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ABSTRACT

Poincaré Polynomial of FJRW Rings and the Group-Weights Conjecture

Julian Tay
Department of Mathematics, BYU
Master of Science

FJRW-theory is a recent advancement in singularity theory arising from physics. The
FJRW-theory is a graded vector space constructed from a quasihomogeneous weighted poly-
nomial and symmetry group, but it has been conjectured that the theory only depends on
the weights of the polynomial and the group. In this thesis, I prove this conjecture using
Poincaré polynomials and Koszul complexes.

By constructing the Koszul complex of the state space, we have found an expression for
the Poincaré polynomial of the state space for a given polynomial and associated group.
This Poincaré polynomial is defined over the representation ring of a group in order for us to
take G-invariants. It turns out that the construction of the Koszul complex is independent
of the choice of polynomial, which proves our conjecture that two different polynomials with
the same weights will have isomorphic FJRW rings as long as the associated groups are the
same.

Keywords: Poincaré polynomial, FJRW theory, Group-Weights conjecture, Koszul com-
plex



ACKNOWLEDGMENTS

I would like to thank Dr. Tyler Jarvis for being my advisor, the BYU FJRW research
group for their Sage code, and Amanda Francis, Rachel Webb, and Scott Mancuso for their
contributions.

I would also like to thank my family for their support.



CONTENTS

Contents

List of Tables

1 Introduction

2 FJRW-Theory
2.1 Admissible Polynomial . . . . . . ... ... 0oL
2.2 Admissible Group . . . . . ...
2.3 Invertible Polynomials . . . . . . . .. . ... ..
2.4 Construction of the A-model state space . . . . . . ... ... ... .. ...
2.5 Construction of the FJRW ring . . . . ... ... ... ... ... .....

2.6 Construction of the B-model state space . . . . . . ... ... .. ... ...

3 Group-Weights Conjecture
3.1 Common Subgroups . . . . . . . . . ..

3.2 FJRW Ring Multiplication and Deformation Invariance . . . . . . . .. . ..

4 Representation Theory
4.1 Representations . . . . . . . . ..o

4.2 Representation Ring . . . . . . . . ... o

5 Poincaré Polynomial
5.1 Representation-Valued Poincaré Polynomial . . . . . ... .. ... .. ...

5.2 Poincaré Polynomial on Exact Sequences . . . . . . . .. ... ... ... ..

6 Koszul Complex
6.1 Regular Sequence . . . . . . . ...

6.2 Koszul Complex . . . . . . . ...

v

iv

vi

w

=~ =~ W

10
11

12
12
21

25
25
27

28
29
29



6.3 Poincaré Polynomial of (R/(W,,,..., W, ))dxy A...ANdxy, . . . . . . o .. 37
7 Conclusion 40
7.1 Group-Weights Conjecture . . . . . . . . . .. ... . 40
7.2 Using the Poincaré Polynomial . . . . . .. .. ... ... ... ... ..... 41
7.3 Conclusion . . . . . . . . 42
Bibliography 43



2.1
2.2
2.3
2.4
2.5

3.1
3.2
3.3
3.4
3.5
3.6

LisT oF TABLES

Monomial basis of H; where W = 2%y +y° and 1= (1,1) . . . . . ... ...

Monomial basis of H,s where W = 2%y + ¢° and ¢° = (GQM%, |

omiid

Monomial basis of H, where W = 2’y + y® and g = (e*™15, ¢

27rz%)
Monomial basis of H; of 2%y +ay* for 1= (1,1) . . . . ... ... ... ...

2mid  omik

Basis for Hyy,g where W = 2%y + zy* and G = (e*™7,e*™7) . . . . . . .. ..

Basis for Hy ¢ where Hy ¢ where V' = 2% 4+ 9% and G = (627”%, 627”%> .....

Basis for Hy,g where Hy, ¢ where W = 2% + y* and G = <€2m%’ 627ri%>

Multiplication Table for Hy ¢ where V' = 2% 4+y% and G = (627”%’ 627”%>

Multiplication Table for Hy, ¢ where W = 2%y 4+ y® and G = (627”%, 62”’%) .
10

Multiplication Table for Hy o for elements of W-degree R

10
Multiplication Table for Hyy, ¢ for elements of W -degree g e

vi

10

21
22



CHAPTER 1. INTRODUCTION

Mirror symmetry is a phenomenon that occurs in geometry and physics. It describes re-
lationships that show how a class of geometric objects (A-model) are related to a mirror
dual class of objects (B-model). This thesis focuses on FJRW theory which provides the
A-model construction of Landau-Ginzburg (LG) mirror symmetry [FJR12]. FJRW theory
also contributes to the understanding of singularities which are often studied in algebraic
geometry.

The A-model in LG mirror symmetry is a family of Frobenius algebras constructed from
a quasihomogeneous (weighted) polynomial W and a group G of diagonal symmetries of IW.
Using a corresponding polynomial W7 and group G*, we can construct the B-model, which

is also a family of Frobenius algebras. The LG conjecture is that

Hwea = Qwr gr

where Hy,¢ is the FJRW A-model and Qyr or is the B-model.

Verifying the LG conjecture is challenging because it requires the understanding of the
higher structures of the A and B-models. The levels of structure of these models can be
summarized as first graded vector space, second Frobenius algebra and third Frobenius
manifold, in order from lowest to highest. The Frobenius manifold structures are difficult
to compute and in some cases are still unknown. The LG conjecture has been verified in
various special cases, and at various levels in papers such as [Kra09] and [FJJS11].

The Group-Weights conjecture is a property of FJRW A-models that has long been
assumed to be true but never proved. It assumes that the FJRW A-model does not depend
on the choice of W, but only the weights of W and the given group.

Within the A-model it is known that both the Frobenius algebra and Frobenius manifold
structures are deformation invariant and the axiom of deformation invariance tells us that

the graded vector space structure, the weights of the polynomial and the symmetry group



determine the entire FJRW A-model, so the Groups-Weights conjecture depends only on

showing that the graded vector space is determined by the group and weights alone.

Definition 1.1. A graded vector space M is a direct sum @ M, where each M, is a finite-

=0
dimensional vector space. Every element in M; is defined to have degree 1.

The Hilbert series is a tool used in understanding graded vector spaces. The Hilbert series
oo

(and finite equivalent, the Poincaré polynomial) is a formal power series P(M) = Z a;t’
whose coefficients a; are the dimensions of the corresponding M;. =

The Milnor ring Qy is a key building block in the FJRW A-model. In [Arn74], we find
a formula for the Poincaré polynomial of the Milnor ring Qy,. However, since the FJRW
A-model involves taking G-invariants of the Milnor ring, the usual formula for the Poincaré
polynomial does not apply to the FJRW construction.

In this thesis, we attempt to find a Poincaré polynomial that would help us also keep
track of the G-invariants, which was something that was not possible with the usual Poincaré
polynomial formula for the Milnor ring. Representation theory is very appropriate in this
setting to understand the group action on a vector space. We derive the formula for the
Poincaré polynomial of the Milnor ring in terms of representations. The Group-Weights
conjecture turns out to be a corollary of the formula for the Poincaré polynomial, since

the formula does not depend on the actual polynomial choice but on the weights of the

polynomial and choice of group.



CHAPTER 2. FJRW-THEORY

The construction of the graded vector space structure in FJRW-theory requires a polynomial

and a symmetry group.

2.1 ADMISSIBLE POLYNOMIAL

The polynomial that is used has two requirements, as stated in [FJR12]: The polynomial

has to be non-degenerate and quasthomogeneous.

Definition 2.1. A polynomial W is quasihomogeneous if there exists unique (up to scalar
multiples) rational numbers d, q1, ga, . . . , ¢ such that W(XZzy, ... A"z,) = MW (2, ..., 2,)
for all A € C.

We will call d the total weight of the polynomial W and ¢; the weight of the variable x;.

