective
channel with impulse response c(t). The received signal may be represented by its complexvalued low-pass equivalent waveform [5]
r(t) =

X
ℓ

Iℓ g(t − ℓTs ) ⋆ c(t) + z(t)

(2.1)

where Iℓ is the ℓ-th symbol drawn from a QAM alphabet of size M , Ts is the symbol time,
g(t) is a unit energy pulse shape, ⋆ represents the continuous-time convolution operation,
and z(t) is the additive thermal noise modeled as a complex-valued circularly-symmetric
normal random process with
E{z(t + τ )z ∗ (t)} = 2N0 δ(τ )

(2.2)

where δ(τ ) is the Dirac impulse function. The maximum likelihood (ML) detector applies
a filter matched to the received pulse h(t) = g(t) ⋆ c(t), samples the matched filter output
every Ts seconds, and applies a sequence detector (the Viterbi Algorithm) to the sampled
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matched filter outputs. A block diagram summarizing this sequence of operations is shown
in Figure 2.1. The output of the matched filter is
y(t) =

X
ℓ

Iℓ x(t − ℓTs ) + ν(t)

(2.3)

where
x(t) = h(t) ⋆ h∗ (−t)

(2.4)

and ν(t) is a complex-valued circularly-symmetric normal random process with
E{ν(t + τ )ν ∗ (t)} = 2N0 x(τ ).

(2.5)

The sampled matched filter output is
y(kTs ) =

X
ℓ

Iℓ x((k − ℓ)Ts ) + ν(kTs ).

(2.6)

It is usually the case that x(ℓTs ) is time-limited (or is well-approximated as such) so that
x(ℓTs ) = 0 for |ℓ| > L. Consequently, the sampled matched filter output (2.3) may be
re-expressed as
y(kTs ) =

L
X

Ik−ℓ x(ℓTs ) + ν(kTs ).

(2.7)

ℓ=−L

Equation (2.7) defines the finite state machine upon which the ML sequence detector operates. Exploiting the symmetries of the sampled correlation function x(ℓTs ), the Viterbi
Algorithm may be applied using the branch metrics
(
(UOM)
λk

= Re Ik∗ 2y(kTs ) − Ik x(0) −2

L
X

!)
x(ℓTs )Ik−ℓ

(2.8)

ℓ=1

for the transition from state Ik−L , . . . , Ik−1 to state Ik−L+1 , . . . , Ik .
Equation (2.7) also defines an equivalent discrete-time model that relates the samples
y(kTs ) to the transmitted symbols Ik . This equivalent discrete-time model is called Ungerboeck Observation Model and is illustrated in Figure 2.1 (b). The Ungerboeck observation
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Figure 2.2: The ML detector for a linearly-modulated single-carrier modulation transmitted over a
frequency-selective channel: (a) The sequence of steps used to produce the noise whitened model;
(b) The equivalent discrete-time system—the Forney Observation Model.

model is often used in the case where its output, y(kTs ) is applied to an equalizer instead of
a sequence detector [5].
Because the correlation of the noise samples in (2.7) complicates both the application
of the samples y(kTs ) to the Viterbi Algorithm and the corresponding performance analysis,
Forney [25] whitened the Ungerboeck observation model as follows. The power spectral
density of the noise samples in (2.7) is [see (2.5)]
Sν (z) = 2N0 X(z)
where
X(z) =

L
X

x(ℓTs )z −ℓ .

(2.9)

(2.10)

ℓ=−L

Because x(ℓTs ) is a correlation function, the symmetry of the coefficients in the polynomial
X(z) produces 2L roots with L roots inside the unit circle and L roots outside the unit circle
that are conjugate-reciprocals of the roots inside the unit circle. The whitening process begins
with the spectral factorization
X(z) = F (z)F ∗ (1/z ∗ ).
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(2.11)

Assigning all the roots inside the unit circle to F (z), the noise whitening filter is 1/F ∗ (1/z ∗ ),
whose only stable inverse is a non-causal IIR system. The output of the noise whitening
filter is a causal, stable FIR system with white noise. The steps are illustrated in Figure 2.2.
In Figure 2.2, the output v(kTs ) is

v(kTs ) =

L
X

fℓ Ik−ℓ + η(kTs )

(2.12)

ℓ=0

where the channel coefficients f0 , . . . , fL are defined by
F (z) = f0 + f1 z −1 + · · · + fL z −L

(2.13)

and η(kTs ) is a complex-valued circularly symmetric normal random variable with
E{η((k + m)Ts )η ∗ (kTs )} = 2N0 δm

(2.14)

where δm is the Kronecker delta. Equation (2.12) defines a finite state machine that is the
foundation of the ML sequence detector. The Viterbi Algorithm may be applied using the
branch metrics
λ(FOM)
= v(nTs ) −
n

L
X

2

fℓ In−ℓ

(2.15)

ℓ=0

for the transition from from state In−L , . . . , In−1 to state In−L+1 , . . . , In .
The equivalent discrete-time system defined by (2.12)–(2.14) is shown in Figure 2.2
(b). The equivalent discrete-time system is also known as the Forney Observation Model.
Like the Ungerboeck observation model, the output v(kTs ) may be applied to an equalizer
instead of a sequence detector [5].
Historical Note—The presentation here leaves the reader with the impression that
the Forney observation model was developed after the Ungerboeck observation model. This
is not the case. Forney’s work [25], published in 1972, obtained the Ungerboeck observation
model as an intermediate step. Because the noise was correlated, Forney developed the noise
whitening approach described above to produce a signal model with uncorrelated noise that
was a natural fit to the Viterbi algorithm. Afterwards, Ungerboeck recognized that because
13

Table 2.2: A Summary of the Ungerboeck and Forney Observations Models for traditional combining techniques. In each row, x(t) = h(t) ⋆ h∗ (−t), h(t) = g(t) ⋆ c(t). The last row only applies
to two co-located cross-polarized antenna elements.

Combiner
Method
SC
EGC
MRC

c1 (t) +
k1 c1 (t) +

c(t)

UOM noise PSD
Sν (z)

FOM noise PSD
Sη (z)

cm (t)

2N0 Xm (z)

2N0

N
X
n=2
N
X
n=2

EPC

ejϕn cn (t)

N × 2N0 XEGC (z)
#
" N
X
ejϕn kn cn (t)
kn2 × 2N0 XMRC (z)
n=1

c1 (t) ± jc2 (t)

4N0 XEPC (z)

N × 2N0
#
" N
X
kn2 × 2N0
n=1

4N0

the noise correlation and the ISI model are the same, the symmetries may be exploited to
rewrite the log-likelihood function corresponding to (2.6) recursively, thus making it possible
to apply the Viterbi algorithm using the branch metrics (2.8). This work was published by
Ungerboeck two years after Forney in [24].

2.3

Spatial Combining Techniques and Their Ungerboeck and Forney Observation Models
In this section we consider the case of N copies of the received signal produced by N

spatially-separated antennas. The n-th copy of the signal is given by
rn (t) =

X
ℓ

Iℓ g(t − ℓTs ) ⋆ cn (t) + zn (t)

(2.16)

for n = 1, . . . , N where cn (t) is the impulse response of the propagation channel seen by
the n-th antenna and zn (t) is a complex-valued circularly-symmetric normal random process
with
∗
E{zn (t + τ )zm
(t)} =



2N0 δ(τ ) n = m

0
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n ̸= m.

(2.17)

Note that this noise model assumes that the thermal noise contribution accompanying each
received signal has the same power spectral density and that the noise contributions accompanying the received signals from different antennas are uncorrelated.
Each channel is characterized by its energy
En =

Z

∞

−∞

|cn (t)|2 dt

(2.18)

for n = 1, . . . , N . The channel energies are not normalized in order to preserve signal-to-noise
advantages of strong channels over weak channels.
The combiner has, as its inputs, rn (t) for n = 1, . . . , N and outputs a single signal r(t) formed from the combination of the N input signals. The traditional combining
techniques are selection combining, equal gain combining, and maximum ratio combining.
The Ungerboeck and Forney observation models for these techniques are described in Sections 2.3.1–2.3.3. For the case of two co-located cross-polarized antenna elements, circular
(or, more precisely, elliptical) combining is often used. The Ungerboeck and Forney observation models for elliptical combining are described in Section 2.3.4. A summary of the results
from Sections 2.3.1 – 2.3.4 is given in Table 2.2.

2.3.1

Selection Combining
In selection combining (SC), the combiner selects the “best” input signal as the

combiner output. The definition of “best” is straight-forward in the case of non-frequency
selective fading (the “best” input is the strongest input). Motivated by the definition of
“best” used for frequency non-selective channels, the output of a selection combiner for
frequency-selective channels is
r(t) = rm (t),

m = argmax {En } .

(2.19)

1≤n≤N

The Ungerboeck observation model follows directly from (2.1) using c(t) = cm (t) and z(t) =
zm (t). The Ungerboeck observation model is given by (2.7) and the Forney observation
model by (2.12). These results are summarized in the second row of Table 2.2.

15

2.3.2

Equal Gain Combining
In equal gain combining (EGC), the combiner co-phases and adds the received signals

to produce the combiner output. Co-phasing is performed relative to a reference channel,
which without loss of generality, is designated r1 (t). The combiner output is

r(t) = r1 (t) +

N
X

ejϕn rn (t)

(2.20)

n=2
N
X

"
=

X
ℓ

Iℓ g(t − ℓTs ) ⋆ c1 (t) +

#
ejϕn cn (t) + z1 (t) +

ejϕn zn (t)

n=2

n=2

|

N
X

{z

}

cEGC (t)

|

{z

zEGC (t)

}

where ϕn is the phase shift required to co-phase cn (t) for n = 2, . . . , N . In the case of
non-frequency selective fading, the definition of the optimum phases is straight-forward. In
the case of frequency-selective fading, the definition of optimum is less straight-forward. A
reasonable definition of optimum is the phases that maximize the combined channel energy.
(To the authors’ knowledge the first to use this definition was Lewin [31] in 1962 for combining
N = 2 channels.) The optimum phases are given by

ϕ2 , . . . , ϕN = argmax
ϕ2 ,...,ϕN


Z


∞

−∞

c1 (t) +

N
X

2

ejϕn cn (t)




.

(2.21)



n=2

There does not appear to be a closed-form solution to this optimization problem except for
the case N = 2, where the solution is
Z
ϕ2 = ∠

∞

−∞



c1 (t)c∗2 (t)dt

.

(2.22)

The Ungerboeck observation model follows from (2.1) using the definitions of cEGC (t)
and zEGC (t) given in (2.20) for c(t) and z(t), respectively. Using hEGC (t) = g(t) ⋆ cEGC (t)
and xEGC (t) = hEGC (t) ⋆ h∗EGC (−t), the model is given by (2.7) where
E{ν((k + m)Ts )ν ∗ (kTs )} = N × 2N0 xEGC (mTs ).
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(2.23)

The Forney observation model is given by (2.12) where
E{η((k + m)Ts )η ∗ (kTs )} = N × 2N0 δm .

(2.24)

These results are summarized in the third row of Table 2.2.

2.3.3

Maximum Ratio Combining
In maximum ratio combining (MRC), the received signals are scaled by a non-negative

real-valued constant and co-phased to produce the combiner output. Again, using r1 (t) as the
reference signal for the co-phasing, the maximum ratio combiner output may be expressed
as
r(t) = k1 r1 (t) +

N
X

ejϕn kn rn (t)

(2.25)

n=2

"
=

X
ℓ

Iℓ g(t − ℓTs ) ⋆ k1 c1 (t) +
|

N
X

#
jϕn

e

kn cn (t) + k1 z1 (t) +

n=2

N
X

ejϕn kn zn (t) .

n=2

{z

}

cMRC (t)

|

{z

zMRC (t)

}

The weighting constants k1 , . . . , kn are proportional to the signal-to-noise ratios on their
respective channels. The phases that maximize the received signal energy are defined by
an optimization identical to (2.21), except that the weighting constants are included in the
object function.
The Ungerboeck observation model follows from (2.1) using the definitions of cMRC (t)
and zMRC (t) given in (2.25) for c(t) and z(t), respectively. Using hMRC (t) = g(t) ⋆ cMRC (t)
and xMRC (t) = hMRC (t) ⋆ h∗MRC (−t), the model is given by (2.7) where
"
E{ν((k + m)Ts )ν ∗ (kTs )} =

N
X
n=1

#
kn2 × 2N0 xMRC (mTs ).

(2.26)

The Forney observation model is given by (2.12) where
"
E{η((k + m)Ts )η ∗ (kTs )} =

N
X
n=1

17

#
kn2 × 2N0 δm .

(2.27)

These results are summarized in the fourth row of Table 2.2.

2.3.4

Left- and Right-hand Elliptical Combining
In the case where two co-located cross-polarized antenna elements present, the two

antenna outputs are often combined using a directional coupler (or “hybrid”) that isolates
the combined output from the inputs. The coupling induces a 90◦ phase shift on one of
the two inputs giving rise to what is popularly called a left- or right-hand circular polarized
signal. To be technically precise, “circular” refers to the case where the two inputs have
the same magnitude. When the magnitudes are different, the resulting signal is a left- or
right-hand elliptically polarized signal.
Using the complex-valued baseband notation, the coupler output is
r(t) = r1 (t) ± jr2 (t)
h
i
X
=
Iℓ g(t − ℓTs ) ⋆ c1 (t) ± jc2 (t) + z1 (t) ± jz2 (t)
{z
}
|
{z
} |
ℓ
cEPC (t)

(2.28)

zEPC (t)

where “+” produces a left-hand elliptically polarized signal and “−” produces a right-hand
elliptically polarized signal.
The Ungerboeck observation model follows from (2.1) using the definitions for cEPC (t)
and zEPC (t) given in (2.28) for c(t) and z(t), respectively. Using hEPC (t) = g(t) ⋆ cEPC (t) and
xEPC (t) = hEPC (t) ⋆ h∗EPC (−t), the model is given by (2.7) where
E{ν((k + m)Ts )ν ∗ (kTs )} = 4N0 xEPC (mTs ).

(2.29)

The Forney observation model is given by (2.12) where
E{η((k + m)Ts )η ∗ (kTs )} = 4N0 δm .
These results are summarized in the fifth row of Table 2.2.
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<latexit sha1_base64="vErq7G72cYQYcEfR2BbXXgKmfWs=">AAABcHicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKhSXHG2qUaMYLKBvoGYCBAibDEMpQdmCpeui+TqQ6IF4gNCYlP7k0NzWvJDknsbg42tCooCS2OrGoJDM5J7WWK6a0OLUgMTk7MT21OjG3uLgyN6lWQTU3sSSjGF0OJAiTA7rDEGG9JRCYm0AZloZwd4QZ6Rka65kGAh2kwQABHAzSDEoMGgyGDOYMDgweDAEMoQzJDFkMExhmMsxi+MQowSjPqAhRysQI1SPMgAIYtQC0MmBW</latexit>

<latexit sha1_base64="IMlZFZb64uB17bgIziHaA46kAlQ=">AAABbXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKBXvGZ8cLKBvoGYCBAibDEMpQtv/xde20ZQuEAuIFQmNS8pNLc1PzSpJzEouLow2NCkpiqxOLSjKTc1JruWJKi1MLEpOzE9NTqxNzi4src5NqFVRzE0syitHlQIIwOaA7DBHWWwKBuQmUYWkId0eYkZ6hsZ5poIGygwYDBHAwSDMoMWgwGDKYMzgweDAEMIQyJDOkM/QyTGOYzvCeUZRRhlEOopSJEapHmAEFMKoDAAS3YTc=</latexit>

Ik

..
.

g(t)

y1 (t)
h⇤1 ( t)

c1 (t)
<latexit sha1_base64="V9yI5BESNynTvC9Nb8drYeyh5Qw=">AAABcHicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKhVXFG2qUaMYLKBvoGYCBAibDEMpQdmCpeui+TqQ6IF4gNCYlP7k0NzWvJDknsbg42tCooCS2OrGoJDM5J7WWK6a0OLUgMTk7MT21OjG3uLgyN6lWQTU3sSSjGF0OJAiTA7rDEGG9JRCYm0AZloZwd4QZ6Rka65kGAh2kwQABHAzSDEoMGgyGDOYMDgweDAEMoQzJDFkMExhmMsxi+MQowSjPqAhRysQI1SPMgAIYtQDMRmBt</latexit>

z1 (t)

y1 (kTs )
t = kTs

..
.

y(kTs )

<latexit sha1_base64="hsHo5kk77DbEF3WK22fXOwT5lCs=">AAABbnicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEJpWuUaMYLKBvoGYCBAibDEMpQdmCpeui+TqQ6IF4gNCYlP7k0NzWvJDknsbg42tCooCS2OrGoJDM5J7WWK6a0OLUgMTk7MT21OjG3uLgyN6lWQTU3sSSjGF0OJAiTA7rDEGG9JRCYm0AZloZwd4QZ6Rka65kGAh2kwQABHAzSDEoMGgyGDOYMDgweDAEMoQzJDBkMfQzTGWYwfGAUY5RllIcoZWKE6hFmQAGMGgDYql+2</latexit>

rN (t)

yN (t)
h⇤N ( t)

cN (t)

to equalizer

t = kTs yN (kTs )

zN (t)
(a)

y1 (kTs )

x1 (kTs )

<latexit sha1_base64="IMlZFZb64uB17bgIziHaA46kAlQ=">AAABbXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKBXvGZ8cLKBvoGYCBAibDEMpQtv/xde20ZQuEAuIFQmNS8pNLc1PzSpJzEouLow2NCkpiqxOLSjKTc1JruWJKi1MLEpOzE9NTqxNzi4src5NqFVRzE0syitHlQIIwOaA7DBHWWwKBuQmUYWkId0eYkZ6hsZ5poIGygwYDBHAwSDMoMWgwGDKYMzgweDAEMIQyJDOkM/QyTGOYzvCeUZRRhlEOopSJEapHmAEFMKoDAAS3YTc=</latexit>

Ik

..
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⌫N (kTs )

equivalent discrete-time system
(b)

Figure 2.3: ML combining for N spatially-separated channels: (a) The sequence of operations
defined by ML principle; (b) The equivalent discrete-time system.

2.3.5

Maximum Likelihood Combining
The maximum likelihood (ML) detector for diversity reception in a frequency-selective

fading environment was derived by Scott [10]. Even though the ML detector described in [10]
was developed for GMSK, it is easily generalized. In this section, the results are applied
more generally to produce the corresponding Ungerboeck and Forney observation models.
A block diagram illustrating ML combining is shown in Figure 2.3 (a). A filter, matched to
the received pulse shape on each antenna, is applied to each antenna output. The matched
filter outputs are combined to produce

y(t) =

N
X
n=1

19

yn (t)

(2.31)

where the output of the n-th matched filter is
yn (t) =

X
ℓ

Iℓ xn (t − ℓTs ) + νn (t)

(2.32)

where xn (t) = hn (t) ⋆ h∗n (−t) with hn (t) = g(t) ⋆ cn (t) and where νn (t) = zn (t) ⋆ h∗n (−t) is a
complex-valued circularly-symmetric normal random process with
E{νn (t + τ )νn∗ (t)} = 2N0 xn (τ ).

