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ABSTRACT

Crouzeix’s Conjecture and the GMRES Algorithm

Sarah M. Luo
Department of Mathematics

Master of Science

This thesis explores the connection between Crouzeix’s conjecture and the convergence
of the GMRES algorithm. GMRES is a popular iterative method for solving linear systems
and is one of the many Krylov methods. Despite its popularity, the convergence of GMRES
is not completely understood. While the spectrum can in some cases be a good indicator
of convergence, it has been shown that in general, the spectrum does not provide sufficient
information to fully explain the behavior of GMRES iterations. Other sets associated with
a matrix that can also help predict convergence are the pseudospectrum and the numerical
range. This work focuses on convergence bounds obtained by considering the latter. In
particular, it focuses on the application of Crouzeix’s conjecture, which relates the norm of

a matrix polynomial to the size of that polynomial over the numerical range, to describing
GMRES convergence.

Keywords: GMRES, Michel Crouzeix, Faber Polynomials, Complex Approximation, Krylov
Subspace, Convergence, Iterative Methods, Linear Systems
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CHAPTER 1. INTRODUCTION

A popular strategy for solving systems of linear equations is to implement an iterative
method. While there are many such methods, one that has received particular attention
is the GMRES algorithm. GMRES stands for “generalized minimal residuals” and is favor-
able due to its ability to handle non-Hermitian and /or indefinite linear systems. Predecessors
to GMRES, such as the conjugate gradient method or MINRES, are restricted to Hermitian
problems, or problems where the Hermitian part is positive definite. Regardless of the type
of problem a particular method is suited for, in all cases a prevailing question is how long will
the method take to converge? A particular method may give excellent approximations, but
if it takes an inordinate amount of time to produce that approximation, then for all intents
and purposes it is useless to us. What is needed is a way to predict how many iterations
will be necessary in order for the method to produce the desired result. While occasionally
it is useful to consider the right hand side b, usually it is the properties of the matrix A
that determine the behavior of the iterative method. An appreciable amount of research
has been done in this area, leading to convergence bounds in terms of the spectrum, the
psuedospectrum, and the numerical range of A. In this work, we focus on the latter.

Given a linear system Az = b, and an initial guess xqg, GMRES works by producing

approximations which lie in the affine Krylov subspace given by

xo + K, (A, rg) = xo + Span{rq, Arg, A%r, ..., A”_lro},

where ry = b — Axy is the initial residual. As will be shown below, the k" residual satisfies

the equation

[l = [lp(A)roll,



where p(z) is a k' degree polynomial with complex coefficients, satisfying p(0) = 1 and || - ||

denotes the 2-norm. Note that this implies

[l |l
[I7ol |

< [[p(A)]l-

Thus the task of approximating the rate of convergence can be undertaken by considering
the quantity ||p(A)||. As will be shown in Chapter 4, if we assume that A is diagonalizable,

then we have the classical result

P < w(V) sup [p(A)], (1.0.1)
A€o (A)

where o(A) denotes the spectrum of A, V' is a matrix of eigenvectors of A, and (V) is the
condition number of V. This relation allows us to restate our matrix approximation problem
as a scalar approximation problem. However, in the language of Trefethen [47], there is a
constant “gap” between these two problems, namely (V). In the case of normal matrices,
this bound is sharp [21] and in the case that A is not normal, but V is well-conditioned,
then (1.0.1) can still provide good bounds. However, many matrices that arise in practice
do not have well-conditioned eigenvector matrices and, as is shown in [24], the convergence
of GMRES in general depends on more than just the spectrum. Getting around these issues
is where the Crouzeix conjecture comes into play.

Crouzeix’s conjecture relates the size of a polynomial of a matrix to the size of that
polynomial over the numerical range of the matrix. The numerical range of a matrix is a
convex subset of the complex plane, consisting of all Rayleigh quotients

¥ Ax

r*x

W(A):{ |x7é0,x€(C”}.



Crouzeix’s conjecture can then be concisely stated as follows

Ip(A)[ <2 sup [p(2)]. (1.0.2)
zeW(A)

While this conjecture itself is somewhat new, similar inequalities have a history dating back

many decades. The first was perhaps von-Neumann’s inequality

IIp(A)]] < sup |p(2)],
z€D)) 4|

where D) 4 is the disk centered at 0 of radius ||A||. Later came the following result of Badea

[7], which is based on a result established by Ando in 1973 [1]:

IP(A)I <2 sup p(2)],
ZeDw(A)

where D,,(4) is a disk centered at 0 of with radius equal to the numerical radius (see Section
2.4). As for results more directly related to the Crouzeix conjecture, there is the result of
Delyon and Delyon [12] which states that for any bounded, open, convex set K C C, there

exists a finite constant C'(K'), depending only on the set K such that

Ip(A)]| < C(K) sup [p(2)]. (1.0.3)

zeK

Letting C'(K) denote the best constant such that this equation holds, Crouzeix and his
collaborators have derived approximations to C(K) for particular sets K, including sectors,
disks, and parabolic domains; see [2] and the references therein. Of particular interest is the
result that for W(A) C K, C(K) = 2 for the case of a 2 X 2 matrix [2] and that (1.0.3) holds
with 11.08 in place of C'(K) for general matrices A [8].

The Crouzeix conjecture can be of help in the analysis of GMRES in the following way:



simply replace the constant (V') in (1.0.1) by 2, and the set o(A) by W(A) (which, as we will
see below, contains the spectrum of A). The advantages of this are three-fold. First, we have
rid ourselves of the quantity (V') and by so doing, have eliminated any need for our matrix
to be near normal. Second, rather than restricting ourselves to the spectrum, which we
know is insufficient in general, we are now considering the numerical range, which has many

! Furthermore, the numerical range

nice properties including convexity and compactness
has applications in many areas including operator theory, dilation theory, C*-algebras, and
factorization of matrix polynomials (to name a few), and thus is a promising set to consider
when seeking information about a matrix. Lastly, to obtain a good bound, all we need to do
now is answer the question of how big can |p(z)| be over the numerical range. In other words,
we now have a problem which falls into the category of approximation theory, a field where
substantial work has been done. To answer this question, there are a number of paths we
could consider, including Pick-Nevanlinna interpolation, interpolation in Fejér points, least
squares approximation and orthogonal polynomials, and estimates via Faber polynomials.

Here, we investigate some recent results obtained by considering the Faber polynomials. To

our knowledge, these results are the best given so far in the context of GMRES analysis.

CHAPTER 2. NUMERICAL RANGE

In this chapter, we define the numerical range of a matrix operator and give some of its key
properties used in this thesis. See the references for a more comprehensive treatment. Let
M,, denote the set of n X n matrices over the complex numbers. The numerical range of a

matrix A € M, is defined as follows:

Tt should be noted that compactness does not hold in general when A is an infinite dimensional operator.
However, in this work, we only consider finite dimensional n x n matrices, and so we will always assume
W(A) is compact.



Definition 2.0.1. The numerical range of A € M, is the subset W (A) C C, given by

W(A) = {(Az,z) | x € C",||z|| = 1}, (2.0.1)

where || - || denotes the 2-norm.

