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ABSTRACT

A Mathematical Model of Amoeboid Cell Motion as a
Continuous-Time Markov Process

Lynnae Despain
Department of Mathematics, BYU
Master of Science

Understanding cell motion facilitates the understanding of many biological processes such
as wound healing and cancer growth. Constructing mathematical models that replicate
amoeboid cell motion can help us understand and make predictions about real-world cell
movement. We review a force-based model of cell motion that considers a cell as a nucleus
and several adhesion sites connected to the nucleus by springs. In this model, the cell moves
as the adhesion sites attach to and detach from a substrate. This model is then reformulated
as a random process that tracks the attachment characteristic (attached or detached) of each
adhesion site, the location of each adhesion site, and the centroid of the attached sites. It
is shown that this random process is a continuous-time jump-type Markov process and that
the sub-process that counts the number of attached adhesion sites is also a Markov process
with an attracting invariant distribution. Under certain hypotheses, we derive a formula for
the velocity of the expected location of the centroid.

Keywords: cell motion, Markov process
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CHAPTER 1. INTRODUCTION

Amoeboid cell motion is a crawling type of movement of a single cell that occurs as the
cytoplasm changes shape by protruding and retracting extensions, known as pseudopods.
These pseudopods form via actin polymerization and act as adhesion sites, interacting with
and attaching to the extracellular matrix (ECM). Contraction occurs, causing locomotion
of the cell. Finally, the adhesive bonds release and the pseudopods detach and retract into
the advancing cell body [4]. This type of motion is exhibited by protozoan amoebae, slime
molds such as Dictyostelium discoideum, some human cells such as leukocytes, and some
tumor cells. Understanding cell motion can help us understand complex biological processes
such as wound healing [8], immune response [4], and metastasis [9].

To introduce some mathematical understanding of amoeboid cell motion, we review a
force-based model of a single cell that considers a cell as several adhesion sites connected to
the nucleus by springs. The attachment characteristic of each site (attached or detached) is
determined by random switching terms. When a site attaches, it does so at a location that is
some random perturbation of the location of the cell center. The attached sites exert forces
on the nucleus, causing cell motion.

This force-based model is presented in [3]. Numerical simulations in [3] suggest cell speed
is independent of force and is greatly influenced by the binding dynamics of the cell. We
seek to verify these observations analytically. As such, our primary goal is to find a formula
to predict the expected velocity of the cell under such motion.

Using ideas from the force-based mode, we construct a model of amoeboid cell motion as
a stochastic process. This process considers the attachment characteristic of each adhesion
site, the location of each adhesion site, and the location of the centroid of the attached sites.
We show that, under our formulation, this stochastic process is a continuous-time Markov
process from which we can determine the time derivative of the expected location of the
centroid.

Before formulating and discussing our model, we first look at the projected process of



counting the number of attached adhesion sites. This projected process is a continuous-time
Markov process, and we examine its transition rate matrix and stationary distribution.

In developing the Continuous-time Centroid Model, we begin by presenting definitions
and introducing notation that will be used throughout this paper. We define several functions
and measures that will be used to construct the transition kernel p and the rate function
c for our stochastic process. We then construct the corresponding rate kernel o, and show
that our stochastic process is actually a Markov process generated by a.

Next, we formulate the previously discussed projected process in terms of measures and
kernels and rigorously prove that it is a Markov process and that it has an attracting invariant
distribution. Finally, we show that if we begin with an initial distribution for the full Markov
process that when projected gives the invariant distribution for the projected process, then
we have a time-invariant formula for the time derivative of the expected location of the
centroid.

To generalize this result, we consider what happens when the perturbation of an adhesion
site from the centroid is governed by a distribution that is space-dependent. Under these
conditions, we derive a similar result to predict the velocity of the expected location of the
centroid. This allows us to extend our model to more complex biological situations such as

modeling chemotaxis.

CHAPTER 2. THE DIFFERENTIAL EQUATION MODEL

This section reviews a model of amoeboid cell motion established in [3] that we call
the Differential Equation Model. This model considers the forces involved in amoeboid cell
motion in a simplified manner. We think of a cell as multiple integrin-based adhesion sites
that interact with an external substrate and exert forces on the cell’s nucleus, or the cell
center. In this model, it is as if the adhesion sites are connected to the cell center with

springs. That is, the force an adhesion site exerts on the cell center is proportional to the



distance between the cell center and the adhesion site.

Because the nucleus is surrounded by cytoplasm, there is a drag force on the cell center.
To model this, we assume the cell center is a sphere moving through a liquid with low
Reynolds number and that the drag is proportional to the velocity of the cell center.

Let x denote the location in RY of the cell center. Suppose there are n adhesion sites.
Let ¢; denote the rest length of the spring attaching site j to the cell center and let 3; denote
the corresponding spring constant. Let ¢;(¢) be a random variable that takes the values of
0 and 1 to indicate whether or not site j is attached to the substrate at time ¢. Let ¢, ; be
the time that site j becomes attached for the pth time. Let v; give the location in RY of
site j. Then

vi(t) =x(t, ;) +by,; forte€ [ty tyi1;)

where z(t, ;) = lim, St z(t) and b, ; is a random variable governed by some distribution 7
that gives the perturbation of the location of site j from the cell center. Notice, then, that
when site j attaches it does so at a distance ||b, ;|| from the cell center. It remains at that
location until the site detaches.

The force-based model uses Newton’s second law of motion: F' = ma, where F' is the
total force exerted on the cell center, m is the mass of the cell center, and a is the acceleration
of the cell center. However, due to the low Reynolds number, the acceleration term can be
ignored, leaving F' = 0. Letting « denote the drag coefficient, the drag force is vx’. The

total force exerted by the adhesion sites is

Zﬁ] HX V]H )H —V H¢J

Thus, the equation of motion for the cell center is

Z@Hx vl - >|| iy,



If we assume the rest lengths of the springs are zero, this simplifies to
n
==Y Bix = vy
j=1

For further analysis and numerical results of the Differential Equation Model, see [3].

CHAPTER 3. THE CONTINUOUS-TIME CENTROID MODEL

The Differential Equation Model can be approximated by tracking the location of the
centroid of the cell, rather than the cell center. Informally, we consider the limit of the
differential equation model as the spring constants 3; become large. Under such conditions,
it is expected that the nucleus no longer moves smoothly between positions but rather that
the centroid jumps from position to position. Such a problem was examined in [2] as a
discrete-time Markov process where the time steps were taken to be the event times. We
now formulate this problem as a continuous-time Markov process that also includes inter-
event times and call it the Continuous-time Centroid Model.

In compliance with the differential equation model, we assume that when an adhesion
site attaches, it does so at a location that is some random displacement from the centroid
of the previously attached adhesion sites. For simplicity, we assume that when an adhesion
site detaches it does not change location. Furthermore, at each attachment or detachment
event we consider the movement of the centroid to be instantaneous. We also assume that
attachment and detachment events occur independently of one another and at random and

allow only one attachment or detachment event at a time.

CHAPTER 4. A PROJECTED PROCESS: COUNTING ATTACHED SITES

Before discussing the full Continuous-time Centroid Model, we first examine a simpler

process X that counts the number of attached sites. We do so using the familiar context of



a transition rate matrix and distribution vectors.

To begin, fix a number n € N, where n is the number of adhesion sites. The state space
of X is {0,1,...,n}. Fix two positive constants 6, and ;. Assume that the wait time for
a detached site to attach is exponentially distributed with parameter 6, and that the wait
time for an attached site to detach is exponentially distributed with parameter 6.

It is a standard result in probability that the minimum of m independent exponentially
distributed random variables is itself an exponentially distributed random variable whose
parameter is the sum of the parameters of the m independent exponential random variables.

Suppose there are i sites attached. The wait time for any detachment to occur is the
minimum of the wait times for each of the attached sites to detach. Since there are 7 sites
attached, it follows that the wait time for a detachment to occur is exponentially distributed
with parameter if,. Similarly, there are (n — i) detached sites, so the wait time for an
attachment to occur is exponentially distributed with parameter (n — i)6,.

To simplify this process, we assume it is memoryless. That is, the number of attached
sites at the next event depends only on the number of sites that are currently attached and
not on any information about previous times. This implies that the wait times between
events are exponentially distributed.

Consider a state ¢ € {0,1,...,n}. Since only one attachment or detachment event occurs
at a time, we only allow transitions from state ¢ to state ¢ — 1 or i + 1, corresponding to a
detachment or attachment event, respectively. The generator, or transition rate matrix, ¢

for X is the matrix with entries gi; given by

Qii—1 = 04, Qi = —((n - i)Ga + i@d)> Qii+1 = (n - i)(gm

and ¢; ; = 0 otherwise.
Let 71, 79,... be the jump times of X. Let Y be the embedded discrete-time Markov
chain, called the jump chain of X, given by Y, = X, fort € [Tk, Tit1). Let R = (r;;) be the

transition probability matrix for f/, so that the jump chain Y has transition probabilities



r;;. Then the jump probabilities are given by

Sor;; >0if j € {i —1,i+ 1} and r;; = 0 otherwise. Let Tg;) be the k-step transition

probability for Y. We prove two properties of Y.

Proposition 4.1. The Markov chain Y described above is irreducible.

Proof. 1f i > 7, then

(i—7)
> Tii-1Ti-14-2---Tjr15 > 0

T 2>

If + < 7, then

(3—1)
T 2 TiiTitliv2 - Tim1 > 0

If i = j # n, then

2
r? > Tii1Ti+1,i > 0

(22 —

If : =7 = n, then

2
TZ-(i) > Tii—1Ti—1; > 0

So ¢ communicates with j and j communicates with ¢ for all states ¢, j. Thus, Y is irreducible.

]

Proposition 4.2. Y is a recurrent Markov chain.

Proof. We show that every state is recurrent for Y. Since the state space S ={0,1,2,...,n}
is finite, by Corollary 7.2.3 in [7] there is at least one recurrent state. Because Proposition 4.1
gives that Y is irreducible, it then follows by Corollary 7.2.1 of [7] that all the states are

recurrent. O



We show that X has a stationary distribution  and that it is attracting, where ( is as

given in Proposition 4.3.

Proposition 4.3. The distribution vector ¢ given by

1 T\ pn—k gk
= — " =0,1,...
O g () £ 0

is a stationary distribution for X. If {pi;(t)} are the transition probabilities of X, then

pij(t) = ¢ as t — oo.

Proof. For ( to be a stationary distribution of X it must satisfy (@ = 0. Let ((Q); denote

the j'* entry of the row vector (Q. We find that

—nb,Co + 04C1, ifj=0
(€Q); =9 (n—( = 1)baCim1 — (0= j)ba +302)C; + (G + Daljrr, f1<j<n—1
eagn—l - neana lfj =n
So
SR (R U (R — i
(CQ)O = —Nnu, ((9d + ea)n d> + d <(6d + 6a>n d a) =
and

n n— 1 n o
A e R (e



For1<j<n-—1,

@Q%Z@EEEF[( < )Wl@ (n—ﬁ@cg%@ﬁ

_ Jjgn—7 j+1n—(i+1)
764 ( )99 + j+1)9d(]+1)9a 0, }

_ 1 [ n—j+1 _ n! git1gn=i
@mWJlO—U( JV ¢ jin—j—1)r
. j n—j+1 e pitlpgn—g
R AR e ]

So (@) = 0 and ( is a stationary distribution for X.

By Propositions 4.1 and 4.2, we know that Y is irreducible and recurrent. Since Y is the
jump chain of X , we have that X is an irreducible continuous-time Markov process with a
recurrent jump chain. By Theorem 7.4.5 of [7], the transition probabilities converge to the

stationary probabilities. That is, p;;(t) — (; as t — oo, and we say that ( is attracting.

We will revisit the process X in Section 8 and will formulate it in terms of measures
and rate kernels. Under this new construction, results corresponding to Propositions 4.1
and 4.3 are given in Lemma 8.5 and Proposition 8.7, respectively. We will also discuss
the relationship between the transition rate matrix () and the rate kernel & (to be defined
in Section 5) and the relationship between their corresponding invariant distributions (see

comments following Propositions 8.4 and 8.7).



CHAPTER 5. FORMULATION OF THE CONTINUOUS-TIME CENTROID

MODEL

We introduce definitions and notations that will be used hereafter. To begin, fix two
numbers n, N € N, where n is the number of adhesion sites and N is the dimension of
the space in which the cell moves. We will consider the adhesion sites as being uniquely
labeled with the integers 0,1,...,n — 1. Fix positive constants ,, 0; and a Borel probability
measure 7 on E := R" such that [, xdn(x) is well-defined and finite. Assume that the
wait time for a detached adhesion site to attach is exponentially distributed with parameter
0, and the wait time for an attached adhesion site to detach is exponentially distributed
with parameter ;. We choose 71 such that when a detached adhesion site attaches, its new
location is a perturbation of the old centroid governed by the distribution 7.

We will make use of the following definitions and notations:

e For two sets A, B, define A? to be the set of functions from B to A.

e For k € N, define [k] :={0,1,2,...,k —1}.

e For ¢ € {0,1}" define || := > icin ¥(1). We use ¢ to indicate the attachment

characteristic of the cell. So

» 0, if site 7 is detached
(i) =
1, if site ¢ is attached

Since 1) gives the attachment characteristic of the cell, || gives the number of adhesion

sites that are attached.

e Define a space X := {{0, 1} x plntl Y ic V(@) (v(i) —v(n)) = O} .For v € EIn+1,
v(7) gives the location of site i for i € [n], and v(n) gives the centroid of the attached

adhesion sites. A point (¢, v) € X describes the attachment characteristic of the cell,



the location of the adhesion sites, and the location of the centroid. The condition in

the definition of X ensures that v(n) is, in fact, the centroid of the attached sites.