(2.33)

The sampled output of the n-th matched filter is
yn (kTs ) =

X
ℓ

Iℓ xn ((k − ℓ)Ts ) + νn (kTs )

(2.34)

where νn (kTs ) is a sequence of complex-valued circularly-symmetric normal random variables
with autocorrelation function 2N0 xn (kTs ). The equivalent discrete-time system is shown in
Figure 2.3 (b).
The Ungerboeck observation model can be used to represent the equivalent discretetime system in Figure 2.3 (b) by making the following associations:

xML (kTs ) =
νML (kTs ) =

N
X
n=1
N
X

xn (kTs )

(2.35)

νn (kTs ).

(2.36)

n=1

Because the underlying random processes zn (t) are uncorrelated, each sequence of random
variables in the summation in (2.36) are uncorrelated and, because they are normal, independent. Consequently,
∗
E{νML ((k + m)Ts )νML
(kTs )} = 2N0 xML (mTs ).

(2.37)

The Ungerboeck observation model is given by (2.7) using xML (kTs ) and νML (kTs ) for x(kTs )
and ν(kTs ), respectively, where the noise correlation is given by (2.37). The Forney obser20

vation model is obtained by factoring XML (z) and is given by (2.12) where
E{η((k + m)Ts )η ∗ (kTs )} = 2N0 δm .

(2.38)

It is important to point out that the noise whitening is applied to the combined signal, not
to each of the branches in Figure 2.3 (b), as in [32].

2.4

Numerical Examples
In this section, the Forney observation models are used to assess the post equalizer

bit error rate for the combining schemes outlined in the previous section. Because we include
polarization diversity in the broad category of spatial diversity, the multipath channel that
includes polarization state information is used. Given the absence of good mm-wave channel
models that include polarization state information, we develop a relatively sparse four-ray
line-of-sight channel from which the Forney observation model is derived.

2.4.1

A Geometric Multipath Channel With Polarization State Information
The channel used in this example is the 4-path channel illustrated in Figure A.1 in

the Appendix A. A massive MIMO system is assumed at basestation transmitter. This
transmitter produces a vertically polarized beam with a beamwidth of 30◦ that tracks the
location of the mobile receiver. The mobile receiver handset is illustrated in Figure 2.4. The
mobile is equipped with four sets of co-located cross polarized antenna elements (for a total
of N = 8 antenna elements) positioned in the four corners as shown. The mathematical
derivation is summarized in the Appendix A. The continuous-time impulse responses with
polarization state information are of the form
c(i,i+1) (t) = c(i,i+1)
(t)x̂ + c(i,i+1)
(t)ŷ + c(i,i+1)
(t)x̂
y
z
x

(2.39)

where the superscript (i, i + 1) represents the value at antenna pair i, i + 1 for i = 1, 3, 5, 7
and where x̂, ŷ, and ẑ are the unit vectors for the 3-dimensional coordinate system shown
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Figure 2.4: An illustration of a mobile handset showing the four sets of co-located cross-polarized
antenna elements used in the simulations. The channels seen by each antenna element are indicated
in the figure.

in Figure 2.4. The x-, y-, and z-components of the impulse response are of the form
c(i,i+1)
(t) =
x
c(i,i+1)
(t) =
y
c(i,i+1)
(t) =
z

3
X
m=0
3
X
m=0
3
X
m=0

(i,i+1)
c(i,i+1)
)
x,m δ(t − τm
(i,i+1)
c(i,i+1)
)
y,m δ(t − τm

(2.40)

(i,i+1)
c(i,i+1)
).
z,m δ(t − τm

The coefficient values and delays for i = 1, 3, 5, 7 are listed in Equations (2.41)–(2.44),
respectively.
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(1,2)

cx,0 = 1.2445 × 10−1
(1,2)

cx,1 = 1.2230 × 10−1 − j6.9648 × 10−5
(1,2)

cx,2 = 6.6750 × 10−2 + j1.0186 × 10−3
(1,2)

cx,3 = 1.0848 × 10−1 − j4.7812 × 10−4
(1,2)

cy,0 = 1.3527 × 10−6
(1,2)

cy,1 = −1.9832 × 10−3 − j3.4388 × 10−6
(1,2)

cy,2 = −7.2554 × 10−7 − j1.1071 × 10−8
(1,2)

cy,3 = 8.2038 × 10−3 + j1.1839 × 10−4
(1,2)

cz,0 = 9.9223 × 10−1
(1,2)

cz,1 = −9.7536 × 10−1 + j5.5481 × 10−4
(1,2)

cz,2 = −4.9284 × 10−1 − j7.5205 × 10−3
(1,2)

cz,3 = −8.7343 × 10−1 + j3.6888 × 10−3
(1,2)

= 772.68 ns

(1,2)

= 772.79 ns

(1,2)

= 773.67 ns

(1,2)

= 779.12 ns

τ0
τ1
τ2
τ3

23

(2.41)

(3,4)

cx,0 = 1.2379 × 10−1
(3,4)

cx,1 = 1.2165 × 10−1 − j6.9284 × 10−5
(3,4)

cx,2 = 6.6830 × 10−2 + j1.0261 × 10−3
(3,4)

cx,3 = 1.0791 × 10−1 − j4.7562 × 10−4
(3,4)

cy,0 = 1.3456 × 10−6
(3,4)

cy,1 = −1.9727 × 10−3 − j3.4208 × 10−6
(3,4)

cy,2 = −7.2641 × 10−7 − j1.1153 × 10−8
(3,4)

cy,3 = 8.1597 × 10−3 + j1.1777 × 10−4
(3,4)

cz,0 = 9.9231 × 10−1
(3,4)

cz,1 = −9.7544 × 10−1 + j5.5490 × 10−4
(3,4)

cz,2 = −4.9098 × 10−1 − j7.5386 × 10−3
(3,4)

cz,3 = −8.7350 × 10−1 + j3.6894 × 10−3
(3,4)

= 772.61 ns

(3,4)

= 772.73 ns

(3,4)

= 773.74 ns

(3,4)

= 779.06 ns

τ0
τ1
τ2
τ3

24

(2.42)

(5,6)

cx,0 = 1.2375 × 10−1
(5,6)

cx,1 = 1.2161 × 10−1 − j6.9239 × 10−5
(5,6)

cx,2 = 6.6825 × 10−2 + j1.0256 × 10−3
(5,6)

cx,3 = 1.0788 × 10−1 − j4.7533 × 10−4
(5,6)

cy,0 = 1.3447 × 10−6
(5,6)

cy,1 = −1.9714 × 10−3 − j3.4176 × 10−6
(5,6)

cy,2 = −7.2612 × 10−7 − j1.1144 × 10−8
(5,6)

cy,3 = 8.1563 × 10−3 + j1.1768 × 10−4
(5,6)

cz,0 = 9.9231 × 10−1
(5,6)

cz,1 = −9.7545 × 10−1 + j5.5473 × 10−4
(5,6)

cz,2 = −4.9110 × 10−1 − j7.5374 × 10−3
(5,6)

cz,3 = −8.7354 × 10−1 + j3.6884 × 10−3
(5,6)

= 772.86 ns

(5,6)

= 772.98 ns

(5,6)

= 773.99 ns

(5,6)

= 779.31 ns

τ0
τ1
τ2
τ3
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(2.43)

(7,8)

cx,0 = 1.2441 × 10−1
(7,8)

cx,1 = 1.2226 × 10−1 − j6.9604 × 10−5
(7,8)

cx,2 = 6.6745 × 10−2 + j1.0181 × 10−3
(7,8)

cx,3 = 1.0845 × 10−1 − j4.7783 × 10−4
(7,8)

cy,0 = 1.3519 × 10−6
(7,8)

cy,1 = −1.9820 × 10−3 − j3.4356 × 10−6
(7,8)

cy,2 = −7.2525 × 10−7 − j1.1062 × 10−8
(7,8)

cy,3 = 8.2004 × 10−3 + j1.1830 × 10−4
(7,8)

cz,0 = 9.9223 × 10−1

(2.44)

(7,8)

cz,1 = −9.7537 × 10−1 + j5.5463 × 10−4
(7,8)

cz,2 = −4.9296 × 10−1 − j7.5193 × 10−3
(7,8)

cz,3 = −8.7347 × 10−1 + j3.6878 × 10−3
(7,8)

= 772.93 ns

(7,8)

= 773.04 ns

(7,8)

= 773.92 ns

(7,8)

= 779.37 ns

τ0
τ1
τ2
τ3

The frequency domain transfer functions C (1,2) (f ), C (3,4) (f ), C (5,6) (f ), and C (7,8) (f )
are plotted in Figures2.5 (a) – (d), respectively. Observations:
1. The z-component is the most powerful component in all four cases. This is due to the
geometry: the vertically polarized transmitted signal produces the most energy in the
spatial dimension aligned with the polarization.
2. The y-component is the least powerful component. The only major contributors to the
y-component are the propagation paths TWR and TBR. Given the angles and reflection coefficients, the least amount of transmitted power is present in the y−component.
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3. The channels at points R(1,2) and R(7,8) have similar magnitudes (but differents phases)
because they are separated by 7.27 cm. (See Figure 2.4.) The same observation applies
to the channels at points R(3,4) and R(5,6) . The channels at points R(1,2) and R(3,4) are
different because they are separated by 15.3 cm. The same observation applies to the
channels at points R(5,6) and R(7,8) . It is these differences that can be exploited for
spatial diversity.

2.4.2

Diversity Measures
Diversity gain is defined as the negative of the asymptotic slope of the BER versus

SNR [33]–[35]
lim −

SNR→∞

log Pe (SNR)
,
log (SNR)

(2.45)

where Pe (SNR) is the average error probability at the equalizer output as a function of SNR.
The analyses in [33], [34], [36] apply to the equivalent discrete-time models at the equalizer
input whereas the analysis in [35] is for OFDM systems. None of these quantify the potential
improvements from combining the outputs of parallel channels before equalization in terms
of the continuous-time channel impulse responses. Consequently, we adopt indirect measures
in an attempt to gain insights into the potential improvement from combining. The emphasis
is on polarization diversity for each antenna pair because this has received the least attention
in the open literature.
Two common measures of polarization diversity are the cross polar discrimination
XPD [1], [8], [37]–[44] and the cross correlation coefficient ρ [8], [37]–[39]. Other measures
include the co-polar power ratio [1], the number of channel correlation matrix eigenvalues
exceeding the noise power level [44], and the square of the normalized trace of the channel
covariance matrix [45].
Because the XPD and the cross correlation coefficient are pairwise measures, these
measures are applied to the two channels with impulse responses c1 (t) and c2 (t) in Figure 2.4
to illustrate how to interpret the results. Note that when the (x′ , y ′ , z ′ ) coordinate system
in Figure 2.4 is aligned with the (x, y, z) coordinate system in Figure A.1, c1 (t) = cx (t) and

27

10
0
-10
-20
-30
-40
-50
-60
-200

-150

-100

-50

0

50

100

150

200

50

100

150

200

50

100

150

200

50

100

150

200

(a)
10
0
-10
-20
-30
-40
-50
-60
-200

-150

-100

-50

0

(b)
10
0
-10
-20
-30
-40
-50
-60
-200

-150

-100

-50

0

(c)
10
0
-10
-20
-30
-40
-50
-60
-200

-150

-100

-50

0

(d)

Figure 2.5: Frequency-domain transfer functions for the four-path propagation model from point
T to one of the four points on the mobile handset in Figure 2.4: (a) the x-, y-, and z-components
at point R(1,2) ; (b) the x-, y-, and z-components at point R(3,4) ; (c) the x-, y-, and z-components
at point R(5,6) ; (d) the x-, y-, and z-components at point R(7,8) .
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c2 (t) = cz (t). As the mobile is rotated [about the origin of the (x′ , y ′ , z ′ ) coordinate system]
the relationships between c1 (t) and c2 (t) and cx (t), cy (t), and cz (t) change, respectively.
The XPD is the ratio of the energy received by the co-polarized antenna to the
energy received by the cross-polarized antenna. Historically, this measure was developed for
frequency non-selective fading channels [8], [37]–[40], [42], [43] although some of the more
recent publications have extended the XPD concept to frequency-selective channels [1], [41],
[44]. To apply XPD to our channel, we return to the basic definition of a ratio of received
signal powers. Because the transmitted signal is common to the signals received on the
orthogonally-polarized antenna elements, XPD reduces to the ratio of channel energies:
Z

f2

f1
f2

XPD = Z

f1

|C2 (f )|2 df

(2.46)

2

|C1 (f )| df

where f1 and f2 define the lower and upper band edges of the occupied spectrum and where
C1 (f ) and C2 (f ) are the Fourier transforms of c1 (t) and c2 (t), respectively, in Figure 2.4.
We designate C2 (f ) as the co-polarized channel because its corresponding antenna element
is aligned with the vertically polarized transmit antennas when the (x′ , y ′ , z ′ ) coordinate
system is aligned with the (x, y, z) coordinate system. However, as the mobile handset
rotates about the origin of the (x′ , y ′ , z ′ ) coordinate system, their roles change. For example,
as the handset rotates about the y ′ axis, C1 (f ) becomes the co-polarized channel and C2 (f )
becomes the cross-polarized channel for rotation angles of ±90◦ . For most rotations, neither
of the antenna elements is truly co-polarized or cross-polarized with the transmit antennas.
Consequently, the definition of XPD in (2.46) fixes C2 (f ) in the numerator and allows for
the fact that this ratio will be ≪ 1 for some rotation angles.
Two versions of the cross correlation coefficient have been used in the literature: the
cross correlation coefficient of the signal envelope [8], [37] and the coherent cross correlation
coefficient [38], [39]. For our purposes the cross correlation of the signal envelope is
Z
ρenv =

f2

f1

|C1 (f )||C2 (f )|df
√
E1 E2
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(2.47)

while the coherent cross correlation coefficient is
f2

Z
Re

f1

ρcoh =

C1 (f )C2∗ (f )df
√



E1 E2

(2.48)

where E1 and E2 are the channel energies given by (2.18) or, using Parseval’s theorem,
Ei =

Z

f2

f1

|Ci (f )|2 df

(2.49)

for i = 1, 2.
The analysis in [37] suggested that both the XPD and a correlation coefficient must
be examined simultaneously to gain insight into potential gains for polarization diversity.
When XPD is close to unity (0 dB) and the correlation coefficient is small, the two channels
have nearly the same energy (XPD = 0 dB) and are different (ρcoh or ρenv is close to zero).
The potential for performance improvement is very good. When these conditions are not
simultaneously met, the potential for performance improvement is not as good. For example,
when XPD is not close 0 dB, one of the channels is much stronger than the other and there
is not much to be gained by combining them. When the correlation coefficient is close to
unity, the signals are similar and diversity combining shifts the BER vs. SNR curve to the
left by at most 3 dB. In the scenario illustrated in Figures A.1 and 2.4 where the (x′ , y ′ , z ′ )
axes are aligned with the (x, y, z) axes, XPD = 24.3577 dB and ρcoh = 0.2514. These values
are typical values and suggests that the potential for diversity gains is good [37].
The diversity parameters XPD, ρcoh , and ρenv vary as the orientation of the mobile
varies. This is because the spatial relationships between the co-located cross polarized elements in Figure 2.4 and the three spatial components of the electric field change with rotation
angle. These changes are illustrated by evaluating XPD, ρcoh , and ρenv for rotations about
the x′ - y ′ - and z ′ - axes, as shown in Figures 2.6 (a) – (c), respectively. In these figures, note
that ρenv is nearly constant with respect to the rotation angles. This demonstrates that the
envelope correlation used in [8], [37] for frequency non-selective channels does not extend to
the frequency-selective channel case. The remainder of the analysis examines ρcoh .
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Figure 2.6: XPD (left axis) and correlation coefficients (right axis) as a function of rotation angle:
(a) rotation about the x′ -axis; (b) rotation about the y ′ -axis; (c) rotation about the z ′ -axis. The
(x′ , y ′ , z ′ ) coordinate system is defined in Figure 2.4.
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In Figure 2.6 (a), for most rotation angles about the x′ -axis, 5 dB ≤ XPD ≤ 17 dB
and −0.2 ≤ ρcoh ≤ 0.2. These are good values from the polarization diversity point of view
(1,2)

(neither XPD nor |ρcoh | are too large). This is because C1 (f ) is Cx
(1,2)

all rotation angles while C2 (f ) is a linear combination of Cz

(f ) in Figure 2.5 (a) for
(1,2)

(f ) and Cy

(1,2)

(a). When the rotation angle is exactly ±90◦ , C2 (f ) = Cy

(f ) in Figure 2.5

(f ), a very weak channel as

shown in Figure 2.5 (a).
In Figure 2.6 (b), −17 dB ≤ XPD ≤ 17 dB and −0.96 ≤ ρcoh ≤ 0.96 for all rotation

angles. This is because for all rotations about the y ′ -axis, C1 (f ) and C2 (f ) are linear combi(1,2)

nations of Cx

(1,2)

(f ) and Cz

(f ), two of the strong channels in Figure 2.5 (a). The rotations

that produce large values for |ρcoh | produce less potential for polarization diversity. Con-

sequently, rotations about the y ′ -axis do not seem to have potential for strong polarization
diversity gains.
In Figure 2.6 (c), the situation is somewhat less clear. The parameter ρcoh has acceptably low values except for rotation angles of ±90◦ . But, XPD > 20 dB for rotation angles
(1,2)

in the intervals [50◦ , 130◦ ] and [230◦ , 310◦ ]. This is because C2 (f ) = Cz
(1,2)

angles but C1 (f ) is a linear combination of Cx
(1,2)

is ±90◦ , C1 (f ) = Cy

(1,2)

(f ) and Cy

(f ) for all rotation

(f ). When the rotation angle

(f ), one of the weakest channels in Figure 2.5 (a). Consequently, the

potential gains for polarization diversity are rotation dependent.
In summary, for the example channel examined here, polarization diversity should
produce reasonably good performance gains for most rotation angles. For rotation angles
where polarization gain does not hold promise, it is because one of the co-located orthogonally
polarized antenna elements “sees” a strong channel while the other element “sees” a weak
channel. In such situations, there is little to be gained by incorporating the output of the
weak channel in the detector. The results for the antenna pairs C3 (f ), C4 (f ); C5 (f ), C6 (f );
and C7 (f ), C8 (f ) are nearly identical and are not included here.