Note that W (A) is the continuous image of a compact set, and is thus itself a compact set
in C. As we will show, the numerical range of a linear operator is a convex set. This is a
consequence of the Toeplitz- Hausdorff Theorem. We first review some basic properties of the

numerical range.

2.1 BAsic PROPERTIES

We start with some results on the invariance of W(A).
Proposition 2.1.1. Let A € M,,. Then the following properties hold.
(i) For any o, 5 € C, we have that W(aA+ BI) = aW(A) + 5.
(it) W(U*AU) = W(A) for any unitary U € M,.
(iii) If k € {1,...,n — 1} and X € C™* satisfies X*X = I, where I, denotes the k x k
identity matriz, then W(X*AX) C W(A).

Proof. To show (i), we calculate

W(aA+ pI) = {z"(aA+ )z | x € C",||z|| = 1}
={ax*Ax + fz*z |z € C",||z|| = 1}
={az* Az + 5 | x € C",||z|| = 1}
=af{z"Azr |z € C",||z|| =1} + 8

=aW(A) + 5.



To show (ii), let A € W(U*AU). Then there exists a unit vector z € C" such that
(U*AUz,z) = \. Since U is self-adjoint, we can write (AUxz,Uz) = A. Now let y = Ux.
Since multiplying by a unitary matrix preserves norm, that is, ||y||* = y*y = 2*U*Ux =
r*x = ||z]|?, we have that y € C" is also a unit vector. Thus (Ay,y) = A so A € W(A).

To show the reverse inclusion, note that W(A) = W(UU*AUU*) C W(U*AU) by what was
just shown. Thus W (A) = W(U*AU).

For (iii), let A\ € W(X*AX). Then there exists a unit vector y € C¥ such that (X*AXy,y) =
A. Note that || Xy||> = y*X*Xy = y*y = 1. Thus setting v = Xy yields v*Av = (Av,v) = \.
Hence W(X*AX) C W(A). O

The following example illustrates point (i) of Proposition 2.1.1.

Example 2.1.2. Let A € M3 be defined as

-4 8 -1

The numerical range of this matrix is in Figure 2.1(a). Now let a = .5 and b = 10 + 8i.
The numerical range of aA + bl is in Figure 2.1(b) along with the numerical range of A for
comparison. The smaller egg-shaped region is the numerical range of aA + bI. Notice that
W(aA+0bI) is indeed the same as aWW(A)+b and that the numerical ranges of A and aA+bl
have the same basic shape and geometric properties.

Next we show two important properties of W (A).

Proposition 2.1.3. Let A, B € M,,. Then

(i) W(A") ={X [ X e W(A)} =W (A).

(11) (Subadditivity) W (B + A) C W(B) + W (A).



(b) The numerical ranges of A and aA + bl as in Example 2.1.2

Figure 2.1: Example of Scalar and Translational Invariance



Proof. For (i), we have the following:

W(A") = {{(A"z, z) | [[«]| = 1} = {(z, Az) | [[z]| = 1}

= {(Az,2) | [[z]| = 1} = W(A)

For (ii), let v € W(B + A) with unit vector x satisfying z*(B + A)x = ~. Let v = 2*Bx
and y4 = x*Ax. Then y5 € W(B) and 74 € W(A) and v = 2*(B + A)x = z*Bx +
x*Ax = yp + va. So 7 is the sum of an element in W(B) and an element in W (A), thus
v € W(B) + W(A). O

The next two results will be very useful in showing how to sketch the numerical range as

well as proving its convexity, but first we need the following lemma:
Lemma 2.1.4. Let A€ M,. If (Az,z) =0 for all x € C", then A = 0.
Proof. First suppose that A is Hermitian. Then for any z,y € C", we have that (z, Ay) =
(Az,y). By the hypothesis, we also have that (A(x + y),z + y) = 0. Therefore,

0= (Az,z) + (Ay, =) + (Az, y) + (Ay,y) = (Az,y) + (y, Az) .
Letting y = Az then yields 0 = 2||Az||?, which implies Az = 0 for all z € C". Thus A = 0.
Now let A € M,, be arbitrary. If we let

A4 A A— A

H and K = —,
21

then A = H + (K with H and K both Hermitian (we call H the Hermitian part of A and

iK the skew-Hermitian part of A). Thus, if (Az,z) = 2* Az = 0 for all x € C", then since



(x*Az)* = 2*A*x = 0 also, we have

*Ar =2"Hx +ix*Kx =0, and

*A*r =x"Hr —iz" Kz =0,

for all z € C". Adding these two equations gives us that 2z*Hx = 0 for all x € C" and so

by the result above, H = 0. Similarly, K =0 and so A = 0. m

Proposition 2.1.5. The numerical range of a Hermitian matrix A € C" is an interval
(A1, A\n] € R where A\ is the smallest eigenvalue of A and A, is the largest eigenvalue of
A. Moreover, the set La(\,) = {x € C" : ||z|| = 1, 2*Ax = \,} is the set of all unit
eigenvectors of A corresponding to A, and similarly for ;. We also have that if W(A) C R,

then A is Hermitian.

Proof. Let A € M, be Hermitian. Then there exists a set of n orthonormal eigenvectors of
A, denoted {x1, ..., x, }, with corresponding eigenvalues Aq, ..., \,,, which are arranged so that
A <X <o <\, Let 2 = ¢y +- - - +¢,2, be aunit vector in C" (so |¢; |2+ - -+]|ca|? = 1).

Using the fact that eigenvalues of A are all real, we have that

¥ Ar = )\1|cl|2 + /\2|CQ|2 4+ 4 )\n|cn|2

<Mllaf + e+ + |eal) = M.

The first line of this equation implies that z*Az € R for all unit vectors € C" and hence
W(A) C R. Furthermore, it also shows that for all z € W(A), z < \,. Similarly, we can
show that z* Az > Ay for all unit vectors z € C", and thus W(A) C [A1, \,]. We still need
to show that W(A) = [A1, Ay, i.e. for all ¢ € [A1, A\,], there exists a unit vector x € C" such
that 2* Az = ¢. To do this let 2, = v/sz1 + /1 — s, for 0 < s < 1. Then ||z,|| = 1 and
rtArs = sA + (1 — s)A\,. So given any ¢ € [\, \,], we can find a unit vector z, such that

xtAxs = c by choosing an appropriate s. Thus W(A) = [\, A].



For the second assertion, we claim that z*Ax = A, if and only if x is a unit eigenvector
of A corresponding to A,. The reverse implication is clear. For the forward direction, we
prove the contrapositive. Suppose x is not an eigenvector of A corresponding to A\,. Then z
cannot be a linear combination of eigenvectors corresponding to A, either (for such a vector
is, in fact, an eigenvector corresponding to \,), so in the representation x = c1x1 + - - - ¢, Ty,
we must have that ¢; # 0 for some j where A; # A,,. Since A, is the maximum eigenvalue,
this means that \; < A, so in this case, the inequality above is strict, i.e. 2*Ax < A,. This
proves the second assertion for \,. The proof for )\, is similar.