Example 2.2. For example, let W = z%y + zy*. Since WA=z, \vy) = N\2@H g2y 4

N 0t e solve the equations

QQm+Qy = d

Qw+4Qy = d

and get ¢, = 3, ¢, = 1 and d = 7. So W has a total weight of 7. It is clear that the choice

of g, and g, is unique up to scalar multiples of (g, gy, d).

Definition 2.3. A quasihomogeneous polynomial W is non-degenerate if W contains no
monomials of the form z;z; where ¢ # j, and the only critical point of W is at the origin,

and the degrees of W are uniquely determined up to scalar multiples.

The meaning of critical point in Definition 2.3 is the set of points where the partial
derivatives all equal zero.

The definition of W provides us with two related objects.



Definition 2.4. The Jabobian ideal J of W is the ideal generated by the partial derivatives
of W, i.e. j:<aW 3_W>

dxy’ 7 Oz,

Definition 2.5. The Milnor ring Qw of W is the quotient ring Qw = Clzq,...,2,]/J.

Theorem 2.6. If W 1is a non-degenerate quasihomogeneous polynomial, then Qy is finite

dimensional [Arn7{).

2.2  ADMISSIBLE GROUP

Definition 2.7. Given a polynomial, W, we define the maximal group of diagonal symme-

tries as
G ={(an,...,an) C(C)"W(z1,...,anx,) = Wiz, ..., 2,)}
Since W is quasihomogeneous, W(A\%z1, ..., A"xz,) = AW (x4, ...,2,), and hence the
element J = (e<2mql)/d, . 6(2’”"”)/‘1) is an element of Gy™*.

Every group used in FJRW-theory is required to be a subgroup of GJ;** containing (.J).

We call such groups “admissible”.

2.3 INVERTIBLE POLYNOMIALS
A subclass of the admissible polynomials that we are interested in are invertible polynomials.

Definition 2.8. Let W be a non-degenerate quasihomogeneous polynomial with the same
number of variables and monomials. Then we call W invertible. This name arises from the
fact that if W = Z Ci H x;” is non-degenerate, then W is invertible if the exponent matrix
=1 j=1
A = (ajj;) is invertible.
In [KS92], it is shown that a non-degenerate invertible polynomial can be written as a

sum of invertible polynomials of the following three atomic types:



® Wgamat = % where a is a positive integer and a > 2.
o Wieop = 2 @2+ 2523+ ... + 23" ' xy + 20" 21 where a; is a positive integer and a; > 2.

Gn—1

® Wepain = 212 + 25%x3 + ... + 2, T, + o™ where q; is a positive integer and a; > 2.

For most of this thesis, it is not required that the polynomials be invertible. This defini-

tion is useful in discussing different examples, especially in Chapter 3.

2.3.1 Weights of invertible polynomials. Suppose we wanted to find the weights for
an invertible polynomial. We would need each monomial to have the same total weight, or

in other words,

a1 d
A =
Gn d
Since A is invertible, fixing d, there would be a unique solution for ¢y, .. ., ¢,, which is rational

since the entries of A are integers.

2.4 CONSTRUCTION OF THE A-MODEL STATE SPACE
We use the definition in [Kra09] for the state space of the A-Model.

Definition 2.9. Let G < (C*)" and let G act on C" by coordinate-wise multiplication. For

each h € G, we define Fix(h) < C" to be the fized locus of h.

Definition 2.10. Given a polynomial W and admissible group G, for h € G, let @;,, ..., x;y,
be the coordinates of C" that are fixed by h. Let Q"' (Fix(h)) be the space of all top-

dimensional, holomorphic differential forms on the fixed locus Fix(h). We define

Hy, = QN (Fix(h)) /(AW [pign A QV1).



We call H;, the h-sector of W and define the A-model state space to be

HW,G = @ (Hh)G

heG
where (-)“ refers to all the G-invariants.

The above definition is key in proving the main result of this thesis. However, it is usually

easier to compute the FJRW state space using the following equivalent definition.

Theorem 2.11. Given a polynomial W and admissible group G,
QNh (FlX(h))/(dW’th A QNhil) = Qw‘ Fixh * W

where Fix h is the fized locus of h, Ny, is the dimension of Fixh and Qw|rixn is the Milnor
ring of W restricted to Fixh. Let w = dx;; Ndxy, A ... A dwiNh where x;,, . .. ) Tiy, OT€ the
coordinates of CV fized by h [Wal80a][WalS0b).

Each pair (m, h) where h € G and m € (H,) is called a basis element of Hwea and is

denoted by [m, h].

14

Example 2.12. Let W = 2% + ¢° and G = <<62”ﬁ,62”’%>> < C, xC,. Let g =
(e%i%, e%i%) be the generator of G.

Since ¢° = <627”%, 1), we have Fix¢” = {0} x C,. This gives us W/p s = y° and so
Hy = Qwirixgs Ay = (C[y]/<5y4)) dy= Spanc{dy,ydy,y* dy,y* dy}. This is true also for

g10'

The element g'> = 1 is the identity (1,1) which has fixed locus Fix1 = C, x C,. So
Wlpix1 = x?’y + y5 and H; = Qw dx A dy. For all the other non-trivial group elements, for
example g, W{pixy = 0 and so H, = C = (1).

We can observe the action of G' by looking at a basis of monomials. A basis for H; =
Qw dx Ady is {1dx A dy, ydx Ady, xdx A dy, y* de A dy, 2y de A dy, 2° do A dy, y° de A dy,

zy?de A dy, yrde A dy, zydde A dy, xytde A dy}. Taking the element g = (ez’”%, 627”%),



we see for example:

. . 2 . .
ggzty2 de Ndy 627”%1‘ (627”%) y2 627”% dx N\ eQm%dy

= ¥t zy? dx A dy

is not G-invariant. Checking each monomial, we see that ()¢ = Span{z*dz A dy}.

In Tables 2.1, 2.2 and 2.3, we show the computation of three sectors in this example.
First we compute the monomial basis for the sectors 1, ¢° and ¢g. The right column shows
the action of g on this basis element. Since G is cyclic, if the monomial is invariant by the
action of g, then the monomial is invariant by the whole group G.

From Table 2.1, 2? dx A dy is the only G-invariant monomial in #;. Table 2.2 tells us
that from the ¢° sector, we get no G-invariants. Since Fix ¢° = Fix ¢'°, we also have no G-
invariants in the ¢'° sector. For g (and equivalently g* where k = 2,3,4,6,7,8,9,11,12, 13, 14),
we get the monomial 1 which is G-invariant.

Hence for this example, a basis for Hyy ¢ is

{[2*de Ady, 17, (1,91, 11,6°1, 11,671, 11,91, [1,6°1, [1, 971, [1, 61, 11, 677,

(1,97, 11,9%1,[1,4"1, 11,91}

Definition 2.13. Let W be a quasihomogeneous polynomial with weights {q,, }. We define

the degree of any monomial to be the weighted sum of the corresponding ¢;’s.

Example 2.14. Let W = 2%y + zy* and G = <<627”%, 62’”%> > Every non-trivial g € G has
nonzero entries in both coordinates, and so for each g-sector, Wlpi, = 0 and the g-sector
H, is C.

However ¢" = 1 = (1,1), so Wpixyr = W, and thus the Milnor ring is Clz, y]/(2zy +
y*, 2?4 4ay®) = Span{l,y,v*, v°, x, vy, 2y, vy°}, so Hi = Span{l dx A dy,y dx A dy, y* dx A

dy,y* dx A dy, x dv A dy, vy dz A dy, 2y° dx A dy, vy® do A dy}



H, g-action

ldx N dy e2mits
ydx A dy e2mits
xdx Ady e2miTs
yrdx A dy e2miTs
xydzx N\ dy e2mits

v dx A dy 1 (g-invariant)

2 211

v dx A dy e“™'1s
xy® dw A dy 2T
ytdx A dy e2mits
xy dx A dy e2mits
zytdr A dy e2mits

Table 2.1: Monomial basis of H; where W = 2%y +¢° and 1 = (1, 1)

Hys g-action
1dy e2mis
y dy e2mi3
Y2 dy e2mid
y3 dy e2mi3

Table 2.2: Monomial basis of H,s where W = 2’y + ¢° and ¢° = (627”%, 1)

H, | g-action

1 1

27r1%)

Table 2.3: Monomial basis of H, where W = 2’y + ¢° and g = (62”%, e



Hy Degree | g-action
ldx N dy 0 €27
ydx A dy 1 e2miz
yidz A dy 2 e2mi?
v dx A dy 3 1
xdx A dy 3 1

xydx A dy 4 e2miz
zy?dz A dy 5 e2mi?
zyddr A dy 6 e2mi?