Endow {0,1} with the discrete topology, E with the Euclidean topology, {0, 1} x
E[+1 with the corresponding product topology, and X with the corresponding subspace

topology.
Let B(-) denote the Borel g-algebra of a topological space.

Given a,b € E and a,b € R, define a function Sapep : £ X £ — E X E by
Sabap) (X,y) = (a(x —a),b(y —b)). This function scales and translates a point in

ExE.
For each i € [n]:
— Define 7; : {0,1}" — [0,1] by

b))+ 0.1 — (i)
") = G T Bl = 0]

We will show in Claim 6.1 that r;(¢)) is the probability that the next event involves
site 1.
— Define s; : {0, 1} — {0, 1}[" so that s;(¢) agrees with 9 except on {i}. Techni-

cally speaking,

si() = (V\{(E ¥ @0)}) U{(, 1 - (i)}

When site ¢ changes state, the overall attachment characteristic of the cell goes
from 1 to s;(v).

— Define P; to be the partition of [n + 1] consisting of singletons except for {i,n}.
That is,

Pi={{i} 1 € W\ {i}} Ui}

10



So
p= {{0},{1},...,{2'—1},{i+1},...,{n—1},{i,n}}

Note that the elements of {i,n} identify the values of v that can change when
site ¢ changes state, namely the location v (i) of site i and the centroid v(n).

— Define G; : E — EY by Gi(y) := {(i,y)}. So Gi(y) is a function that maps
i — y. However, we prefer to think of G;(y) as the single-element set G;(y) =
{(,y)}-

— Define F; : E x E — EU™ by Fi(y1,y2) == {(i,y1), (n,y2)}.

— Given (v,v) € {0,1}l" x Bl define the measure u%’w on B} by u?f}’v) =
Oviy o Gy 1 where dv(i) is the standard point-mass measure on £.

The formula for u%’v) reflects the fact that site ¢ does not move when site j

changes state, j # i. We provide further explanation following Claim 6.3

— Define the measure u?p V}) on Elin by

b
n

(6v(iy X Oy(my) © i1, if [Yl=1@)=1
W) ._ _ _ . )
Piiny = (0w X Ovm)) © Sio vty —vimy/ui-nyan © Fi i [0 > () =1

-1 1 . N
(X 1) 05 2y my — o yvimyna oy © Fi s (@) =0

where [ : E x B(E) — [0,1] is the inclusion kernel defined by I(x, S) := 0x(5), so

(x4 xB) = [

a1, - / n(dx)b(B) = / ) = (40 B

A

The formula for u?f;}) reflects the different ways the centroid and the location of

site ¢ change when site ¢ changes state. We expound on this following Claim 6.4.

11



e Define fi: X x B ({0,1}" x E1) — R by

(e, v),) =Y (n(@b)ésxw) x X p ’”)
icln] pEP;
Note that i((¢,v), A) is the probability that the configuration at the next event is in

A. We justify this in Remark 6.5.

e Define i : X x B(X) — R to be the restriction of fi to X x B(X). Thus, given a starting
configuration x € X, u(x, A) is the probability that the configuration at the next event
is in A. By restricting /i to X x B(X) we are creating a measure p that is only concerned

with sets of acceptable configurations, rather than sets of arbitrary configurations.
e Define fi: [n+ 1] x P([n+1]) = R by

. Qdiéi_l + Qa(n - i)5i+1
 Ogi+ 0u(n — )

/l(i7 ) :

e Define ¢: [n+ 1] — (0,00) by ¢(i) := 0qi + O,(n — 7).

e Define ¢ : X — (0,00) by (¢, v) := ¢(|v]). We discuss ¢ and ¢ further at the end of

Section 6.

e Define av: X x B(X) — [0,00) by a((1,v), A) := c(, v)u((y,v), A)

A A

e Define & : [n+ 1] x P([n + 1]) — [0,00) by &(i, A) := ¢(i)fu(i, A). We will discuss &

more following Proposition 8.4.

CHAPTER 6. PROPERTIES AND EXPLANATIONS

In this section, we explore some properties of the above defined mappings and measures.

12



Claim 6.1. Suppose the attachment characteristic of a cell is given by ¢ € {0,1}". Then

for i € [n], r;(v) is the probability that the next event involves site i.

Proof. Fix i € [n]. Consider the n independent exponentially distributed random variables
£0,&1, ..., €n—1, where ; is the wait time for site j to change state. By assumption, &; is

exponentially distributed with parameter \;, where

64, if site j is attached 0y, fY(j)=1 _ .
Aj = = = 0¥ (j) + 0a(1 — ¥(j))
0,, if site j is detached 0,, ify(j)=0

Notice that the wait time & for the next event to occur is the minimum of the wait
times for the next event at each site. So & = min{¢; : j € [n]}. Because &, &1, ...,&,—1 are
independent exponential random variables with parameters Ao, A1, ..., A,_1, respectively, it

follows that ¢ is exponentially distributed with parameter A := " Aj. (The proof of this

J€[n]

is a standard exercise in probability.) Observe,

A=\

Jj€ln]
=) (Bayp(§) + 6a(1 = ©(5)))
Jj€ln]
SO ORIACED IO
jéln] i€mn]

= Oa[¢] +0a(n — |4])

Since ¢ is fixed, let ¢’ := min{¢; : j # i}. Then £ is an exponential random variable
with parameter \ := Zje[n]\{i} Aj, or equivalently A = XA — A;. Note that & and &; are
independent.

The occurrence that the next event involves site i is {£ = &}. This is the same as
{& > & : j # i}, or equivalently {&' > & }. So the probability that the next event involves
site 7 is P(&' > &;).

13



We have two independent exponential random variables £’ and & with parameters A" and

A\, respectively. It is a standard exercise in probability that

Ai
P > &) = N+

Since A = X + \;, this gives

/ A (i) +0a(1 — ¥(i))
PE>&) =+ = O [90] + 0u(n — [4])

= Tz(w)

Therefore, r;(1) represents the probability that the next event involves site i.

The next claim and the comments following it give the updated configuration if the cell
starts with configuration (1, v), more than one adhesion site is attached, site ¢ attached, and

site 7 detaches.

Claim 6.2. If (,v) € X and || > ¢(i) = 1, then (s;(¢), Vi U {(n,v(n) — == (v(i) —
v(n)))}) € X.

Proof. Since (1, v) € X, we have

jeln]\{i}
By the definition of s;(¢)) we have
Y. UGG =vm) =Y s(@))(v() - v(n)
jeln]\{i} Jj€ln]

14



Notice that there are [¢)| — 1 nonzero values of s;(1)). Thus,

Jj€ln] jeln]\{i}
== (v(1) = v(n))
il Y@ = v(n)
== (=0T
N s (YD = V()

Therefore,

5 50 (Vi) - (vim - M=) )

JEMN]

So (5i(¥), Vi U {(n, v(n) = iz (v(i) = v(n)))}) € X.

If (¢, v) gives the current configuration of the cell, site i is attached, and there is more
than one attached adhesion site, then when site ¢ detaches, the new attachment characteristic
is given by s;(1)) and the locations of all the adhesion sites remain as they were. Suppose the
new configuration is given by (s;(¢)), w). Then w|;,; = v|p,). Since w(n) is the new location
of the centroid, we know that ... si(¥)(j)(w(j) — w(n)) = 0. Since wlj = v],, this
gives

Y s (V) —w(n) =0

JE€n]

Because (s;(1), Vi) U {(n, v(n) — le;_l(v(z) —v(n)))}) € X, we know that

5 500 (v0) - (v - CEYDY)

15



Thus,

A — ) = S e (r() (o) (ol V) = V()
> sV () ~ win) me(m (U 1 ))

Jj€(n] Jj€ln]

Since there are |1)| — 1 nonzero values of s;(¢)) we then get

(- Dwl) + Y () <|¢|—1>( (n >—M)+st>o>vu>

-1
j€n] vl i€l

Solving for w(n) gives
(v(i) = v(n))
] =1

(v(i)—v(n))
[¥]—1

cell is (5i(), i U {(n,v(n) — i (v(i) = v(n)))}).
(¥,v) (¥,v)

Next, we explore the definitions of the measures u (i and u {im}

w(n)=v(n) —

Hence, the new location of the centroid is v(n) — and the new configuration of the

Claim 6.3. For (v,v) € X and i € [n], u{") =0y,

Proof. Recall that ,uw ¥) is a measure on E{. For B € B(E1}) we have

—v(l({yeE Gi(y) € B})
=d0vy({y € E: {(i,y)} € B})

0, if{(i,v(i))} ¢ B
1, if{(i,v(i))} e B

= 5V|{z'} (B)

16



Conceptually, when site j # i changes state (from attached to detached or vice versa)

the location of site ¢ should not change. Accordingly, if site j # ¢ changes state and site 7 is

no longer associated with the location v(i), then u‘({lf}jv) returns a value of 0, indicating that

this is not an acceptable configuration. The measure u?f}’v) returns a value of 1 when site ¢
is associated with location v(i), indicating an acceptable location for site i. So the formula

for u%’v) reflects the fact that site ¢ does not move when site j changes state for j # 7.
Claim 6.4. For (¢, v) € X and i € [n],

OV iy if 9] =¢(i) =1
“gwnv}) =\ @) (v(m) —(v(D)—v(n)/(Y]-1)}> if [Pl >y(i)=1
(< 1) ({6 y) = {Gx+v), (n i +vim) F € 1), ifut) =0

Proof. Let B € B(E{™}). There are three cases.

Case 1: |¢p| = (i) = 1. Then

i (B) = (8 X dyw) © FH(B)
= (0v(s) X dvm)) (F7'B)
= (5v(z) X 5V(7’l)) ({(Y1,Y2) €L XE: {(i,}’l); (TL,YQ)} < B})

1, if{(i,v(2)),(n,v(n))} €B

0, otherwise

Case 2: || > (i) = 1. Observe that

S0.0v@)—vm) /(1= (X, ¥) = (X’ T

17



So for || > (i) =1,

/lp?v) — —
iy (B) = (vt % 0vim) © Sioltwty vy © Fi ' (B)
v(z) —v(n _
- (5V(Z) X 5V(n)) ({(X, Y) : (X7 y — %) S ‘Fz I(B)})

= (dv(e) X dvim)) ({(X, y): {(i,X), (n,y - %)} S B})

1, if {(i,v(z’)), (n,v(n) - %)} €B

0, otherwise

= 0{(i,v(0)),(n,v ()~ (v(i)—v(n))/ (6]~ 1))} (B)

Case 3: (i) = 0. Notice that

[l +1
y

X+ v(n), T + v(n))

1
S(—v(m),~(l+1)v(n),1,1/(pl+1) (X, ¥) = (X +v(n), (y + (v + 1)V(n)))

So

(%V) — -1 —1
iy (B) = (0 X 1) 0 Sy —usnvmni/(uiy © Fi (B)

—(nx 1) ({(X,y) € ExE:(x+v(n), W% +v(n)) € Fil(B)})

—(x 1) ({(X,y) cEXE: {(i,x—l—v(n)), (n,M%Jrv(n))} eB})

Suppose (1,v) € X is the current configuration of the cell. If site i is the only one
attached, then we are in Case 1. The only possible event involving site ¢ is for site 7 to
detach. When this happens, the locations of site ¢ and the centroid do not change, so they

(¢,v)

are given by v(i) and v(n), respectively. Thus, gy = dv|, ,, indicates whether or not we

have an acceptable configuration.

18



If site ¢ is attached but is not the only attached site, then we are in Case 2. When
site ¢ detaches, the attachment characteristic is given by s;(). All the adhesion sites re-
main at their current locations, and the new centroid is v(n) — leL_l(v(z) —v(n)). So the
configuration of the cell is (s;(¢), vy U {(n, v(n) — W%(V(z) —v(n)))}). Thus, u?f;’}) =
01(iv (i), (nv(n)—(v(i)—v(n))/(jb|-1))} indicates whether or not we have an acceptable configura-
tion for this situation.

If site ¢ is detached, then we are in Case 3. In this situation, site ¢ must attach when
it changes state. The possible new locations for site ¢ (and their various likelihoods) are
perturbations of the old centroid that are governed by 7. Additionally, the new centroid

moves to accommodate the newly attached site 7.

v)

Having explored the definitions of [L?f]:v) and :“?fh}? we then combine them to form f.

Recall that

A, v), ) = (nw)ésw x X uﬁf”’”’))

i€n] pEP;

Remark 6.5. For (¢,v) € X and A € B ({0,1}" x EP+Y) | fi((4, v), A) is the probability

that the configuration at the next event is in A.

For some basic set B € B ({0,1}") x E"*1) given by B = B’ x X,ep, Bp we get from

knowledge of general products that

ﬁ((¢>v)73) = Z (Ti(w)ési(w) X >< ,Ul(j ’V)) (B/ X >< Bp)

icln pEP; pEP;
=) (n(w)%(w)(B') I w5 ’V)(Bp)>
i€[n] pEP;

Note that for a given i:
e 7;(1) is the probability that the next event involves site i

® 0,,(y)(B’') returns a value of 1 when s;(¢) € B’ and returns 0 otherwise
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e For p € P,;, the measure /Lz(;w’v)(Bp) returns a nonzero value only if the adhesion sites

and the centroid are in an acceptable configuration when site ¢ changes state.