Finally, to show the last statement, let A € M,,, not necessarily Hermitian, and suppose
z* Az € R for all unit vectors € C*. Then z*Ax = x*Ax = z*A*x for all unit vectors

x € C". Rearranging the terms we get

T Ar — 2" A" =0 = 2" (A — A")x =0 for all unit vectors x € C".

By Lemma 2.1.4, A — A* = 0 and hence A = A*. ]

Figure 2.2 is a plot of the numerical range for the Hermitian matrix H = A*A, where A is

as in Example 2.1.2. The stars indicate the location of the eigenvalues of H.

Proposition 2.1.6. For all A € M,, let H(A) = (A+ A*)/2 and iK(A) = (A — A*)/2

denote the Hermitian and skew-Hermitian parts of A, respectively. Then

Re (W(A)) =W(H(A)) and Im (W(A))=W(K(A)),

where

Re (W(A))={Rez|zeW(A)} and Im W(A)={Imz|zeW(A)}.

10
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Figure 2.2: The numerical range of a Hermitian matrix

Proof. For all unit vectors x € C", we have that

" H(A)x = x*%(A + ANz = %(I*AI + 2" A"x)

1 1 -
é(x*Ax + (" Az)") = 5(95*/133 + 2*Az) = Re (2" Ax).

So every point of W(H(A)) is of the form Re z for some z € W(A) and conversely.

Similarly, for K(A), we have that for all unit vectors x € C",

KA ==x 22.(A A"z = Qi(x Ax — 2" A*x)
1 * * *\ 1 * %k A
2—2(96 Az — (2" Ax)") = 22_(:1: Az — x* Ax)

1

?

(2¢ Im (x*Az)) = Im (2" Azx).

11



2.2 (CONVEXITY

One of the most significant properties of the numerical range is the fact that for any A € M,
the numerical range of A is convex. This fact was proved by Toeplitz and Hausdorff. Toeplitz
showed that the boundary of the numerical range is a convex curve and later, Hausdorff
showed that the numerical range is itself convex (see [44] and [28]). Thus this theorem
has been named the Toeplitz-Hausdorff Theorem. There are various different proofs of this

theorem. We present two of the more common ones below.
Theorem 2.2.1. (Toeplitz-Hausdorff) Let A € M,,. Then W(A) C C is convex.

For the first proof, we need the preliminary result stating that for a 2 x 2 matrix, the
numerical range is an elliptical disk whose foci are the eigenvalues of the matrix. There are
several different ways of proving this fact ([26] contains two different proofs). We present

here the proof provided in [32].

2.2.1 The Numerical Range of a 2 x 2 Matrix. We will need the following lemma:

Lemma 2.2.2. Given any A € My, there exists a unitary U € My such that the two main

diagonal entries of U*AU are equal.

Proof. Without loss of generality, we can suppose that tr A = 0. To see why, simply replace
A with A — %(tr A)I = A— «l. Suppose there exists a unitary matrix U € M, such that the
two main diagonal entries of U*(A — al)U are equal. Then if the (1,1) entry and the (2,2)
entry of U*AU are a}, and al,, respectively, we would have that a}; — a = a), — a and so
a}y; = aby. Thus we can suppose that tr A = 0, and our task is reduced to finding a unitary
matrix U € M, such that the two main diagonal entries of U* AU are zero.

In order to do this, it suffices to show that there exists a nonzero w € C? such that w* Aw = 0.

This is because if we normalize w and set it as the first column of a unitary matrix W, we

12



will have

0 x
W*AW = ,
X X
and since tr (W*AW) = tr A = 0, it must follow that the (2,2) entry is zero also.
To construct the vector w, first note that since tr A = 0, it is easily verified that the
eigenvalues of A are £\, for some A € C. Let x and y be the normalized eigenvectors for

—X and A, respectively. If A = 0, note that we can simply take w = x. Otherwise, let

w = e’z +y. Since x and y are independent, w is nonzero for all § € R, and

w*Aw = (e Px* + y APz +y) = (e Pz + y*) (= Az + \y)
= MNe 2ry — ey x) = 2iAIm (e a*y).

The result then follows by picking @ so that e~®z*y is real. m

Continuing along the same vein, let A € M, and set o = (—1/2)tr A. By Proposition 2.1.1,
it suffices to consider W (A + al). Further, tr (A + af) = 0 and by the preceding lemma, we

can suppose that the two main diagonal entries are both zero. At this point, we have shown

that we only need to consider matrices of the form , where ¢, d € C. However, we
d 0

can simplify this further by noting that

Now, if ¢ = |c|e?®* and d = |d|e??, let § = (1/2)(fy — 61). Then the above matrix product
equals

10 e 1
€Z¢ || s ¢:§(91+92)

jdl 0

13



So by unitary and scalar invariance we only need to consider matrices of the form

0 a
, a,b>0. (2.2.1)

b 0

We are now ready to prove

Lemma 2.2.3. Let A € My. Then W(A) is an elliptical disk whose foci are the eigenvalues
of A.

Proof. By the above results, we can assume that A is of the form (2.2.1). Without loss of
generality, suppose @ > b > 0. Let z € C? be an arbitrary unit vector. The goal is to show
that all numbers of the form 2z*Az form an elliptical disk with the desired properties. Note
that (e?2)*A(e?z) = 2* Az for all § € R and so given any unit vector z € C2, we can suppose
that the first component of z is real and nonnegative. Since z is a unit vector, this means
that z, with the first component real and nonnegative, has the form z = (¢, (1 — t2)/%)T,

where t € [0,1] and 6 € [0, 27]. Therefore,
a t ae/1 — ¢2

, 0 :
2*Az = (t,e V1 — 12) = (t,e7 /1 - 12)
b 0| \e?v1—1¢2 bt

= tae’ /1 — 12 + the /1 — 12 = tv/1 — t2((a + b) cos(0) + i(a — b) sin(6)).

Letting 6 vary from 0 to 2w, the point (a + b) cos(f) + i(a — b) sin(f) traces out an ellipse
E with center (0,0). (Note that the ellipse could be degenerate, as would be the case if A
were Hermitian.) As ¢ varies from 0 to 1, the term tv/1 — 2 varies from 0 to 1 /2 and back
to 0. This shows that every point in the interior of (1/2)F is attained for some z. Lastly, by
considering the angles § = 0 and 6 = 7/2, we see that the major axis of the ellipse extends
from —(a +b)/2 to (a+ b)/2 along the real axis and the minor axis extends from i(b — a)/2

to i(a — b)/2 along the imaginary axis. Thus in Cartesian coordinates, the ellipse E can be
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represented by the equation % + % = 1. So the distance from the center to the foci

is [(1/4)(a +b)? — (1/4)(a — b)?]"/? = V/ab, which means the foci are given by £+/ab, which

are precisely the eigenvalues of A. O

4427 1
Figure 2.2.1 provides an example of W (A) for the 2 by 2 matrix A =

3t 7

Figure 2.3: The numerical range of a 2 by 2 matrix

2.2.2 Convexity of W(A) for a general A € M,,.

Proof 1 of Theorem 2.2.1. Since we know the result is true in the 2 x 2 case, suppose A € M,
where n > 2. Let v, u € W(A). We need to show that the line segment connecting v and
i, denoted [y, u|, is contained in W (A). Let xz,y € C" be unit vectors such that v = z* Az
and p = y*Ay. Let X € C"?2 be such that the column space of X contains x and y and
X*X = I,. Then there exists unit vectors v, w € C? such that Xv = 2 and Xw = y. Thus

v =2"Ar = v* X*AXv and p = y*Ay = w* X AXw which means that v,y € W(X*AX).
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Note that X*AX is a 2 by 2 matrix, thus by Lemma 2.2.3, W (X*AX) is an ellipse. Since an
ellipse is convex, we have that [y, u] C W(X*AX). But W(X*AX) C W(A) by Proposition
2.1.1. Thus W (A) contains [y, u] which shows that W (A) is convex. O

For the second proof, we also begin with a lemma. This lemma as well as the proof following

it are both due to [40].