Table 2.4: Monomial basis of H; of 2%y + xy* for 1 = (1,1)

The definition of degree as given in Definition 2.13 is the focus of this paper, however, this
grading will not be preserved under the FJRW ring multiplication structure. The following

grading, known as W-degree, is the actual grading for FJRW state space.

Definition 2.15. Let h = (62”i91, e ,62”9*”) be a group element where 0 < #; < 1. Then
for oy, € (Hh)G, the W-degree of ay, is degy, (o) := dim Fix h + QZ <9i — %), where the
i=1

q;’s are the quasihomogeneous weights of W.

Note that the W-degree of a given element is just determined by the weights ¢;/d and the
group element h. So to count the dimension of the space of elements of a given W-degree,

it suffices to count the dimension of the space (H;)“ for each h € G.



Basis Element W-Degree
_1, (e%%, €2ﬂ%> 0
_1, (ezﬂ%, €2ﬂ%>_ é
[v°,(1,1)] g
. (11) :

Table 2.5: Basis for Hy, g where W = 2%y + ay* and G = <627”%, 627”%>

2.5 CONSTRUCTION OF THE FJRW RING

From the state space, the ring structure of Hy ¢ is determined by objects known as genus-

zero three-point correlators.

Definition 2.16. Givenr, s € Hy, ¢, we define ring multiplication x as r*s := Z(r, s,a)030™" B,

a’ﬁ
where a, 3 are all possible elements in Hyy .

The three-point correlators, (r, s, )¢ 3 are not easy to compute and are usually computed
using a set of so-called axioms.

Deformation invariance is an axiom of FJRW A-models which allow us to prove the
Group-Weights conjecture without understanding the whole structure. Specifically, it says

that if G| = G4 as subgroups of (C*)™ and dim Hyy, ¢, = dim Hy,.g,, then the multiplicative

10



structures of two FJRW rings Hw, ¢, and Hw, g, will be the same

2.6 (CONSTRUCTION OF THE B-MODEL STATE SPACE

The construction of the B-model state space is similar to the construction of the A-model.
However, the difference is that the admissible groups in the B-model construction do not

have to contain (.J), but rather have to be subgroups of SL,(C).

Definition 2.17. Let W be a non-degenerate quasihomogeneous polynomial. Let G be a
symmetry group of W that contains SL,(C). For g € G. Let Fix(g) = C* with coordinates
Tiys oo Tiy, where N, = dim Fix(g) and let w, = dz;,, . .. ,dxiNg. We call B, = (QW|F1XQ) Wy

an uprojected sector and the B-model state space consists of G-invariants of these sectors:

BI/V,G = @(BQ)G‘

geG

11



CHAPTER 3. GROUP-WEIGHTS CONJECTURE

The Group-Weights conjecture is motivated by the fact that constructing FJRW rings seems
to be independent of the choice of polynomial. The formula for the Poincaré polynomial
of the Milnor ring describes its graded vector space structure. This formula is independent
of the actual polynomial as it only uses the quasihomogeneous weights of the polynomial.
However, it is not obvious that G-invariance is independent of the polynomial since the

action of (G is defined to act on individual variables.

Conjecture (Group-Weights). Let Wy and Wy be polynomials which have the same weights.

Suppose G < Gy® and G < G%‘;“ Then

Hw,.c = Hw,.c

as Frobenius manifolds.

3.1 COMMON SUBGROUPS

A first approach to proving the Group-Weights conjecture is to study common admissible
subgroups of polynomials with the same weights. If W; and W5 are polynomials with the
same weights system, then (J) < G and (J) < Gy5*. Recall that an admissible group in
the FJRW-theory is one that contains (J). There are many examples of distinct polynomials
with the same weights where the only admissible subgroup for both polynomials is (J). In
fact, we can show that for two-variable invertible polynomials, (J) is the only admissible

subgroup in common for distinct polynomials.

3.1.1 Common Subgroups of Two Variable Invertible Polynomials. Recall from
Section 2.3, invertible quasihomogeneous polynomials are sums of polynomials of atomic
types. This means that given two invertible quasihomogeneous polynomials of degree two,

they would be: a sum of two Fermat type polynomials, a chain type polynomial or a loop

12



type polynomial.
Theorem 3.1. Let Wi and W5 be two-variable invertible polynomials. The only admissible
subgroup of Gy™ N Gy is (J).

The proof follows from the following set of lemmas.

Lemma 3.2. If Wgermar 18 a two variable polynomial which is the sum of two Fermat’s, i.e.

Weermat = ™ +y", then the weights of Weermar are g = 1/m and q, = 1/n with d = 1.

Proof. Let Wgermar = ™ +y", where m,n > 2. We can solve for the weights of each variable

to get

1

1
Qo= —qy = —. O
m n

Lemma 3.3. If Wiy, is a two-variable polynomial that is a loop, i.e. Wioep = %y + Y,
b—1
ab—1

-1
cmdqy:a—1 with d = 1.

then the weights of Wiee, are ¢ = 2
a —

Proof. Let Wi,y be a two variable polynomial which is a loop. Then W = z"y + y’x where

a,b > 2. Solving for the weights of each variable, we get

agz +q, =1
¢z + bgy = 1.

Solving this system of linear equations:

B b—1
qx_ab—l
a—1

— . O]
y ab —1

Lemma 3.4. If W, ts a two-variable loop polynomial, i.e. Wiy = 2y + ybx, then the

) : max . 1 . a
mazximal symmetry group of Wieep 15 Wioop — <(6Xp <_2mab — 1) ) €XP <27” ab — 1)) >

In particular, G%‘;ip is cyclic of order ab — 1.

13



1
Proof. Let G = exp | —2me ,exp | 2w ¢ . We see that G is a cyclic
ab—1 ab—1

group of order ab — 1 that fixes Wj,,,. Suppose there exists a (627”91, 627”02) S %?ip Since

this element fixes the polynomial, we get

ab1 + 0, €7
0, + b, € Z.
Solving these, we get
((lb — 1)01 e
(ab — 1)92 € 7.
Hence both ¢*™ and e?™ are (ab — 1)™ roots of unity. Let 6, = bT ] mod Z and
a p—
0y = — % mod Z for r,s € Z. Then
ab—1
ar +s
=0 d Z
ab—1 o
s ar
= dZ
ab—1 ab—1 7
. , 1 -
Hence (627”91, 627”92) = | exp <—27Tiﬁ) , €Xp (27Ti aba— 1 and G%?ip <G.

max . 1 . a
Thus GWzoop = <(exp <_2mab — 1) , €XP <2mab — 1)) > L

Lemma 3.5. If Wepain s a two-variable polynomaial that is a forward chain, i.e Wepgin =

kE—1 1
2"y + y*, then the weights of Wepgin are gy = o and g, = z with d = 1. Likewise, if
W, in 18 a 2 variable polynomial that is a reverse chain, i.e W/, . = " +y*x, then the
1 h—1
weights of Wiy are ¢ = — and q, = —— with d = 1.

h hk

Proof. Let Wepain = :Uhy + yk be a two-variable polynomial which is a forward chain, where

14



h,k > 2. Solving for the weights of each variable, we get

hQI +q = 1
hqg, = 1
1
qQy = E
~ h—1
Qz = e
The weights for the reverse chain follows from the above calculations. O]

Lemma 3.6. If W pin 1S a two-variable chain polynomial, i.e. Wepain = xhy + yk, then the

1 1
mazimal symmetry group of Wenain is Gyl = <(exp <—27m'%) , €Xp (QME)) > In

particular, Gy" s cyclic of order hk.