So for a given i, the value 7;(¥)ds,4)(B') [ [ ep, ul()w’v)(Bp) is the probability that the next
event involves site i and the new configuration is in B. Summing over all i € [n] gives the
probability that the configuration at the next event is in B.

Since a set A € B({0, 1} x El**+1) is the union or intersection of basic sets in B({0, 1} x
E+1) and i is a measure, it follows that ji((1, v), A) is the probability that the configuration
at the next event is in A.

Recall that p = fi|lxxs(x). For a starting configuration x € X and a set A € X x B(X) of
acceptable cell configurations, p(x, A) is the probability that, starting at x, the configuration

at the next event is in A.

We now turn our attention to the mappings ¢ and c¢. Recall from the proof of Claim 6.1
that, given the system has configuration (¢, v) € X, the wait time £ for the next event to

occur is exponentially distributed with parameter A = 0, |[¢| + 0,(n — |¢]). So

1 1 1

X O[]+ Ou(n—[0]) (¥, v)

E(§) =

Thus, c¢(¢,v) gives the reciprocal of the expected wait time until the next event, given a
starting configuration x = (¢, v).

If |¢| = i then
1 1

BO =57+ Ou(n—i) (i)

So ¢(i) gives the reciprocal of the expected wait time until the next event, given that there

are ¢ adhesion sites currently attached.
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CHAPTER 7. PRELIMINARY RESULTS

The following results will be utilized when proving the results of Section 8. We prove

that many of the maps defined in Section 5 are measurable.

Lemma 7.1. For each i € [n], r; is measurable.

Proof. Fix i € [n]. For ¢ € {0,1}[" we have

o 0ai) T 0u(1 — $()
i) = G o uln = 0)

Define a map m; : {0, 1}"! — {0, 1} by 7;(¥)) = ¢(i). For open V C {0, 1}, we have

(

0, ifvV =20
{0, 1}, if V ={0,1}
{ve{o, 9@ =0}, ifV=1{0}

| {ve {0}y =1}, fV={1}

Notice that in the last two cases, m; *(V) is a cylinder set in {0,1}[" which is open.
Thus, m; '(V) is a measurable set, so 7; is measurable.

By construction we have a map |-| defined on {0,1}" by |¢| = D icln Y(@). So Y] =
> icin Ti(¥). Since the sum of measurable functions are measurable, we know that || is
measurable.

We can rewrite r; as
Hdm + Qa(l — 7Ti)
r, =
Oa || + ba(n — |])

So r; is measurable.

Lemma 7.2. For each i € [n], the maps F; and G; are measurable.
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Proof. Fix i € [n]. Observe that E? = P(px E) for p € P,. So G; and F; are set-valued maps
from E to P({i} x F) and from E x E to P({i,n}x E), respectively, denoted G; : E ~~ {i} X E
and F; : E x E ~ {i,n} x E. For G; and F; to be measurable, we require {i} x E and
{i,n} x E to be complete separable metric spaces and

G U)={xe E:Gix)NU # 0} € B(E)

(2

FAV):={(x,x3) € EX E: Fi(x1,x2) NV # 0} € B(E x E)

(2

for every open U C {i} x E and open V' C {i,n} x E. (See Definition 8.1.1 in [1].) We show
this is the case.

We know that E = RY is a complete separable metric space. Therefore {i} x F is a
complete separable metric space. We show that G; is measurable.

Let U C {i} x E be open. Then either U = 0 x U’ or U = {i} x U’ for some open U’ C E.
IfU=0xU =0, then G, (U) = G;*(#) = (), which is measurable. If U = {i} x U’, then

()

G U) = {x € E: Gy(x)NU +# 0}
= {x€ B {(i,0)} U # 0}
={xeF:(i,x)eU}
={xeF:xelU’}

Since U’ € B(E), we have that G; is measurable.

Next we show that F; is measurable. First note that {i,n} x E = ({i} x E)U ({n} x E).
Since both {i} x E' and {n} x E are complete separable metric spaces, it follows that {i,n} x E
is a complete separable metric space.

Let V' C {i,n} x E be open. Then V = U;’; V; x W; for some open V; C {i,n} and open
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W, C E. Notice that

F V) ={(x1,%2) € Ex E: {(i,x1),(n,x2)} NV # 0}

={(x1,x2) € EX E:(i,x1),(n,x3) € V}

For x € E, let

Let

Vi=|J V' and W= | W
V'eVx W’ eWx

Then Vy and W, are open. Let

Vo= J Vi and W* = | W%
x€E x€E

So V* and W* are also open. We show that F, '(V) = V* x W*.

Suppose (x1,x2) € V* x W*. Then (i,x1) € V; x W, for some j, and (n,x3) € Vi x Wy,
for some k. So (i,%1), (n,x3) € V. Thus, (x1,%2) € F; (V), and V* x W* C F, (V).

Now suppose (x1,%2) € F; '(V). Then (i,x,),(n,x2) € V, so (i,x;) € V; x W; and
(n,xs) € Vi x Wy, for some j, k. This gives (x1,%2) € V* x W*. So F, ' C V* x W*.

We now have that F, ' = V* x W*. Since V* and W* are open, it follows that F, ' (V)

is open, so F; is measurable.

Lemma 7.3. Fora,b € E and a,b € R, the map Sap,ap) s measurable.
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Proof. Let a,b € F and a,b € R. Observe that

Seapan(B) = {(x.y) : (a(x —a),b(y — b)) € B}
If a =0 and b=0, then

- @’ if (07 O) ¢ B
S(a,b,O,O) (B> = {(Xa Y) : (0, 0) € B} =
ExE, if(0,0)€ B

So 51

(a,b,0,0)

(B) € B(E x E).
Suppose that exactly one of a and b is nonzero. Without loss of generality, suppose

a =0 and b # 0. Then (x,y)EBifandonlyif(O,%y+b)ES(;b’Ob( ). So Salb(]b

(B)
is a combination of translations and dilations of B. Since translations and dilations of
Borel subsets of Euclidean space are again Borel subsets of Euclidean space, it follows that
S@}bp’b)(B) € B(E x E). Similarly, if a # 0 and b # 0, then (x,y) € B if and only if
(ix+a,7y +b) € S;lbab)(B). Again, Sabab (B) is a combination of translations and

dilations of B, so S abap) (B) € B(E x E). Hence, S(ab,qp) is measurable.

CHAPTER 8. MAIN RESULTS

In this section, we prove the existence of a continuous-time jump-type Markov process
generated by the rate kernel o. This process is our Continuous-time Centroid Model that
describes cell motion. We also examine the projected process that counts the number of
attached adhesion sites (as in Section 4) and derive results analogous to Propositions 4.1
and 4.3. We end with Theorem 8.9, which gives the time derivative of the expected location
of the centroid.

To construct the desired continuous-time jump-type Markov process X, we start by
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proving that p is a probability kernel. Using p, we show that there is a discrete-time Markov
process Y with transition kernel p. The Markov chain Y will serve as the jump chain for
X. Since p is a probability kernel, we have that o = ¢y is also a kernel. Using the kernel
a, the jump chain Y, and i.i.d. exponentially distributed wait times, we construct X as a

continuous-time jump-type Markov process.

Proposition 8.1. The map u is a probability kernel from X to X.

Proof. Fix i € [n]. By construction,

o 0a) T 0u(1 — $(1)
i) = G o uln = o)

is clearly nonnegative. By Lemma 7.1 we know that r; is measurable.
Now we show that the map ((¢,v), A) = 7:(¥)ds, ) (A) is a kernel from X to {0, 1},
Let v; : X x B ({0,1}") — Ry be given by

vi(,v), A) = r;(1)8s, ) (A)

Fix (¢, v) € X. Then ry(¢) > 0 is constant. Since d,,(y) is a measure on B ({0,1}"), it
follows that 7;(1)ds,() = vi((1, v,+)) is a measure on B ({0,1}).

Now fix A € B({0,1}"). Let D; 4 : {0,1}"l — R, be given by D; 4(¢) = 85,4 (A).
Then D; 4 is measurable, and since r; is measurable it follows that r,D; 4 = v;(-, A) is
measurable.

Since v;((4,v,-)) is a measure on B ({0,1}[") and v;(-, A) is measurable in x € X, it
follows that v; is a kernel from X to {0, 1}["l. That is, the map ((¢,v), A) = 7:(1)ds,(s)(A)
is a kernel from X to {0, 1},

Next we show that each 1 is a kernel from X to EP for each i € [n] and p € F;. From

Lemma 7.2 we know that G; and F; are measurable for each i € [n].
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We first show that i,y is a kernel from X to Bl for each i € [n]. Let g; : Xx E — Bt} be
given by ¢;((¢,v),x) = G;(x). Then g; is a measurable function. Define d; : XxB(E) — [0, 1]
by d;((1),v), B) = dy(;)(B). Then d; is a probability kernel from X to £. By Lemma 1.41(ii)

in [5] we then have that

di (Ww% (9:((¥.v), -))_1) = by 0 G7!

is a kernel from X to B}, So Wy 1s a kernel from X to E{i,

To show IWipy 1S & kernel from X to E{#™ we show it in each of the three cases. Let
fi : Xx (Ex E) — EU™ be given by f;((¥,v), (x1,%X2)) = F;(x1,X3). Then f; is measurable.
Define d;,, : X x B(E x E) = [0,1] by d;in((¥,v), B) = (0v(i) X Ovm))(B). Then d;,, is a

probability kernel from X to E x E. Again, by Lemma 1.41 in [5] it follows that

di,n ((wa V)? (fZ((va)a '))_1) = (5V(i) X 5V(")> © F;1

is a kernel from X to £ x E.
We know from Lemma 7.3 that Siapqp) is measurable for any a,b € E and a,b € R.

Since both F; and S(o,(v(i)=v(n))/(jw|-1),1,1) are measurable, we have that

fi(¥, V), S0, (v (i) —vin)/ul-1).1.1) ()

is a measurable mapping. Thus,

5@? n) <(¢’ V)? <S<_01v(i)—V(n)71,1) © (fz((¢7v)7 ))_1)> = (5v(i) X 5v(n)) © S(_Ol,"(m_v?’),l,l) © Fz'_l

T Pl-1

is a kernel from X to F{#m,
Recall that n is a Borel probability measure and [ is a kernel. This implies n X [ is a
kernel. Thus,

IosS;! e
(77 X ) © S(*v(n)ﬁ(WHl)V(”)’l’\1/)\1“) S
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is a kernel from X to E{*™} Therefore, Wiy 1S @ kernel from X to B},
We now have that y is a kernel from X to EP for every p € P; and i € [n]. One more

application of Lemma 1.41 from [5] gives that the map

((%V),A)H( i(0)05:() X XWV)>( )

peEP;

is a kernel from X to {0, 1}" x pl+1),

Since sums of kernels are again kernels, it follows that i given by

- ( x Xy V)) (4)
ic[n] pEP;
is a kernel from X to {0, 1}" x pl+1],

Note that X is a Borel subset of {0,1}[" x El*+1. By construction fi(x,-) is a measure.
Since the restriction of a measure to the measurable subsets of a measurable set is a measure,
it follows that u(x,-) = fi(x, ~)‘B(X) is a measure. Therefore, i is a kernel from X to X.

It remains to show that ,u((@Z),V),X) =1 for every (¢,v) € X. Fix (¢,v) € X and i € [n].

Let A\; 1= dg,(p) X X . We proceed by cases to show that \; is a probability measure

pep /’l’p

on X.
Case 1: If [¢p| = (i) = 1, then s;(¢)) = ¢ where ¢ € {0,1}[" is identically zero. Also,

1, (Si(w)vv) S

0, otherwise

() =

So Ai = O(pv). Since D, ¢(0)(v(i) — v(n)) = 0 we have that (p,v) € X. So \(X) =
d(pv)(X) =1 and A; is a probability measure on X.
Case 2: If || > ¢(i) = 1, let w € E"*Y such that w = v on [n] and
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Then A\; = (s, (p),w)- Observe,

> s@W0E) —wn) = D () (V@—(VW‘M))

sl jelm\(i} v
= Y ) ~vin) + (v(i) = v(n)
Jem\{i}
= > w()VG) - vin)
Jj€ln]
=0

So (si(1), w) € X, giving Ai(X) = 6(s,(u),w)(X) = 1. Thus, A; is a probability measure on X.

Case 3: If ¥(i) = 0, we examine (n x I). Since 7 is a probability measure and [ is the
inclusion kernel, we have that n x I is a probability measure on E x E. We show that n x I
is concentrated on the diagonal of F x FE.

For (x,y) € E x E, notice that

(n x D{Gy)}) = (nx D({x} x {y}) =n({x} N {y})

If (pxI)({(x,¥)}) # 0, it must be that y = x. So single-point sets of nonzero measure must

lie on the diagonal of £ x E. For some B C E x FE we have that

mx DB =mxD( U (&)< Y ox DD

(xv)’)eB (x7y)€B

If B contains no points from the diagonal of E x E| then (n x I)(B) = 0. Son x I is
concentrated on the diagonal of £ x E.