Lemma 2.2.4. Let H € M, be a Hermitian matriz and let v € W(H). Then the set

Ly(y)={x € C"|||z|| =1,2*Hx = 7} is path connected.

Proof. Recall that any Hermitian matrix H is unitarily similar to a diagonal matrix with the
eigenvalues of H along the diagonal. By Proposition 2.1.1 we can then assume without loss
of generality that H is a real diagonal matrix and we can also assume that v = 0. Denote
the eigenvalues of H by A;, ¢ = 1,...,n. Then, the numerical range of H has the following

form
W(H) = {ijymjﬁ txy, e €C, )l = 1}.
j=1 j=1

Suppose that the vectors z and y are in Ly (0). We need to show that there is a continuous
path in Ly (0) connecting x and y. Note that for any z € Lg(0), each entry of z is a complex

number, and so we can write

T
z = (7”16101 reetf: ... rne“’”) )

where r; > 0 and 0; € [0,27), 7 = 1,2,...,n. We can connect any such z to the real vector

(ry ro - m,)T by the continuous curve

T
Z(t) = (rleial(lt) 7"26102(171‘/) v rneien(lt)> t & [0, 1]
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This curve is also in Lg(0) since z € Ly (0) implies
2t) Hz(t) =Y Mlre P =3 "N = 0.
j=1 j=1

Therefore, we can assume that x and y are both real with nonnegative entries. Now consider

the continuous curve

ut) = (u(t)) = (\/(1 —1)2? + ty§> te0,1].

This curve satisfies u(0) = x and u(1) = y. Also, u(t) € Ly(0) NR™ since all the entries are

real and

n

u(t) Hu(t) =Y A1 =) +ty5) = (L= 1) Y N+ Ay = 0.
J=1 j=1

=1

The last equality follows from the fact that both x and y are in Ly (0). This completes the

proof. O]

Proof 2 of Theorem 2.2.1. Let ~, u be two distinct points in W (A). Again by Proposition
2.1.1, we can assume that v = 0 and g = 1. Let z,y € C" be two unit vectors such that
0=a*Ax and 1 = y*Ay. Let A = H +iK where H = (A+ A*)/2 is the Hermitian part of A
and 1K = (A — A*)/2 is the skew-Hermitian part of A. Thus K = (A — A*)/2i is Hermitian.
Since K = K*, by Lemma 2.2.4, the set Lk (0) is path connected. Note that since z* Az and
y* Ay have zero imaginary part, x and y are both in Lg(0) (see Proposition 2.1.6). Thus
there is a continuous vector function z(t) : [0, 1] — Lk (0) such that z(0) = z and z(1) = y.

Therefore, the function

2(t)*Az(t) = 2(t)"Hz(t) + 2(t)" K2(t) = 2(t)"H=(t)
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is real and continuous with respect to t. We also have that z(0)*Az(0) = z*Az = 0 and
z(1)*Az(1) = y*Ay = 1. So z(t)*Az(t) takes on every value in [0, 1] and so [0,1] C W (A)
which shows that W (A) is convex. O

The next proposition shows one of the applications of the Toeplitz-Hausdorff theorem.

Proposition 2.2.5. For any matric A € M, W(A) contains the convex hull of the eigen-
values of A, denoted co(o(A)). Moreover, if A is normal, then W(A) = co(a(A)).

Proof. Assume Az = Az with A € o(A) and ||z|| = 1. Thus z*Az = Xz*z = X\. So
og(A) € W(A). The fact that the convex hull of ¢(A) is contained in W(A) then follows
from Theorem 2.2.1.

To show the second assertion, suppose A is normal. Then A is unitarily diagonalizable,
i.e. A = U*DU for some unitary matrix U and D = diag(\i, ..., A,) where (\;)!, are the
eigenvalues of A. By the unitary invariance property shown in Proposition 2.1.1, we have

that W(A) = W(D). Now let 2 € C" be a unit vector. Then
x*Dx = Z |z 2
i=1

Since z is a unit vector, Y i, |z;|* = 1. So we see that W(D) is the set of all convex

combinations of the eigenvalues of A. Thus W(A) = W (D) = co(c(A)). O

Note that by Proposition 2.1.3 and Proposition 2.2.5 we have for any two A, S € M, that
g(A+S) CW(A+S) Cc W(A)+W(S). So while in general, (A + S) is unrelated to o(A)
and o(S5), we can use the numerical range to say something about where the eigenvalues of
A+ S are located in the complex plane.

Figure 2.4 shows the numerical ranges of the matrix of Example 2.1.2 and of the normal
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matrix given by

1 1+:7 O
N=10 1 144
147 0 1
Note that in both cases, the numerical range contains the convex hull of the eigenvalues and
in the normal case, the numerical range equals the convex hull of the eigenvalues.
One of the consequences of knowing the numerical range is convex is the advantage it provides
in sketching it. Since we know it is convex, we only need to determine the boundary of W (A)
and then just shade in the interior. This idea provides a nice segue into the next section,
which deals with the boundary of the numerical range. We pick up the issue of sketching

the numerical range in Section 2.5.

2.3 NUMERICAL BOUNDARY

For any matrix A € M, W(A) is a compact subset of C. Thus it natural to want to know
what can be said about the boundary of W (A). We will denote the boundary of the numerical
range by 0W(A). The following is a result dealing with the case where W(A) has empty

interior.
Proposition 2.3.1. Let A € M,. Then
(i) W(A) = {u} for some p € C if and only if A = pul.

(ii) W(A) has empty interior (meaning W (A) = OW (A) is a line segment) if and only if
Lir A € OW(A).

Proof. (i) Suppose that W(A) = {u} for some p € C. Thus for all unit vectors x € C" we
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(b) The numerical range of a normal matrix

Figure 2.4: Example of Spectral Inclusion for a Non-normal and Normal matrix
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have that 2*Ax = pu. Therefore,

¥ Ar = pr*r = 2 Ar — pxtr = 0= 2" (A — pl)x = 0.

Since this holds for all unit vectors = € C", by Lemma 2.1.4 we must have that A — ul =0
and so A = ul.

Conversely, If A = ul for some p € C, then for all unit vectors z € C", we have

' Ax = x*pulx = px*r = p.

Thus W(A) = {u}.