1 1
Proof. Let G = <<exp (—27ri%) , €Xp <2mE>> > We see that G is a cyclic group of

order hk that fixes Wepain. Suppose there exists a (62”91,62”92) € G"M"”/‘;fam. Since this

element fixes the polynomial, we get

hO, + 05 € Z
kO, € 7.
Solving for 6,, we get

hkb, € Z.

. . r
Hence €™ is a hk™ root of unity and > is a k'™ root of unity. Let 6; = o mod Z and

0, = % mod Z for r,s € Z. Then

- , 1 1 -
Hence (627r2917€2m¢92) — (exp <—2m'%> , €Xp (2mE>) and Gy’ < G.

15



1 1
Thus Gy' = <<eXp (—QWi%) , €Xp (27TZE>) > n

Lemma 3.7. If W and Wy are two-variable polynomials with the same weights (q.,qy), and
W, is the sum of two Fermat’s ™ +y" and Ws is a loop %y + y’x, then m = n and a = b.

Also, m=n=a+1=0+1.

Proof. Tf W5 had the same weights as Wi, then

b—1 a—1\ (11
ab—1"ab—1) \m'n/)’
So we get that b — 1jab— 1 and a — 1|ab — 1.

b—1lab—1 = b—1lab—1—(b—1)

= b—1Jb(a—1)
= b—1la—1
a—1lab—1 = a—-1lab—1—(a—1)
= a—1]a(b—1)
= a—1/b—1
— ag—1=0b-1
= a=0b.
And so
b—1 a-1 B a—1 a-—1
ab—1"ab—1 N a?—1"a%2-1
B 1 1
B a+1a+1)"
Since W; has the same weights vector as Wo, m=n=a+1=0b+ 1. O

Lemma 3.8. If Wy and W5 are two-variable polynomaials with the same weights vector, and
W, is the sum of two Fermat’s z™ +y™ and Wy is a loop 2%y +y°x, then the only admissible

group in common is the group generated by J.

16



1 1
Proof. By Lemma 3.7, we have weights x = T and ¢, = PR So Gyi* is gen-

1 1
erated by (exp (27m'a n 1) ,1) and (1,exp <2m’a n 1)), while Gy.* is generated by

. a o1
exp 27?2@2_1 , €Xp _27”&2—1 .

Each subgroup of Gy.* is cyclic, and so if Gyy* had a subgroup containing .JJ in common

with Gy7", that subgroup would have to be cyclic. Any element of G/ generates a subgroup

which has order at most a + 1, so any subgroup containing J has to have order a + 1 and so

would be (J). O

Lemma 3.9. If Wy and W35 are two variable polynomials with the same weights vector, and
Wi is the sum of two Fermat’s z™ 4+ y™ and Ws is a chain "y + y*, then m = ck for some

constant ck and n = k.

Proof. If W3 had the same weights as W;, then

=11y _ (11
hk k) \m'n

h
So we get that k — 1|hk. Since ged(k — 1,k) =1, k — 1]hA, so let 1= 0 then
k—11y (11
hk k) \ck'k
. So we see that m = ck and n = k. O]

Lemma 3.10. If W, and W3 are two-variable polynomials with the same weights, and W
is the sum of two Fermat’s ™ + y™ and Wy is a chain zy + y*, then the only admissible

group in common is the group generated by J.

1 1
Proof. By Lemma 3.9, we have that the weights would be ¢, = o and g, = T The group
c

1 1
Gy,” is generated by (exp (2m’—k) ,1) and (1,exp <2mz>>, while the group Gpe® is
c

ted b 2 N 2 =
generated by exp | 2mi Wk ,exp | 2w v )

17



Each subgroup of Gy.* is cyclic, and so if Gyp* had a subgroup containing .JJ in common

with G7p", that subgroup would have to be cyclic. Any element of Gyi7* generates a subgroup

which has order at most ck, so any subgroup containing J has to have order ck and so would

be (J). O

Lemma 3.11. If Wy and W3 are two-variable polynomials with the same weights, and Wo
is a loop (x"y +y’x) and W3 is a chain 2"y + y*, then a = h and q, = §/k and g, = 1/k for

some constant 0.

) b—1 a-1 k—1 1 i
Proof. If W3 had the same weights as Ws, then (m, m) = (W’ E) Solving

the right coordinates:

a—1 1
ab—1 — k
ab—1
= k. 1.1.1
a—1 g (3 )
. E—1 b—1 e
Since = 1 substituting (3.1.1.1), we get
w1l bl
(D) T bt
ab—1—a+1  b—1
h(ab—1) ab—1
ab—-1)  b-1
h(ab—1) — ab—1
a
— = 1L 3.1.1.2
’ (311

—1 -1
So (3.1.1.2) tells us that @ = h and that we get that the weights would be ( b h ) =

ho—1 hb—1
F=11\ o h-1 1
e k)M 1 T R

hb—1 = kh—Fk
kh—hb = k-1

hk—b) = k—1. (3.1.1.3)

18



So (3.1.1.3) tells us that |k — 1, in fact —

h
) 1
weights are ¢, = z and ¢, = a O

= k — b, so the constant § is k — b. So the

Lemma 3.12. If Wy and W3 are two-variable polynomials with the same weights, and Wy
is a loop vy + y'x and Ws is a chain z"y 4+ y*, then the only admissible group in common

18 the group generated by J.

o 1
Proof. By Lemma 3.11, we have that the weights ¢, = z and q, = T The group Gy.” is

b 1
generated by <exp (27ri m 1) , €XPp (—27m' ) 1)), while the group Gyp.” is generated

1 1
by (exp (—27‘(‘1%) , eXp (QWZE)>.

All subgroups of Gy* and Gy” are cyclic. We know from Equation (3.1.1.1) that
k|hb — 1, and ged(hb — 1,h) = 1, so ged(hb — 1, hk) = k. So the only subgroups that Gy.*

and Gyp." have in common is of order k. If it is cyclic, and contains .J, it has to be (J). O

The preceding set of lemmas, together, prove Theorem 3.1.

Theorem 3.13. If Wy and Wy have the same weights vector, then Hw, 5y = Hw,,(g) as

graded vector spaces.

This theorem was proved in [Fral2]. Given two polynomials with the same weights,
the number of basis elements in the g-sector is determined by the weights. The Poincaré
polynomial tells us how many monomials of the same weights there are. Hence they have to
be isomorphic.

In more than two variables it is easy to find examples where the only common subgroup

is (J).
Example 3.14. W, = 2%y + 29° + 2* + w? and W, = 2'% + y*2 + 22w + w?

o 2mit 2mi2  omit  omil
.J_<e 16,16 7" a, "2

e Common subgroup (.J).
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Even though it was conjectured earlier on that the only common subgroup between the
symmetry groups of distinct polynomials is (J), I found examples in three or more variables

that proved otherwise.
Example 3.15. W, = 27y + zy” + 2* + w? and W, = 27y + ¢® + 2°w + w?

.1 .1 .1 .1
° J —_ (627”5, 627”5, 627”1, 627r15>

e Common subgroup <<62W%, ¥ 0, O) , (O, 0, e¥1, e%%>>

In this example, we see that both W; and W, are sums of invertible polynomials in
terms of z,y and z,w. So the common subgroup is not just (J) but a direct product of the

respective J’s of each invertible polynomial component.
Example 3.16. X] = 2® + 29 +y2? and Ji, = 2° + 3 + yz2

i1l 2 2
° J _ (6271—23,627”3,6271—13).

21

e Common subgroup <(e ,€

Wi
N
)
wl|
]
[
3
ol
N——
\/

Here Xg is a chain type polynomial that is reversed while sz) is the sum of a chain type
polynomial and a Fermat. The start of both chains is the common y2z* term. This allows for

the common subgroup to be slightly larger than J.

Example 3.17. Chain type polynomials can be extended to arbitrary length to produce
more examples of non-(.J) common subgroups.