2.4.3

Bit Error Rate (BER) Comparison—Two Co-Located Cross-Polarized
Antennas
Here the improvement in post-equalizer BER for the antenna pair C1 (f ), C2 (f ) is

examined. The Forney observation model corresponding to this pair of antenna outputs for
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Figure 2.7: The coefficients for the Forney observation model for each of the combining techniques
applied to C1 (f ) and C2 (f ). The solid markers are the real parts of the coefficients and the clear
markers are the imaginary parts.
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Table 2.3: The parameters used for the post-equalizer BER simulations.

Parameter

Value

QPSK Ik ∈ {±A ± jA}
SRRC with 50% roll-off
span = 12 symbols
Bit rate
533 1/3 Mbits/s
Frequency support −200 MHz ≤ f ≤ 200 MHz
Equalizer
length-63 symbol-spaced MMSE equalizer
Constellation
Pulse shape

each of the spatial combining techniques described in Section 2.3 is used as the input to an
MMSE equalizer (i.e., N = 2). The Forney observation model channels for the combining
techniques are plotted in Figure 2.7. In each plot the intersymbol interference (ISI) ratio
defined by
L
X

ISI =

f(·)(nTs )

2

n=1

f(·) (0)

2

(2.50)

is shown. The ISI ratio is a coarse measure of ISI that an equalizer must remove. The
ISI ratio is the lowest (best) for ML combining and the worst for EGC. ML combining
and SC produce the lowest ISI ratios. The ISI ratio is only one of two parameters that
define equalizer performance. The other is the channel strength. For example, the two EPC
channels have lower ISI ratios than the EGC channel, but the EGC channel is stronger and
presents a higher signal-to-noise ratio to the equalizer.
Because prediction of the post-equalizer BER performance is difficult, we resort to
computer simulations. The simulation parameters are summarized in Table 2.3. A length-31
MMSE equalizer was computed for each of the six whitened channel outputs and for each
signal-to-noise ratio.
The simulated post-equalizer BER performance is plotted in Figure 2.8. The BER
results are plotted as a function of the ratio A2 /N0 . The different channel energies scaled
the effective “signal-to-noise ratio” and are part of the comparison. Observations:
1. ML combining substantially outperforms the other combining techniques.
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Figure 2.8: Simulated post-equalizer BER results for C1 (f ) and C2 (f ) using the combining techniques described in Section 2.3.

2. The worst-performing combining technique is elliptical combining. This is an interesting result because elliptical combining is often employed with co-located cross-polarized
antenna elements.
3. The performance of selection combining essentially matches that of maximum ratio
(1,2)

combining. This is explained by the fact that C1 (f ) = Cx

(1,2)

(f ) and C2 (f ) = Cz

(f )

in Figure 2.5 (a). Consequently C2 (f ) is a stronger channel than C1 (f ): E2 is 16.5
dB greater than E1 . For this channel pair, the MRC gain only compensates for the
additional noise accompanying the weaker channel. The relatively poor performance
of equal gain combining is explained in the same way.
The only spatial diversity available is from the polarization state. As expected, ML combining best exploits the available gain from polarization diversity. MRC and SC (somewhat
surprisingly) are the next best options for polarization diversity and achieve a post-equalizer
BER about 0.6 dB worse than that of ML combining.
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2.4.4

Bit Error Rate (BER) Comparison—Eight Antennas
In this experiment, all outputs of all eight antenna elements in Figure 2.4 are combined

before equalization. The SC, EGC, MRC, and ML combining techniques are applied as
described in Section 2.3. Elliptical combining is performed in combination with equal gain
combining: elliptical combining is applied to each antenna pair to create four channels; the
four channels are combined using EGC.
The parameters used for the simulation are summarized in Table 2.3. The equivalent
Forney observation models for each combining technique are plotted in Figure 2.9. Included
in these plots is the ISI ratio (2.50) which is a coarse measure of the ISI the equalizer must
mitigate. Note that ML combining produces the lowest ISI ratio followed by MRC and SC. It
will be shown that SC is not competitive in this case due to the signal-to-noise ratio penalty
resulting from SC being a weak channel.
A length-31 MMSE equalizer was computed for each of the six whitened channel
outputs and for each signal-to-noise ratios. The simulated post-equalizer BER performance
is plotted in Figure 2.10. As before, the BER results are plotted as a function of the ratio
A2 /N0 to preserve the advantage of strong channels over weak channels. Observations:
1. ML combining outperforms the other combining techniques.
2. MRC combining is the next best option and is about 0.5 dB inferior to ML combining.
Unlike the case in Figure 2.8, SC does not achieve the same performance as MRC
combining. Here SC is the worst-performing option. The difference is that the eight
antennas provide a set of channels comprising four strong channels and four weak
channels. MRC exploits the diversity inherent in the four strong channels in a way
that outperforms the selection of the one strongest channel.
3. EGC is about 3 dB worse than ML combining and 2.2 dB worse than MRC.
4. EPC-R/L + EGC is more competitive here than EPC-R/L was in the two antenna case.
The performance advantage is attributed to the application of EGC. An interesting
conclusion is that it is better to apply EGC to all eight antenna outputs than it
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Figure 2.9: The coefficients for the Forney observation model for each of the combining techniques
applied to C1 (f ) – C8 (f ). The solid markers are the real parts of the coefficients and the clear
markers are the imaginary parts.
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Figure 2.10: Simulated post-equalizer BER results for C1 (f ) – C8 (f ) using the combining techniques
described in Section 2.3.

is to apply EPC-R/L to each co-located cross-polarized antenna pair and combine
elliptically-combined outputs using EGC.
A large number of combining options are possible. For example selection combining may be
applied to each co-located antenna pair to produce four outputs and the four outputs may
be combined using MRC. The number of possibilities is a combinatorial exercise. But the
technique outlined in Section 2.3 may be extended to any of these in a straight-forward way.

2.5

Conclusions
The performance of spatial diversity over a frequency-selective multipath fading chan-

nel has been investigated where an emphasis has been placed on 5G cellular systems operating
in the mmWave band in a small cell urban environment. The propagation scenario used as
an example is a downlink to a mobile equipped with four pairs of co-located cross-polarized
antennas. To facilitate the performance analysis, the Forney observation model for a num-

38

ber of popular combining techniques was derived and used to assess the post-equalizer BER
performance of a simple MMSE equalizer.
Two sets of BER simulations were performed. In the first set, the performance of
combining and equalization for one pair of co-located cross-polarized antennas was analyzed.
The emphasis was on polarization diversity. The simulation results showed that ML combining maximizes polarization diversity and achieved a post-equalizer BER about 0.5 dB
better than and that of MRC. Interestingly, the performance of SC was very similar to
that of MRC. This is because polarization diversity often produces a strong channel and a
weak channel. The surprising result was how poorly elliptical combining performed given its
current popularity.
The second set of BER simulations incorporated all eight antennas into the diversity
combining techniques. Here, polarization diversity was only a part of the available diversity.
Again, ML combining maximized the diversity gain and achieved a post-equalizer BER
performance about 0.8 dB better than MRC. The performance EGC next and was about
2.2 dB worse than MRC. The ordering ML > MRC > EGC > SC follows the traditional
ordering because incorporating all eight channels into the diversity combiner avoided the
situation of one strong channel and one weak channel. The results also show that for each
pair of co-located cross-polarized antenna elements, it is better to apply EGC or MRC to
each pair than elliptical combining.
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CHAPTER 3.
TRY

3.1

APPLICATIONS TO AERONAUTICAL MOBILE TELEME-

Introduction
The testing of airborne test articles requires a radio frequency (RF) link to transmit

measurements obtained on the test article to the ground. The transmitted measurements
are used for monitoring and analysis by flight test engineers. The large distances separating the test article and the ground-based personnel impose constraints on wireless link in
aeronautical mobile telemetry (AMT).
First, test articles with limited power and heat sinking capabilities operate the RF
power amplifier in full saturation to maximize energy efficiency. To avoid spectral spreading
due to the accompanying amplitude distortion, constant envelope modulations, in the form
of continuous phase modulations (CPMs) are preferred [46].
Second, ground stations must use high gain (large aperture) antennas with autotracking capabilities. Most telemetry ground station antennas are parabolic reflectors. The
antenna feed located at the focal point of the reflector comprises a resonant cavity in which
two orthogonal dipoles are placed. One dipole outputs the “horizontal” (H) polarization
state of the received signal (i.e., the component of the electric field coincident to the H
dipole) and the other outputs the “vertical” (V) polarization state of the received signal
(i.e., the component of the electric field coincident to the V dipole). The designations H and
V are with respect to the orientation of the resonant cavity.
When a test article, equipped with a vertical monopole transmit antenna mounted
under the fuselage, is level, the polarization state of the transmitted signal is V. However,
as the test article maneuvers through test points, the polarization state of the transmitted
signal changes. Early telemetry receivers were equipped with a single RF input. Because the
polarization state of the received signal was never simply V or H, the earliest receive anten-
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nas combined the V and H components using a 90◦ hybrid coupler to produce a circularly
polarized signal. This approach had the advantage that a usable signal was always available
no matter what the polarization state of the received signal was. Because there are two ways
to configure a 90◦ hybrid coupler, antenna feeds have two antenna outputs called left-hand
circular polarization (LHCP) and right-hand circular polarization (RHCP). As technology
advanced, it became practical for telemetry receivers to have two RF inputs. This opened
the door for diversity combining. The most common configuration on test ranges today is
to apply maximum ratio combining (MRC) to the LHCP and RHCP antenna feed outputs.
Because the receive antenna has a narrow beamwidth, multipath propagation in aeronautical mobile telemetry has properties that are somewhat different from scenarios where
both transmitter and receiver use omnidirectional antennas. The narrow beam operates as a
spatial filter that attenuates multipath components arriving well off boresight. The result is
that multipath fading only occurs in certain situations such as low-elevation angle scenarios,
is described by a small number of propagation paths, and is intermittent [47].
The two most common multipath mitigation approaches on test ranges are spatial
diversity and equalization. Spatial diversity involves the use of widely separated receiver
installations. Because of the wide separations, detected bits and an accompanying estimate
of their quality are used to perform some sort of source selection (see [48] and the references
therein). For equalization, most of the telemetry receivers on the market today are equipped
with an adaptive equalizer driven by the constant modulus algorithm (CMA) (see, eg., [49]–
[51]). The CMA algorithm is a natural choice in this application because it exploits the
constant envelope property of CPM. The CMA equalizer can operate either on the LHCP
or RHCP antenna output alone or on the combined LHCP/RHCP antenna outputs.
The justification for applying MRC to the LHCP and RHCP signals is not based
on optimality but instead based on the simple fact that the LHCP and RHCP signals are
the only two signals available in current configurations. Consequently it is unknown if the
application of MRC to the LHCP and RHCP signals is optimal. The purpose of this chapter
is to perform an examination (albeit an indirect one) of the optimality question.
The starting point is the H and V components of the received signal. The optimum
approach in the maximum likelihood (ML) sense for incorporating the two orthogonal po41

larization components was derived by Scott [10] in the context of second-generation digital
cellular systems. In Scott’s example, GMSK (a special case of CPM) was replaced by a linear
approximation (see [52]) and the ML sequence estimator based on the Viterbi algorithm was
developed. For the CPMs used in AMT, linear approximations have been derived [53]–[56]
and could be used in Scott’s formulation. However, given the relatively long frequency pulses,
the modulation indexes, and the length of the equivalent discrete-time multipath channels
at the detector input, the number of states required to perform ML or approximate ML
sequence detection can be prohibitive [57]. Instead the ML analysis is used to define how
the cross-polarized outputs should be combined prior to CMA equalization.
For frequency non-selective fading scenarios, the performance gain due to polarization
diversity depends on how uncorrelated the cross-polarized antenna element outputs are [3],
[4], [8], [9]. Multipath reflections tend to decorrelate the two antenna outputs [4], but not
completely [3]. For frequency-selective multipath fading, the situation is less clear, but the
authors believe that the same trend holds in the sense that the more uncorrelated the two
signal components, the more opportunity there is for performance improvement through
diversity Fortunately, multipath propagation in the AMT setting is described by a small
number of propagation paths [47] and it is possible to track the polarization state of two of
the paths from the airborne transmitter to the ground-based receiver. This, in turn, allows
one to create a realistic polarimetric channel for use in simulations.
Preliminary results published by the authors in [58] showed that ML-inspired combining followed by CMA equalization outperforms LCHP or RHCP combining followed by CMA
equalization. The initial results are extended by comparing the performance over the MLinspired combined channel to the performance over the MRC-combined LHCP and RHCP
channels. The metric used for the comparisons is the post-equalizer bit error rate. We show,
using computer simulations over realistic channels with polarization state information, that
the post equalizer bit error rates for ML combined V and H channels is the same as that for
maximum ratio combined LHCP and RHCP channels.
This chapter is organized as follows. The combining techniques (ML, LHCP, RCHP,
and MRC applied to the previous two) are outlined in Section 3.2. A polarimetric multipath
channel model for aeronautical mobile telemetry is developed in Section 3.3. Section 3.4
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documents the details of the comparisons, including the modulated signal (SOQPSK-TG)
and its detection, a specific example of the aeronautical mobile telemetry multipath channel,
the channels presented to the equalizer after combining, and the post equalizer bit error rate
simulations. Conclusions are summarized in Section 3.5.

3.2
3.2.1

Problem Formulation
ML Combining
The problem is formulated using complex-valued baseband equivalent signals and

channels [5]. The outputs of the H and V antenna elements are
rH (t) = cH (t) ⋆ s(t) + zH (t)

(3.1)

rV (t) = cV (t) ⋆ s(t) + zV (t)

(3.2)

where s(t) is one of the three CPMs described in the aeronautical telemetry standard [46];
cH (t) and cV (t) are the H and V components, respectively, of the multipath channel between
the test article and the receiver; ⋆ is the continuous-time convolution operator; and zH (t)
represents the thermal noise which is modeled a circularly-symmetric complex-valued normal
random process with zero mean and autocorrelation function [5]
E{zH (t + τ )zH∗ (t)} = 2N0 δ(τ ).

(3.3)

zV (t) is also a complex-valued normal random process whose statistics are identical to those
of zH (t) but is independent of zH (t). Because zH (t) and zV (t) are independent, the log
likelihood function for the bit sequence that defines s(t) is
1
Λ=−
2N0

Z



|rH (t) − cH (t) ⋆ s(t)|2 + |rV (t) − cV (t) ⋆ s(t)|2 dt.
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(3.4)

Expanding the magnitude squares, distributing the integral, and eliminating terms that do
not depend on the bit sequence, produces
Z
Λ = 2Re



∗

s (t) [yH (t) + yV (t)] dt −

Z



|cH (t) ⋆ s(t)|2 + |cV (t) ⋆ s(t)|2 dt

(3.5)

where
Z
yH (t) =
Z
yV (t) =

rH (u)c∗H (u − t)du = rH (t) ⋆ c∗H (−t)

(3.6)

rV (u)c∗V (u − t)du = rV (t) ⋆ c∗V (−t).

(3.7)

The ML bit sequence is the bit sequence that maximizes (3.5). Identifying the ML bit
sequence requires a search, usually performed by the Viterbi algorithm using (3.5) as the
branch metrics [57].
The computational complexity required to find the ML bit sequence is often prohibitive (see, e.g., [57]). For this reason, a non-optimal approach based on linear filters is
used. The development goes as follows [5, Chap. 9]. The equivalent system represented by
(3.5) is described by
r(t) = s(t) ⋆ [xH (t) + xV (t)] + zML (t)

(3.8)

xH (t) = cH (t) ⋆ c∗H (−t)

(3.9)

xV (t) = cV (t) ⋆ c∗V (−t)

(3.10)

where

and zML (t) is a circularly symmetric complex-valued normal random process with zero mean
and autocorrelation function
∗
E {zML (t + τ )zML
(t)} = 2N0 [xH (τ ) + xV (τ )] .

(3.11)

ML detection performs a search using symbol-spaced samples of r(t) along with the second
term on the right-hand side of (3.5) as branch metrics. Non-optimal detection retains the
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channel output but the sequence detector and its metric—including the second term on
the right-hand side of (3.5)—are replaced by a filter (either a linear filter in the case of
zero-forcing or MMSE equalization) or a non-linear filter structure (in the case of decision
feedback equalization). Consequently, filter-based equalizers operate on the channel impulse
response
cML (t) = xH (t) + xV (t).

(3.12)

In summary, the ML analysis motivates the following sequence of operations. Apply
a channel matched filter to rH (t) and rV (t). Sum the two channel matched filter outputs.
Apply the sum to the CMA equalizer. Apply the CMA equalizer output to a (bit) detector.
The signal at the equalizer input is given by (3.8). This shows that the “sees” the channel
(3.12) A block diagram illustrating this is shown in Figure 3.1 (a).

3.2.2

MRC with RHCP and LHCP
RHCP and LCHP signals are produced by a 90◦ hybrid coupler. The hybrid coupler

adds its two inputs after performing a 90◦ phase shift on one of them. The result is the
RCHP channel
1
cR (t) = √ [cH (t) − jcV (t)]
2

(3.13)

1
cL (t) = √ [cH (t) + jcV (t)] .
2

(3.14)

and the LHCP channel

The scale factor accounts for the 3-dB loss in passive hybrid couplers. Note that this is a form
of combining the V and H signals and either may be used for equalization and detection [58].
A block diagram illustrating this is shown in Figure 3.1 (b).
MRC combines the RHCP and LHCP signals by adding co-phased and scaled versions
of the RCHP and LHCP signals. The equivalent channel that results from MRC applied to
the RHCP and LHCP channels is
cMRC (t) = kR cR (t) + ejϕ kL cL (t)
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(3.15)

where kR and kL are non-negative real-valued constants that are proportional to the signalto-noise ratios on each channel and where the co-phasing angle ϕ is computed from [31]
Z
ϕ=∠

∞



cR (t)c∗L (t)dt

−∞

.

(3.16)

MRC was originally developed for frequency-non-selective channels where the constants are
proportional to the magnitude squared of the corresponding channel gains. In frequencyselective channels, the definition is less clear. Because the input to the RHCP and LCHP
channels is the same and the additive noise variance is assumed to be the same, the signalto-noise ratio at the RHCP and LHCP outputs is approximately proportional to the channel
energies
Z
ER =
EL =

∞

Z−∞
∞
−∞

|cR (t)|2 dt

(3.17)

|cL (t)|2 dt.