(ii) For the second assertion, suppose that W(A) has empty interior. Then, since W(A)
is convex, W(A) = 0W(A) is a line segment. So W(A) = r(t) = at + (1 — t)cy for
some c1,co € C, t € [0,1]. By Proposition 2.1.1, we can without loss of generality assume
that ¢; = 1 and ¢ = 0 so W(A) = [0,1]. By Proposition 2.1.5, we can conclude that
A is Hermitian. Then A is unitarily similar to a diagonal matrix D = diag(\y, ..., An)

where \;, 7 = 1,...,n are the eigenvalues of A. So again by Proposition 2.1.1, we have that

W(A) =W(D). Let x € C" and = = (\/LH \/LE)T Then ||z|| = 1 and
"1 1 1
" Dx = “N=—-trD=—tr A
n

Therefore, ttr A € W(A) = OW(A).

For the reverse direction, let { = %tr A and suppose %tr A e OW(A). Let B =A—(l.
Then a direct calculation shows that %tr B =0 and so 0 € W(B). By the hypothesis, and
Proposition 2.1.1 we can further say that 0 € 0W (B). Since W(B) is convex, there exists

6 € R such that W (e B) is contained in the closed upper half plane, UHP = {z € C |
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Im z > 0}. Let C' = e B. At this point, we have the following:
1
W) cUHP, 0€0W(C), and Etr C=0.

Note that ¢; € W(C) and Im ¢; > 0 for 1 <4 < n. But we must have that %Zlm ci =0
and so each ¢; € R. Let 4,5 € {1,...,n} be arbitrary indices and let I';; denote the 2 x 2
principal submatrix lying in the rows and columns of C' indexed by 7, j. Let A, Ao denote
the eigenvalues of I';;. By Proposition 2.1.1, W(I';;) C W(C) C UHP. Therefore, A\, A2 €
UHP. But Im (A) +Im(X2) = Im(A\; + Ag) = Im(tr;;) = 0. Therefore, A\, Ay are real.
Since W (I';;) is an ellipse with foci A;, Ay and has the real axis as its major axis, we must
have that W(I';;) C R. By Proposition 2.1.5, we see that I';; is Hermitian. Since 4, were
arbitrary, it follows that C' is also Hermitian and so W (C') is an interval in the real line and
thus has empty interior. By the invariance properties of the numerical range, this implies

that W (A) has empty interior. O

The proof of (ii) in the above proposition was adapted from a proof in [32], Section 1.6,
where an equivalent, yet more general result is presented.
We now turn our attention to the corners of the numerical range. In order to talk about the

corners, we need the following definition.

Definition 2.3.2. A point u € W(A) is called a corner of W(A) if there exist angles 6,
and 0y satisfying 0 < 6; < 6, < 27 such that Re ¢y = max{Re 3 | 8 € W(e??A)} for all
6 € (61,6,).

We have the following result concerning the corners of the numerical range.

Proposition 2.3.3. For any A € M,,, if i is a corner of W(A), then u is an eigenvalue of
A.

22



Proof. Let u be a corner of W(A). There then exists 6; and 5 as in the definition such that
Re €)= max{Re B | € W(eA)} for all 6 € (0y,65).

By Proposition 2.1.5 and Proposition 2.1.6, we have that this quantity is the same as the
largest eigenvalue of the Hermitian part of ¢ A, § € (6, 60,). Thus for all such 6 there exists

a unit vector xy, such that zj;Azy = p and
a2y H (e A)xg = My (H (e A)) = Re 4.

In fact, we have that the same vector x4 works for all # in the interval (6;,65). To see why,

suppose ' € (6, 09) is different from 6. Note that

* 10’ x ,—i0 Ax*
o zpe” Axg + xje™ A'xg 1, Ly —_—
rpH (e Ay = =2 5 2 = 5(6’9 Ty Ay + €' x} Axy)

= Re z5e' Azg = Re e = \,(H(e" A)),

where the last equality follows from the fact that 6’ € (61,605). From this, we can conclude
by Proposition 2.1.5 that H (e A)zg = \,(H (e A))zg = Re € puzy. So from now on, we
will simply write x instead of xy.

Now let Ay = Re e”u. Since z is independent of #, we can take the derivative of the

eigenvector equation H (e A)x = \gx with respect to 6 to obtain

H(ie" A)x = Nz,

It is easily verified that this is the same as

iK(e®A)x = —iNpx.
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Now if we add this last equation to the eigenvector equation H (e A)x = \gx, we get

eAx = (Ng—iN)x  or Az =eP(\g—iN)z.

Thus e=®(\g — i)\}) is an eigenvalue of A. But

¥ Az = e P (\g — i),

which must equal p since these last two equations hold for all § € (01,605). Thus u is an

eigenvalue of A. m

2.4 NUMERICAL RADIUS

Recall that the spectral radius of a matrix A is given by r(A) = sup{|\| : A € 0(A)}. Similar

to the spectral radius is the numerical radius, which has the following definition.

Definition 2.4.1. The numerical radius of an operator A € M, is given by

w(A) = sup{|[A| | A € W(A)}.

Remark 2.4.2. This definition immediately implies that w(A) > 0, where equality holds if
and only if W(A) = {0} which, by Proposition 2.3.1, is true if and only if A = 0. So the

numerical radius satisfies one of the requirements for a norm on M,,. Next, we also have that

w(zA) = sup{| (zAz,z) [ -z € C" |lz|| = 1} = [2[{[(Az,2) | : 2 € C", [[z]| = 1} = |z[w(A),

and Proposition 2.1.3 shows that the numerical radius also satisfies the triangle inequality.

Thus the numerical radius is a norm on M,,. By Proposition 2.2.5, we also have that r(A) <
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w(A) for all A € M,

Next, we introduce some basic results on the numerical radius. Since all norms on finite
dimensional vector spaces are equivalent, we have that the numerical radius is equivalent to

the matrix 2-norm of A. This next result states this more precisely.

Theorem 2.4.3. Let || - || denote the matriz 2-norm of an operator A € M,,. Then w(A) <
1Al < 2w(A).

Proof. Let p = (Ax,x) where ||z|| = 1. Then by the Cauchy-Schwarz inequality, we have
|ul = [ (Az,z) | < [[Az]] < [[A]].

Since this is true for all p € W(A), we have that w(A) < ||A]|.

For the other inequality, first note that for any nonzero x € C", we have that

Az 2 <y 12
<Ax,x>—<m,m>nxu < w(A)|a] . (2.4.1)

We will also make use of the following polarization identity:

4(Ar,y) = (Alz +y), v +y) — (Alz —y),z —y)
(2.4.2)

+i(A(x +iy), z +iy) — i (A(z —iy), 2 — iy) .
Now applying (2.4.1) to (2.4.2), we get that
4] Az, ) < wl) [l + ol + 1o = ol + e+ il + iz = il
— [llal? + ¢y, @) + G ) + Il + el = (@,9) = (w,2) + Iyl

[l + Gy, 2 = i (o, y) + [l + el = i (g, 2) + 3 G, ) + Nyl )

= dw(A)|Jz]I* + [Iyl?].
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Since = and y were arbitrary, we can pick ||z|| = [|ly|| = 1 so that

| (Az,y) | < 2w(A).