Wy =23y + 22+ 2+ w' and Wy = 23y + %2 + 23w + wh

o J— <627rz%, s ik ezmi)

e Common subgroup <<€2W%, 62”%, e%i, €2ﬂ%>>

3 3 3 3 4 3 3 4 4 4
Wi = 2jxe + 2503 + 2574 + 25 + x5 and Wy = 229 + 2523 + 05 + 24 + 5.

-1 -1 1 1 1
° J — <627”27 627”1’ 627”1, 627TZZ, 6271’11)

1 u 1 1 1
e Common subgroup <<62”36 Le¥™ @2 2T 627T4>>
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3.2 FJRW RING MULTIPLICATION AND DEFORMATION INVARIANCE

Even for polynomials W and W5 where the common subgroup of Gy7* and G7* is known,

finding an isomorphism between their respective FJRW rings is difficult. Recall from Section
2.5 that multiplication in FJRW rings require the hard task of finding so-called three-point
correlators. We will not give details about theses correlators here, but we describe several

examples with their multiplicative structures.

Example 3.18. Let V = 2° + ¢ and let W = 2% + ¢®. Then both V and W a non-
degenerate polynomials with quasihomogeneous weights ¢, = 1 and ¢, = 3. Let G be the

group G = <J> — <e2m’é’ 627”'%>'

Name Basis Element W-Degree

U1 1, ((32”%, 627T%> 0

Uy 1, <62”%, 627T%> 2/3
U3 1, (ezﬂ%, eQ’T%) 8/9
vy [2%y, (1,1)] 10/9
s [2°,(1,1)] 10/9
Vg 1, (ezﬂg, 62“%> 4/3
vy 1, (e%g, 627T§> 14/9
Vs 1, (e%g’ e%%> 20/9

Table 3.1: Basis for Hy,g where Hy, ¢ where V = 2° + y* and G = (627”%, 627”%>
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Basis Element

W-Degree

0

2/3

8/9

10/9

10/9

4/3

14/9

20/9

Table 3.2: Basis for Hy,¢ where Hy, where W = 28y + 3 and G = (627”%, 627”%)

vy Uy U3 Uy Us Vg vy Ug
W-Degree | 0 2/3 8/9 10/9 10/9 4/3 14/9 20/9
Uy vy Uy U3 Uy Us Vg vy Ug
(%! Vg Vg  Ur 0 0 0 Vg 0
Vs v3 U7 0 0 0 Vg 0 0
o vy O 0 10 %Ug 0 0 0
Vs vs 0 0 Evg 0 0 0 0
Vg vg 0 Ug 0 0 0 0 0
U7 vy U 0 0 0 0 0 0
Ug vg 0 0 0 0 0 0 0

Table 3.3: Multiplication Table for Hy.¢ where V = 2 + y* and G = (627”%, 627”%>
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wy Wy ws Wy Ws we Wz wg

W-Degree | 0 2/3 8/9 10/9 10/9 4/3 14/9 20/9
wq Wy wy  Ws Wy Ws we Wy wg
Wy we W W7 0 0 0 wg 0
Ws w3 Wy 0 0 0 wg 0 0
Wy wy 0 0 1_18w8 10 0 0 0
ws ws 0 0 0 ~GWs 0 0 0
we weg 0 ws 0 0 0 0
wr wy wg 0 0 0 0 0 0
ws wg 0 0 0 0 0 0 0

Table 3.4: Multiplication Table for Hy, ¢ where W = 2% + * and G = <627”%, 627”%)

In this example, we see that for the state space of both Hy ¢ and Hy, are of the same

dimension in each degree. Comparing their multiplication tables, there is an obvious map

between most of the elements in the ring. However, the problem arises for the elements with

10
W-degree R

oz Us
0 R
V4 271}8
— 0
Vs 271)8

10
Table 3.5: Multiplication Table for Hy ¢ for elements of W-degree n
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Wy | W8 0

Ws 0 -—Ws

10
Table 3.6: Multiplication Table for Hyy ¢ for elements of W-degree n

An isomorphism of these spaces as Frobenius algebras will have to send v4 and v5 each

to some linear combination of w, and ws.

With more variables and higher degree polynomials, the examples become increasingly

more complicated.

3.2.1 Deformation Invariance. One of the properties of the FJRW rings is deformation
invariance. Deformation invariance tells us that the Frobenius manifold structure of the
FJRW-theory (otherwise known as virtual cycle) is dependent only on the associated state
space. In other words, if Hy, ¢, = Hw,.c, as graded vector spaces, then Hy, ¢, = Hw,.c,
in the FJRW-theory. This allows us to avoid actually having to find a ring isomorphism.
In Chapter 6, I will prove the conjecture by proving that the graded vector space of a
FJRW ring is defined only by the weights of W and the symmetry group G. This will be a

corollary of the computation of the Poincaré polynomial for Hy .
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CHAPTER 4. REPRESENTATION THEORY

4.1 REPRESENTATIONS

A group representation is a way of visualizing a group G as a group of linear transformation
of n-dimensional vector space. For the purposes of this thesis, we shall only consider C-vector

spaces.

Definition 4.1. A representation of G over C is a homomorphism p from G to GL(n,C),

for some n. We call n the degree of the representation p.

Another way of understanding representations is to think of CG-modules, which are

vector spaces that have a GG action on them.

Definition 4.2. Let V be a vector space over C and let G be a group. V is a CG-module if
the action gv for v € V and g € G satisfies the following conditions for all u,v € V, A € C
and g, h € G.

Definition 4.3. A CG-submodule of V' is a vector subspace of V' which is a CG-module.

Example 4.4. Consider the cyclic group Cs = (1, g, ¢*) [JLO1].
27i/3

0

e

Let V = Spanc{vy, va}, where g acts by p(g) = 647(31/3 } and ¢* acts by p(g°) =

) e47ri/3 0 )
p(9)* = 0 i3 |- Then V is a CCs5-module.

. i 2 2 L
Since gu; = ™30, and guvy = €230y, and g*v; = ™30, and ¢*vy = €31y, wWe get two

CCs-submodules of V' by Definition 4.3, namely Vi = Spang{v;} and V, = Spanc{vs}.
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Now we consider the group ring CC3 = Spanc{1, g,¢*}. The group ring is also a CCs-
module. From the group ring, we get a corresponding representation p. Since g -1 = g,
g-9g=g°and g-¢* =1, we get that p(g) = |0 é 1.

The group ring CC'3 has three (CCg—submoilul(e)s: "

Up = Spanc{1+ g + ¢*},

U; = Spang{1 + 25 g 4 627”%92} and

Uy = Spang{1 + 627”%9 + e%%gQ}. If we take the element 1 + 627”%9 + 627”%92 € U; and
act on it by g, we get g + 627”%92 + ez = 627”%(1 + 627”%9 + 627”%92). Hence we see that U,

is isomorphic to V] in the earlier example.

Definition 4.5. A representation is irreducible if the corresponding CG-module has no

proper non-trivial CG-submodules.
The following are three classical theorems in representation theory.

Theorem 4.6. Every irreducible CG-module is isomorphic to a CG-submodule of the group
ring CG.

Theorem 4.7. Let G be an abelian group. Every irreducible CG-module is one dimensional.
This property is useful for us since Gj* is abelian.

Definition 4.8. Let p be a representation of GG. The character of p is a function y : G — C,

where x(g) = trp(g) for each g € G.

Theorem 4.9. Let p be a representation of G. The dimension of the CG-module corre-

sponding to p is tr p(1g) = x(1g).
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4.2 REPRESENTATION RING

Definition 4.10. Given representations p; : G — GL(V}) and py : G — GL(V;) of G, we

define p; + po and p; X py to be homomorphisms

p1+p2 : G—GLV,® V)

p1Xpe  G—=GL(VI®V,)

where (p1 + p2)(g) = p1(g) © p2(g) and (p1 X p2)(g) = p1(g9) ® pa(g)

Definition 4.11. The representation ring R(G) is the ring generated by all representations
of G over C using the operations defined in Definition 4.10 and a formal additive inverse
defined in the obvious way.