Recall that

—1 —1
SCvm =i+ nvimnue+n-H © F ()

:{(x7y)€E><E:{(i7x—|—v(n))7< y +V(n)>}e.}
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Let

e ) e

Then
_ . X+ Y] v(n
Fi 1<A) = {(X7y) : {<Z7X)v (nay)} € A} = {(Xay) Yy = M}
Y[ +1
So
_ _ + (J¢| + 1)v(n) _
! FYA :{x, :(X+Vn,y e F1(A
(*V(n),f(|w|+1)v(n),1,ﬁ)( i (A) =1(xy) (n) ot 1 i (4)
_ {<X py YUl Dvin) _ x+vin) + \wrvm)}
’ Y[ +1 [l +1
{0l )
’ Y[ +1 [ +1
={(xy):y=x}
So S(__lv(n)’_(‘¢‘+1)v(n)71’1/(|¢|+1))(Fi_l(A)) is precisely the diagonal of E x E. Since (nx I) is
concentrated on the diagonal of E'x E, it follows that (WX[>OS(—lv(n),—(\¢\+1)v(n),1,1/(|¢|+1))Oval
is concentrated on A. That is, #E{f:}) is concentrated on A when (i) = 0.

(¥,v)

Recall that for j # i we have u%v) =90 So p 4 is a point mass measure. So \; is

Vi
a product of u?f:}) and several point mass measures. Therefore, \; is a probability measure
on {0,1}" x B+ We show that ); is a probability measure on X.

Define a set W by
W= {weE'":w=vonn+1]\ {i,n} and {(i,w()), (n,w(n))} € A}

where A is the set defined previously. Then w(n) (w(i) + || w(n)) for w e W.

Since 0, (y) is concentrated on s;(1)), u%’,v) is concentrated on {(j,v(j)} for j # i, and

_ 1
[¢|+1

,u?fﬁ? is concentrated on A, it follows that \; is concentrated on {(sz(@b), W) TWE W}
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We show that (s;(¢), w) € X for w € W. Since (¢, v) € X, we know that

> v (n)) =0

JEn]

Additionally, by hypothesis ¢(i) = 0. We show that >, . si(¥)(j)(W(j) — w(n)) = 0.

Observe,
s —win) = w(i w(i) + ] v ( _W(i)+|1/1|v(n)
E; )= w0 = +§1]¢ ( ]+ 1 >
_ lw(@) = [l v(n) [y w(i) L [Ylv(n)
N Iw!+1 ¥l +1 +2 WU ( \wr+1>

JEMN]

v )
|w|+ Z‘” ( |¢|+1>

e (o v v
‘%W( 0~ et - )

So (si(¢),w) € X for all w € W. Thus, {(s;(¢),w) : w € W} C X. Since J; is
concentrated on a subset of X, it follows that ); is a probability measure on X.

In all three cases, \; is a probability measure on X. Notice that
ri()8sw) X X Y = ri(W) A
pePR;

So

((.v)) =3 (mwé w % X ) = 5" ()

i€[n] PEP; i€[n]
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Since each ); is a probability measure on X and Zie[n] ri(¥) = 1 we have

w(@,v), X) = Zri(¢)Ai(X) = Zri(@b) =1

i€[n] i€[n]

Since we also know that r;(¢) > 0 for each ¢, it follows that u((¢,v),-) is a probability

measure on X. Therefore, 1 is a probability kernel from X to X.

As noted previously, since p is a probability kernel, it follows that a = cu is a kernel.
Additionally, since p is a probability kernel, we can use it as the transition kernel for a

discrete-time Markov process.

Proposition 8.2. For any Borel probability measure p on X, there is a discrete-time Markov

process Y on X with transition kernel p such that Yy is p-distributed.

Proof. Since p is a measure and p is a probability kernel from X to X, by Theorem 3.4.1 in
6] there is a stochastic process Y on X* that is measurable with respect to (B(X))> and a
probability measure P, such that P,(B) is the probability of the set {Y € B} and for each

n and A; C X we have

P,(Yo € Ap, Y1 € Ay,....Y, € A,)

= / / e / p(dyo)(yo, dy1) - . . pi(yn—1, An)
yo€Ao Jy1€A1 Yn—1€An_1

By the Theorem 3.4.1 in [6], we have that Y is actually a discrete-time Markov process

with initial distribution p and transition probability kernel u.

Using a as the rate kernel and Y as the jump chain, we now construct our desired

continuous-time jump-type Markov process X.
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Proposition 8.3. For every Borel probability measure p on X, there is a pure jump-type
continuous-time Markov process X on X with rate kernel o such that Xq is p-distributed.
If Y is as defined in Proposition 8.2 and (v;) is a sequence of i.i.d. exponential random

variables with mean 1 that are independent of Y, then X can be defined by the formula

Xy =Yy fort € 1k, Tky1), where 7, 1= Zle(%/c(}/;,l)).

Proof. By Proposition 8.1 we know that p is a kernel from X to X. Notice that c¢(¢,v) =
04 |0| 4+ 64(n — |1)]) is positive and measurable. Thus, o = cp is a kernel from X to X.
For each i € [n] we know that s;(1)(i) # ¥(i). So 04 ({¥}) = 0. This implies

(0, 3), {0, V)] = 0, giving a((e,v), {(,V)}) = e, v)u((e,v), {(,V)}) = 0 for al
(¥,v) € X

Given a Borel probability measure p on X, let Y be as in Proposition 8.2. Let v = ()
be a sequence of i.i.d. exponential random variables with mean 1 such that v and Y are
independent. That such a sequence exists is a consequence of the Ionescu Tulcea Theorem
(see comment after Theorem 6.17 in [5]).

We show that ), yx/c(Yr—1) = oo a.s. Suppose to the contrary that >, vi/c(Yi-1)

converges. Notice that ¢ < n(f;+ 0,), so ¢ is bounded. Observe,

;%zn(ecﬂr@ ;n94+9 n(0q + 0,) ;C

Since >, vi/c(Yi—1) converges, so does its sequence of partial sums. Thus, the sequence
{37, 7} is bounded by a convergent sequence and, therefore, converges. This implies that

the partial sums ), v, are bounded by some M € R,. So

1 & 1
—Z%g—MﬁO as m — oo
m m

o LS e — o0 as m — 0.

32



Since the 7, are i.i.d. with mean 1, the Strong Law of Large Numbers gives

1 m
— g % — 1 as.
m

k=1

a contradiction.
So it must be that >, vi/c(Yi—1) = 00 a.s. The desired result now follows from Theorem

12.18 in [5). O

Because of its significance to our final result, we now formulate and examine the projected
process X := mo X. Recall that for (1, v) € X, 7((1,v)) = || gives the number of attached
adhesion sites when the cell has configuration (i, v). So X counts the number of attached
adhesion sites at each stage of the process X. This projected process was discussed in Section
4 using a transition rate matrix. Previously, we assumed X is a Markov process, but we now

rigorously prove that this is true under our formulation.

Proposition 8.4. If X s as in Proposition 8.3, then X =70Xisa pure jump-type

continuous-time Markov process with rate kernel & and initial distribution po m*.

Proof. Recall that 7 : X — [n+1] is defined by 7 (¢, v) = |¢|. Since X has initial distribution
p, we have that P(X, € -) = Po X, ' = p. Then

P(XOG')IPOXal:PO(WOXO)fl:PoXaloﬂ'*l:poﬂ'fl

So X has initial distribution p o 7.
Let Y be as in Proposition 8.2. Since X is as in Proposition 8.3, we have that X, = Y}
for t € 1y, Tky1), where 75, := Z§:1 vi/c(Yi_1).

Let Y = mo Y. Notice that
c(¥,v) = c([¢]) = e(r (¥, v))
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So (V) = é(n(Y3)) = é(Yi). So we also have 7, = Zle ~;/é(Yi_1). Additionally, for
t € [Tk, Thi1) We get X,=mo0X,=moY, =Y.

Notice that

0qidi—1({i}) + a(n — )01 ({7})

O + O (n — 1) =0

i, {i}) =

So &(i,{i}) = ¢(i)iu(i,{i}) = 0 for all i € [n + 1].

From these observations, the desired result will follow from Theorem 12.18 in [5] if ¥
is a discrete-time Markov process with transition kernel fi. We use Dynkin’s Criterion for
discrete-time Markov processes (see Appendix Theorem A.1) to show this is the case.

Note that 7 is a continuous surjection. Let z be the zero element of E"*t1 and consider

1y € {0,1}. Define g : [n + 1] — X by ¢(i) := (1};,2). Then g is continuous and

(mog)(i) =m(1y,2) = }1&‘]‘ =1

So g is a continuous right-inverse of .

Now we must show that u((¢,v), 7 2 (A4)) = a(x((¥,v)), A) for all (1,v) € X and A €
P([n + 1]). We first show the result for sets of the form {j}.

Let

J={pe{0,1}": (p,w) € X for some w € E"* and |¢| = j}

W = {w e E": (o, w) € X for some ¢ € {0, 1} with |¢| = 5}
Then 7—*({j}) = J x W. Notice that for 1) € {0, 1},

0, if [si(v)] #J
L if [si(¢)| =

= 1s;(v)|({7})

Osi(w)(J) =

Since J x W C X, we know that X _, s V(W) =1for all i € [n] and (), v) € X. So
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for (¢, v) € X we have

pl(@,v),m ({1 =) (m(w)c?slv(w) x X hy ’V)) (7='({4})

i€[n] PEPR;

= ri(W)8s,w ({7})
i€[n]

= > @)D+ D )9 w{i})
iey=1({1}) iey1({0})

= Z 7“1(¢>5\¢\—1({j}) + 5|w|+1 {.7})
iey=1({1}) iey- 1({0}>

- ¥ 0 Oy1-1({5}) 0a 01y +1({7})

>
o BaloT+ 0uln— 0D 2 BT+ Ouln — 9]

(
_ Bald] Sy 1 ({5}) + buln |¢|)5|¢|+1({J})
O[] + Oa(n — |¢])

= (e[, {s})
= i(m (¥, v),{j})

Notice, for k € [n + 1], that J; is additive. This implies fi(|1], ) is additive. That is,

a(jy), A) = > ieabi(ly],{5}) for A e P([n+1]). Since u((,v),-) is a measure, it is also
additive.

Therefore,

pl(@. ), 7 (A) = (v (U 4Y))
=n(@wvU_ W)
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Now by Dynkin’s Criterion we have that [ is a probability kernel and Y is a discrete-time
Markov process with transition kernel ji. The desired result then follows from Theorem 12.18

in [5].

In Section 4, we presented X as the Markov process generated by the transition rate
matrix (). In Proposition 8.4, we generate X using the rate kernel &. Since these processes

are the same, we want to know how ) and & are related. Notice that

O, if j=di—1
a(i, {j}) =9 O.(n—1i), ifj=i+1

0, otherwise

giving &(i,{j}) = qi; for j # i. These correspondences are due to the fact that both & and

() describe the rate at which X transitions from one state to another.

By construction, Y is the jump chain of X. Thus, we can prove analogous results to
those presented in Section 4. Accordingly, the following result corresponds to Proposition

4.1.

Lemma 8.5. A Markov chain with transition kernel i is irreducible.

Proof. Let W be a Markov chain with transition kernel i Then P(W; = j|W, = i) =

(i, {5}) for i,j € [n +1). Let wy; = ja(i, {j}) and w)) = P(W, = j|Wy = 4). Then W is
(k)

irreducible if for each pair i,j € [n + 1] we have w;;” > 0 for some k& € N. We show this is
the case.

Notice that

( il =01
Oui + 0u(n—i) 7~
o 0,(n — i o
wy; = (i, {j}) = eiﬁgmno,]zﬂﬁ
d a -
\ 0, otherwise
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Sow;; >0if j € {i — 1,9+ 1} and w;; = 0 otherwise.
Fix i¢,7 € [n 4+ 1]. The Chapman-Kolmogorov relation gives wfj” => wfmwfnj for

k,¢ € N. If i > j, then
(i—4)

w;; V2 Wi Wi . Wiy 5 >0

If © < j, then

Wi >

i Wi i1 Wit 1,i42 - - - Wj—15 > 0

If i = j # n, then

(2)
Wi = Wii1Wip1; > 0

If : =5 = n, then

2)

(
w;; 2 Wi i—1Wi—1,; > 0

So there is some k € N such that wg;) > 0. Therefore W is irreducible.

Since Y has transition kernel ft, the preceding result gives that Y is irreducible. The
following result gives the stationary distribution, or invariant measure, for ji. This will be

used to derive an invariant measure for X.

Lemma 8.6. The measure w on P([n+ 1]) given by
W= Z n—1 ekflgnkarl + n—1 ekenfk 5
E—1 a d k a’d k
ken+1]

s an tnvariant measure for fi.

Proof. First note that for b < 0 or b > a we take (‘;) = 0.

For w to be an invariant measure for i we need [ ii(k, B)w(dk) = w(B) for B € P([n+1]).

=1\ 1kt n—=1\ ok
wk—(k_l)ea Gd + L 6’a9d
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we can write w = 37, ., widy. Then [ ii(k, B)w(dk) = >} _,wifi(k, B). Hence, for w to

be invariant for fi we want to show that w = >"}_wifi(k,-). Since w = >}, wyd; and

Odk’ék_l + Qa(n — k)5k+1
04k + 0,(n — k)

ﬂ<k7) =

it is sufficient to show that

u . Qdk‘ék 1+ 9 (n - >5k+1

The coefficient for §y on the right of (8.1) is

w Qd
Y04+ (n —1)0,

2
Gd + (n - 1)9

—Hg:wo

= (07 + (n — 1)0.057")
which is the coefficient for dy on the left.