Now let y = Ax/||Az||. Then

| (Az, Az) |
— " < 2w(A).
| Ax]]
Hence ||[Az|| < 2w(A). Taking the supremum over all x € C", with ||z|| = 1 implies
I|A|| < 2w(A). O

The following result deals with one of the extreme cases of Theorem 2.4.3, namely when the

numerical radius equals the norm of A.
Theorem 2.4.4. If w(A) = ||A||, then r(A) = ||A]|.

Proof. Since w(A) = ||A||, we can write

sup | (Az, z) | = [[A]]

|lz||=1
Since W (A) is compact, there exists a unit vector x € C™ such that this supremum is attained,
that is, | (Ax,z) | = || A|| for this particular z. But, by the Cauchy-Schwarz inequality,

Al = [ (Az,2) | < || Az|| < [|A]]

So we must have equalities throughout which implies Ax = Az for some A\ € C. Thus
A€ o(A) and so r(A) > |\ = | (Az,z) | = ||A||. But since in general, r(A) < w(A4) < [|A]],
this implies that r(A) = || A]l. O

This next theorem deals with the other extreme case of Theorem 2.4.3, which is w(A) =

1| A||. First, let R(A) = {Az | € C"} denote the range of a matrix A and N(A) = {z €
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C" | Ax = 0} denote the nullspace of A. Then we have the following:

Theorem 2.4.5. If R(A) L R(A*), then w(A) = 1||A]|.

2

Proof. Let x be a unit vector in C". We can write = as x; + x2 where ;1 € N(A) and
Ty € R(A*), since R(A*) = N(A)! by the fundamental theorem of linear algebra. So

Azx; =0 and since R(A) L R(A*), we also have that (Az,, z5) = 0. Therefore,

(Az, x) = (A(z1 + x2), 21 + 2)
= (Axy,x1) + (Axy, 22) + (Axo, 21) + (Azo, x9)

= <A.’132, 5L'1> .
This implies that

1Al

1Al
[ {Az, @) [ < [JAI] ]l ]l < 5=l + [l ?) =

2 )
where the second inequality follows from Young’s inequality, or the fact that (a —b)? > 0 for
any a,b € R.

Now since x is arbitrary, we can take the supremum on the left hand side, which yields

[IA]|
A) < —
w( ) — 2 Y
and since —”;‘” < w(A) by Theorem 2.4.3, we get that w(A) = 3]|A]|. O

Remark 2.4.6. As far as we are aware, there is no result indicating whether or not the

converse of Theorem 2.4.5 is true.

Example 2.4.7. This example illustrates the result of Theorem 2.4.5. Consider the follow-
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ing:

Then
1

R(A) = span{ } and R(A") = span{ ! },
0 1

so R(A) L R(A*). Note that ||A|| = 1. To determine w(A), let (x1,22)7 be a unit vector in
C?%. Then

|2 Aw| = [Trws| = [ ]| ]

By Young’s inequality, we have |z1|? +|z2|? = 1 > 2|z ||z2], s0 3 > |21]|22]. Since this bound

is attained when (21, 2,)" = (75, 75)", we have w(A) = ;. Hence w(A) = 3[|4]|.
The last result we show here is the well-known power inequality.

Theorem 2.4.8. Let A € M,. Then for any positive integer m, we have that w(A™) <

w(A)™.
Before proving this theorem, we prove the following lemmata.

Lemma 2.4.9. If w(A) < 1 implies w(A™) < 1 for all m € N, then w(A™) < w(A)™ for

all A € M,,.

Proof. Let w(A) = ¢, for some ¢ > 0. If ¢ = 0, then A = 0 and the result holds trivially,
so suppose ¢ > 0. Then %w(A) = w(%A) by Remark 2.4.2. Letting B = %A, we have by
hypothesis that w(B) < 1 and so w(B™) < 1. Therefore, w(cimAm> = —w(A™) <1 which

implies w(A™) < ¢™ = w(A)™. O
Lemma 2.4.10. Let A € M,, and z € C with |z| < 1. Then the following are equivalent:
(i) w(A) < 1.
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(i1) Re ((I —zA)x,x) >0 for all x € C".
(iii) Re ((I —zA)"Yy,y) >0 for ally € C", provided I — zA is invertible.

Proof. (i) < (ii) Suppose that w(A) < 1. Recall that | (Az,x) | < w(A)||z||?* for all z € C"

(see (2.4.1)) and Re z < |z| for all z € C. Now let z be any number in C with |z| < 1. Then,

Re (I - 2A)z,z) = |[2]]> - Re {zAz,2) > ||| - |2]| (Az, )|

> |lz|* = lzlw(A)|2|* = [l[[*(1 = |2]) > 0,

where the penultimate inequality follows from w(A) < 1. Conversely, we suppose that
Re ((I — zA)z,z) > 0 for all |z| < 1. Simplifying, we have that ||z||* > Re (zAz,z).

Writing z = te? and letting ¢t — 1, we get
Re (e"Ax,z) <||z|]%.

This implies that w(A) < 1. To see why, suppose that u € W(A). Then u = re=* where
r>0and 0 <6 < 2m. Also, u = (Ay,y) for some unit vector y € C". So we have that
\u| = r and re=® = (Ay,y). Thus r = ¢ (Ay,y) € Rsor = Re e (Ay,y) < ||y||* <1, by
the above equation. Since r = |u|, and p € W(A) was arbitrary, we have that w(A4) < 1.

(ii) < (iii) Suppose z € C, |z| < 1 is such that I — zA is invertible. Then x = (I — zA) ™'y

for some y € C". Therefore, by plugging in (I — zA)™!y for z, we get

Re ((I —zA)x,x) >0 forall x € C",
& Re (y,(I —2zA4)"'y) >0 forallyeC, (2.4.3)

< Re <(] — ZA)_ly,y> >0 forallyeC".
This completes the proof. O

29



Proof of Theorem 2.4.8. Assume w(A) < 1. By Lemma 2.4.9, it suffices to show that this
implies w(A™) < 1 for all m € N. To do this, we use Lemma 2.4.10 (iii). The invertibility
of I — zA for |z| < 1 follows from the fact that r(A) < w(A) < 1. Furthermore, r(A) < 1
implies r(A™) < 1 for all m € N| so by similar reasoning, I — 2™ A™ is invertible.

So to prove the theorem, it is sufficient to show that for all x € C"
Re ((I —2"A™)"'z,2) >0 where z € C,|2] < 1,
since this condition will imply that w(A™) < 1. To do this, we use the following identity:
(I —2"A™) = lmz I —whzA)™ (2.4.4)
m &

where w is a primitive m™ root of unity!. Note that for 0 < k < m—1, |w*| = 1 s0 |w*2| < 1

and since w(A) < 1, we have, by Lemma 2.4.10, that

Re (I —w*24) 'z,2) >0 forallz € C",|2[ <1,k =0,..,m— 1.