By Theorem 4.6, R(G) is generated by all irreducible representations of G.

Example 4.12. Once again, we let G = C3. Let V; and V5 be the CC3-submodules of V' as
in Example 4.3. Let p; and ps be representations corresponding to Vi and V5 respectively.
1

pi() = [75] and (o) = [7F]. S0 1+ pale) = [O 0}

p1 X p2(g)(v1 @ vy) = 627”%1)1 ® 627”%1)2 = v; ® vg. SO p; X po is the trivial representation
Lr(cy)-

The representation ring R(C3) is the formal ring generated by 1, py, pa. Since py = p?, we
get that R(C3) is generated as a ring by p; and satisfies p} = 1. Hence R(Cs) is isomorphic

to the group ring ZC}.
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CHAPTER 5. POINCARE POLYNOMIAL

Recall from the Introduction the following definition and theorem.

Definition 5.1. The Hilbert series of a graded vector space M is a formal power series
P(M) =) at,
i=0

where a; is the dimension of M.

When P(M) is finite, we call P(M) the Poincaré polynomial.

Theorem 5.2. Let W be a quasthomogeneous polynomial with weights d,q1,qs, ..., qn. The

Hilbert series of the Milnor ring Qw is

n

PQw) =]

=1

1 — i@
1 —ta

Note that according to Theorem 2.6, P(Qy ) is a polynomial when W is non-degenerate.
We will prove a more refined version of Theorem 5.2 in Chapter 6.
Since the Poincaré polynomial tells us the dimension of each subspace of a certain degree,

if we let t = 1, we would get the dimension of the entire space.

“r(d
Theorem 5.3. The dimension of Quw is = H (— — 1>.
i=1 N1

Proof. For each term in the product of P(Qy/), we get that 1 is a root of both the numerator

and the denominator.

1—t=a  A—tJ(14+t+2+ .. +tra )

-t (L—tJ(L+t+124 ... +ta-1)
O e R e )
(I+t+t2+... .+t 1)

letting t =1,
_d—yq
a 4;
Y 0
d;
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5.1 REPRESENTATION-VALUED POINCARE POLYNOMIAL

Definition 5.4. Let M = GB M; be a graded C vector space. Let G be a group which acts
i=0

on M such that M is a CG-module and each M; is a CG-submodule with corresponding

representation p; (where p; is not necessarily irreducible). We define the representation-

valued Hilbert series of M to be
P(M,R(G) = pit'
i=1

where R(G) is the representation ring of G.

Note that by taking the trace (character) of this expression at 1 € G, we get the usual
Hilbert series.

This definition relies on the group G preserving the grading of M, i.e. gm; € M; for all
m; € M; and g € GG. The action of the admissible groups on our state space multiplies a
basis element by a complex root of unity as shown in Example 2.12 and thus preserves the
grading. Hence, we can define the Hilbert series with representation for a FJRW state space.
In fact, since the FJRW state space is finite dimensional, we can call it a representation-valued

Poincaré polynomial.

5.2 POINCARE POLYNOMIAL ON EXACT SEQUENCES

Definition 5.5. Let K be a sequence of vector spaces and linear transformations:

do di

do dn—1 d
N,_1 —= N, —— ...

0 Ny N,

the sequence is exact at N; if kerd; = Imd;_; and K is ezact if it is exact at all N;.

Definition 5.6. Let d : M — N be a linear transformation where M and N are graded
vector spaces. We say that d has degree b if d(m;) has degree i + b in N for every m; of

degree 7 in M.
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If b= 0, we say that d is degree-preserving.

Proposition 5.7. Let K be an exact sequence of vector spaces:

d2 dnfl dn
e Ny,-1—N, —=0

n n—1
where each d; has degree b;, then Z(—l)itﬁiP(Ni) = 0 where f; = Z b;.
j=i

=1

Proof. For each vector space N;, we have N; = kerd; ® Im d;. Suppose n is odd, then

Ni®N;sd...® N,
= kerd; ®Imd; ®kerds ®Imds P kerds ® ... o Imd,_s P kerd,, ®Imd,
= Imd, dkerds ®Imds D kerds ... 5 Imd, o D kerd,,

since kerd; = Imdp = 0 and Imd,, =0

>~ kerd, ®Imdy, ®kerd, ®Imdys @ ... D kerd,_1 ®Imd,_1,

by the condition of exactness in Definition 5.5

& NoONyD--- D Ny
Similarly, if n is even, then

NNON;D...®N,_;
= kerd1 @Imdl @kerdg @Imdg @kerd5 P ... @Imdn_g @kerdn_l @Imdn_l
~ Imd; Pkerds ®Imds B kerds ®...0Imd,_35Pkerd,,_; &Imd,_1,

since kerdy; = Imdy =0
>~ kerdy, ®Imdy, Dkerd, ®Imdy, @ ... Dkerd,_o ®Imd,_» ®kerd, ®Imd,,

by the condition of exactness in Definition 5.5 and since Imd,, = 0

&2 No®NyB---DN,.
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We now use the following diagram to illustrate the logic for the rest of the proof.

kerd,,_s Imd,,_o kerd,,

..——Imd,,_3 kerd,,_;

Im dn—l

We start from kerd, = N,,. From here, we know that P(N,) = P(kerd,). Using N,,_; =
kerd,  ®d, ', (Imd, ), we get P(N,_1) = P(kerd, 1)+ P(d,*,(Imd,_;)). To match the
terms from N,_; with the terms from N,, we multiply by ¢! and get t"*~'P(N,_;) =
=1 P(kerd,_,) + t*"P(d;* ,(Imd,_,)) = t** P(ker d,,_,) + P(Im d,,_1).
Next, from P(N,_5) = P(kerd, o)+ P(d,*,(Imd,_,)), in order to match it with P(N,,),
we multiply by t»~2¢*~1 since t>*-2t*~' P(d_ ', (Im d,,_5)) = t>* P(Im d,,_5) = t""~* P(ker d,,_,).
So in order to match all of the terms, we have to multiply each P(N;) by t% where ; is

the sum of all the degrees of d; proceeding N; up to d,_;. O

Corollary 5.8. Let K be an exact sequence of graded vector spaces:

do dq do dn—1 dn

Ny N Nn—lﬁNnﬁ'o

where each d; is a degree-preserving map, then Z(—l)iP(Ni) =0.
i=1

Definition 5.9. Let g have an action on sets M and N. We say that the map ¢ : M — N

is equivariant if for m € M, gp(m) = p(gm).

Proposition 5.10. Let K be an exact sequence of graded vector spaces, with G acting on

each N; in a way that is degree-preserving:

do dn—1 dn
N,_1 —=N, —=0.

If each d; has degree b; and is equivariant, then Z(—l)itﬁiP(Ni,R(G)) = 0 where B; =

=1
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n—1

> b,

j=i

Proof. We follow from the proof of Proposition 5.7.

kerd,,_» Imd,,_o kerd,,

..——Im dn_g ker dn—l

Im dn—l

Once again we start from kerd, = N,. Since N,_; = kerd,_1 ® d,;*,(Imd,_;) and d,,_,
is equivariant, both kerd,_; and d;',(Imd,_,) are CG-submodules of N,_;. The repre-
sentation of d',(Imd,_,) is also the same as the representation of kerd,. Once again, in
order to match the terms from N,_; with the terms from N, we multiply by t*»~* and get
-1 P(N,_1, Rg(C)) = t*'P(ker d,,_,)+t""'P(d; ', (Imd,_,),, Re(C)) = t" ' P(ker d, 1)+
P(Imd,_1, Rs(C)).

Just as in the proof of Proposition 5.7, we continue matching terms, and since at each

stage, the map d; is equivariant, the representations all remain the same. O
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CHAPTER 6. Koszur, COMPLEX

A useful tool in computing the Hilbert series of the FJRW state space is the Koszul complex.
We use the fact that the partial derivatives of a non-degenerate polynomial forms a regular
sequence. From this regular sequence, the Koszul complex gives us a long exact sequence

where the final term in the sequence is the Milnor Ring.