For 0 < k < n, the coefficient for §; on the right of (8.1) is

(n—k+ 1)6, . (k +1)0,
k- Dfgt+(n—k+ 10, 'kt s+ (n—k— 1o,

Wi—1

Observe that

(n—k+16, _ ((5)067%07" + (2105 "0 ") (n =k + 1)0,
(k—1D)fg+(n—k+1)0, (k—=1)04+ (n — k +1)0,
(n — D1 (k- )04+ (n — k+ 1)0,) (n — k + 1)
(k=D)I(n—k+ 1Dl ((k— 104+ (n—k+1)6,)

N (n—1)! k—1n—k+1
k= D!(n- k)!ga f

=1\ 1kt
- (k—l)ea ed

Wi—1
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and

w (k+1)bq (D605 "+ (G)oat0a ) (B + 1)6a
Uk D0+ (n—k—1)6, (k+ )04+ (n— k — 1)d,

C(n =105 (k4 104+ (n— k—1)0,) (k+ 1)
C k+ D) (n—k—=D(k+ 1)+ (n—k—1)8,)

(n—1)! kon—k
= 07"
Elln—k—1)1" d

_ <n ; 1) egeg_k

So for 0 < k < n, the coefficient for d; on the right of (8.1) is

—1 —1
(Z ] 1)95193’““ + (” " )9593k = w

The coefficient on the right of (8.1) for 4, is

0, ((n — 1)m=20% + 67=10,)0,
w. _ a d a
"t —1)0,+6, (n—1)04+0,
02 04((n — 1)04 + 0,)
N (n - 1)9d + 40,
= 0770,
= wn

So the coefficient for d; on the left side of (8.1) and the coefficient for 5 on the right side

of (8.1) are equal for all £ € [n+ 1]. Thus, w is an invariant measure for j.

Using the previous result, we can derive an invariant measure for X. The following result

is analogous to Proposition 4.3.

39



Proposition 8.7. The unique invariant distribution o for the rate kernel & is given by

1 n
= 0n 0%
TR ATIDS (k) d etk

ke[n+1]

[fZ 1S a pure jump-type continuous-time Markov process with rate kernel &, then the distri-

bution of Z, converges to o as t — oo, regardless of the distribution of Zo.
Proof. From Lemma 8.6 we know that
W= Z n—1 ekflenkarl + n—1 ekenfk 5k
E—1 a d k a’d
ken+1]

is an invariant measure for the transition kernel . Recall that ¢(k) = kb, + (n — k)6,. We
show that ¢ - o is invariant for fi, where (¢-0)(A) := [, édo. To do this, we show that ¢ o

is proportional to w. First notice that

:/Aéda:/Aé(k)a(dk):z:é(k)ak: > ék)ow b

keA ke[n+1]

where we take o = Zke[nﬂ] 010

We then have

(kYo = (kg + (n — l{:)@a);}n (Z) ook

(0, + 6
6 +9d <( )ken k+19k <k) (n_k,)gg—kps-&-l)
9n7k+19k_'_ n! 9n7k9k+1
9+9d — k) “klln—k—1)19¢ 7@
TL — ]. k—1pn—k+1 (n — 1)' kon—k
@ +9d < PRIy T BTy T
=1\ i1 gk n=1\ i
9 +0d < I )9 0 + 1 0,07
((9 +9d)
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So ¢(k)oy is proportional to wy, with the same proportionality constant for each k. There-
fore, ¢-o is proportional to w, which implies ¢-o is an invariant measure for 1. By Proposition
12.23 of [5], o is an invariant measure for &.

Since

o([n+1]) = m S (Z)egkef;: |

ken+1]
we have that o is actually a probability measure, so ¢ is an invariant distribution corre-
sponding to the rate kernel a.
By Lemma 8.5 we know that [ is irreducible, which implies & is also irreducible. By
Proposition 12.25 in [5], it follows that ¢ is the unique invariant distribution for &, and it is

attracting.

Recall from Proposition 4.3 that the row vector ¢ with entries

1 n
= on ket k=0,1,...
“T Gy (k> ¢ e BT R L

is the invariant distribution for the transition matrix ). We proved in Proposition 8.7 that

1 n
=—— 07" 056
ETAL Z}@ oo

k€[n+1

is the invariant distribution for the rate kernel &. These are related by

1 N\ pnkok
oD = g () =

The following result will be used several times in the proof of Theorem 8.9.
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Lemma 8.8. Suppose f : X — [0, 00] is measurable and x = (1, v) € X. Then

/f (x,dy) = ri(¥)f(si(¥),v)
i€y ({1})
" @-@;{o}) n(iﬂ)/Ef (Sz’(w)avhn-&-ﬂ\{i,ﬂ U {(Z}X+ v(n)), (n |¢|X+ T+ V(")) }) dn(x)
(8.2)
for|v| <1 and

[rtutman= 5 s (vl (mvin - X )

i€~ ({1})
+ i@p;({()}) ri(¥) /E f (&'W)a V|t fimy U {(i,X +v(n)), (n, W% + V(n)> }) dn(x)
(8.3)
for ] > 1.
Proof. By definition of u, for x = (1, v) € X we have
dy) V)0, W) | (d
/Xf(y X, dy) /f (Ze[n] ) X X p by )(y)
= D) [ 1) (Sur X (@)
i€[n]
-3 o 6 0w) (X ™)
= Z%n(w) /E{i,n} F(8i(¥), V]ntapfiny U Z)uf{f;lvf(dz) (8.4)
If 1] = (i) = 1, then ) = oy, .. So
/E oy T E @)V giny U z)ufo) (dz) = f(si(v), V) (8.5)
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; P,V .
I [¢)] > (é) = 1, then ) = 6((iv).navm—(v)—vm)/(iul-1 (2). This gives

[ F0) i U ) = £ (siw), vl U { (n v(n) - —V(@“_Vl(”)) })
(8.6)
If (i) = 0, then

i) =) ({ow: fxs v (n L +vim) e 1)

This gives

[ F ) ¥ Uil )
= [ 1 (s g 0 { e v, (g v ) V) (i)
= [t [ 1 (sl U {xs v, (m Y v ) roxdy)

= /En(dX)f (si(w),thH]\{i,n} U {(i,x +v(n)), (” W!% +V(”>> })
= [ (0¥ 0 {Gox v, (% v ) (5.7)

Using equations (8.5) and (8.7), we have that for || <1,

F(si (), Vs gimy U)o (dz) = > mi() f(si(),v)
ieyp~1({1})

£ (s 0 { o v, (g v ) ) e

> [

1€[n] Blom

SDIE0Y)

icy=1({0}) E

(8.8)

Equation (8.2) now follows from equations (8.4) and (8.8). From equations (8.6) and (8.7)
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we find that

f(si(¥), Vlntapiny U Z)“%}) (dz)

> nw) [

1€[n] Elin}
= Z m(?/})f (Si(¢),V|[n] U { (n,v(n) — Lvl(n)) })
i€t ({1}) ¥] -
: X

+ S Ti(quj) /E / <Si(¢>, V|[n+1]\{i7n} U {(z,x + V(n)), (m W + v(n)) }) n(dx)

(8.9)

Combining equations (8.4) and (8.9) gives equation (8.3).
O

We now proceed to our main result. In it, we prove a formula for the time derivative of
the expected value of the centroid location. That is, we prove a formula that gives the rate

of change of the expected location of the centroid over time.

Theorem 8.9. For each i € [n+ 1], let f; : X — E be defined by f;(v,v) :=v(i). Let o be
as in Proposition 8.7 and let p be a distribution on X such that o = pon~! and such that f;
is p-integrable for everyi. Let X be as in Proposition 8.3. Let ||-|| be the co-norm in E, and

assume 1 is supported on {x € E : ||x|| < R} for some R > 0. Then for every i € [n + 1]
and t > 0, E(fi(X}:)) is well-defined and finite, and

B (X)) = %«ed 0" — o), (8.10)

where 0/0t™ denotes the right-hand derivative and 7 := [, x dn(x).

Proof. Define g : X — [0,00) by the formula g(x) = max{||f;(x)|] : i« € [n + 1]}. Let

x = (1,v) € X. We use Lemma 8.8 on 1{y.4(y)—gx)<ry to find p(x, {y : g(y) — g(x) < R}).
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If [¢| > 1, then for i € ¥~ '({1}), we know that

5 st (v - (v - =) ) <o

J€[n|

So

ol = 1) (vin) = Y@ = V() s (V) ())WV(]) =
(161 = 1) (v() - XD =] )+j€§[;] ) (GIVE) =0

and

V)=l = s0)
v(n) =1 ;M—l (7)

Since % > 0 for each j € [n] and }_ Sh(;'pz(f) = 1, we have that v(n) — % is

in the convex hull of {v(j) : j € [n]}. Therefore,

v(i) = v(n)
[ =1

< max{|[v(j)| : 7 € [n]}

-

so that

g (5007 0 (movt = D ) (vl < € o)

Notice that since x € X, we know that >, (j)(v(j) — v(n)) = 0. Isolating v(n) gives

v(n) = e %V(]) This means v(n) is in the convex hull of {v(j) : j € [n]}, giving

V()| < max{llv(i)] - j € [n]}

Thus, if g(x) = ||[v(n)]|, then there is some jy € [n] such that g(x) = ||[v(jo)||. Hence,

(50 vl 0 { (vt = =X = gt
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SO

o (55000 ¥l 0 { (n.v0) = D) ) < g9 =0 < R

and

Liy:g(y)-g()<R} (Sz-(i/}), V] U {(naV(n) - %) }) =1 (8.11)

If 4| <1, then

9(si(¥, v)) = max{[[v(j)[| : j € [n + 1]} = g(x)

which gives

Liy:gy)—g<ry (si(¥),v) =1 (8.12)

In either case, for x € £

%+ v(R)l| = g() <[]l + [[v(n)l] = g(x) < [x]]

and

e | RS et RAMOIEPE Foced B
So

9<3i(¢):v|[n+u\{i,n} U {(Z}X +v(n)), (n W\% n V(n)> }) _gx) <R

if ||x|| < R. Therefore

X

[ Losor-atmem (500 ¥l U { x5 V), (2 2+ vim)) )

> / Lixer:|x|<ryn(dx)
E

Notice that

/ Lem<ryn(dx) = n({x € B+ |x| < R}) =1
E
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Hence,

/E 1{y39(Y)—9(X)§R}(Si(¢)’V|[n+1]\{i7n}u{(i>X+V(n))a (H,M%JrV(n))})n(dX) >1 (8.13)

By Lemma 8.8 with 1yy.5(,)—gx<ry and using equations (8.11), (8.12), and (8.13), we find

that

n(x {y s g(y) —g(x) < R}) = / Liyg(y)—g00<r} (Y)1(x, dy)

yeX
> Z ri(¥) + Z ri(¥)
icp=1({1}) icy=1({0})
= > (¥
J€ln]
=1

However, we know that u is a probability measure, so u(x, {y : g(y) —g(x) < R}) < 1. Thus,

pix{y : gly) —g(x) < R}) =1 (8.14)

Let Y be as in Proposition 8.2, fix a whole number k, and let X\ be the distribution of Y.

By Proposition 8.2 in [5], the distribution of (Y, Yi11) is A X p, so equation (8.14) implies

P(g(Yes1) — 9(Ya) < R) = (A x p)({(x,y) € X x X: g(y) — g(x) < R})

_ / Nt {y = gly) = g6) < R)

This means ¢g(Yi11) < g(Yx) + R almost surely. By induction, it follows that for every whole
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number k

9(Y) < g(Yo) + kR (8.15)

almost surely.
We now show that E(f;(X;)) is well-defined and finite for all ¢ € [n + 1] and ¢t > 0. Fix

t > 0. Equation (8.15) implies

E(9(X)) = Y E(g(X))[t € [7, Th41))P(t € [Tk, Tht1))

k=0

— S E(g(Y0)[t € [ Tis1))B(E €[5 Thr1))

k=0

< E(g(Yo) + kRt € [, Tisr))P(t € [Tk, Ths1))
k

Il
o

E(g(Yo)|t € [Tk 1)) P(t € [Tk Ths1)) + B> KP(t € [T, Thtr))
k=0

hE

i
=)

= E(g(Yo) + R KP(t € [11,7us1)

< E(g(Yy)) + RS KB(t > )

— E(g(Xo)) + R i KP(t > ) (8.16)

k=0

By hypothesis, each f; is p-integrable, giving [, || fill dp < oo for each i € [n + 1]. Since

Xy is p-distributed, we see that

E(9(Xo)) = /ngp <00
since g(x) = max{|| f;(x)|| : i € [n + 1]}. Additionally, notice that

c(i)=1i0+ (n —i)0, < i+ (n— 1) =nb
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where 6 = max{0,,6,;}. So

k k
i i
T = > —
’ Z c(Yjo1) — Z nf
7=1 7j=1
Furthermore, since 7y, ..., are i.i.d. exponential random variables with mean 1, we know
that ~y; has density function z — e™*. So Zle ~; has density function z — eflff:)*l = ez:f];; "

Therefore, equation (8.16) implies

= E(g9(Xo)) + Rtnfe™’

< 00

Since E(g(X};)) < oo and g(X;) > fi(X;), we have E(f;(X};)) < oo for all i € [n+ 1]. Varying
t gives that E(f;(X;)) is well-defined and finite for all ¢ € [n 4+ 1] and ¢ > 0.