Therefore,
1 m—1
Re ((I —2"A™)"'z,2) = Re <E (I —wFzA)~ >
k=0
1 m—1
= Re (I —w"2A)z,z) >0 forallz € C" |2| < 1.
k=1

By Lemma 2.4.10, this implies that w(A™) < 1. Thus w(A™) < w(A)™ by Lemma 2.4.9. O

!For an explanation of (2.4.4), see the solution to Problem 176 in [27].
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2.5 SKETCHING THE NUMERICAL RANGE

Many of the ideas and results of this section are taken from [6]. The following lemma will
be of aid in showing how to sketch the numerical range. It deals with the situation where
the numerical range lies on or to left of a line Re z = u. But first we need the following

terminology:

Definition 2.5.1. Let A € M,,. Then A can be written as A = H + iK where H is the
Hermitian part of A and ¢K is the skew-Hermitian part of A. Let u be an eigenvalue of H.
Let E, = {u € C" | Hu = pu} be the eigenspace of H corresponding to the eigenvalue p.
Let P denote the orthogonal projection of C" onto £, and consider the linear transformation
PKP. Now suppose {q1, ...,¢;}, 1 <j < nisan orthonormal basis for E,. If ) is the matrix
whose columns are ¢i, ..., ¢;, then the j x j matrix Q*KQ is the restriction of PKP to E,,

with respect to the columns ¢, ..., g;.

Lemma 2.5.2. Let A € M, and write A = H 4+ iK where H = H* = (A + A*)/2 and
K = K*=(A—A%)/2i. If i is a real number such that Re (Ax,x) < u for every unit vector

x € C", then only one of the following situations holds:
(i) W(A) does not intersect the line Re z = p.

(it) WA NA{z | Re z = p} = p+ iW(Q*KQ) where Q*KQ is defined as in Definition

2.5.1. Moreover, the set p+ i1W (Q*KQ) is a point or a line segment.

Proof. 1f W(A) does not intersect Re z = p, then there is nothing to show. So suppose the
intersection is not empty. By Proposition 2.1.6, we have that if v € W(A), then Re v €
W(H) and Im v € W(K). Thus since p is the maximum of Re W(A), we have that p is
the maximum value of W (H). By Proposition 2.1.5, this means that y = )\, the largest

eigenvalue of H. Furthermore, we also showed in Proposition 2.1.5 that if x € C" is a unit
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vector that satisfies y = Re (Ax,z) = (Hx,x), then Hx = pz. In other words,

W(A)N{z|Rez=p} ={p+i(Kz,z) | Hr = pz, ||z|| = 1}.

Now note that if x is such that Hx = px, then x € E,,, where E, is defined as in Definition
2.5.1. Further, if dim(£,) = j, then let {q1, ..., ¢;} be an orthonormal basis for £, and let Q
be defined as in Definition 2.5.1. Then z = Qu for some v € C’ and (Kz,z) = (KQu, Qu) =
(Q*KQu,u). Thus any = € E, yields a point in W(Q*KQ). Conversely, if z € W(Q*KQ),
then z = (Q*KQu,u) for some v € C?. But (Q*KQu,u) = (KQu,Qu) = (Kz,x), where
x = Qu. It follows that x € span{qi,...,q;} = E, and so (Az,z) = p+ i (Kz,z). Finally,
note that Q* K@) is Hermitian, and therefore its numerical range is a point or a line segment
by Proposition 2.1.5

O

The following remark will be useful in determining which points of W (A) lie on the boundary.

Remark 2.5.3. Consider e W (A) and recall that this is the same as W (e""A) by Propo-
sition 2.1.1. Now compute the matrices H; and K, such that e @A = H, +iK, and let p; be
the maximum eigenvalue of H,. If x; is a unit eigenvector of H; corresponding to i, then
the line {a+ i : a,b € R, a =y} is a supporting line of W (e~ A) at the point z}(e " A)z;.

Then, we have that the line

e{a+bi:a,b€R, a=w}={c+di:c,d R, c=p,cost—bsint}.

is a supporting line of W(A) at the point z;Ax;. So we can conclude that z} Az, is in the

boundary of W (A).

Using the above ideas, we can outline an algorithm to sketch W(A). Let t € [0,27) and

consider e™®A = H; + iK;. Let p; be the maximum eigenvalue of H;, with corresponding
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eigenspace E,,. Let {qi,..,¢;} be an orthonormal basis for E,, and let @; be the matrix
whose columns are the vectors {qi,...,¢;}. If dim E,, = 1, then W(Q*KQ) is a point
and we can simply take ¢fAgq; as the point in the boundary of W(A) for this value of .
If 5 > 1, the next step is to form the matrix Q;K;Q; and compute W (Q;K;Q;). Then
by Lemma 2.5.2, the set u; + W(Q; K;Q;) is a line segment. By Remark 2.5.3, the line
segment e (u; + W(Q; K;Q;)) makes up the part of the boundary of W(A) that intersects
the supporting line e?{a + bi : a,b € R, a = y;}. If we do this for sufficiently many values
of t, we can get a good approximation to the boundary of the numerical range. By the
convexity of the numerical range, the last step is to just fill in the region described by the

boundary. The following theorem describes this process in more detail.

Theorem 2.5.4. Let A € M,,. For 0 <t < 2m, let H; and K; be Hermitian matrices so
that e A = H, + iK, and let P, be the orthogonal projection of C* onto the eigenspace of
H; corresponding to ., the largest eigenvalue of Hy. Denote this eigenspace by E,,. Let
Q: = || - - - |q;] where dim(E,,) =j, 1 < j<n and {q,...,q;} is an orthonormal basis for
E,,. Let v and v; be unit eigenvectors of Qi KiQ; corresponding to the greatest and least

eigenvalues of Qy K;Q:. Then
(i) Qw =z and Quv; = x; are eigenvectors of Hy corresponding to jui;.

(it) The numbers (Az, zi) and (Az;,z; ) are in the boundary of W(A) and W (A) is the

convex hull of these numbers.

Proof. Note that for any v € C’, the vector Qv is a linear combination of the columns of Q;
and thus is in E,,. So in particular, Qu;” and Qu; are in F,, and therefore are eigenvectors of

H; corresponding to p;. This proves (i). Next, Lemma 2.5.2 shows that for each ¢ € [0, 27),
Re <<e_itAx,x>> <
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for all z € C*, ||z|| = 1. Now let z; be a eigenvector of H; corresponding to p;. Then
Re (e7®Awx;, xy) = g, which implies that { Az, r;) must be on the boundary of the numerical
range, by Remark 2.5.3. Note that since z;” = Qu;" and z; = Qu; are both in E,,,, that this
result also holds for (Az;, z{) and (Az;,z; ).

Since the numerical range is convex, and each number of the form <Aavzr LTy > or <A:U{ LTy >
as described above is in the numerical range, then the convex hull of these numbers is in
W (A). Denote this convex hull by C. Now if v € W(A) is not in C' then there is a line,
denote it by L, separating v from C. Let 6 be so that e L is vertical and so that C' lies
to the left of e L. But then v must be so that Re e~y > g which is a contradiction.
Moreover, if v € W(A) has real part equal to ug, then by Lemma 2.5.2, the imaginary part
of v must be in W(Q;KpQp). In other words, such a 7 is on the line segment connecting

(Azf, g ) and (Azy, z, ). This shows that W(A) is indeed equal to C. O

Code implementing this algorithm can be found in Appendix A. The following example

provides some insight into how this algorithm works.