(3.18)

The extension of the MRC concept to frequency-selective channels used here is
ER
ER + EL
EL
kL =
ER + EL

kR =

(3.19)
(3.20)

where the denominators are normalizations that produce kR + kL = 1.
The MRC output maybe expressed as
rMRC (t) = cMRC (t) ⋆ s(t) + zMRC (t)

(3.21)

where zMRC is a circularly symmetric complex-valued normal random process with zero mean
and autocorrelation function


∗
(t)} = kR2 + kL2 2N0 δ(τ ).
E {zMRC (t + τ )zMRC
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(3.22)

The MRC output may be used for equalization and detection as illustrated by the block
diagram in Figure 3.1 (c).
In summary, maximum likelihood combining, the combining used to produce LHCP
and RHCP signals, and MRC operating on the LHCP and RHCP signals all start with the
multipath channels that distort the horizontal and vertical polarization components of the
received signal. To compare the combining techniques, a multipath channel with polarization
state information is required. A polarimetric channel model appropriate for AMT is derived
in the next section.

3.3

Polarimetric Channel Model
The geometry of multipath propagation for low-elevation scenarios over a land-based

test range in the Western USA is illustrated in Figure 3.2. The propagation model comprises
three components [47]: the line-of-sight (LOS) propagation path, a specular reflection, and
a diffuse reflection. The specular reflection is caused by a strong reflection from the desert
floor (land-based ranges) or from the sea (sea-based ranges) and depends on the geometry in
a deterministic way [47]. The diffuse reflection is caused by a number of weaker reflections
from rough surfaces such as mountain sides (land-based ranges) or rough seas (sea-based
ranges). Consequently, a stochastic description of the diffuse reflection properties is used.
The statistical description has been incorporated into a dynamic multipath channel model
in the aeronautical telemetry standards (see Appendix 2-H of [46]).
Incorporating polarization state information into the LOS and specular reflection
components of the channel follows the technique first published by the authors in [59] and
summarized in Sections 3.3-3.3.1 and 3.3-3.3.2, respectively. The approach is based on the
geometry defined by the positions of the transmitter, receiver, and reflector. For the diffuse
component the exact coordinates of the reflection points are not known. Consequently, a
statistical characterization based on both measurements [47] and theory [60] is adopted. The
concept of a depolarization coefficient [61] is used to describe the relationship between the
two polarization states of the diffuse component as described in Section 3.3-3.3.3.
In this section, all vectors are column vectors and denoted with bold-face variables.
The “hat notation” is used to identify unit vectors. For example, x̂ is the unit vector in the
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ML combiner
c⇤V ( t)
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Figure 3.1: The systems compared in this chapter: (a) ML combining prior to equalization; (b)
RHCP or LHCP prior to equalization; (c) MRC combining the RHCP and LHCP prior to equalization.
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Figure 3.2: The geometry of multipath propagation for a land-based test range in the Western USA
corresponding to a downlink with polarization state.

x-direction in our coordinate system. Bold quantities, such as V are understood to be 3 × 1
vectors with two equivalent forms:
 
V
 x
 
V = Vy  = Vx x̂ + Vy ŷ + Vz ẑ.
 
Vz

(3.23)

Vx , Vy , and Vz may be either real-valued quantities (e.g., when they represent a position) or
complex-valued quantities (e.g., when they represent electric field phasors). The dot product
between n and k is denoted n · k; the cross product between n and k is denoted n × k.
The complex-valued electric field corresponding to transverse wave propagation at
position p and at time t may be expressed as
E(p, t) = Eej(ωt−k·p)

(3.24)

where E = Ex x̂+Ey ŷ+Ez ẑ is a 3×1 vector denoting the (complex-valued) components of the
electric field in the x̂, ŷ, and ẑ directions; ω is the radian frequency; and k = kx x̂ + ky ŷ + kz ẑ
is the wave vector that defines the direction of propagation. The magnitude of k, k ≡ |k| is
the wave number and may be expressed as k = 2π/λ = 2πf /vp where λ is the wavelength,
vp is the propagation velocity, and f is the frequency in cycles/s. For the purposes of this
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chapter, (3.24) is written as the product of three components:
E(p, t) = Ee−jk·p ejωt .

(3.25)

The first term on the right-hand side of (3.25) quantifies the frequency-invariant magnitude,
phase, and polarization state of the electric field. The second term on the right-hand side of
(3.25) quantifies the frequency-dependent phase shift due to propagation delay. The third
term on the right-hand side of (3.25) is the rotation operator.
The product of the first two terms in (3.25) defines the phasor form of the frequency
response of the polarimetric channel. The phasor form is equivalent to the frequency response
of the analytic or pre-envelope [5, p. 21] channel. Using C+ (f ) to represent the frequency
response of the analytic channel, we have
C+ (f ) = Ee−jk·p .

(3.26)

The complex-valued low-pass equivalent channel is defined by the frequency response [5]
C(f ) = C+ (f + fc ).

(3.27)

Because k · p is a function of f , (3.27) makes sense as shown below.
The transmitted signal is produced by an antenna at point T in Figure 3.2. The
polarization state of the antenna is denoted U. The polarization state of a simple monopole
connected to the bottom of the fuselage is, using the (x, y, z)-coordinate system in Figure 3.2,
U = ẑ.

3.3.1

(3.28)

Polarimetric Model for the LOS Component
Line-of-sight propagation occurs along the line TR in Figure 3.2. The departure

angle from T is θ1y , measured in the x − z plane (i.e., θ1y is a rotation about the y-axis), and
θ1z measured in the x − y plane (i.e., θ1z is a rotation about the z-axis). The electric field
components at point R in the (x, y, z) coordinate system due to line-of-site propagation EL,R
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is given by
EL,R = Rz (θ1z )Ry (θ1y )E0 ejϕL

(3.29)

where Rz (θ) is the rotation matrix about the z-axis given by


cos(θ) − sin(θ) 0




Rz (θ) =  sin(θ) cos(θ) 0 ,


0
0
1

(3.30)

Ry (θ) is the rotation matrix about the y-axis and is given by




cos(θ) 0 sin(θ)




Ry (θ) =  0
1
0 ,


− sin(θ) 0 cos(θ)

(3.31)

ϕL is the initial phase of the line-of-sight component, and E0 is the polarization state of the
transmitted signal including the effect of yaw, pitch, and roll given by
E0 = Ry (−θroll )Rx (−θpitch )Rz (−θyaw )U

(3.32)

where Rx (θ) is the rotation matrix about the x-axis given by


1
0
0




Rx (θ) = 0 cos(θ) − sin(θ) .


0 sin(θ) cos(θ)

(3.33)

The electric field (3.29) is rotated to align it with the dipoles in the receive antenna feed.
Because the dipoles are coincident with the y ′ and z ′ axes in the (x′ , y ′ , z ′ ) coordinate system
shown in Figure 3.2, the alignment involves a rotation of the (x, y, z) coordinate system
about the y-axis by the receive antenna elevation angle θ1y . The electric field at R in the
(x′ , y ′ , z ′ ) coordinate system due to line-of-sight propagation is
E′L,R = Ry (θ1y )EL,R .
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(3.34)

3.3.2

Polarimetric Model for the Specular Reflection Component
The specular reflection comprises a reflection at point G shown in Figure 3.2. The

specular reflection component is defined by the propagation along the line segments TG and
GR. The departure angle from T is θ2y , measured in the x − z plane (i.e., θ2y is a rotation
about the y-axis), and θ2z , measured in the x−y plane (i.e., θ2z is a rotation about the z-axis).
The incident angle at point G is θ3 and is measured in the TGR plane. The electric field
due to the specular reflection at point R in the (x, y, z) coordinate system may be expressed
as
TE
ES,R = ETM
S,R + ES,R ,

(3.35)

where the superscript “TM” refers to the transverse magnetic field linear polarization state
and “TE” refers to the transverse electric field linear polarization state, both with respect
to the TGR plane. The phasor representing TM propagation is orthogonal to the direction
of propagation and lies in the plane of incidence. The phasor representing TE propagation
is orthogonal to the direction of propagation is normal to the plane of incidence.
The TM and TE components of ES,R are computed as follows. The electric field
at point G is EG = Rz (θ2z )Ry (θ2y )E0 ejϕG where ϕG is the initial phase of the component
propagating along path TG. Because the reflection has different characteristics for the TM
and TE modes, EG must be decomposed into its TM and TE modes in the TGR plane.
Using k̂1 to denote the unit vector in the direction TG and n̂1 to denote the normal vector
for the plane TGR, the TM component of EG in the TGR plane may be expressed as
h

i 

ETM
=
E
·
n̂
×
k̂
n̂
×
k̂
G
1
1
1
1
G
TM
TM
TM
= EG,x
x̂ + EG,y
ŷ + EG,z
ẑ.

(3.36)

After the reflection at point G, the TM component of the electric field at point R in the
TGR plane is
TM
TM
TM
ETM
S,R = r1,TM −EG,x x̂ + EG,y ŷ + EG,z ẑ
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(3.37)

where r1,TM is the TM mode reflection coefficient at point G in the TGR plane given by [62]

r1,TM =

n2 cos(θ3 ) − n1
n2 cos(θ3 ) + n1

q
q

1 − (n1 /n2 )2 sin2 (θ3 )

1 − (n1 /n2 )2 sin2 (θ3 )

(3.38)

where n1 = 1.000293 is the refractive index of the propagation medium (air) and n2 is the
refractive index of the reflection surface. The negative sign on the x̂ component quantifies
the direction change due to the reflection.
The TE component of the electric field in the TGR plane at point G is
TE
TE
TE
ETE
G = (EG · n̂1 ) n̂1 = EG,x x̂ + EG,y ŷ + EG,z ẑ.

(3.39)

After the reflection at point G, the TE component of the electric field at point R in the
TGR plane is
TE
TE
TE
ETE
S,R = r1,TE −EG,x x̂ + EG,y ŷ + EG,z ẑ



(3.40)

where r1,TE is the TE mode reflection coefficient at point G in the TGR plane given by [62]

r1,TE =

n1 cos(θ3 ) − n2
n1 cos(θ3 ) + n2

q
q

1 − (n1 /n2 )2 sin2 (θ3 )

1 − (n1 /n2 )2 sin2 (θ3 )

(3.41)

where n1 and n2 are the same quantities used in (3.38). The negative sign on the x̂ component
quantifies the direction change due to the reflection.
The final step in computing the electric field of the specular reflection involves rotation
about the y axis to align the field components with the (x′ , y ′ , z ′ ) coordinate system and a
real-valued scale factor to account for the roughness of the reflecting medium. The result is
E′S,R = κRy (θ1y )ES,R
where 0 < κ < 1 quantifies the loss in amplitude due to roughness.
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(3.42)

3.3.3

Polarimetric Model for the Diffuse Component
The diffuse component is the result of many reflections off rough, irregular surfaces.

Consequently, the amplitude and delay are usually described statistically. The in-depth study
in [47] showed that the complex valued amplitude is well-approximated as a complex-valued
normal random variable with zero mean and variance 3.3 × 10−3 . Only the first moment
of the delay was characterized: the mean value for the delay relative to the LOS path is
τ 2 = 155 ns [47]. Because of the statistical nature of this component, the deterministic
approach followed for the LOS and specular reflection components cannot be followed here.
Instead, the electric field due to the diffuse component at point R in the (x′ , y ′ , z ′ ) coordinate
system is expressed in terms of its co- and cross-polarized components:
xp.
E′D,R = Eco.
D,R + ED,R .

(3.43)

where the superscripts “co.” and “xp.” identify the co-polarized and cross-polarized components, respectively, of the diffuse reflection. The ratio between the co-polarized and crosspolarized is related to a parameter called the depolarization coefficient, which is the percentage of the total power transferred into the cross-polar component [61].
The co- and cross-polarized components of ED,R are given by [61]
1 − Kxpol Γ(t)ejχco ẑ′
p
= Kxpol Γ(t)ejχxp ŷ′

Eco
D,R =
Exp
D,R

p

(3.44)
(3.45)

where Kxpol is the depolarization coefficient and Γ(t) is a wide-sense stationary complexvalued zero-mean normal random process with power spectral density [60]
√

( 
2 )
f
2
√ exp −2
S(f ) =
,
Brms
Brms π

(3.46)

where Brms is the RMS Doppler spread; and χco. and χxp. are uniformly distributed random
phases corresponding to the co-polarized and cross-polarized terms, respectively.
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3.3.4

Polarimetric Channel Model
The results (3.34), (3.42), and (3.43) are the first terms in the complex-valued electric

field given by the right-hand side of (3.25). To form the electric field phasor, the frequencydependent phase shift [second term on the right-hand side of (3.25)] is required. The electric
field phasor at point R in the (x′ , y ′ , z ′ ) coordinate system is given by [cf., (3.27)]
E′R = E′L,R e−j2π(f +fc )d0 /vp + E′S,R e−j2π(f +fc )(d1 +d2 )/vp + E′D,R e−j2π(f +fc )τ̃2 (t)

(3.47)

where d0 , d1 , and d2 are the vector lengths defined in Figure 3.2, f is the frequency in cycles/s,
and τ̃2 (t) is the time-varying delay of the diffuse component. For the results presented below,
τ̃2 (t) is replaced by its mean τ̃ 2 .
Insight into the structure of the polarimetric channel model is gained by writing
(3.34), (3.42), and (3.43) as
E′L,R = Ex′ ,0 x̂′ + Ey′ ,0 ŷ′ + Ez′ ,0 ẑ′
E′S,R = Ex′ ,1 x̂′ + Ey′ ,1 ŷ′ + Ez′ ,1 ẑ′

(3.48)

E′D,R = Ex′ ,2 x̂′ + Ey′ ,2 ŷ′ + Ez′ ,2 ẑ′ .
The y ′ and z ′ components of ER may be expressed as
h
i
h
i
E′R = cy′ ,0 e−j2πf τ̃0 + cy′ ,1 e−j2πf τ̃1 + cy′ ,2 e−j2πf τ̃ 2 ŷ′ + cz′ ,0 e−j2πf τ̃0 + cz′ ,1 e−j2πf τ̃1 + cz′ ,2 e−j2πf τ̃ 2 ẑ′
(3.49)
where τ̃0 = d0 /vp , τ̃1 = (d1 + d2 )/vp , τ̃ 2 is the average delay of the diffuse component, and
cy′ ,0 = Ey′ ,0 e−j2πfc τ̃0
cy′ ,1 = Ey′ ,1 e−j2πfc τ̃1 = |Ey′ ,1 |e−j(2πfc τ̃1 −∠Ey′ ,1 )
p
cy′ ,2 = Kxpol Γ(t)ejχxp e−j2πfc τ̃ 2
cz′ ,0 = Ez′ ,0 e−j2πfc τ̃0
cz′ ,1 = Ez′ ,1 e−j2πfc τ̃1 = |Ez′ ,1 |e−j(2πfc τ̃1 −∠Ez′ ,1 )
p
cz′ ,2 = 1 − Kxpol Γ(t)ejχco e−j2πfc τ̃ 2 .
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(3.50)

The inverse Fourier transform of (3.49) is the impulse response of the complex-valued lowpass equivalent channel:
c̃(t) = [cy′ ,0 δ(t−τ̃0 )+cy′ ,1 δ(t−τ̃1 )+cy′ ,2 δ(t−τ̃ 2 )]ŷ′ +[cz′ ,0 δ(t−τ̃0 )+cz′ ,1 δ(t−τ̃1 )+cz′ ,2 δ(t−τ̃ 2 )]ẑ′
(3.51)
For mathematical convenience, the propagation delay of the LOS component is removed by advancing the impulse response by τ̃0 . The result is
c(t) = c̃(t + τ̃0 )
= [cH,0 δ(t) + cH,1 δ(t − τ1 ) + cH,2 δ(t − τ 2 )]ŷ′ + [cV,0 δ(t) + cV,1 δ(t − τ1 ) + cV,2 δ(t − τ 2 )]ẑ′
{z
}
{z
}
|
|
cH (t)

cV (t)

(3.52)
where τ1 = τ̃1 − τ̃0 , τ 2 = τ̃ 2 − τ̃0 , and
cH,0 = Ey′ ,0
cH,1 = Ey′ ,1 e−j2πfc τ1 = |Ey′ ,1 |e−j(2πfc τ1 −∠Ey′ ,1 )
p
cH,2 = Kxpol Γ(t)ejχxp e−j2πfc τ 2

(3.53)

cV,0 = Ez′ ,0
cV,1 = Ez′ ,1 e−j2πfc τ1 = |Ez′ ,1 |e−j(2πfc τ1 −∠Ez′ ,1 )
p
cV,2 = 1 − Kxpol Γ(t)ejχco e−j2πfc τ 2 .
Observe that both channels are characterized by the same delays, but different coefficients associated with each delay. A numerical example corresponding to a test point at
Edwards Air Force Base (AFB), CA, USA provided in Section 3.4-3.4.2.

3.4

Numerical Results
In this section, the performances of the combining techniques summarized in Fig-

ure 3.1 are evaluated using computer simulations. The performance metric is the post equalizer bit error rate. The elements in the block diagrams are described in the Sections 3.4-3.4.1
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to 3.4-3.4.4. The bit error rate performance over the channel described in Section 3.4-3.4.2
is summarized in Section 3.4-3.4.5.

3.4.1

SOQPSK-TG
The transmitted signal is the CPM defined in IRIG 106 [46] called shaped offset

QPSK, version “TG” (SOQPSK-TG). As of this writing, SOQPSK-TG is the most popular
of the three in modern telemetry systems. The complex-valued baseband equivalent is
s(t) = ejϕ(t;b)

(3.54)

where ϕ(t; b) is the instantaneous phase that depends on the bit sequence b = b(0), b(1), . . .,
b(i) ∈ {0, 1} and is given by
ϕ(t; b) = 2πh

X
k

α(k)q(t − kTb )

(3.55)

where α(k) is the k-th modulating symbol, α(k) ∈ {−1, 0, +1}; Tb is the bit time; h =

1
2

is the modulation index; and q(t) is the phase response. The relationship between the k-th
bit and the k-th ternary symbol is given by (5) in [56], (6) in [63], or (2) in [64]. The phase
response is usually described as the time-integral of a frequency pulse. The SOQPSK-TG
frequency pulse spans eight bit times and is described in [56], [63], [64].
The SQPSK-TG detector used in Section 3.4-3.4.5 is the symbol-by-symbol detector
described in [64]. The CMA equalizer can converge to an arbitrary phase state. In addition,
because the delay between the LOS and specular reflection channel components is less than
one bit time, the bit timing at the output of the CMA equalizer is difficult to precompute
and, in the author’s experience, does not coincide with one of the samples at the CMA
output. Consequently, discrete-time carrier phase and timing phase-lock loops (PLLs) are
incorporated into the symbol-by-symbol detector to synchronize the CMA output. The
discrete-time PLLs used in the simulations are described in [65]. The symbol timing PLL
uses the early-late timing error detector for offset QPSK and operates at one sample/bit.
The carrier phase PLL uses the maximum likelihood phase error detector for offset QPSK.
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Figure 3.3: The Cords Road flight path (red) together with the transmitter location (TX) and the
receiver location (Building 4795).