Suppose v; is the distribution of X; and X is as in Proposition 8.4. Since X is p-
distributed and o = po7~!, we have that Xy is o-distributed. By Proposition 8.7, we know
that o is an invariant distribution for X , so it must be that X, is also o-distributed for all
t > 0. Thus, 0 = v, o ! for all t > 0. We now have that each v, satisfies the hypothesis

for p. Since X is time-homogeneous, we could, in essence, restart the process at each time ¢
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and expect the same behavior. Therefore, (8.10) holds for all ¢ > 0 if it holds when ¢ = 0.
We show this is the case.

Given (i,7) € [n+ 1] x [n + 1], recall that (Y, Y7) is (p x p)-distributed. Therefore,

B(r(Y) =i, 7(0) =) = (o () x ) = [ ol [ utdy)
(8.17)
If x = (¢, v) € X, then for £ € [n] and w € B+

Le-sggy (5e(9), W) = Ly (m(se(9), w)) = Ly ([se()])
Letting w = V|p11)\{i;n} U {(i,x +v(n)), ( T T v(n ))} for x € E gives

[Elrl({jD(Se(?ﬂ),W)dU(X)Z/El{j}(lsz(iﬁ)l)dn(X) = 1y (Ise(¥))n(E) = 13 (Ise(4)])

Using Lemma 8.8 with 1,-1(4;}) gives

X, dy) = 1, j x,d
/7r o 1u(x, dy) /X (h (Y)a(x, dy)
= > @G s+ DY @)1y (@)

cey—1({1}) tey~1({0})
= Y @)Y + )1y ()
ey~ 1({1}) tep= 1({0})

0Ly () 6 Ly (1)
= +
mz{l}) 0] + uln — [V]) MZ({O}) ba 0] + Oa(n — &)

_ _[0adgny (W) (0 — [0 1 (1Y)
Oa ]+ ba(n = [¢]) ~ Oa |t + bal(n — |9])

_ G Dlalagirp(¥) (=0 = D)ba L1y (x)
Oi(j+1)+0n—(+1) Ga(j—1)+0.(n—(j—1))

50



Since 0 = po 7! it follows that

/ p(dx) / (x, dy)
m=1({i}) ({7}

J 4+ Dba Le-1 g1y () (n = —1))0, 1gj—1p(x) y
/ . (9d1+1 -G+ D) Bl D fuln— (= 1) )”<d )

U+ Dbapr ' {G+ 1) Na ' {i}) | (= (G = 1) p(r~ ({5 — 1} N7~ ({i}))

0a(j +1) +0u(n = (7 +1)) 0a(j —1) +ba(n — (j — 1))
_ U Da (por H{i+ 130 {i})  (n— (= 1)a (porH({j -1} N{i})
0a(j + 1) +0a(n—(j+1)) 0a(j — 1) + ba(n — (j — 1))

_ UVl +1n{) (= = 1) o({j = 1} N {i})
0a(j +1) +0a(n—(G+1)) 0a(j — 1) +ba(n — (j — 1))

( i6q e
N e o({i}), ifi=j+1
_ (n —)0a L
) Gai+ba(n— i) oti}), ifi=j—1
0, otherwise

\

Combining this with equation (8.17) gives

( 104 e .
G0 T O =) o({i}), ifi=j+1
P(r(Yy) = im(0) =) = § O Py, itimj-1 (9
(0 otherwise

Define h : X x X — E U by h(x,y) = f.(y) — fu(x). Letting J; = {i — 1,i +1}N[n+ 1], we

then have that

E(fn(Xe) = fu(Xo)) = E(h(Xo, Xy))

= > E(W(Xo, Xy)|7(Yo) = i, m(Y1) = §)P(m(Yo) = i, w(V1) = j)

ie[n+1] JjEeJ;

(8.19)
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Conditioning further gives

E(h(Xo, Xo)|m(Yo) = i, 7(Y1) = )
=D E(W(Xo, Xo)|n(Yo) = i, (Y1) = j,t € [m, miep))B(E € 70, T | (Yo) = i, w(V) = )

k=0

D E(h(Yo, Yi)w(Yo) = i, m(Y1) = jit € [mhy st )Pt € 70 o) m(Yo) = i, w(¥1) = )

Il
=)

I
WE

E(h(%,yk)h(yo) = Z.’W(Yl) =Jtle [Tk;Tk+1>>P(t S [TkuTk+1)|7T(YO) = iﬂT(Yl) = j)

T
no

+ E(h(Yo, Y1)|7(Yo) =i, 7(Y1) = j,t € [11,72))P(t € [0, 72)[7(Yo) =i, w(Y1) = j)  (8.20)

We first compute the last term in equation (8.20) and then estimate the sum preceding it.

By construction, n = g and 7 = F + 55 I m(Yo) = i and w(Y;) = j, then

(Yo c(;o) 0(121)
c(Yo) = ¢(n(Yp)) = ¢(d) and (Y1) = é(m(Y1)) = €(j). Since Y is independent of vy, 72, ... we

then find that

E(h(Yo, Y1)[7(Yo) = 1, m(Y1) = j, t € [11,72))

=E (h(Yo, Y1)|m(Yo) = i, m(V1) = j, e <t < Lo 22 )

( it
(

—in(Y)) = T 71 Y2
OB KIn06) =509 = 5 << 5+ 25

= E(h(Yo, V)|7(Yo) = 4, 7(Y1) = j) (8.21)

=E

Because (Yp, Y1) is (p x p)-distributed, we have

E(h(Yo, Y1)l (Yo) = i, m(¥i) = j)
= @) = ir (V) =) [ by dip <))
= ({i)x7 =1 ({7}

— (P(r(Y) = i.w(v) = )" | ol / oy HmCedy) (822

(e

02



For x = (¢, v) € X, we know that

0= w0 ~vim)= 3 (v(0) ~v(n)
¢€(n] tey=1({1})

If || > 1 then by Lemma 8.8 with h(x,y)1.-1((;}) and by the previous statement,

/ B, y)p(x, dy) = / B y) Lo, dy
{5}) X

)
e ) ((V(n) - %) - V(”)) Ly (Ise()])

Leyp=1({1})
+ Y () = hv(n)) —v(n) ) 1y (1se(@)]) dn(x)
V(f)—V( ) 113 ([9))
= D ) (- Len([W) + D2 me(®) x dn(x)
teyp=1({1}) ( vl - ) teyp—1({0}) ¥l +1 /E
_ Oa Ly (19) B 1Y)
O I I TR

04|V + ba(n — [¢]) |[¥] -1 tev-1({1})
— 16, d
e el

=0 a0l + baln— D)
(-0, ;
0 (X) + O (n — (X)) Li-ny(m(x ));

If 4| <1, then

/ B, y)u(x, dy) = / By Lo gy dy)
{5} X

= Y n@) ()~ V)L (s

ey~ 1({1})
+EE¢Z({O}) W(w)/E <<|wwx+ i V(n)> - V(n)) tarllse)l) 4G

_ L1y (1¢)

= Z re(1) o]+ 1 /Exdn(x)

teyp=1({0})

— (n — "[N)ea '

N Hd |”Lp’ + Qa(n — |w|) 1{1—1}(‘w’) ’w|
__ (n=71(x))b
g (x) + 04 (n — 7(x)) Lij-13(7(x)) -

<. |3

23



So
(n —m(x))ba

n
h(x,y)u(x, dy) = 1 p(m(x)) = 8.23
Jos Mot = R e ]
Using equation (8.23), we then find that
/ MW{/ h(x,y)p(x, dy)
== ({i}) ==1({j})
(n —7(x))fa U
= p(dx) L—1y(m(x)) =
/w—w}) Gam(x) + Oaln — ()~ VT
( -1 . (n_l)ea ﬁ f——l
ot e i
\ 0, otherwise
(n—)0a 0 .
fi=5-1
_ “}Mﬂ+9( _wi+1’lz J
\ 0, otherwise
Plugging this into equation (8.22) and using equation (8.18) gives
E(h(Yo, Y1)|m(Yo) =i, 7(Y1) = j)
( (n—1)0
IED Y — . Y — . —1 . a .f . — s 1
_ ( (ﬂ-( 0) 7’77T( 1) j)) U({ })Hdl—i-e( —Z> Z+1, e J
Lo, ifi=j+1
( 04+ 0,(n — 1) (n—1)b, ] e
fj= 1
) et })9dz+9 m—aivy 7T
o, ifj=i—1
P
=it
_ )it (8.24)
0, if j=qi—1
\
Combining equations (8.21) and (8.24) gives
=i
B(h(Yo, Y))lr(Yo) = i, 7(Vi) = ot € [, 7)) = { i1 (5.25)
0, ifj=i—1
Because 71,72, ... are i.i.d. exponentially distributed with mean 1 and are independent
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of Y, for j =i+ 1 we have

B T |,7r<yo>=z',7r<m:j)

P(t € [7’1,7'2)|7T(Yb) = iaﬂ-(}/l) = j) =P C(Y()) C(Yi)

=-—féfl—f(e—w@-—e—ﬁ00 (8.26)
Combining equations (8.25) and (8.26) gives

E(h(Yo, V1)[7(Yo) = i, m(Y1) = j,t € [11,7))P(t € [, 72)|7(Yo) = 4, 7(Y1) = j)
L te(i)  —telit)) Al
(e A,ﬁmx =it 1
) S TR (827
0, =i 1

We now proceed to estimate the sum in (8.20). Using equation (8.15), we see that

1Yo, Yoll = [[fa(Ye) = fo(Yo)ll < 9(Ye) + 9(Yo) < 29(Yo) + kR

This, together with an argument similar to that which showed the finiteness of E(g(X})),
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gives

Y E(h(Yo, Vi) [w(Yo) = i, 7(Y1) = jit € [mh, st )Pt € [T i) m(Yo) = i, (Y1) = )

< ZE(“h(Yb?Yk)HlW(%) =4, m(Y1) = j,t € [T, Te11))P(t € [Tk, Thot1) [ (Y0) = i, 7(Y1) = )
k=2

< D EQg(Y0)[n(Yo) = 6, m(Y1) = it € [, Tira))P(¢ € 70 ) (Y0) = i, (Y1) = )
k=2

+ > E(kR|n(Yy) = i,7(Y1) = j,t € [7, o) )P(t € [Tk, Thpn) |7 (Yo) = i, w(V) = 5)

< 2E(g(Yo)|m(Yo) = i, (Y1) = 4) D _P(t = 7ilw(Yo) = i, w(V1) = )
k=2

+RZI€IP’(1§ > 1|7 (Yo) = 4, 7(Y1) = )

k=2

< 2E(g(Yo)|7(Yo) = i, m(Yy) = j)(e™ — 1 — tnf) + Rind(e™ — 1) (8.28)

From equations (8.20) and (8.27) we have

ST E((Yo, Yo)|m(Yo) = i, m(Y) = i1, t € [y 7)) P(¢ € [, Tt ) w(Y0) = i, (Y1) = i+1)

i (e—teld) _ p—te(it1))a(;
= E(h(Xo, X,)|m(Yo) = ¢, 7(Y1) =i+ 1) — H?z 1 ( éi+1) - Z(@; .

and

D E(h(Yo, Yi)ln(Yo) = i, (Y1) = i=1,t € [7, 1) )P(¢ € [y i) | (Yo) = d, (Y1) = i—1)

— E(h(Xo, Xo)|m(Ye) = i, 7(¥1) = i — 1)
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Combining these with equation (8.28) gives

' _ g emteli) _ gteli+l)
[k xa X lm() =) = 41 - )|

1D
< 2R(g(Yo)|n(Yy) =i, w(Y7) = i + 1)(e™ — 1 — tnh) + Rtnf(e™ — 1) (8.29)

and

[E(h(Xo, Xo)|[m(Yo) = i, m(Y1) = i — 1)

< 2R(g(Yo)|n(Yy) =i, w(Yy) =i — 1)(e™ — 1 — tnf) + Rtnf(e™ — 1) (8.30)

From equation (8.19) we have

B(h(Xo, X)) = S E(h(Xo, Xo)|n(¥o) = i, 7() = i + DB(r(¥p) = i, (V) =i + 1)

=0

+ 3" E(Xo, X0)|m(Ye) = i, 7(¥) = i — DB(x(Yp) = i, w(¥1) =i — 1)

i=1

Letting M; ; = E(g(Yy)|n(Yo) = i, 7(Y1) = j) and putting the previous result together with

equations (8.18), (8.29), and (8.30) gives

— 7 e‘tc” e H)e(d) Oa(n — o ({i})

Ko, X1)) —~i+1  c(i+1)—éi) 041 + 0,(n — 1)
~ gy (T — )G | 6, (0 — i) ({i))
S; E(h(Xo, X)ln(¥o) = i,7(Y) =i+ 1) - oy ( RO A
+ 3 B Yo, Xoln(3o) = m() = = e

n_1(2Mz cea (€ 1 — tnd) + Rend(e® — 1)l = Do (ii})

041 + Ou(n — 1)

Oaio({i})
Oai + 0a(n — 1)