6.1 REGULAR SEQUENCE

Definition 6.1. Let R be a ring and let M be an R-module. A sequence of elements
r1,...,Tn € R is called a regular sequence on M if (ry,...,r,)M # M, and fori=1,... n,

r; is a nonzerodivisor of M/(ry, ... ,r;_1)M.
Using the method given in [Stu93], we introduce the following terminology.

Definition 6.2. Let R be an associative and commutative graded k-algebra, where k is a
field. A sequence of elements ry,...,7, € R is called a homogeneous system of parameters

(h.s.o.p.) of Rif R/(ry,...,r,) is a finite dimensional k-vector space.

Theorem 6.3. Let R be a Noetherian graded k-algebra. If R has a h.s.o.p. that is a reqular

sequence, then any h.s.o.p. in R is a reqular sequence.

The proof of this theorem can be found in [Stu93| and [Sta79], and is further explained

in [Pic06).

Proposition 6.4. Let W be a nondegenerate polynomial in Clxy, ..., x,]. Then the set of

partial deriwatives {W,.} is a reqular sequence on Clzy, ..., x,].

Proof. x1,...,x, is a h.s.o.p. and is also a regular sequence. Recall from Theorem 2.6 that
the nondegeneracy of W tells us that Clxy,...,z,]/(Wy,,..., W, ) is a finite dimensional
C vector space and thus W,,,..., W, 1is a h.s.o.p. Since C[xy,...,x,] is Noetherian, by

Theorem 6.3, W,,,...,W,, is a regular sequence. O
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6.2 KoszurL, COMPLEX

The Koszul complex that we are going to define is a sequence of graded vector spaces and

this section gives us some definitions to help us understand its construction and properties.

Definition 6.5. Let R be a commutative ring with unity. A sequence K of R-modules:

do d1 dQ dn dn+ 1

0 N, N,y ——N, — ...

No

where each d; is a module homomorphism and d,, ;1 o d,, = 0 for all n is called a complez.

The n'™ cohomology group is defined to be

H"(K)=kerd,;/Imd,.

To illustrate how the Koszul complex is constructed, we start with the Koszul complex
in 1 and 2 variables. We denote the Koszul complex in one variable as K (W, dz) and it is
the sequence below:

0—=R—">Rdr —=0,

where 7, (f) = f AW, dx for f € R = C|x].
Certainly 7, is injective since W, is a nonzerodivisor (i.e. H°(K(W,dz)) = 0). Now
we compute H'(K(W,dx)) = Rdx/W,Rdx = R/(W,)dz. The Koszul complex can be

extended to an exact sequence

0—R—> Rdx — R/(W,)dx —0

Now let R = C[z,y]. The Koszul complex in 2 variables K(W, dz, W, dy) is motivated
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by the following complex

R{\Rdw\ 0
0 Rd

y —= Rdx A dy —0

where 7,(f) = f AW, dz and r,(f) = f AW, dy.
K (W, dz, W, dy) is the following complex

0—=R-—>Rdx® Rdy—=> Rdx ANdy —=0

where both s, so are given by r — r A dW. That is

si(r) =r ANdW
= A (W, dz ® W, dy)
= (r AWydz,r AW, dy)
And,
sa(adr,bdy) = ade N (W, dx + W, dy) + ady N (W, dx + W, dy)

= aWydx N dy + bW, dx A .

H°(K) = 0 since W, and W, are both nonzerodivisors making s; injective. The first
cohomology group is ker s/ Ims; = kerr,/Imr, & kerr,/Imr,. From Proposition 6.4, we
recall that the partial derivatives of the nondegenerate polynomial form a regular sequence
which means that W, is a nonzerodivisor in R/(W,), so kerr,/Imr, = 0. Likewise with
kerr,/Imr,. Hence H'(K) = 0. The image of the map s, is going to be sums of multiples
of W, and W, which is the ideal generated by (W,, W) in R. Hence the second cohomology

is going to R/(W,, W,)dx A dy. Once again we can extende K (W, dz, W, dy) to the exact
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sequence
00— R-—>Rdr ® Rdy —2> Rdx A\ dy — R/(W,, W,) dx A dy —=0

To iterate the Koszul complex construction to more variables, we give a definition that
describes Rdx A dy in terms of Rdx & R dy.
Definition 6.6. Let R = Clzy,z9,...,2,]. Let N be the free module @Rdwi. Then
i=1
the exterior algebra is defined as AN = R@& N & (N ® N) & ... modulo the relations

dr ® dy = —dy ® dr and dr @ dx = 0 for all dx.

Definition 6.7. We define the m™ wedge product of N (denoted by A™N) to be the degree
m part of AN.
Note that A"™*N = 0 for £ > 0, and A'N = N. Also, since A*N = EB Rdz;, N

11 <t2<...<ig

n
... ANdx;,, it contains <k> copies of R.

So going back to K (W, dx, W, dy), we get that Rdz ® Rdy = N and Rdz A dy = \*N

which gives

0 R-—N-—2-A2N—>0

The Koszul complex in n variables is K(W,, dzy, W, dzs, ..., W,, dz,), and is denoted

as K(W). It is the following sequence

0 R N2 A2N 2. APTIN Z AN s ()

From [Eis95], we get that in the Koszul complex, H’(K(W)) = 0 for j < n and
HY(K(W)) = N"N/(W,, dxq, ..., W, dx,) = (R/(Wyy,...,Wy,))dxy A ... A dx, and so

we get an exact sequence

0 R N2~ . APTIN e APN (R/(Wyy, ..., Wo))dxy A ... Adx,, —0

36



Remark. Here, it is useful to note that by definition, AN = QF and so the n'" cohomology
(which is the last term) is H; as defined in Definition 2.10. To find Hy, for other h € G, we
just need to replace W with W|gic, and let n be the dimension of Fix h. For each admissible
group GG we get a natural G action on each term of the Koszul complex that is given by
multiplication on each variable. Since dW = W,, dxy + W,, dxy + ... + W, dx,, the action

of G on dIV is trivial since G fixes the polynomial W. Hence the map dW is equivariant.

6.3 POINCARE POLYNOMIAL OF (R/(Wy,,..., W, ))dxy A... Ndx,

Here we apply the formula in Proposition 5.10.

6.3.1 2 Variables. We first look at the two-variable case and use the previous tools to

compute the representation-valued Poincaré polynomial of Q2?/(dW A Q') in two variables.

0—>Ny=R—> N, = Rdx

N/ =Rdy—% Ny, = Rdx ANdy —=0

0

0

where 7,(f) = f AW, dz and r,(f) = f AW, dy.
We start from the final term N,. This is a single copy of R. We let ¢, g, be the weights of
x and y and p,, p, be the representations of G’ on Span{z} and Span{y} respectively. If we
consider all possible monomials of in R, we get the Hilbert series (1+ p % + p2t* 4...)(1+
1 1

t% + p?t?% + ) which can be simplified as a geometric series to . For
py py ) p g 1— thq”: 1 — pthy

all the terms in N, there is an extra G-action based on the dx A dy, and so the Hilbert series
Pz Py

(1= pat®)(1 — pytav)’
Looking to Ny, we also have a single copy of R which gives us once again the denominator

for N, is

of (1—p,t®)(1—p,t?). All the terms in N; have an extra G-action based on the dx and so the
numerator has a p, factor. Also, the map from N; to NNV, is multiplication by W, dy which has

degree d — g, since taking the derivative of W loses a single power of y. So the Hilbert series
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pxtd_qy pytd_qgC

(1= pute=)(1 — pyta) (1= put=)(1 — pytav)’
Now for Ny. There are no attached dz;’s, but now all the terms increase by the degree

for Nj is . Likewise, the Hilbert series for V] is

of W,W, from Ny to N,. After accounting for that, we get that the Hilbert series for Nj is
td—qy$d—4a

(1 = pat=) (1 — pyt)’
If we include H?(K (W)), we would get an exact sequence. Hence the Poincaré polynomial

for H*(K (W)) would be P(Ny) — P(N;) — P(N}) + P(N).