Both PLLs use proportional-plus-integrator loop filters to produce second-order loops. The
equivalent closed-loop bandwidth and damping factor used in the simulations are listed in
Table 3.2.

3.4.2

Polarimetric Channel Model
In Section 3.3-3.3.4 we developed a channel model that includes polarization state in-

formation. The complex-valued low-pass equivalent channel is described by a pair of impulse
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Table 3.1: The geometric and propagation parameters used to compute the polarimetric channel.

Parameter

Value

(82139, −12521, 823) m
(0, 0, 125) m
(10831, 1651, 0) m
1.000293
1.732 − j0.0007
0.7
c/n1 m/s (c = 3 × 108 m/s)
Kxpol 0.6
fc 1485 MHz
pitch 15◦
yaw 5◦
roll 10◦
T
R
G
n1
n2
κ
vp

response, one for each of the polarization states of interest, [see (3.52)]
cH (t) = cH,0 δ(t) + cH,1 δ(t − τ1 ) + cH,2 δ(t − τ2 )

(3.56)

cV (t) = cV,0 δ(t) + cV,1 δ(t − τ1 ) + cV,2 δ(t − τ2 ).
The channel used in the numerical example is a typical multipath event defined by the transmitter and receiver locations shown in Figure 3.3. In this scenario, the airborne transmitter
is flying along the path shown in red (this is called the Cords Road flight path at Edwards
AFB). At the point of time of interest the aircraft location is 117◦ 11′ 32.7120′′ W 35◦ 4′
59.9988′′ N at an altitude of 5000 ft AMSL (shown as a circle annotated TX in the plot).
The receiver is positioned on a hill at 117◦ 55′ 52.02′′ W, 34◦ 58′ 14.63′′ N at an altitude of
2710 ft AMSL (shown as a circle annotated Building 4795 in the figure). The altitude of the
reflecting medium is 2300 ft AMSL. Transferring this information to the (x, y, z) coordinate
system in Figure 3.2 gives the first three entries in Table 3.1.
The propagation parameters are listed on the next six rows of Table 3.1. The refractive
index n2 is that of dry earth and is used to model the desert floor typical of a test range in the
Western USA. The roughness coefficient κ was selected to make the idealized propagation
scenario described by (3.37)–(3.40) closer to the measured values reported in [47]. The value
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for the cross-polarization coefficient Kxpol is taken from [66]. The carrier frequency is in the
middle of the L band allocation [67].
The geometric and propagation parameters together with the pitch, yaw, roll values listed on the last four rows of Table 3.1 were used to compute the following channel
coefficients:
cH,0 = 0.2294
cH,1 = 0.1752e−j(2πfc τ1 −π)
cH,2 = −0.0553 + j0.0348
cV,0 = 0.9480
cV,1 = 0.6346e−j(2πfc τ1 +π)

(3.57)

cV,2 = 0.0441 + j0.0299
τ1 = 8.2512 ns
τ2 = 155 ns
In (3.57) the phases of the specular reflection components due to the delay and carrier
frequency retain their symbolic form because small changes in the phase terms have a profound impact on equalizer performance. The frequency responses of both channels display
one or two deep nulls. The frequencies where these nulls occur are determined by the phases
of the specular and diffuse components. The phase of the specular component is the sum of
the phase of the electric field component and the term 2πfc τ1 . During a test flight, small
changes in the position of the test article produce small changes in the geometry that, in
turn, produce small changes in τ1 . Because the carrier frequency is so large, small changes
in τ1 produce much larger changes in the phase. For this reason, the spectral nulls appear
to “sweep” through the signal spectrum during a flight test.1 For a fixed location, this phenomenon is well-modeled by treating the term 2πfc τ1 as an angle and allowing the angle to
assume different values.
1

This chapter has supplementary downloadable material available at http://ieeexplore.org, provided by
the authors. The supplementary material is a video of a spectrum analyzer display showing the impact of
the AMT channel model on a 10 Mbit/s SOQPSK-TG spectrum.
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An example of this phenomenon is illustrated by the three plots in Figure 3.4. The
amplitude of CV (f ) is much higher than the amplitude of CH (f ). This is because the pitch,
yaw, and roll of the antenna on the airborne test article used to compute (3.57) produces a
signal whose polarization state is more aligned with the V dipole than the H dipole in the
antenna feed. The severity of the multipath interference experienced by the signal depends on
the location of the spectral nulls relative to the center of SOQPSK-TG PSD. The multipath
interference is the most severe for the channel shown in top of Figure 3.4 and the least severe
for the channel shown in the bottom of Figure 3.4.

3.4.3

Combining
For the purposes of comparison, the post-equalizer bit error rate of the systems sum-

marized in Figure 3.1 are evaluated in computer simulation and compared to each other.
ML combining is defined by (3.12) and illustrated in Figure 3.1 (a). ML combining adds the
outputs of two filters, one matched to the channel in the V polarization state and the other
matched to the channel in the H polarization state. The output of the ML combiner is sampled and forms the input to the CMA equalizer. The generation of LHCP and RHCP signals
is itself a form of combining and is illustrated in Figure 3.1 (b). Figure 3.1 (c) illustrates the
application of MRC to the LHCP and RHCP signals.
The frequency responses CH (f ), CV (f ), CR (f ), CL (f ), CMRC (f ) and CML (f ) for the
different combining strategies are illustrated in Figure 3.4 for three different values of 2πfc τ1 .
Each of the combining options produces a frequency selective channel with a null whose
position in the frequency domain is determined by 2πfc τ1 .

3.4.4

CMA Equalizer
The CMA equalizer is a blind adaptive FIR filter. The 2L + 1 equalizer filter coeffi-

cients at time step k are represented by the vector


w (−L)
 k

..


wk = 
.
.


wk (L)
61

(3.58)
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Figure 3.4: Frequency response of the H, V, RHCP, LCHP, MRC combined RHCP and LCHP, and
ML combined channels for 2πfc τ1 = 0 (top), 2πfc τ1 = 0.1π (middle), 2πfc τ1 = 0.2π (bottom). For
reference, the power spectral density of SOQPSK-TG at 10 Mbit/s is included.
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and the filter output y(k) is
y(k) = wkT x(k)
where



(3.59)


x(k + L)


..


x(k) = 
.
.


x(k − L)

(3.60)

Filter coefficient adaptation is based on the familiar cost function [68]:
1
J = E{(|y(k)|2 − 1)2 }.
4

(3.61)

The cost function is a positive measure of the average amount that the filter output y(k)
deviates from the unity modulus condition. The filter coefficient update is based on a steepest
descent algorithm
wk+1 = wk − µ∇w J

(3.62)

where µ is a positive step size and where the gradient vector may be written as
∇w J = (|y(k)|2 − 1)y(k)x∗ (k).

(3.63)

Substituting (3.63) into (3.62) gives the CMA filter update used in this chapter:


wk+1 = wk − µ (|y(k)|2 − 1)y(k)x∗ (k) .

(3.64)

In the computer simulations, the CMA filter is initialized by setting w0 (0) = 1 with all the
other coefficients set to 0 (this is often called “center tap initialization”).

3.4.5

Simulation Results
Computer simulations were used to produce the post-equalizer bit error rate for the

combiner configurations outlined in Section 3.4-3.4.3 and illustrated in Figure 3.1. The
parameters used for the simulation are listed in Table 3.2. The V and H channels are
described by the coefficients in (3.57).
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Table 3.2: The parameters used for the BER simulations.

Parameter

Value

Bit rate
10 Mbits/s
Equalizer and detector sample rate N = 2 samples/bit
CMA equalizer length
31 samples
CMA step size
50 × 10−5 or 90 × 10−5
Carrier phase PLL
Bn Ts = 0.01, ζ = 1
Timing PLL
Bn Ts = 0.01, ζ = 1

10-1

10-2

10-3

10-4

10-5
5

10

15

20

25

Figure 3.5: Simulated post-equalizer BER performance for the combined channels for different
values of 2πfc τ1 : the blue curves correspond to the channels in top plot of Figure 3.4, the red
curves correspond to the channels in middle plot of Figure 3.4, and the black curves correspond to
the channels in the bottom plot of Figure 3.4.

The simulation results are presented in Figure 3.5 as a function of 1/N0 . The figure
presents three sets of simulated BER results, one set for each of the channels in Figure 3.4.
The BER plots show three important results. First, the post-equalizer BER performance
degrades as the channel nulls move closer to the center of the signal spectrum. This is caused
by the loss of signal energy due to destructive interference at the frequencies where the signal
spectrum is the highest. The mechanism for the post-equalizer BER performance loss is a
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phenomenon called “noise enhancement” [5]. Noise enhancement occurs when the equalizer
performs an approximate inverse of a channel frequency response characterized by a deep
null. The equalizer reconstructs the signal components at the null frequencies, but also
amplifies the noise power spectral density at the null frequencies. A secondary contributor
to the BER performance degradation is the reduced performance of the synchronizers.
Second, the equalizer operating on the MRC and ML channels outperforms the equalizer operating on either the LHCP or RHCP channel alone. The post-equalizer BER for the
LHCP channel is better than that for the RHCP channel because LHCP combining presents
a better channel to the equalizer; the gain of the LHCP channel is higher at the center of
the signal spectrum than the gain of the RHCP channel. This difference is most pronounced
for 2πfc τ1 = 0. The difference decreases for the other two values of 2πfc τ1 . In general,
it is not true the LHCP is better than RHCP; the situation here is due to the particular
channels used to illustrate the concept. The MRC and ML channel improvement is 3 dB
relative to the LHCP channel (the better channel) and 4 dB relative to the RHCP channel
for 2πfc τ1 = 0 and 0.1π. Most of this improvement is due to recovering the 3-dB signal loss
through the combiner.2
Third, the MRC and ML channels produce the same post-equalizer BER. Applying
MRC to the LHCP and RHCP signals is a form of “double combining” in the sense that
LHCP and RHCP are themselves a form of combining. As mentioned above, signal-coherent
combining performed by MRC recovers the 3-dB loss associated with LHCP and RHCP. The
channel presented to the equalizer by MRC does not present any problems to the equalizer
that the ML-combined does not also present. Even though the MRC and ML channels are
different, the equalizer used in the simulations is able to equalize both and produce usable
data.
In most configurations, the 90◦ hybrid coupler precedes the LNA. Note the positions of the additive noise
(almost entirely due to the LNA) in Figures 3.1 (b) and (c). If the order were reversed, there would be no
signal-to-noise ratio penalty, only a sensitivity penalty.
2
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3.5

Conclusion
The application of polarization diversity and equalization in aeronautical mobile

telemetry has been analyzed. The common practice of applying MRC to LHCP and RHCP
signals was compared to maximum likelihood inspired combining of the vertically and horizontally polarized received signal components. The aeronautical mobile telemetry multipath
propagation model was extended to include polarization state information for use in computer simulations. A CMA equalizer was used in the computer simulations because it is an
obvious choice for the constant envelope signals used in AMT and because it represents best
practice as of this writing. The post-equalizer bit error rate was used as the performance
measure. The computer simulations show that the CMA equalizer was able to equalize both
the channel produced by the application of MRC to the LHCP and RHCP channels and
the channel produced by ML-inspired combining. In the sense that ML-inspired combining is “optimal,” the application of MRC to LHCP, and RHCP signals achieves “optimal”
performance.
It is clear that in this application, polarization diversity combining by itself is unable
to mitigate multipath interference. Equalization is also needed. The CMA equalizer used
in the simulations performs near optimal channel compensation. The channel compensation
is achieved at the cost of signal-to-noise ratio due to noise amplification when deep channel
nulls coincide with the signal spectrum.
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CHAPTER 4.

4.1

APPLICATIONS TO 5G MOBILE-TO-MOBILE SYSTEMS

Introduction and background
Increasing mobile data traffic in cellular networks requires an improvement in mobile-

to-mobile throughput in wideband channels with frequency selective multipath fading. One
way to achieve the improvement is with the application of diversity and equalization techniques.
Diversity techniques such as spatial, frequency, time, or code diversity are well known.
Somewhat less known is polarization diversity. Polarization diversity, usually in the form of
two outputs from co-located cross-polarized antenna elements, is an attractive technique for
mobile-to-mobile communications due the compact space required to achieve it [7], [59]. The
performance of polarization diversity depends on how uncorrelated the outputs of the two
antenna elements are. The mobile radio channel tends to decorrelate the outputs of cross
polarized antenna elements, but not completely [3], [4].
The simplest form of diversity reception combines multiple copies of the transmitted
signal. The open literature contains a large number of articles that discusses and analyzes combining the outputs of multiple antenna elements. A sampling of these articles
includes [69] where the relationship between traditional diversity combining techniques such
as maximum ratio combining (MRC), equal gain combining (EGC), and selection combining
(SC) were developed for single-carrier and multi-carrier modulations. Mathematical expressions for the bit error probability for simple single-carrier modulations in Rayleigh fading
were shown to apply to the combined outputs after the FFT operation in an OFDM detector.
Reference [70] introduced a pre-FFT combining technique involving two or more consecutive
OFDM symbols to reduce the number of required FFT operations. The pre-FFT combining
resulted in a 3 dB performance loss compared to the post-FFT combining. These results
align with two later studies [71], [72]. In [71], pre- and post-FFT combining were compared
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in rural and urban areas. The authors conclude that pre-FFT combining is preferred in
rural areas (characterized by relatively good channels) because the pre-FFT combining only
requires one FFT operation in the detector. In contrast, post-FFT combining is preferred
in urban areas (characterized by rich multipath propagation); the performance advantage of
post-FFT combining overcomes the complexity disadvantage. The results published in [72]
compared outage capacities for pre- and post-FFT combining in both indoor and outdoor
environments. Pre-FFT combining was recommended in indoor environments with low delay
spreads but post-FFT combining was recommended in outdoor environments.
Post-FFT combining was examined in [73] where the best performing system applied
a separate post-FFT frequency domain equalizer to each antenna branch and combined the
equalizer outputs using MRC. Reference [74] also focused on post-FFT combining using
MRC. Here, the goal was optimum demodulation/decoding for independent channels on the
antenna branches. The optimum process creates soft bit metrics, combines the soft information, then decodes. In [75], pre-FFT combining and post-FFT combining were evaluated.
The pre-FFT combining took the form of a beam former and MRC was applied to the bank
of parallel FFT outputs.
To the best of the author’s knowledge, none of the prior works on pre- or post-FFT
combining in multicarrier systems considered polarization diversity (where the channels are
not independent) or examined techniques beyond the traditional diversity combining techniques. Some initial results were published by the authors in [30] where it was shown
that combine-then-equalize outperforms equalize-then-combine; post-FFT combining is better able to leverage the inherent diversity gain in correlated cross-polarized channels than
equalizers.
This chapter focuses on a mobile-to-mobile link inside a cell [76]. Mobile-to-mobile
communication is based on a resource pool idea in which a set of time/frequency resources
(called a resource pool) is configured for mobile-to-mobile use. There are separate resources
for mobile-to-mobile control and mobile-to-mobile data transmission. The mobile-to-mobile
resource pool can be configured inside a single cell. The information about the resource pool
is sent out via broadcast messages [77]. The resource allocation and scheduling design is not a

68

concern in this chapter, however the radio channel is developed assuming a mobile-to-mobile
scenario.
The first contribution of this chapter is the development of maximum likelihood (ML)
detection for post-FFT processing of the dual-polarized antenna outputs with a cyclic-prefix
OFDM (CP-OFDM) waveform in a frequency selective multipath fading environment. The
optimum combining approach in the ML sense was developed by Scott [10] for single carrier
modulations in the context of 2G cellular systems. Scott’s ideas are extended here to the
CP-OFDM case. We show that ML detection takes the form of a combiner followed by a
symbol decision rule that incorporates channel state information. Motivated by the equivalent channel defined by the ML detector, we formulate a detector based on the combining
defined by ML detection, followed by a frequency domain equalizer (FDE). This system is
called ML combining and frequency domain equalization (MLC+FDE).
The second contribution of this chapter is the comparison of ML and MLC+FDE
with traditional combining techniques (MRC, EGC, and SC) applied post FFT. The basis
for comparison is the uncoded bit error rate (BER). We use the post-equalizer BER when an
FDE is used. A three-dimensional stochastic channel model with polarization state described
in [1], [44], [78] operating in the 5G lower frequency band (FR1) is used to generate an
ensemble of vertically and horizontally polarized channels. Combiner/equalizers with perfect
knowledge of the channels and with channel estimates are considered. As a by-product of
the second contribution, we show that Nakahari’s MRC combiner [79] (see also Pham [75])
is equivalent to ML combining followed by a zero-forcing FDE.
The simulations results show that for combiners/equalizers with perfect channel
knowledge MLD and MRC have the lowest BER while SC+FDE has the highest BER.
SC+FDE is about 2 dB worse than the MLD/MRC. MLC+FDE is slightly worse than
MLD/MRC and the performance of EGC+FDE is about 1 dB worse than MLD/MRC and
1 dB better than SC+FDE. For the case where channel estimates are used, the same general
trends hold. The difference is that at high signal-to-noise ratios, an error floor is observed.
This chapter is organized as follows. The post-FFT problem is formulated in Section 4.2. The maximum likelihood solution to the problem is described in Section 4.3.
Post-FFT combiners using traditional combining techniques is described in Section 4.4. Nu69
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Figure 4.1: OFDM system model with polarization diversity.

merical results are presented in Section 4.5 followed by conclusions in Section 4.6. The

stochastic channel model used for the computer simulations is described in the Appendix B.

Problem Formulation

This chapter focuses on CP-OFDM. Complex-valued baseband equivalent signals and

channels [5] are used in the development. A CP-OFDM system is illustrated by the block

diagram in Figure 4.1. At the transmitter, data bits map to Nd symbols drawn from a QAM
alphabet C comprising M constellation points. For channel estimation, Np pilot symbols

drawn from the alphabet P are inserted. Finally, zeros are inserted to create a sequence of
N complex-valued amplitudes that modulate N subcarriers in the frequency domain. (The

number of zeros is N − Nd − Np .) Let Ik for k = 0, . . . , N − 1 to represent the data symbols,
pilot symbols, and zeros, and let Kd be the set of Nd indexes for data symbols, Kp be the

set of Np indexes for the pilot symbols, and Kz be the set N − Nd − Np indexes for the

inserted zeros. The usual practice is to place the zeros at the indexes corresponding to the

frequencies farthest from the carrier. Consequently we have

Ik ∈ C, k ∈ Kd

(4.1)

The amplitude of the k-th subcarrier is Ik . The discrete-time frequency of the k-th
subcarrier is 2πk/N . The output of the N -point inverse FFT (IFFT) is

dn =

N
−1
X

Ik ej2πkn/N ,

k=0

0 ≤ n < N − 1.