+> (2M;i (€M =1 — tnf) + Rinf(e™” — 1))

=1

(8.31)
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Notice that M, ; is independent of ¢, so

<2Mi,i+1(6m9

— 1 —tnf) + Rtnf(e™? — 1)) <

ea(nfna({i}))
Odi+9a(n7i) . O

lim
t—0+

t

and -
i (2M;;_1 (e — 1 — tnf) + Rtnf(e™ — 1)) <90+g—<§n}_>)) .
t—1>%q+ t N
This gives
n—1
i = o tnf _ 1 _ tnf (n — 2) ({Z})
tl_l}:f(])[1+ ; ;(ZM%@H(e 1 —tnf) + Rtnb(e 1)) <«9dz Iy p—
. Oqio({i})
OM;; 1(e™ —1 — tnf) + Rind(e® — 1 d
+;( ii1(€ né) + Rind(e ) <¢9di+9a(n—z
Additionally,
p ISR A (e — e )ai) 6, (n — i)o({i})
ot t i+ 1 e(i+ 1) —e(i) 041 + 0,(n — 1)
n—1 _ .
_ 1 (=€) + (i + 1))é(d) Oa(n — i)o ({i})
~i+1  (i+1)—¢é@)  bai+0u(n—1)
7 Ba(n = o ({i})
= i)
i+ 1 i+ ba(n — )
n—1 _ .
o Ui . o Qa(n — Z) 1 n—ipni
- ;z+1<9dl+8a(n D) G+ 0an =) G0 + 07 < )9 b
_ nz_l n0.(n —1) 1 n! gr-ig
—~ i+l (Ba+0.)" il(n —4)! @
n—1 _
— UAL n! gri-1git1
= (0a+ ba)" (i 4+ 1) (n—i—1)"1
_ 1% [ n gn—i—1gi+1
(0a+0a)" = \i+1) 1 @
ﬁe n n
= m((ed +02)" — 03)

o8

))] —0 (8.32)

(8.33)



We know from equations (8.31) and (8.32) that

n—1 _ &(i a5 . .
1 7 (e — e H)e(i) fa(n — i)o({i})
lim — ||E(h(Xo, Xt)) —
Jim 3 | E((Xo, X)) Zzlz’—i—l G+ 1) — (i) O+ Oaln —1)
1< (n—1d)o({i})
< lim - } : IM. - tng tnf Oa(n —
= 0 ¢ L:O( (€ ~ tnf) + Rinb(e 041 4 0u(n — 1) )

= Oqio({i})
OM; . 1(e™ — 1 — tn tnf(e™’ — d
+;( (e nf) + Rinf( <9dz+0 =

Combining this with equation (8.33) and using h(Xo, X¢) = E(f.(X:) — f.(Xo)) gives

i / TRl
Thus,
- E(fn(Xy)) —E(fu(Xo)) 70 n_ gn
o t - (9d+0a)"((8d+ea> ~fd)
which implies
9 Bf.(x 04 (9, +0.)" — 01
oy E(fn(Xo)) = m(( ¢+ 0.)" —03)

Theorem 8.9 tells us that if n has compact support then, in essence, the expected velocity

of the cell is given by equation (8.10).

CHAPTER 9. SPACE-DEPENDENT PERTURBATIONS

Recall that when an adhesion site attaches, its new location is a perturbation of the old

centroid governed by the distribution 7. In this section, we examine what happens when n

becomes space-dependent.
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For each y € E, let n, be a Borel probability measure on E such that | P Xdny(x) is

well-defined and finite. Then define /L by

(v(i) X Ovimy) 0 Fy it o] = (i) =1
(W) _ ) . .
iiny = (v X Svim) © Sio)w(iyvimy/(ui-n.an © Fi if [¢]>9() =
1 . .
(vt X 1) © Sy —(utstyvm /ety © B if (i) =

So we now have that for (¢, v) € X, the measure u?fﬁ uses 7)y(n). That is, the perturbation

of a newly attached adhesion site from the previous centroid is governed by a distribution
that is dependent on the previous location of the centroid.

All the properties and results up to Lemma 8.8 follow exactly as before since whenever
we use [t or /ﬁ{‘i’n}, we first fix x = (¢, v) € X, which then fixes our choice of the distribution

Tv(n)- In place of Lemma 8.8 we now have

Lemma 8.8*. Suppose f: X — [0, 00| is measurable and x = (¢, v) € X. Then

/ Futdy) = S r() f(s:(),v)

iev—1({1})
for |¥] <1 and
_v(i) —v(n)
[rtutman = 5 s (s vl { (v - L)
X iew—1({1})
* B O (e (g ) amet).
for |¢| > 1.

Note that the only change is that the integrals are now with respect to 7y(,). Theorem
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8.9 becomes the following:

Theorem 8.9%. For each i € [n+ 1], let f; : X — E be defined by fi(1,v) := v(i). Let o
be as in Proposition 8.7 and let p be a distribution on X such that o = pon~' and such that
fi is p-integrable for every i. Let X be as in Proposition 8.3. Let || - || be the co-norm in
E. Assume there is some R > 0 such that ny is supported on {x € E : ||x|| < R} for every
y € E. Then for everyi € [n+ 1] and t > 0, E(f;(X})) is well-defined and finite, and
B =S B [ ot (8.10%

1€[n]

where 7(x) :== [, xdny, x)(x).

Proof. Using Lemma 8.8* in place of Lemma 8.8, the proof proceeds as in the proof of
Theorem 8.9 up to equation (8.23) since anything involving Lemma 8.8 or p either uses a
fixed x € X, uses the uniform bound R on the support of 7y, or gives something that does
not involve 7. Using h(x,y) = fu.(y) — fn(X), equation (8.23) becomes

— (n —7(x))0a .
/7r1({j}) Al )it dy) = 04 (x) + Oa(n — 7(x)) 11y (m(x))

(8.23%)

il
—~~
<. =
N>

We then get

dx h(x, X, d
Ll({i})p( )/1 . (%, y)pu(x, dy)

Lo e () T

J

9d7f( + 0u(n — 7(x))
n—z 1
i1
041+ 6,(n — 1) 2—1—1/_1({1 dp(x), ifi =
otherwise
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which gives

E(h(Yo, Y1)ln(Yo) = i, m(¥1) = j)

( =1,T =7)! (n = )b ! n(x)dp(x), ifi=j—
st =i =g B e L . =

- ifi=j+1
( Qg+ 0, n—i) (n—i)b, 1 / i o

fj=i+1
_ ) (n—0)00({i}) Ogi +0u(n —i) i+ 1 rl({i})n(X) dp(x), ifj=i+

o, ifj=i—1
(i L e, it =i
_— n(x)dp(x), ifj=1+
_ ) o{iDE+1) S (8.24%)
o, ifj=i—1
We then get

E(h(Yo, Y1)|7(Yo) = i, 7(Y1) = j,t € [11,72))

1 ) L
_ a<{¢}><i+1>/ﬂ1<{i}>"’(x>dp(x)’ BI=ird sosm
0, ifj=i—1

so that

E(h(Yo, Y1)|n(Yo) = i, 7(Y1) = j,t € [11, 72))P(t € [0, 70)[7(Yy) = 4, 7w(Y1) = )
{ S iy ) dp(x) (7160 — e=te+1)) () ifj=i+1

o({i})(i+1) ci+1)—c@@) (8.27%)
0, ifj=i—1

Then

Jei iy N00) dp(x) (€710 — e=tG+D) &(j)
o({i})(i+1) c(i+1) —é(q)

<R (g(Yo)|n(Yo) =i, m(Y1) = i + 1) (e — 1 — tnh) + Rtnf(e™ — 1) (8.29%)

E(h(Xo, X))|m(Yo) =i, 7(Y1) =i+ 1) —
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and so

2L L gy T dp(X) (140 — o 640) 4(3) g, (n — i) ({7))
h(Xo, X¢)) Zz:; {iH(i+1) e(i+1) — (i) 041 + 0, (n — 1)

: E(ZM““(@M = 1= tn) + Rinf(e"” — 1)) ( Qd(zn+_92)(n<i z})>>

1=0

D (2Miia (¢ =1 = tn) + Rin(e"™” ~ 1)) (edzgf(g(({;}i z'))

(8.31%)

where M, ; = E(g(Yy)|n(Yy) = ¢, 7(Y1) = j). Therefore,

1 =1({i}) N(x) dp(x) e—te(@) _ g=te(i+1) , 0,(n —1)
; O D T R OB Y A ML
2 Sy 1) dp(x) —¢(i)ee0) 4 ¢(i + 1)eteli+D) ) O.(n — i) (i)
NG+ 1) i1 1)— ) s+ O —i)
= ooy 109 d00) —ei) 4 e(i 1) Ba(n— i) .
+1) i+ 1) —¢é(a) 041 + 0,(n — 1)

)
, +
1y (X)) dp(x n—

B ; X) _ 0,(n — 1)
= i+1 (edHe“(n_Z))edHea(n—z’)

_ v uln i) / gy, TR 00 (8.33%)

By allowing the perturbations of newly attached adhesion sites to depend on the position

of the centroid, we are able to expand our model to incorporate more biological applications.
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For instance, our model can be used to predict the velocity of a cell in the presence of

chemical attractants, so we can better model chemotaxis.

CHAPTER 10. DiscussioN AND CONCLUSION

In summary, we formulated a model of amoeboid cell motion of a single cell on a substrate.
In this model, we consider the cell as a nucleus attached by springs to several adhesion sites.
We then track the location of each adhesion site as well as the location of the centroid of the
adhesion sites that are currently attached to the substrate.

We examined a random process that tracks how many adhesion sites are attached at
time t using the assumption that it is a Markov process. We showed, in the context of a
transition rate matrix and distribution vectors, that this process has an attracting stationary
distribution.

Next, we formalized our model using transition kernels. We then rigorously proved that
our model is a continuous-time jump-type Markov process. We then derived a time-invariant
result to predict the time derivative of the expected location of the centroid. This result can
be used analytically and in numerical simulations to predict the velocity of a cell.

As a modification of our main result, we considered what happens when the perturbation
of an adhesion site from the centroid is governed by a distribution that is space-dependent.
Under these circumstances, we derived a result to predict the velocity of a cell. This extends

our model to more complex biological situations such as chemotaxis.

APPENDIX A. ADDITIONAL THEOREMS

Theorem A.1. (Dynkin’s Criterion for Discrete-time Markov Processes on Topological
Spaces) Let Ty and Ty be topological spaces and f : Ty — Ty a continuous surjection with
a continuous right-inverse. Let Q1 : Ty x B(Ty) — [0,1] be a probability kernel, and let
Qy : Ty x B(Tz) — [0,1] be a function satisfying Q1(x, f~1(A)) = Qa(f(x), A) for every
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x €Ty and A € B(Ty).

Then Qo is a probability kernel, and for every probability measure p on B(T)) and ev-
ery discrete-time Markov process ® with initial distribution p and transition kernel Qy, the
discrete-time stochastic process fo® is a Markov process with initial distribution po f~1 and

transition kernel Qo

Proof. We first show that (), is a probability kernel. By hypothesis, there is some continuous
right-inverse g of f. Since f is surjective, for y € T5 there is some x € T with f(z) = y.

Notice that for A € B(T3)

QQ(y7 A) - QQ(f(x)v A) = Ql(xv f_l(A)) = (Q1<1’, ) © f_1)<A)

So Q2(y,:) = Qi(z,+) o f~1. Since f is continuous, we know that f is measurable. Further-
more, 1(x,-) is a measure because (); is a probability kernel. Thus, Q2(y, ) is a measure.

Additionally,
Q2(y, To) = Qi (x, fH(T2)) = Qu(z,T1) =1

since Q1 is a probability kernel. So Qs(y, -) is a probability measure.
Let A € B(T3). For y € Ty, we know that (f o g)(y) =y. So

Q2(y, A) = Q2(f(9(y)), A) = Q1(9(v), f ' (A)) = (Qu(o, f(A)) 0 9) (1)

That is, Qa(0, A) = Q1 (o, f71(A)) o g. We know that g is measurable since it is continuous.
Moreover, Q:(-, f~'(A)) is measurable since Q) is a probability kernel. Thus, Qy(o, A) is
measurable. So (), is a probability kernel.

Let p be a probability measure on B(T}), and let ® be a discrete-time Markov process
with initial distribution p and transition kernel Q;. Let ¥ = fo ® and v = po f~!. Take

any k € N and Ay, Ay,..., Ay € B(T). Since @ is a Markov process with initial distribution
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p and transition kernel ); we know that

P(®g € By, ..., P € By) = / / p(dzo)Q1(wo, dz1) . .. Q1(wk-1, Bk)
zo€Bo Tp_1€Bg
for any By, ..., B, € B(T1) (see Theorem 3.4.1 [6]). Using y; = f(x;), we then get

P(Wy € Ay, ...,V € A)
= P(f(®g) € Ao, ..., f(Pr) € Ap)
P(® € [ (Ao), ..., P € [ (Ap))
p(dzo)Q1 (o, dz1) ... Qu (w1, f 7 (Ar))

xo€f~1 Ao) /ﬂﬁk 1€ (Ag—1)
/ dwo))QQ(yo,d%) QQ(yk—laAk)
yoGAo Yr—1€AR—1

/ / dﬂ?o Qz(yo,dy1) Q2(yk—1714k)
OGAo Yr—1€AL_1

This implies ¥ = foW is a Markov process with initial distribution v = po f~! and transition

kernel @)».