P(NQ) — P(Nl) — P(N{) + P(NO) — Pz Py _ pxtd—Qy
(1= pete=)(1 — pyt®) (1 — pyt®)(1 — p,tw)
pytd*ql‘ td—ayd—do

_|_
(1= pat@=)(L = pytt) (1 — pyta=)(1 — pytav)
(po — ) (py — t4%)
(1= pat=)(1 — pytv)

This gives us an explicit formula for the representation-valued Poincaré polynomial in two

variables.

6.3.2 n Variables. We now compute the representation-valued Poincaré polynomial in
more variables. The term A‘N contains (?) copies of R. For R itself, let ¢; be the weight
of x; and let p; be the representation of the action of G on z;. Considering all possible
monomials in R, we get that the Hilbert series for R is (1 + pit? + p2t*® 4+ .. ) (1 + pot® +
pat?®? ) (1 pat™ + p2t? + ...). Since each factor is a geometric series, we can
express (14 pit% + pt% 4+ . ..) as T

Every copy of R in A'N would have the same denominator in the Poincaré polynomial,
but the numerator would depend on the dz;’s. For Rdz,,, A dx,, A ...Adz,,, every term
would have an extra action of p,, pm, - - . pm;, due to the dx;’s. At the same time, if we
consider the degree of each term, based on the degree of the Koszul complex, we get that
every term has an extra degree of (d — ) + (d — gmy) + ... + (d — ¢y ), where the m'’s

are correspond to the other variables that are not part of {,,,, ..., Tm, }

A"N has numerator p1ps ... py.
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A" !N has numerator Z P1P2 -+ Pic1Pis1 - - .pntd*%"

A""¥ N has numerator Z Diy - - .piktﬁil vvvvv * where 3, i = Z d — g;.
11 <i9<...<ip J%{Zl»:zk}
AYN has numerator 2~ <%

Taking P(A"N) — P(A"'N) + ...+ (—=1)"P(N) and simplifying it combinatorially, we

get the product of (p; —t*%) ... (p, — t*%). Dividing by the denominator, we get

Theorem 6.8. For any quasihomogeneous polynomial W and admissible group G. The
peg L

41, - - -, qm are the corresponding weights of each variable and py . .. p,, are the representations

Poincaré polynomial for Hy is where x1,...,x, are the variables in Fixh,

of the action of G on the span of each variable.

Based on this theorem, Theorem 5.2 becomes a direct corollary.

Corollary 6.9. Let W be a non-degenerate quasihomogeneous polynomaial with weights d, q1,qa, - . .

Then the Poincaré polynomial of the Milnor ring Qw without representation is

n

PQw) =]

=1

1 — ¢

1—ts
Proof. Since we are going to lose all information regarding the group action, we can ignore
all dz;’s. The Milnor ring is isomorphic to H; where h is the trivial group element and thus
we can use the representation of the trivial group, whose representation ring is isomorphic

to the complex numbers. O
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CHAPTER 7. CONCLUSION

7.1 GROUP-WEIGHTS CONJECTURE

The proof of the Group-Weights Conjecture follows almost directly from the description of

the Poincaré polynomial in Theorem 6.8.

Corollary 7.1. Let Wi and Wy be polynomials which have the same weights. Suppose

G < G and G < GRY*, then Hw, ¢ = Hw,.¢ as graded vector spaces.
W1 W2 1, 2, g

Proof. First, we recall that Definition 2.13 does not give us the graded vector space structure
of the FJRW-Ring. Rather, the grading of the FJRW ring is based on W-degree.

By definition, Hyw, ¢ = ®nec (Hh)G and Hw, ¢ = rec (’H;L)G (note that H), has a prime
symbol because H;, depends on the choice of polynomial). For each h € G, every element in
‘Hp, has the same degree, and so in order to prove isomorphism, all we have to show is that
for each h, dim (H,,)¢ = dim (H,},)°.

The dimension of (H;,) is the dimension of the G-invariant representation of the Poincaré
polynomial for H;. Since the formula for the Poincaré polynomial depends only upon the

weights and the group chosen, dim (#;,)% = dim (#})%. O

Recall from Section 2.5 that FJRW rings are deformation invariant which means that the
Frobenius manifold structure of the FJRW-theory is dependent only on the associated state
space. Hence by showing that Hw, ¢, = Hw,q, as graded vector spaces, we have shown

that /HWl,G’l = KHW%G2 in the FJRW—theory.

Theorem (Group-Weights). Let Wy and Wy be polynomials which have the same weights.

Suppose G < Gy and G < Gy”, then Hw, ¢ = Hw,,q as FJRW A-models.

Note that this theorem is a corollary to Corollary 7.1.
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7.2 USING THE POINCARE POLYNOMIAL

This section gives some insight as to the process of deriving the G-invariant portion of the

Poincaré polynomial in Corollary 6.9. Here we focus on the sector H; of the state space.

7.2.1 W =2". Leta Fermat atomic type polynomial be W = 2" and with group <627”%>.

We have that the weight of z is 1 and the total weight of W is n. So the Poincaré polynomial

n—1

of H; is Epy where p is the obvious representation on Span{z}. Note that p" = 1.
- P
The numerator factors: (1 — pt)(p™ "2 + p"2t" 3 + ...+ p*t + p). Hence we get the
Poincaré polynomial of the trivial sector as (p" 't" 2 4 p" %" + ... + p*t + p), which has

no G-invariant terms.

7.2.2 W =2y +axy'. Let aloop type polynomial be W = 2%y + zy* with weights ¢, = 3
and g, = 1 as shown in Chapter 2. We let the group G = (627”%, 627”%> = (.
If we let the action of G' on the variable y be represented by p, where p” = 1, then it
follows that the action of G on 2 can be represented by p°.
So the Poincaré polynomial of H; is
p*—t* p—1° (1= pt) (0%t + p°t* + p't + p°) (1 = p*t°) (p*t* + p)
1—p3t31 —pt 1 — p3t3 1—pt
= (P’ + 2+ p't+ p°)(* + p)

= PO+ o0 4 ptt + 267 + PO + POt + pt.

The term 2t* is G-invariant and corresponds to the generators 3> dz A dy and xdx A dy €
(H1)“, both of degree 3.

Now in general, we can find an expression for the Poincaré polynomial of a loop type
polynomial.

Suppose that x and y are variables of W. Let x and y have weights ¢, and ¢, respectively
and let W have total weight d.

The term 2y is in the loop polynomial and so ag, + ¢, = d or ag, = d — qy.
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Two of the terms in the product of the Poincaré polynomial of W are EyTe and
— p x
’l/) — td*Qy
W, where p and v are representations of x and y respectively.
— y

We can show that 1 — pt% divides ) — t%~% by first substituting d — qy with ag,. Next,

we note that since G fixes xy, p“¢ = 1 and thus ¢ = p~.

'QZ) o td—qy — p—a — %y

= (1= pt=)(p~ el 4 p72 0072 T 4 p7e)

So if Wigep = 21 @9 + 252@3 + ... + 23" '@, + 29" 21, with representations pi, ..., p,, then

1 — p;t% divides p;41 — t* %+ and we get that the Poincaré polynomial of the trivial sector

H( - pijtqz'(ai—j)) )
i=1 \j=1

of Wigep is

7.3 (CONCLUSION

At shown in Section 7.1, we have proved the Group-Weights conjecture. However, in the
process of proving this conjecture we also now have a Poincaré polynomial for H; in terms
of representations. This formula also works for finding the state space of the B-model. The
argument for proving a similar Group-Weight conjecture for the B-model does not work
since deformation invariance does not exist in the B-model.

As illustrated in Section 7.2, finding the G-invariance of the Poincaré polynomial with
representation is not as easy as compared to the proof of Theorem 5.3 where we just let
t = 1 in order to find the general dimension of the Milnor ring. The hope is that studying
more examples will lead to a formula for the G-invariance of the Poincaré polynomial with

representation.
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