(4.2)

In the continuous-time domain, an OFDM symbol has a duration of Ts seconds. The subcarrier separation is ∆f = 1/Ts cycles/s to ensure orthogonality [30]. Adding a cyclic prefix
to the sequence dn produces the sequence sn . The complex-valued baseband equivalent of
the OFDM symbol is
s(t) =

X
n

sn g(t − nT ),

(4.3)

where g(t) is the pulse shape which is assumed to satisfy the Nyquist no-ISI condition
and T = Ts /N s/sample. The cyclic prefix (CP) is inserted to account for the channel
delay spread; it makes linear convolution in the continuous-time domain look like circular
convolution in the FFT-domain in anticipation of frequency domain equalization.
The complex baseband signal is transmitted from a linearly polarized transmit antenna through a frequency-selective multipath channel. The received signal is characterized
by outputs of co-located orthogonally-polarized antenna elements. The time-varying multipath channels that represent the orthogonally-polarized signal components are represented
by the time-varying impulse responses h1 (t, τ ) and h2 (t, τ ). After sampling, cyclic prefix
removal, and serial-to-parallel conversion, the N -point FFTs of the two signal components
are
R1 [k] = Ik H1 [k] + Z1 [k],

(4.4)

R2 [k] = Ik H2 [k] + Z2 [k],

(4.5)

for k = 0, . . . , N − 1 and where
Hm [k] =



Hm (k∆f )

0 ≤ k ≤ N/2 − 1,


Hm ((k − N )∆f ) N/2 ≤ k ≤ N − 1,
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(4.6)

for m = 1, 2, and Zm [k] (also for m = 1, 2) is a sequence zero-mean circularly symmetric
complex-valued normal random variables with autocorrelation function
∗
E {Zm [k + r]Zm
[k]} = 2N0 δr ,

(4.7)

where δr is the Kronecker delta. The problem is to produce the “best” estimate of Ik from
R1 [k] and R2 [k] for k = 0, . . . , N − 1.
4.3

Post-FFT Maximum Likelihood Detection
Because the noise terms in (4.4) and (4.5) are independent, the conditional joint

probability density function for R1 [k] and R2 [k] is
f (R1 [k], R2 [k]|Ik )




2
2
1
1
1
1
=
exp −
exp −
R1 [k] − H1 [k]Ik
R2 [k] − H2 [k]Ik
×
. (4.8)
2πN0
2N0
2πN0
2N0
The log-likelihood function is obtained from (4.8) by computing the natural logarithm of the
right-hand side of (4.8), expanding the quadratic terms, and discarding terms and constants
which are not functions of Ik . The result is
Λ(Ik )

=

n
o
∗
∗
∗
2Re Ik (H1 [k]R1 [k] + H2 [k]R2 [k]) − (H∗1 [k]H1 [k] + H∗2 [k]H2 [k]) |Ik |2 . (4.9)

The ML estimate Iˆk is the Ik that maximizes (4.9):
Iˆk = argmax{Λ(Ik )}, k ∈ Kd .

(4.10)

Ik ∈C

A block diagram of the decision rule (4.10) is illustrated in Figure 4.2. Because the
noise samples on different subcarriers are uncorrelated, ML detection (MLD) may operate on a subcarrier-by-subcarrier basis. This is in contrast to the case with single-carrier
modulations where detection is performed in the time domain; the intersymbol interference
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R1 [k]

..
.
Y [k]

decision
rule (10)

Y [k] = H1∗ [k]R1 [k] + H2∗ [k]R2 [k]

= |H1 [k]|2 + |H2 [k]|2 Ik + Z[k]

Iˆk

point-by-point
addition

Figure 4.2: A block diagram illustrating ML detection (MLD) operating on R1 [k] and R2 [k] produced in Figure 4.1.

point-by-point multiplication

Y [k]

···

Z[k]

Figure 4.3: The equivalent channel seen by the maximum likelihood detector (4.16).

generated by frequency selective fading forces the ML detector to be a sequence detector

(see [10] or [5, Section 9.3]).

The MLD detector (4.10) defines an equivalent discrete-time channel for each subcar-

rier. Substituting (4.4) and (4.5) for R1 [k] and R2 [k], respectively, on the right-hand side of

(4.9) produces

(4.11)

(4.12)

sha1_base64="SqRn+ehZ00k8somYDs8xvqsINCc=">AAAB63icbVA9SwNBEJ2LX0n8ilraLAYhVbgTUcuAjWVE8yHJEfY2e8mS3b1jd0+IR/6CjYUitv4aOwvBf+NekkITHww83pthZl4Qc6aN6347uZXVtfWNfKG4ubW9s1va22/qKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYwuM791T5Vmkbw145j6Ag8kCxnBJpPuOiO/Vyq7VXcKtEy8OSnX8g9fHzf1Qr1X+uz2I5IIKg3hWOuO58bGT7EyjHA6KXYTTWNMRnhAO5ZKLKj20+mtE3RslT4KI2VLGjRVf0+kWGg9FoHtFNgM9aKXif95ncSEF37KZJwYKslsUZhwZCKUPY76TFFi+NgSTBSztyIyxAoTY+Mp2hC8xZeXSfOk6p1VT69tGhWYIQ+HcAQV8OAcanAFdWgAgSE8wjO8OMJ5cl6dt1lrzpnPHMAfOO8/+VmRGA==</latexit>

<latexit

where
Z[k] = H1∗ [k]Z1 [k] + H2∗ [k]Z2 [k]

(4.13)

is a zero-mean circularly symmetric complex-valued normal random variable with variance

E {Z[k]Z ∗ [k]} = |H1 [k]|2 + |H2 [k]|2 2N0 .

(4.14)

The interpretation is the k-th symbol Ik passes through a channel whose gain is
Heq [k] = |H1 [k]|2 + |H2 [k]|2

(4.15)

and experiences additive noise whose variance is 2N0 Heq [k]. The equivalent channel is illustrated in Figure 4.3. The ML decision rule (4.10) is seen to be one that operates on
Y [k]:

Iˆk = argmax 2Re (I∗k Y[k]) − Heq [k]|Ik |2 , k ∈ Kd .

(4.16)

Ik ∈C

Here, Y [k] is the output of the equivalent channel. The decision rule (4.16) selects the symbol
that maximizes the correlation between the members of C and the channel output [the first
term in the argument on the right-hand side of (4.16)] with the removal of a bias term [the
second term in the argument on the right-hand side of (4.16)] to account for the case where
the members of C have different energies.
It is common in the equalization literature (see e.g. [5, Section 9.4] and the references
therein) to replace the optimum decision rule (4.16) by a linear equalizer filter operating
on the channel output. Symbol decisions are made on the equalizer filter output using the
AWGN decision rule (minimum Euclidean distance rule). In this application, the post-FFT
equalizer filter is a frequency-domain equalizer (FDE) filter. The FDE filter is [80]
W [k] =

∗
Heq
[k]
,
2
|Heq [k]| + SZ [k]/σI2 [k]

0 ≤ k < N − 1,

(4.17)

where the noise power spectral density SZ [k] is given by (4.14) and σI2 [k] is the variance of
Ik .
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Figure 4.4: Maximum likelihood combiner followed by a frequency domain equalizer:
MLC+FDE detector. The inputs R1 [k] and R2 [k] are produced by the system in Figure 4.1.
the

This approach is illustrated by the block diagram in Figure 4.4. Observe that the

channel output Y [k] is created by summing the outputs of two frequency-domain filters,

one matched to H1 [k] and other matched to H2 [k]. The summation represents a form of
frequency-domain combining where the combining coefficients are H1∗ [k] and H2∗ [k]. Because

the combining follows from the equivalent channel produced by maximum likelihood prin-

ciples, this combiner is called maximum likelihood combiner (MLC) in this chapter. The

combination of MLC and frequency-domain equalization is denoted MLC+FDE.

Post-FFT Combining and Equalization Using Traditional Combiners

Post-FFT combining combines the received subcarriers on the two channels on a

subcarrier-by-subcarrier basis. The combiner output Yc [k] is

(4.18)

where C1 [k] and C2 [k] are the combiner coefficients determined by the kind of combining as

described below.

Combining of the form (4.18) produces an equivalent channel on which the equal-

izer must operate. Substituting (4.4) and (4.5) for R1 [k] and R2 [k], respectively, in (4.18)
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Figure 4.5: Post-FFT combining. The inputs R1 [k] and R2 [k] are produced by the system in
Figure 4.1.

produces
Yc [k] = (C1 [k]H1 [k] + C2 [k]H2 [k]) Ik + C1 [k]Z1 [k] + C2 [k]Z2 [k] .
|
{z
}
|
{z
}
(4.19)

Zc [k]

In this model, Zc [k] is a zero-mean circularly symmetric complex-valued normal random

variable with variance
(4.20)

Nakahari’s post-FFT maximum ratio combiner (MRC) [79] (see also Pham [75]) uses

the coefficients
(4.21)

(4.22)

for k = 0, . . . , N − 1. The equivalent channel is [cf., (4.19)]

(4.23)
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and the variance of the additive noise is [cf., (4.20)]
E {ZMRC [k]Z∗MRC [k]} =

2N0
|H1 [k]|2 + |H2 [k]|2

(4.24)

In equal gain combining (EGC), the two channels on the k-th subcarrier are co-phased
and added. This is accomplished using the coefficients
1
C1 [k] = e−j∠H1 [k]
2
1
C2 [k] = e−j∠H2 [k]
2

(4.25)
(4.26)

for k = 0, . . . , N − 1. The equivalent channel is [cf., (4.19)]
1
1
HEGC [k] = |H1 [k]| + |H2 [k]|
2
2

(4.27)

and the variance of the additive noise is [cf., (4.20)]
∗
E {ZEGC [k]ZEGC
[k]} = N0 .

(4.28)

In selection combining (SC), the channel with the highest signal-to-noise ratio is used;
the other channel is discarded. Because the noise variance is the same on both channels, the
channel with the largest magnitude is the channel with the highest signal-to-noise ratio [72].
The coefficients are
C1 [k] =



1

|H1 [k]|2 > |H2 [k]|2

(4.29)


0, otherwise
and C2 [k] is the complement of C1 [k], for k = 0, . . . , N − 1. The equivalent channel is [cf.,
(4.19)]
HSC [k] =



H1 [k] |H1 [k]|2 > |H2 [k]|2

H2 [k] otherwise
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(4.30)

and the variance of the additive noise is [cf., (4.20)]
∗
E {ZSC [k]ZSC
[k]} = 2N0 .

(4.31)

It is important to note that MRC as defined by the coefficients (4.21) and (4.22)
performs both combing and equalization [see (4.23)]. Consequently, there is no need for the
FDE W [k] in Figure 4.5 when MRC is used. In contrast, EGC and SC do not perform
equalization and require the FDE in Figure 4.5. The EGC+FDE system uses the EGC
coefficients (4.25) and (4.26) and the FDE defined by (4.17) where Heq [k] is replaced by
HEGC [k]. The SC+FDE system uses the SC coefficients (4.29) and the FDE defined by
(4.17) where Heq [k] is replaced by HSC [k].
Further insight into MRC is gained by closer examination. The MRC output YMRC [k]
is
YMRC [k] =

H1∗ [k]R1 [k] + H2∗ [k]R2 [k]
,
|H1 [k]|2 + |H2 [k]|2

(4.32)

for k = 0, . . . , N − 1. Conceptually, the computation of YMRC [k] can be performed in two
steps. The first step computes the numerator
Y1 [k] = H1∗ [k]R1 [k] + H2∗ [k]R2 [k]

(4.33)

which, using (4.4) and (4.5), may be expressed as

Y1 [k] = |H1 [k]|2 + |H2 [k]|2 Ik + H1∗ [k]Z1 [k] + H2∗ [k]Z2 [k].

(4.34)

This is identical to the channel output in MLD given by (4.11) and is also the result of
maximum likelihood combining. Eq. (4.34) shows that the equivalent channel is (4.15).
The second step applies a zero-forcing (ZF) FDE operating on the equivalent channel.
The ZF FDE is given by (4.17) where SZ [k] = 0 for k = 0, . . . , N − 1 [5]:
WZF [k] =

∗
Heq
[k]
1
=
.
2
|Heq [k]|
Heq [k]
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(4.35)

Table 4.1: Parameters used for the BER simulations

Parameter

Value

QAM alphabet
Carrier frequency
Subcarrier spacing
Number of data SC
Number of pilot SC
FFT length

16QAM
fc = 3.7 GHz
∆f = 15 KHz
Nd = 4608
Np = 2048
NFFT = 8192

That is, the ZF equalizer “inverts the channel” and ignores the noise. Applying the equalizer
to (4.33) gives
Y1 [k]WZF [k] = (H1∗ [k]R1 [k] + H2∗ [k]R2 [k]) ×

1
.
|H1 [k]|2 + |H2 [k]|2

(4.36)

This shows that Nakahari’s post-FFT MRC is equivalent to MLC followed by a zero-forcing
FDE.

4.5
4.5.1

Comparisons
Results I: Ideal Channel Estimators
Computer simulations are used to compare the performance of the different combining

techniques. The system parameters used for the simulations are summarized in Table 4.1.
Note that in the case of ideal estimators, the pilots are not used for channel estimation (but
the pilots are used for channel estimation for the results presented in Section 4.5.2).
The channels used for the simulations are an ensemble of stochastic channels with
polarization state information. The stochastic channel model is described in the Appendix
B. The channel is assumed to be fixed during an OFDM symbol, but changes from one
OFDM symbol to another.
The stochastic channels are characterized by the power delay profiles and angular
spreads illustrated in Figures 4.6 and 4.7, respectively. The power delay profile in Figure 4.6
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Figure 4.6: Power delay profile for the randomly-generated channels used in the simulations: for the
vertically-polarized receive antenna (top); for the horizontally-polarized receive antenna (bottom).

shows that the channels have unequal power on average. The channel describing verticallypolarized propagation is about 10–15 dB stronger than the channel describing horizontallypolarized propagation. This is to be expected because the transmit antenna is a verticallypolarized element. The power delay profiles also show that these channels are dominated
by the line-of-sight propagation path. Because the delays are the same for the verticallyand horizontally-polarized channels, both channels have the same delay spread even though
the power delay profiles are different. The difference between the maximum and minimum
delays for both channels is 0.15 µs which is consistent with the radii of the reflector spheres
surrounding the transmitter and receiver.
The angular spreads are illustrated by the histograms shown in Figure 4.7. The
histogram for the azimuth angle shows that most of the arrivals are caused by reflectors in
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Figure 4.7: Angular spread at the receive antennas for the randomly-generated channels used in
the simulations: azimuth angle (top); elevation angle (bottom).

the hemisphere facing the transmitter. The histogram for the elevation angle shows that
most of the arrivals are caused by reflectors above the receiver.
These characteristics, an LOS-dominated channel, a relatively small delay spread,
and arrival angles in the direction of the transmitter and above the receiver, are appropriate
for a mobile-to-mobile setting.
The metric used for the comparisons is the bit error rate (BER). The post-detector
BER is used for MLD, the post-combiner BER for MRC, and the post-equalizer BER for
MLC+FDE, EGC+FDE, and SC+FDE.
The results are shown in Figure 4.8. MLD and MRC are the best and have equivalent
BER performance. SC+FDE is the worst, by about 2 dB. The performance of MLC+FDE is
very close to that of MLD and MRC. EGC+FDE is about 1 dB inferior to MLD and MRC.
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Figure 4.8: Simulated BER performance over the random channels described in the Appendix B
for the MLD and four combining techniques assuming an ideal, perfect channel estimate.

4.5.2

Results II: Pilot Based Channel Estimation
The performance results in the previous section assumed the combiners and equalizers

had perfect knowledge of the two channels H1 [k] and H2 [k]. In fielded systems, channel
estimates replace the true channels and a performance degradation is incurred. The channel
estimator used to explore the performance degradation is Weng’s least squares (LS) estimator
developed in [81]. A brief description of the estimator is given followed by the simulation
results.
Each OFDM symbol comprises data subcarriers, pilot subcarriers, and zeros. The
data subcarrier indexes are in the set Kd and have unknown amplitudes. The pilot subcarriers, at pilot indexes Kp have known amplitudes and are positioned in a comb-type
arrangement. Channel estimation is performed in two steps
1. Calculate the channel gains at each pilot subcarrier on each channel. The results are
Ĥ1 [k] and Ĥ2 [k] for k ∈ Kp .
2. Estimate the channel gains at the data subcarriers using the results from the previous
step and interpolation. The results are Ĥ1 [k] and Ĥ2 [k] for k ∈ Kd .
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The first step starts with stacking the received pilot subcarriers into Np × 1 vectors


Rp,1



R [k ]
 1 1 
 .. 
=  . ,


R1 [kNp ]



Rp,2



R [k ]
 2 1 
 .. 
= . 


R2 [kNp ]

(4.37)

where k1 , . . . , kNp are the members of Kp . The vectors of received pilot subcarriers may be
expressed as
Rp,1 = Xp Hp,1 + Zp,1 ,

Rp,2 = Xp Hp,2 + Zp,2

(4.38)

where Xp is an Np × Np diagonal matrix with the Np pilot amplitudes on its main diagonal
and Hp,1 , Hp,2 , Zp,1 , and Zp,2 are formed from H1 [k], H2 [k], Z1 [k] and Z2 [k], respectively,
in the same way Rp,1 and Rp,2 were formed from R1 [k] and R2 [k], respectively. The LS
estimates for the pilot subcarrier channel gains are
Ĥp,1 = X−1
p Rp,1 ,

Ĥp,2 = X−1
p Rp,2 .

(4.39)

The second step uses DFT-based interpolation to compute the channel gains at the
data subcarriers. This is accomplished by first computing the Np -point inverse DFT of the
pilot subcarrier channel gains:
gs,1 = IDFT(Ĥp,1 ),

gs,2 = IDFT(Ĥp,2 ).

(4.40)

Next, gs,1 and gs,2 are zero-padded (N − Np zeros are appended to the end) to produce

g1 = 

gs,1
0(N −Np )×1





,



gs,2

g2 = 
0(N −Np )×1

(4.41)

where 0(N −Np )×1 is the (N − Np ) × 1 vector of zeros. Finally, the channel gains at all
subcarriers are given by the length-N DFT of g1 and g2 :
Ĥ1 = DFT(g1 ),
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Ĥ2 = DFT(g2 )

(4.42)

where







Ĥ1 [0]


..