Notation
F VG :=c{F,G} for o-algebras F,G.
Al B means A and B are independent.
All ~B means A and B are conditionally independent given C'.

0, is the shift operator, so that (6;X)s = X¢i¢

Theorem A.2. (Theorem 12.18 [5]) For any kernel a = cu on S with a(z,{z}) =
consider a Markov chain'Y with transition kernel p and some i.i.d. exponentially distributed

random variables v1,72, ... ALY with mean 1. Assume that Y ~v,/c(Yn,—1) = 00 a.s. under
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every initial distribution for Y. Then

Xt = Yn, t e [Tn77_n+1), n c Z+ (A]_)
Tn = En:  nez, (A2)
= (i)

define a pure jump-type Markov process with rate kernel c.

Proof. Let P, be the distribution of the sequences Y = (V,,) and I' = (v,,) when Yy = z.
For convenience, we may regard (Y,I") as the identity mapping on the canonical space {2 =
S x R*. Construct X from (Y,I') as in (1) and (2), with X; = so arbitrary for t > > 7,.
Then X is a pure jump-type process with jump times 7, 7,.... Introduce the filtrations
G = (G,) induced by (Y,v) and F = (F;) induced by X. So G, = o{(YVk, 1) : £ < n} and
F, = o{X, : s < t}. It suffices to prove the Markov property P[0, X € -|F] = Px,{X € -},
since the rate kernel may then be identified via Theorem 12.17 [5].

Fix any ¢ > 0 and n € Z,, and define
k=sup{k: 7 <t}, B=(t—1)c(Yn)
Let
Tm(Yvu F) = {(Yk77k+1) tk > m}? (Y/7 F/) = TnJrl(K F)? and ’}/ = Tn+1-
We show that F; = G, Vo{y > 8} on {k = n}. To prove this, we prove the following:
e X, =Y, on{k=n}
o {n=n}e AN (GnVvo{y>p})
® Gn=G,Vo{y >} on {x=n}
o 7, CG,on{k=n}

e G, C Fon{k=n}
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First note that if k = n, then sup{k : 7, < t} = n. This means 7,, < t and 7,,.; > t. So
t € [Tny Tny1), giving X; =Y, on {k = n}.

Next, we show that {x = n} € F, N (G, V o{y > f}). By construction X is a pure
jump-type process with jump times 71, 7,.... On p. 237 of [5] we are given that the jump
times 75 are optional with respect to the filtration F = (Fs) induced by X. This means
that for each k € Z; we have {7, < s} € F, for all s € Z,. In particular, this gives
{m, <t} {mn <t} e F.

Observe,

{k=n} = {sup{k : 7 <t} =n}
= {7, <t, Thy1 >t}
={m <t} N{m >t}

= {7 <0 {mn < 1)°

Since {7, < t}, {141 <t} € Fi, we have that {x =n} € F.

To show {k =n} € G, Vo{y > B}, use (A.2) to get

So

{rn<tt={m=<8Y={mel0p]}="0751)

Since [0,8'] = (f',00)¢ € B, where B is the o-algebra generated by the Borel sets of R,
and 1, is G, /B-measurable, it follows that v,'([0,3]) € G,. So {r, < t} € G,. Thus,

{m <t} €G,Vvao{y >}
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By a similar argument we get

{Tnr1 >t} = {1 > (t = 7)e(Yo)} = {1 > B} = {7 > 8}

So {711 >t} € G, Va{y > B}. Therefore,
{mm <t}n{mun>tte F;n(G,Vao{y >3}

giving
{r=n} e Fn(GuVvoly >0}
Now we show that on {k = n} we have G, V o{+' > } = G,,. Notice that {x = n} C

{7 > B}. By definition, o{7y' > [} is the smallest o-algebra containing {7’ > }. That is,

ol > B} =1{0.{7 > 8}, {+ > 5}, Q}

Observe,

DN{xk=n}=10
{v'>prn{r=n}={r=n}
{v>p¥n{k=n}=0

QN {k=n}={x=n

So o{y > By N{k =n} = {0,{k =n}}. Since {k =n} C {5, <t} and {1, <t} € G,,
it follows that {r, < t} N{k = n} = {k = n}. So{xk = n} € G, N{xk = n}, giving

o{v > p}N{k=n} CG,N{k=n}. Thus, when restricted to {x = n}, we have

gnva{7/>5}:gn
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We now show that F; C G,, on {k = n}. Recall that on {x = n} we have X; =Y,,. Thus

Fi=0{X,:s<t}=0{YV,, :m<n}

By definition, o{Y;, : m < n} is the smallest o-algebra such that Y,, is measurable for each
m < n. Since each Y,,, m < n, is measurable on G,, it follows that o{Y,, : m <n} C G,. So
F: € G, on{k=n}.

Next, we show that G, C F; on {k = n}. We do this by showing Y,, and ~,, are F;-
measurable for each m < n. We begin by proving that -, is F;-measurable on {x = n} for

all m <n. By construction,

m m—1
Yk Yk Ym

Tm = = + .

; C(kal) 1 C(kal) C(mel)
Thus,
m—1
_ . Vi B
Tm Tm ZC(Ykl) C(Ym—l) = (Tm Tm—l)c(Ym—l)

When given Y,, 1, the value of ¢(Y,,_1) is completely determined. This means that

Ey, [ce(Yn-1)] = c¢(Yim—1). Thus,

By, [vm] = By,, ., [(Tm — Tm—1)c(Yo1)] = (Y1) By, [(Tin — Tin—1)]

By hypothesis, v, 1LY;,—1 and E[y,] =1, so By, ,[ym] = E[ym] = 1. Thus,

1= By, _ [vm] = c(Ym-1)Ey,, . [(Tm — Tm-1)]

which gives

C(Ym—l) =

By, [(Tm = Tm-1)]
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We then have that

o Tm — Tm—1
™ By [ — T )
But v, L Y, 1, so
Tm — Tm—1
TYm =

E[Tm — Tm—1]
So 7, is Fi-measurable if 7, and 7,,,_; are F;-measurable. By the definition of measurable
real-valued functions, 7, is Fi-measurable if {7, < s} € F, for all s € E+. We prove this is
the case.

For s < t, we have F; C F; by construction. Additionally, {r,, < s} € F; since 7, is
optional. Thus, {7, < s} € F, for s <t.

For s > t, it is always true that 7, < s for m < n since 7, < 7, <t < s on {k =n}. So
{tm < s} € F, for s >ton{k=n}

Therefore, {7, < s} € F; for all s on {k = n}. Hence, 7, is Fi-measurable on {x = n}
for all m < n. This implies ~,, is F;-measurable on {k = n} for all m < n.

Since X; =Y, for s € [T, Tm11), Fs C F; for s < t, and X; =Y, it follows that Y,, is
Fi-measurable on {x = n} for all m < n. Therefore G,, C F; on {k = n}.

Hence,

ft:gn:gnvg{’y/>5} OH{I{:TL}

Now we want to prove the Markov property for X, namely that P, [0, X € -|F] = Px,{X €

-}. Tt is enough by Lemma 6.2 in [5] to prove that
(Y ') €7 =B >7|Gn,? > Bl = Py {T(Y.T) € s >}
To justify this, we use Lemma 6.2 [5] to show that

Px[etX € |"T_;f] = PxKY/?F/) € 'a7, - 5 > T|7gn \/0’{’}// > 5}]
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and we show that

Px{X c -} =R {TY,I)c-,n>r}

First, we show that {6;X € -} = {(Y',I") € -, v/ — 8 > r} on {k = n}. Notice that

(V1) =T (Y. T) = {(Ye, 1) k> + 1}

So

{(Y.I) €7 = B>r} ={(Ve, Yo+1)kznt1 € - Vo1 > B+ 7}
= {(Y, W)zns1 € -}
={(Ye Y)i>n € -}
= {(Xs)s>e €}

={0,X € -}

where the fourth equality holds since (Y,I") determines X and X; =Y,, on {x = n}. (Note
that we are changing set spaces at pretty much every step of the above calculations.)

This implies 1{6, X € -} = 1{(Y',IV) € -,7v'—=F > r} on {k = n}. Wenow have {x =n} €
Fin(GnVo{y > B}) with Fy =G, Vo{y >} and 1{0, X € -} = 1{(Y'.I") e -~ =5 >r}

on {k = n}. By Lemma 6.2 [5] it follows that

P,[0,X € |F] = E.[1{6:X € -}|F]
= E[{(Y'T') € .7 = B >71}Gn Vo{y > B}

= PIY'\I") €7 = B> 7|, Vo{y > 5]
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We also find that on {x =n}

Py {T(Y,I)e-,m>r}= PYn{(Yk,7k+1)kz1 €E,m>r}
= Py, {(Ye, Ve )e>1 € -}
=Py {(Y,T) €}

= Px,{X € -} since X is determined by (Y,I') and Y,, = X;

(Note that, again, we are changing set spaces at pretty much each step.)

Thus, to prove P,[0;X € -|F;] = Px,{X € -}, it is sufficient to prove

B[(Y' )€ =B >rGnVol{y > B} = B {T(Y.T) €, >r}

We show that 7' 1.(G,,Y’,T") and that (Y',I") 14 (7, 5). By hypothesis we know that
Y52, - - - are Lid. and yp,72, ... LY. Since G, = o{(Yx, V) : K < n} and v, 111 (Yx, 1) for
k # n+ 1, it follows that v/ 1. G,,.

A conceptual description of conditional independence is that A and B are conditionally
independent given C' if and only if B contains no information about A that is not contained
in C (see Proposition 6.6 in [5]). By definition (Y, I") = {(Y%, vk+1) : kK > n + 1}. Concep-
tually, we see that o(Y’,I") contains no information about o(v'), so o(Y’,I") contains no
information about o (') that is not contained in G,,. Thus 7/l g (Y’,I"). We now have that
7' ALG, and 7/l g (Y',I"). By Proposition 6.8 in [5] this gives 7' (G,,Y",T").

By definition

B=(t—T1,)c(Yy,) = (t — Z c(};ikl)) c(Y,)

k=1
So o(/3) contains no information about o (') that is not contained in G,, giving 7'l g 3.
Note that o(Y;,) C G,, so G, contains all the information about Y,,. Since Y is Markov, we
know that Y, 1,Y,10,... are independent of Y7, Y5, ...V, given Y,,. This, along with the fact

that G,, contains no information about Y,, 11, Y, 19,..., implies o(/) contains no information
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about o(Y”,I") that is not contained in ¢(G,,’). Therefore 51l (Y’ T").
Since (Y',T")1g 7" and (Y',I") g, .,B. It then follows by Proposition 6.8 [5] that

(Y, ") g, (', B).

Next we show that
PY' T) € 7 =B >7|G.Vol{y > B} = P {T(Y,T) €, 1 >}

First, note that {(Y',I") € -} 1L g {7 — B > r} since (Y',I) Il (7', 5). Additionally, {y" —
g>r}C{y >p} forr>0.

It is a simple exercise in probability to show that if A, B,C, D are events with A_ll B
and B C D with P(C), P(C' N D) # 0, then

P(ANB|ICND) = P(A|C)%

This implies

Px[ﬁyl - 6 > T’gn]
Pl > BlGn)

PlY' T € -,y = B>r|G.Vo{y > B} = P[(Y',T) € -|G,]

Observe that
Px['y,_6>r|gn] thl >B+T|gn]

P.[y' > 5G] B P,[y' > p|G,]

By hypothesis we have that 71,7, ... LY are i.i.d. exponentially distributed with mean
1. Thus, 7'l g B. We also know that 7' 1.G,. Hence,

Py > B+riGy] _ 7"
P,[y' > p|G,] e P

Therefore,
P.[y — 8 > r|G,]
Py > B|Gn]

=e "= Py, [n>7]
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By construction, T(Y,T') = {(Yx,Yk+1) : K > 1}. So

PI[<Y/7F/) € |gn] = Px[{(Yk/yk-‘rl) K >n+ ]-} S |gn]
- Px[gn{(yk77k+l) ok Z ]-} S |gn]
= Py, {(Yk, Yk41) : £ > 1} € -] since Y is Markov, by Prop. 8.9 [5]

= Py, [T(Y,T) € -]

Note that v 1L T(Y,T'). Thus,

Py [T(Y,T) €,y >r|= Py, [T(Y,T') € -|Py, [y > 7]

Therefore,

Py = B> 1G]
P.[y > B|Gy]

= Py, [T(Y,T) € Py, [y > 7]

P Y T € -,y =B >r|G.Vo{y > 5} =PY' T') €G]

= Pyn[T<Y, F) €7 > 7”]

as desired. Thus, P.[6;X € -|F;] = Px,{X € -}, so X is a Markov process.
By construction, X is a pure jump-type process. To prove that o = cu is the rate kernel
for X, we prove that
(Ea[ri]) " Pl Xy, € B] = c(x)u(w, B)

Recall that u is the transition kernel for Y, so that u(x, B) = P,[Y; € B|. By construction,

X,

1

=Y, so u(z, B) = P,[X,, € B]. Letting 70 = 0, we also have

(Eo[n])™ = (Bvp[m — 7)) ™ = c(Yo) = c(z)

Thus, (E.[m1]) ' P.[X,, € B] = c(x)u(x, B) as desired, and o = cp is the rate kernel of X.
O]
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