Ĥ1 = 
,
.


Ĥ1 [N − 1]



Ĥ2 [0]


..


Ĥ2 = 
.
.


Ĥ2 [N − 1]

(4.43)

The zero-padded DFT is used to perform interpolation. The computational efficiency of the
FFT (to compute the DFT) makes this a computationally efficient channel estimator.
MLD described in Section 4.3 uses Ĥ1 [k] and Ĥ2 [k] in place of H1 [k] and H2 [k],
respectively. The other detectors are modified as follows.
MLC+FDE: The equalizer in MLC+FDE operates on the combiner output
(est)

YMLC [k] = Ĥ1∗ [k]R1 [k] + Ĥ2∗ [k]R2 [k]

(4.44)

(est)

for k = 0, . . . , N − 1. Using (4.4) and (4.5), YMLC [k] may be expressed as


(est)
YMLC [k] = Ĥ1∗ [k]H1 [k] + Ĥ2∗ [k]H2 [k] Ik + Ĥ1∗ [k]Z1 [k] + Ĥ2∗ [k]Z2 [k].

(4.45)

The equalizer operates on the equivalent channel
(est)

HMLC [k] = Ĥ1∗ [k]H1 [k] + Ĥ2∗ [k]H2 [k]

(4.46)

but is designed to operate on the channel
(eq)

HMLC [k] = |Ĥ1 [k]|2 + |Ĥ2 [k]|2 .

(4.47)

MRC: The MRC detector operates on the combiner output
(est)

YMRC [k] =

Ĥ1∗ [k]R1 [k]
|Ĥ1 [k]|2 + |Ĥ2 [k]|2

+

Ĥ2∗ [k]R2 [k]

(4.48)

|Ĥ1 [k]|2 + |Ĥ2 [k]|2

(est)

for k = 0, . . . , N − 1. Using (4.4) and (4.5), YMRC [k] may be expressed as
(est)

YMRC [k] =

Ĥ1∗ [k]H1 [k] + Ĥ2∗ [k]H2 [k]
|Ĥ1 [k]|2 + |Ĥ2 [k]|2
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Ik +

Ĥ1∗ [k]Z1 [k] + Ĥ2∗ [k]Z2 [k]
|Ĥ1 [k]|2 + |Ĥ2 [k]|2

.

(4.49)

The detector assumes
Ĥ1∗ [k]H1 [k] + Ĥ2∗ [k]H2 [k]
|Ĥ1 [k]|2 + |Ĥ2 [k]|2

≈ 1.

(4.50)

EGC+FDE: The equalizer in EGC+FDE operates on the combiner output
1
1
(est)
YEGC [k] = e−j∠Ĥ1 [k] R1 [k] + e−j∠Ĥ2 [k] R2 [k]
2
2

(4.51)

(est)

for k = 0, . . . , N − 1. Using (4.4) and (4.5), YEGC [k] may be expressed as
(est)
YEGC [k]


=


1
1
j (∠H1 [k]−∠Ĥ1 [k])
j (∠H2 [k]−∠Ĥ2 [k])
+ |H2 [k]|e
Ik
|H1 [k]|e
2
2
1
1
+ e−j∠Ĥ1 [k] Z1 [k] + e−j∠Ĥ2 [k] Z2 [k]. (4.52)
2
2

The equalizer operates on the equivalent channel
1
1
(est)
HEGC [k] = |H1 [k]|ej (∠H1 [k]−∠Ĥ1 [k]) + |H2 [k]|ej (∠H2 [k]−∠Ĥ2 [k])
2
2

(4.53)

but is designed to operate on the channel
1
1
(eq)
HEGC [k] = |Ĥ1 [k]| + |Ĥ2 [k]|.
2
2

(4.54)

SC+FDE: The equalizer in SC+FDE operates on the combiner output
(est)

YSC [k] = Ĉ1 [k]R1 [k] + Ĉ2 [k]R2 [k]
where
Ĉ1 [k] =



1 |Ĥ1 [k]|2 > |Ĥ2 [k]|2

(4.55)

(4.56)


0 otherwise
and Ĉ2 [k] is the complement of Ĉ1 [k] for k = 0, . . . , N − 1. The equalizer operates on the
equivalent channel
(est)

HSC [k] =



H1 [k] |Ĥ1 [k]|2 > |Ĥ2 [k]|2

H2 [k] otherwise
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(4.57)
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Figure 4.9: Simulated BER performance over the random channels described in the Appendix B
for the MLD and four combining techniques using the channel estimates based on Np = 2048 pilot
subcarriers.

but is designed to operate on the channel

(eq)

HSC [k] =



Ĥ1 [k] |Ĥ1 [k]|2 > |Ĥ2 [k]|2

(4.58)


Ĥ2 [k] otherwise.
In the equalized cases, the mismatch between the channel at the equalizer input and
the channel used to design the equalizer limits performance. Because the density of the
channel estimate is unknown (and correlated with the noise samples), we resort to computer
simulations to assess the impact of the use of channel estimates. Computer simulations,
based on the parameters listed in Table 4.1, randomly generated channels as described in
the Appendix B, and using the estimator described above, are presented in Figure 4.9. As
before, the BER results are the post-detector BER for MLD, the post-combiner BER for
MRC, and the post-equalizer BER for MLC+FDE, EGC+FDE, and SC+FDE.
Compared to the ideal estimator results presented Section 4.5.1, the ordering remains
the same: MLD and MRC are the best, SC+FDE is the worst. The BER performance of
SC+FDE is about 2 dB worse than MLD and MRC for 18 < 1/N0 < 30 dB. In the same
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range, the BER performance of MLC+FDE is very close. What is different here is that the
BER performance of all cases exhibits a BER floor at 3.5 × 10−4 for 1/N0 > 33 dB. For
1/N0 > 33 dB, the BER performance is dominated by channel estimation error instead of
thermal noise. Whereas the quality of the channel estimates improves as 1/N0 increases, the
mismatch between the equalizer and the actual channel remains. This behavior has been
observed before in similar systems with equalizers based on channel estimates [82], [83].

4.6

Conclusions
We developed MLD for post-FFT processing of the dual-polarized antenna outputs

with a CP-OFDM waveform in a frequency selective multipath fading environment at 5G
FR1 systems. We formulated a detector based on the combining defined by MLD, followed
by a FDE, called MLC+FDE. We modeled, simulated, and compared the uncoded BER
performance of MLD, MLC+FDE, MRC, EGC+FDE, and SC+FDE applied post FFT
and operating over a stochastic channel model with polarization state information. As a
byproduct of the analysis, we observed that post-FFT MRC described in [75], [79] performs
both combining and equalization and is equivalent to MLC followed by a zero-forcing FDE.
Computer simulations were performed in two parts. In the first part, the combiner
and equalizer (where appropriate) had perfect knowledge of the channels (i.e., ideal channel
estimates). The BER results show that MLD and MRC have the same BER and that this
BER is the best. The BER performance of MLC+FDE was a small fraction of a dB worse.
The BER performance of EGC+FDE was 1 dB worse than MLD/MRC and that of SC+FDE
was 2 dB worse than MLD/MRC.
In the second part, channel estimates, based on pilot subcarriers and interpolation, replaced the true channels. The same trends were observed: the BER performance of MLD and
MRC were the best, the post-equalizer BER of MLC+FDE was a close second, EGC+FDE
is 1 dB inferior to MLD and MRC, and SC+FDE is 2 dB inferior to MLD and MRC. The
difference in this case was presence of a BER floor at low values of N0 and caused by channel
estimation errors.
These results show that the optimum combining and detection strategy produces a 2
dB improvement over the simplest combining strategy (SC). The diversity improvement is
87

limited by the correlation between the two channels that characterize the two polarization
states. The BER results show that polarization diversity alone is probably not enough to
produce a high-reliability mobile-to-mobile communications link. Some form of error control
coding is also required.
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CHAPTER 5.

5.1

CONCLUSIONS AND FUTURE WORK

Conclusions
This dissertation explores multipath mitigation over frequency selective channels ap-

plying polarization combining and equalization in three scenarios: 5G mmWave Bands,
aeronautical mobile telemetry, and 5G mobile-to-mobile systems.
In Chapter 2, the propagation scenario was a downlink to a mobile equipped with
four pairs of co-located cross-polarized antennas. To facilitate the performance analysis, the
Forney observation model for a number of popular combining techniques was derived and
used to assess the post-equalizer BER performance of a MMSE equalizer. Two sets of BER
simulations were performed. One with the emphasis on polarization diversity. The simulation
results showed that ML combining maximizes polarization diversity and achieved a postequalizer BER about 0.5 dB better than and that of MRC. Interestingly, the performance of
SC was very similar to that of MRC. Elliptical combining was the worst. The second set of
BER simulations incorporated polarization and spatial diversity both. Again, ML combining
maximized the diversity gain and achieved a performance about 0.8 dB better than MRC.
The performance EGC next and was about 2.2 dB worse than MRC.
In Chapter 3, the aeronautical mobile telemetry multipath propagation model was
extended to include polarization state information for use in computer simulations. The
common practice of applying MRC to LHCP and RHCP signals was compared to maximum
likelihood inspired combining of the vertically and horizontally polarized received signal
components. The post-equalizer bit error rate was used as the performance measure. In the
sense that ML-inspired combining is “optimal,” the application of MRC to LHCP, and RHCP
signals achieves “optimal” performance. It is clear that in this application, polarization
diversity combining by itself is unable to mitigate multipath interference. Equalization is
also needed.
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In Chapter 4, we developed MLD for post-FFT processing of the dual-polarized antenna outputs with a CP-OFDM waveform operating at 5G FR1 systems. Computer simulations were performed in two parts. In the first part, the combiner and equalizer (where
appropriate) had perfect knowledge of the channels. In the second part, channel estimates,
replaced the true channels. In both cases the same trends were observed: the BER performance of MLD and MRC were the best, the post-equalizer BER of MLC+FDE was a close
second, EGC+FDE is 1 dB inferior to MLD and MRC, and SC+FDE is 2 dB inferior to
MLD and MRC. The difference in the second case was presence of a BER floor at low values
of N0 due to channel estimation errors. The results show that the diversity improvement is
limited by the correlation between the two channels that characterize the two polarization
states, so polarization diversity alone is probably not enough to produce a high-reliability
mobile-to-mobile communications link. Some form of error control coding is also required.

5.2

Future Work
There are several opportunities for further research and development based on this

work. Of course, one of the most enticing avenues is adopting 3GPP channel modeling to
incorporate the polarization states for the multipath propagation in cellular mobile applications to make the scenario much more closer to a real world environment. Assuming more
than one transmitter antenna in the aeronautical telemetry application explained in Chapter
3 or even for the mobile to mobile scenario system explained in Chapter 4 to make these
scenarios more realistic as well can be deployed based on this work. Defining the scenarios
where there is more than one desired user to open up the user multiplexing subject in these
systems also can be considered.
In Chapter 4 we observed that due to the correlated nature of the two channels
produced by polarization diversity, it is difficult to achieve reliable transmission through
combining alone; some form of error control coding is also needed. Therefore, applying
channel coding techniques such as Polar code to the 5G cellular mobile applications, or
LDPC code to the aeronautical telemetry application explained in Chapter 3 and comparing
the performance of the uncoded and coded resulting systems can be defined as another work
as well. Exploiting different types of channel estimators and some performance analysis to
90

choose the best channel estimator for each application also can be added to this work in
future.
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APPENDIX A.
DERIVATION OF THE MULTIPATH PROPAGATION
MODEL WITH POLARIZATION STATE INFORMATION FOR 5G MMWAVE
BANDS

In this appendix, all vectors are column vectors and denoted with bold-face variables.
The “hat notation” is used to identify unit vectors. For example, x̂ is the unit vector in the
x-direction in our coordinate system. Bold quantities, such as V are understood to be 3 × 1
vectors with two equivalent forms:
 
V
 x
 
V = Vy  = Vx x̂ + Vy ŷ + Vz ẑ.
 
Vz

(A.1)

Vx , Vy , and Vz may be either real-valued quantities (e.g., when they represent a position) or
complex-valued quantities (e.g., when they represent electric field phasors). The dot product
between n and k is denoted n · k; the cross product between n and k is denoted n × k.
The complex-valued electric field corresponding to transverse wave propagation at
position p and at time t may be expressed as
E(p, t) = Eej(ωt−k·p)

(A.2)

where E = Ex x̂ + Ey ŷ + Ez ẑ is a 3 × 1 vector denoting the (complex-valued) components
of the electric field in the x̂, ŷ, and ẑ directions; ω is the radian frequency (temporal period
of the electric field); and k = kx x̂ + ky ŷ + kz ẑ is the wave vector that defines the direction
of propagation. The magnitude of k, k ≡ |k| is the wave number and may be expressed as
k = 2π/λ = 2πf /vp where λ is the wavelength, vp is the propagation velocity, and f is the
frequency in cycles/s. For the purposes of this chapter, (A.2) is written as the product of
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B

Figure A.1: Four-path radio propagation used to generate the channels with polarization state used
in Section 2.4.

three components:
E(p, t) = Ee−jk·p ejωt .

(A.3)

The first term on the right-hand side of (A.3) quantifies the frequency-invariant magnitude,
phase, and polarization state of the electric field. The second term on the right-hand side
of (A.3) quantifies the frequency-dependent phase shift due to propagation delay. The third
term on the right-hand side of (A.3) is the rotation operator. In the following, we are
interested in the phasor terms Ep ≡ Ee−jk·p because this term defines the Fourier transform
of the complex-valued low-pass equivalent channel in the three spatial dimensions.
A simple four-path propagation scenario corresponding to a downlink in an urban
setting is illustrated in Figure A.1. The basestation transmitter, located at point T on the zaxis, is equipped with massive MIMO antennas and performs beamforming. A 30°beamwidth
is assumed for the following reasons. The mmWave propagation experiments reported in [12],
[84]–[86] simulated the use of beamforming by using a horn antenna with 15 dBi gain and
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half-power azimuth and elevation beamwidths of 28.8°and 30°, respectively. The analyses
in [87], [88] were based on a beamwidth of 30°. Narrower beamwidths are possible. For
example, the 64-element (8 × 8) phased-array antennas described in [89], [90] produce a
beam at 28 GHz with a beamwidth of 11.5°.
The vertically-polarized beam is pointed at the pedestrian with a hand-held smartphone located at point R. The vertically-polarized 30°beamwidth illuminates the reflectors
located at points B, G, and W shown in Figure A.1. The four propagation paths are
described as follows.
1. Line-of-sight propagation is assumed along the line TR. The departure angle from
T is θ1y , measured in the x − z plane (i.e., θ1y is a rotation about the y-axis), and θ1z
measured in the x − y plane (i.e., θ1z is a rotation about the z-axis).

2. A ground reflection at point G along the line segments TG and GR. The departure
angle from T is θ2y , measured in the x − z plane (i.e., θ2y is a rotation about the y-axis),

and θ2z , measured in the x − y plane (i.e., θ2z is a rotation about the z-axis). The
incident angle at point G is θ5 and is measured in the TGR plane.
3. A reflection off the side of a building across the street from the pedestrian. The

reflection occurs at point B along line segments TB and BR. The departure angle
from T is θ3y (a rotation about the y-axis) followed by θ3z (a rotation about the z-axis).
The incidence angle is θ6 and is measured in the TBR plane.
4. A reflection off the side of a building on the same side of the street as the pedestrian.
The reflection occurs at point W along line segments TW and WR. The departure
angle from T is θ4y (a rotation about the y-axis) followed by θ4z (a rotation about the
z-axis). The incidence angle is θ7 and is measured in the TWR plane.
The use of perspective in Figure A.1 hides the fact that θ1y = θ3y = θ4y .
In the material below, the technique is illustrated for propagation from T to R via
the four propagation paths shown in Figure A.1. The relationship between the point R and
the four pairs of co-located cross-polarized antenna elements is illustrated in Figure 2.4. The
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calculations must be re-evaluated for each of the four receiver points corresponding to the
four antenna pairs.
The electric field components at point R, denoted ER , comprises four components:
the electric field due to line-of-site propagation EL,R , the electric field due to the ground
reflection EG,R , the electric field due to the reflection off the building EB,R , and the electric
field due to the reflection off the wall EW,R . Consequently, ER may be expressed as
ER = EL,R e−j2πf d0 /vp + EG,R e−j2πf (d1 +d2 )/vp + EB,R e−j2πf (d3 +d4 )/vp + EW,R e−j2πf (d5 +d6 )/vp
(A.4)
where the distances d0 , . . . , d6 are defined in Figure A.1 and are computed using straightforward applications of geometry. Assuming the transmit antenna is aligned with the ẑ axis,
it can be shown, after considerable effort, that [62]
EL,R = Rz (θ1z )Ry (θ1y )E0 ejϕL

(A.5)

TE
EG,R = ETM
G,R + EG,R ,

(A.6)

TE
EB,R = ETM
B,R + EB,R ,

(A.7)

TE
EW,R = ETM
W,R + EW,R ,

(A.8)

where the superscript “TM” refers to the transverse magnetic field linear polarization state
and “TE” refers to the transverse electric field linear polarization state, both with respect to
the incident plane (i.e., the plane defined by the T, R, and the reflection point). The phasor
representing TM propagation is orthogonal to the direction of propagation and lies in the
plane of incidence. The phasor representing TE propagation is orthogonal to the direction
of propagation is normal to the plane of incidence. The elements in (A.5) – (A.8) are defined
in the following.
In (A.5), Rz (θ) is the rotation matrix about the z-axis and is given by (A.23) below;
Ry (θ) is the rotation matrix about the y-axis and is given by (A.22) below; ϕL is the initial
phase of the line-of-sight component; and E0 is the polarization state of the transmit antenna.
In the calculations below, we use
E0 = ẑ.
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(A.9)

h
i
(i,i+1)
(i,i+1)
(i,i+1)
(i,i+1)
ER(i,i+1) = cx,0 e−j2πf τ0 + cx,1 e−j2πf τ1 + cx,2 e−j2πf τ2 + cx,3 e−j2πf τ3 x̂
i
h
(i,i+1)
(i,i+1)
(i,i+1)
(i,i+1)
+ cy,0 e−j2πf τ0 + cy,1 e−j2πf τ1 + cy,2 e−j2πf τ2 + cy,3 e−j2πf τ3 ŷ
i
h
(i,i+1) −j2πf τ3
(i,i+1) −j2πf τ2
(i,i+1) −j2πf τ1
(i,i+1) −j2πf τ0
+ cz,3 e
ẑ (A.84)
+ cz,2 e
+ cz,1 e
+ cz,0 e

TE
In (A.6), ETM
G,R and EG,R are computed as follows. The electric field at point G is

EG = Rz (θ2z )Ry (θ2y )E0 ejϕG where ϕG is the initial phase of the component propagating along
path TG. Because the reflection has different characteristics for the TM and TE modes, EG
must be decomposed into its TM and TE modes in the TGR plane. Using k̂1 to denote the
normal vector in the direction TG and n̂1 to denote the normal vector for the plane TGR,
the TM component of EG in the TGR plane may be expressed as

i 
h

n̂
×
k̂
ETM
=
E
·
n̂
×
k̂
1
1
G
1
1
G
TM
TM
TM
= EG,x
x̂ + EG,y
ŷ + EG,z
ẑ.

(A.10)

After the reflection at point G, the TM component of the electric field at point R in the
TGR plane is

TM
TM
TM
ETM
G,R = r1,TM −EG,x x̂ + EG,y ŷ + EG,z ẑ

(A.11)

where r1,TM is the TM mode reflection coefficient at point G in the TGR plane and the
negative sign on the x̂ component quantifies the direction change due to the reflection. The
TE component of the electric field in the TGR plane is
TE
TE
TE
ETE
G = (EG · n̂1 ) n̂1 = EG,x x̂ + EG,y ŷ + EG,z ẑ.

(A.12)

After the reflection at point G, the TE component of the electric field at point R in the
TGR plane is
TE
TE
TE
ETE
G,R = r1,TE −EG,x x̂ + EG,y ŷ + EG,z ẑ
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(A.13)

where r1,TE is the TE mode reflection coefficient at point G in the TGR plane and the
negative sign on the x̂ component quantifies the direction change due to the reflection.
TE
In (A.7), ETM
B,R and EB,R are computed as follows. The electric field at point B is

EB = Rz (θ3z )Ry (θ3y )E0 ejϕB where ϕB is the initial phase of the component propagating along
path TB and Rz (θ) is the rotation matrix about the z-axis given by (A.23) below. Using
k̂2 to denote the normal vector in the direction TB and n̂2 to denote the normal vector for
the plane TBR, the TM component of EB in the TBR plane may be expressed as
h

i 

ETM
=
E
·
n̂
×
k̂
n̂
×
k̂
B
2
2
2
2
B
TM
TM
TM
= EB,x
x̂ + EB,y
ŷ + EB,z
ẑ.

(A.14)

After the reflection at point B, the TM component of the electric field at point R in the
TBR plane is
TM
TM
TM
ETM
B,R = r2,TM −EB,x x̂ + EB,y ŷ + EB,z ẑ



(A.15)

where r2,TM is the TM mode reflection coefficient at point B in the TBR plane and the
negative sign on the x̂ component quantifies the direction change due to the reflection. The
TE component of the electric field in the TBR plane is
TE
TE
TE
ETE
B = (EB · n̂2 ) n̂2 = EB,x x̂ + EB,y ŷ + EB,z ẑ.

(A.16)

After the reflection at point B, the TE component of the electric field at point R in the
TBR plane is
TE
TE
TE
ETE
B,R = r2,TE −EB,x x̂ + EB,y ŷ + EB,z ẑ



(A.17)

where r2,TE is the TE mode reflection coefficient at point B in the TBR plane and the
negative sign on the x̂ component quantifies the direction change due to the reflection.
TE
In (A.8), ETM
W,R and EW,R are computed as follows. The electric field at point W

is EW = Rz (θ4z )Ry (θ4y )E0 ejϕW where ϕW is the initial phase of the component propagating
along path TW. Using k̂3 to denote the normal vector in the direction TW and n̂3 to denote
the normal vector for the plane TWR, the TM component of EW in the TWR plane may
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be expressed as
h

i 

ETM
=
E
·
n̂
×
k̂
n̂
×
k̂
W
3
3
3
3
W
TM
TM
TM
= EW,x
x̂ + EW,y
ŷ + EW,z
ẑ.

(A.18)

After the reflection at point W, the TM component of the electric field at point R in the
TWR plane is

TM
TM
TM
=
r
−E
x̂
+
E
ŷ
+
E
ẑ
ETM
3,TM
W,x
W,y
W,z
W,R

(A.19)

where r3,TM is the TM mode reflection coefficient at point W in the TWR plane and the
negative sign on the x̂ component quantifies the direction change due to the reflection. The
TE component of the electric field in the TWR plane is
TE
TE
TE
ETE
W = (EW · n̂3 ) n̂3 = EW,x x̂ + EW,y ŷ + EW,z ẑ.

(A.20)

After the reflection at point W, the TE component of the electric field at point R in the
TWR plane is

TE
TE
TE
ETE
W,R = r3,TE −EW,x x̂ + EW,y ŷ + EW,z ẑ

(A.21)

where r3,TE is the TE mode reflection coefficient at point W in the TWR plane and the
negative sign on the x̂ component quantifies the direction change due to the reflection.
In the previous four paragraphs, the following rotation matrices were used,




cos(θ) 0 sin(θ)




Ry (θ) =  0
1
0 


− sin(θ) 0 cos(θ)


cos(θ) − sin(θ) 0




Rz (θ) =  sin(θ) cos(θ) 0 ,


0
0
1
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(A.22)

(A.23)

and the following reflection coefficients were used:

r1,TM =

r1,TE =

r2,TM =

r2,TE =

r3,TM =

r3,TE =

n2 cos(θ5 ) − n1

q

1 − (n1 /n2 )2 sin2 (θ5 )

q
n2 cos(θ5 ) + n1 1 − (n1 /n2 )2 sin2 (θ5 )
q
n1 cos(θ5 ) − n2 1 − (n1 /n2 )2 sin2 (θ5 )
q
n1 cos(θ5 ) + n2 1 − (n1 /n2 )2 sin2 (θ5 )
q
n2 cos(θ6 ) − n1 1 − (n1 /n2 )2 sin2 (θ6 )
q
n2 cos(θ6 ) + n1 1 − (n1 /n2 )2 sin2 (θ6 )
q
n1 cos(θ6 ) − n2 1 − (n1 /n2 )2 sin2 (θ6 )
q
n1 cos(θ6 ) + n2 1 − (n1 /n2 )2 sin2 (θ6 )
q
n2 cos(θ7 ) − n1 1 − (n1 /n2 )2 sin2 (θ7 )
q
n2 cos(θ7 ) + n1 1 − (n1 /n2 )2 sin2 (θ7 )
q
n1 cos(θ7 ) − n2 1 − (n1 /n2 )2 sin2 (θ7 )
q
,
n1 cos(θ7 ) + n2 1 − (n1 /n2 )2 sin2 (θ7 )

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

where n1 = 1.000293 is the refractive index of the propagation medium (air) and n2 is the
refractive index of the reflection surface.
The calculations were performed using the following values:
ht = 30 m
hr = 1.15 m
dr = 230 m
db = 15 m
dw = 2 m
vp = c/n1 m/s
n2 = 2.2443 − j0.0597
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(A.30)

where n2 is the refractive index of concrete at 28 GHz [91]. The general form of the electric
field at R(i,i+1) is given by (A.84) on the top of the previous page. This equation is interpreted
as the Fourier-domain transfer function for three LTI systems, one for each spatial dimension.
The corresponding impulse response is given by (2.39) and (2.40) in the main body. The
values for each channel component at each of the four antenna-pair locations are given by
(2.41) – (2.44).
Note that “1/R2 ” spreading loss is not included in this analysis. In this sense the
impulse response has a normalized amplitude. The spreading loss only influences the signalto-noise ratio.
Close examination of (2.39), (2.40), and (2.41) – (2.44) shows that EL,R and EG,R
have almost all of their energy in the x̂ and ẑ components. In contrast EB,R and EW,R have
components in all three directions. Thus, the contribution in ŷ are due to EB,R and EW,R .
The conclusion is that if there were no reflection from the building and wall, the electric
field components in x̂ and ẑ would be scaled versions of each other because all the electric
field interactions would occur in the x − z plane. Thus, the TBR and TWR propagation
paths contribute to the ŷ component. It is the inclusion of these paths that creates impulse
responses that are different in the x̂, ŷ, and ẑ directions. Consequently, it is the reflections
that occur outside the TGR plane that create the opportunity for polarization diversity
gains.
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APPENDIX B.
A STOCHASTIC CHANNEL MODEL WITH POLARIZATION STATE INFORMATION

The channel model used in this article is developed from [1], [44], [78]. The scenario
in this paper considers a 2×1 SIMO scenario illustrated in Figure B.1. The channel comprising two time-varying channel impulse responses, one from the vertically-polarized transmit
antenna to the vertically polarized receive antenna denoted h1 (t, τ ) and the other from the
same vertically-polarized transmit antenna to the horizontally-polarized receive antenna denoted h2 (t, τ ). In this model, the reflectors are on the surface of spheres centered on the
transmit and receive antennas. Each impulse response is of the form
hm (t, τ ) = h(SBT)
(t, τ ) + h(SBR)
(t, τ ) + h(DB)
(t, τ ) + h(LOS)
(t, τ )
m
m
m
m
(SBT)

for m = 1, 2 where hm

(B.1)

(t, τ ) is the impulse response of a single-bounce propagation path
(SBR)

where the reflector is on the surface of the sphere centered on the transmitter, hm

(t, τ ) a

single-bounce propagation path where the reflector is on the surface of the sphere centered
(DB)

on the receiver, hm

(t, τ ) is the impulse response of a double-bounce propagation path

where the first reflector is on the surface of the sphere centered on the transmitter and the
(LOS)

second reflector is on the surface of the sphere centered on the receiver, and hm

(t, τ ) is

the impulse response of line-of-sight propagation path between the transmitter and receiver.
Each of the terms in (B.1) is explained in depth in [1], [44]. In summary
s
p
(SBT)
h1
(t, τ ) = PVV

M
(SBT)






1 X (m) (m)
ηVV
(m)
(m)
(m)
√
ξVV gVV (t)×δ τ − τVV G†T ΩTV Γm GR ΩRV ,
K + 1 M m=1

(B.2)
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Figure B.1: Spherical coordinate system for 3D spatially separated 2×1 polarized channel model
(reproduced based on [1]).

s
(SBR)

h1

(t, τ ) =

p

PVV

N
(SBR)






ηVV
1 X (n) (n)
(n)
(n)
(n)
√
ξVV gVV (t)×δ τ − τVV G†T ΩTV Γn GR ΩRV ,
K + 1 N n=1

(B.3)

s
p
(DB)
h1 (t, τ ) = PVV

(LOS)
h1
(t, τ )

p
=
PVV

M
N
(DB)
ηVV
1 X X (m,n) (m,n)
√
ξ
g
(t)
K + 1 M N m=1 n=1 VV VV






(n)
(m)
(m,n)
G†T ΩTV Γm,n GR ΩRV , (B.4)
× δ τ − τVV

r

s
(SBT)
(t, τ )
h2

=

p

PVH

K (LOS)
(LOS)
(LOS)
(LOS)
ξ
× δ(τ − τVV )G†T (ΩTV )Γ(LOS) GR (ΩRV ), (B.5)
K + 1 VV

M
(SBT)






ηVH
1 X (m) (m)
(m)
(m)
(m)
√
ξVH gVH (t)×δ τ − τVH G†T ΩTV Γm GR ΩRH ,
K + 1 M m=1

(B.6)
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s
(SBR)
h2
(t, τ )

=

p

PVH

N
(SBR)






ηVH
1 X (n) (n)
(n)
(n)
(n)
†
√
ξ g (t)×δ τ − τVH GT ΩTV Γn GR ΩRH ,
K + 1 N n=1 VH VH

(B.7)

s
(DB)

h2

(t, τ ) =

(LOS)
(t, τ )
h2

p

PVH

p
=
PVH

M
N
(DB)
ηVH
1 X X (m,n) (m,n)
√
ξ
g
(t)
K + 1 M N m=1 n=1 VH VH






(m,n)
(m)
(n)
× δ τ − τVH
G†T ΩTV Γm,n GR ΩRH , (B.8)

r







K (LOS)
(LOS)
(LOS)
(LOS)
†
(LOS)
,
Γ
GR ΩRH
GT ΩTV
ξ
× δ τ − τVH
K + 1 VH
(B.9)

where the variables are described in Table B.1.
The locations of the scatters on each of the spheres is random. The von Mises
distribution was used in [1], [44] to characterize the azimuth and elevation angles of the
scatters relative to their respective sphere centers. The joint von Mises distribution for
the azimuth and elevation angles ϕ and θ is parameterized by the means µϕ and µθ , the
scattering parameters κϕ and κθ that control the spread of the angles about their means,
and a correlation parameter λϕθ . We follow [1], [44] and use the von Mises distribution here.
We assume the co-located cross-polarized antenna elements are simple dipoles. The antenna
gain for a dipole is found in [92].
The parameter values used to generate the random channels are listed in Table B.2.
The values for the radii of the spheres centered at the transmitter and receiver were selected
to model local scatters near the transmitter and receiver. The XPD values were adopted
from the 3GPP standard [93]. Because the co-located cross-polarized antenna elements are
(m)

(m)

(m,n)

small, both have the same delays: τVV = τVH , τVV
(B.2)–(B.9).
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(m,n)

(LOS)

= τVH , and τVV

(LOS)

= τVH

in

Table B.1: Description of the variables in (B.2)–(B.9).

Variable

Description

PVV , PVH

the average power between the vertically-polarized transmit antenna and the vertically- and horizontally-polarized receive antennas,
respectively

K

the Rice factor

(SBT)
ηVV ,

(SBR)
ηVV ,

(SBT)

(SBR)

(DB)
ηVV

the ratio of power at the vertically-polarized receive antenna to PVV
along the SBT, SBR, and DB paths, respectively

(DB)

the ratio of power at the horizontally-polarized receive antenna to PVH
along the SBT, SBR, and DB paths, respectively

ηVH , ηVH , ηVH
ξVV , ξVH

(m)

(m)

the amplitude attenuation along the m-th single-bounce path between
the transmit antenna and the vertically- and horizontally-polarized receive antennas, respectively; it is a function of of the path loss exponent
and the path length

(m,n)

(m,n)

the amplitude attenuation along the (m, n)-th double-bounce path
between the transmit antenna and the vertically- and horizontallypolarized receive antennas, respectively; it is a function of of the path
loss exponent and the path length

ξVV , ξVH

(LOS)

(LOS)

the amplitude attenuation along the LOS path between the transmit
antenna and the vertically- and horizontally-polarized receive antennas,
respectively; it is a function of of the path loss exponent and the path
length

gVV (t), gVH (t)

(m)

(m)

time-varying delay phase terms for the m-th single bounce paths; the
phases are functions of the carrier frequency, maximum Doppler frequency, the path delays, the elevation and azimuth angles of departure,
the elevation and azimuth angles of arrival, and the direction of travel
for the transmitter or receiver (see (7) in [1], [44])

(m,n)

(m,n)

the same as gVV (t) and gVH (t), respectively, except for the (m, n)-th
double bounce path

τVV , τVH

(m)

the time delay for the m-th single bounce path between the transmit
antenna and the vertically- and horizontally-polarized receive antennas,
respectively

(m,n)

(m,n)

the time delay for the (m, n)-th double bounce path between the transmit antenna and the vertically- and horizontally-polarized receive antennas, respectively

(LOS)

the time delay for the LOS path between the transmit antenna and the
vertically- and horizontally-polarized receive antennas, respectively

ξVV , ξVH

gVV (t), gVH (t)
(m)

τVV , τVH

(LOS)

τVV

, τVH

(m)

(m)
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Table B.1 Continued: Description of the variables in (B.2)–(B.9).

Variable

Description

GT (Ω), GR (Ω)

the transmit and receive antenna gain matrices, respectively (see (8)
in [1], [44]); the entries in GT (Ω), GR (Ω) are functions of the inclination angles of the transmit and receive antennas and the solid angle
Ω defined by the the azimuth and elevations angles of the propagation
(m)
path; the solid angles of interest are ΩTV , the solid angle of the m-th
(n)
path leaving the vertically-polarized transmit antenna, ΩRV , the solid
angle of the n-th path arriving the vertically-polarized receive antenna,
(n)
ΩRH , the solid angle of the n-th path arriving the horizontally-polarized
(LOS)
receive antenna, ΩTV , the solid angle of the LOS path leaving the
(LOS)
vertically-polarized transmit antenna, ΩRV , the solid angle of the
(LOS)
LOS path arriving the vertically-polarized receive antenna, ΩRH , the
solid angle of the LOS path arriving the horizontally-polarized receive
antenna

Γm

2 × 2 matrices comprising random reflection coefficients; the entries are
functions of the random phase shifts between the transmit antenna and
the vertically- or horizontally-polarized receive antenna along the m-th
single-bounce path, the cross polarization discrimination ratio, and the
co-polarization power ratio

Γm,n

the same as Γm except for the (m, n)-th double bounce path

Γ(LOS)

the same as Γm except for the LOS path
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Table B.2: Parameters of the channel impulse responses in (B.2)–(B.9).

Parameter

Symbol and Value

Radius of the spherical volume around the Tx.

RT = 10 m

Radius of the spherical volume around the Rx.

RR = 20 m

Ground distance between Tx. and Rx.

1000 m

Carrier frequency

fc = 3.7 GHz

Maximum doppler frequency associated with Tx.

fT,max = 200 Hz

Maximum doppler frequency associated with Rx.

fR,max = 200 Hz

average transmit power

PVV = PVH = 1 watt

Rician factor

K=4

Number of scatterers around the Tx.

M =8

Number of scatterers around the Rx.

N = 33

Path loss exponent

γ = 2.9

Power ratio coefficient of SBT

ηVV

Power ratio coefficient of SBR
Power ratio coefficient of DB

(SBR)
(SBR)
ηVV = ηVH = 1/8
(DB)
(DB)
ηVV = ηVH = 3/4

The direction of azimuth angle where Tx. is moving

ϕvT = 0

The direction of elevation angle where Tx. is moving

θvT = 0

The direction of azimuth angle where Rx. is moving

ϕvR =

The direction of elevation angle where Rx. is moving

θvR =

The mean value of the scatterer direction in the azimuth
plane
The mean value of the scatterer direction in the elevation plane
The parameter to control the spread of scatterers
around the mean µϕ for NLOS path
The parameter to control the spread of scatterers
around the mean µθ for NLOS path
Inclination angle for the transmitter antenna

µϕ = π/12

(SBT)

Inclination angle for the receiver antenna
Co-polarization power ratio

(SBT)

= ηVH

= 1/8

π
4
π
6

µθ = π/2
κϕ = 3
κθ = 3
0.2443 rad
∼ U(0, π/2)

CPR = 0 dB

Cross polarization discrimination ratio

XPD(LOS) ∼ N (9, 6)
dB

Cross polarization discrimination ratio

XPD(NLOS) ∼ N (8, 6)
dB
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