Example 2.5.5. Let the matrix A be given by

The numerical range of this matrix is plotted in Figure 2.5. We will sketch out the process
of determining the structure of the boundary of W(A) by tracing out the algorithm for
one particular value of ¢ from the range [0,27). Let t = 7/2 and consider A; = e A. The
numerical range W (A;) = W (e " A) = e "W (A) and thus W (A;) is just a clockwise rotation
of W(A) through an angle of 7/2 about the origin (see Figure 2.5(b)).

The next step is to calculate the matrix H;, such that A, = H; + iK;, and consider its

34



maximum eigenvalue with corresponding eigenvector. H; is given by

0 -2 1
Hy=|-2 -3 2
1 2 0

with eigenvalues 1,1,-5. So the maximum eigenvalue of H; is 1 (with algebraic multiplicity
2). Let z; be any one of the corresponding eigenvectors. According to the above results, this
means that the line L = {1+ bi | b € R} should be a supporting line of W (A;) at the point
x4 Ayzy. This can be seen in Figure 2.5(c). Now since the eigenspace of H; corresponding to 1
is two dimensional, this means that the set 1+ W (Q; K;Q;) is a line segment and moreover,
by the above remarks, we can conclude that the part of W (A;) that intersects L is given
by the segment connecting the points 1 + A_7 and 1 + A7 where A\_ and A, are the least
and greatest eigenvalues of Q; K;(Q);, respectively. Calculating these numbers, we see that
LNW(A;) is the line segment connecting the points 1 + 3.3670¢ and 1 + 6.6330i. Denote
this line segment by ¢. This can be seen in Figure 2.5(d) At this point we have completely
determined the part of the boundary of W (A;) that intersects the supporting line L. By
Remark 2.5.3, this means that e/?/¢ lies on the boundary of W(A). This can be seen in

Figure 2.6.

The preceding example dealt with the case where the eigenspace F,, was two dimensional.
Most of the time, however, £, is one dimensional. In this case the supporting line L
intersects W (A;) at a single point, given by z; A;x;, where z; is the eigenvector corresponding
to p¢. In this case, there is no need to calculate the matrix Q; K;Q); and we can simply note

that the point e”x} A;z; lies in the boundary of TW(A).

2.5.1 Accuracy. While the process described above can be a good way to compute the

numerical range, it does not provide any measure of accuracy. We can introduce such a
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(¢) Supporting line of W (A;) (d) Highlighted section of W (A;)

Figure 2.5: Figures for Example 2.5.5

measure by considering interior and exterior approximating polygons. An interior polygon
Q is formed by connecting the points in the boundary of W (A), which are given by ez, A;x;.
An exterior polygon P is obtained by taking the points of intersection of the supporting lines
at these points. See Figure 2.7. The boundary of W (A) is the solid line and the vertices of the
interior and exterior approximating polygons are marked by dots and squares, respectively.
Now, the vertices {pg }}_; of P can be determined as follows: Let {6, }}_, denote the rotation

angles used to compute the points in the boundary of W (A), in increasing order. Given two
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Figure 2.6: A section of the boundary of W (A)

consecutive angles 6;, and 6,,1, we have two supporting lines of 0W (A), given by
e {a+bi|abeR a=py} and e {c+di|c,deER,c=py, },

where ji9, equals the maximum eigenvalue of the Hermitian part of e A, k = 1,2,...,n.

We find the point of intersection of these two lines by equating their real and imaginary

Y cos(Bj+1 — 0;) — po,..,
! ’ sin(f;41 — 6;)

parts. The result is

Given a polygon with vertices py = {x + iy, }7_; in counter-clockwise order, the area of this

polygon can be computed by the following formula:

1 L
§Im ;pkpk—i—l;
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where p, 11 = p;. If the vertices are given in clockwise order, then the result of this equation
will be negative, but correct in absolute value. Thus, if the exterior polygon P has vertices

{pr}7_, and the interior polygon @ has vertices {qx}}_;, then the difference in area is

1 N _
§Im [Zpkpk—f—l - %%H] .

k=1

By specifying this quantity to be small, we can therefore have a measure of how accurate
our numerical approximation to W (A) is. Code computing the numerical range to within a
specified tolerance can be found in Appendix B. This code is based on a method by Higham
[31].

Figure 2.7: Interior and Exterior Approximating Polygons
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CHAPTER 3. QR FACTORIZATION, ARNOLDI, AND GMRES

We now introduce the GMRES method. The acronym stands for for “generalized minimal
residuals” and the method was introduced by Saad and Schultz in 1985 [41]. GMRES is
notable for its ability to effectively solve systems where the coefficient matrix is not Hermi-
tian. It is one of a family of iterative methods known as Krylov methods. These methods,

including GMRES, are used to solve the following linear system of equations
Ar=b, AeM, beC" (3.0.1)

where we assume the coefficient matrix A is nonsingular. Since Krylov methods are iterative,
they must begin with an initial guess, zy, which is often taken to be 0. At step m of the
iteration, a Krylov method will produce an approximate solution x,,, which lies in the affine
Krylov subspace generated by the initial residual rq = b — Azy. This affine subspace is
written as

zo + Kn(A, o) = span{rg, Arg, A%rg, ..., A" try}.
We will abbreviate K,,(A,ry) as K, when there is no confusion. Also, let I, denote the
Krylov matriz, which is given by

ICm == [TO | ATO | tee | Am_17’0]

Krylov methods can be very powerful and useful. For instance, if the matrix in question is
quite large, it is impractical to solve (3.0.1) via Gaussian elimination or by some factorization
method due to the computational complexity. In some cases, we may not even have direct

access to the matrix, that is, it only exists as a “black box” routine, which when given a
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vector x, returns Ax. In these cases, Krylov methods are the tool of choice.

A natural question at this point is why do we search for a solution within a Krylov
subspace? To answer this question, let A € M,, with A invertible, and let pa(t) =
cpt™ + -+ -1t + co, denote the characteristic polynomial of A (note that the invertibility

of A guarantees that ¢y # 0). By the Cayley-Hamilton theorem, ps(A) = 0. Therefore,

A" 4+ AV o A+ gl = 0.

Multiplying both sides by A~! and solving for A~!, we get

—1 -2
e —Ccy AV = AV — s — ]
Co ’
and so
_ Cp, _ Cpn—1 _ C1
A7lpg = —224" 1r0 — A" 27’0 — = —=rg € K,. (3.0.2)
Co Co Co
Since

r=x0+ A g =20+ A (b— Axg) = A7'D,

we see that the solution x of (3.0.1) can be written as a vector in the affine Krylov subspace
xo + K,. So it makes sense to search for a solution within this space.
We should note the above results do not apply to singular systems. For a discussion on

how Krylov methods apply in this case, see [33].

Returning to the topic of GMRES, we first begin with a review of the QR factorization.

This provides an introduction to the Arnoldi iteration which is the basis for GMRES.
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3.1 QR FACTORIZATION

Let A € M,,,, where m > n and A full rank. The goal of QR factorization is compute an

m X n matrix ) with orthonormal columns and an n X n upper triangular matrix R such

that A = QR. If m > n, then Q is not a square matrix, and this is called the reduced

QR factorization of A. To get what is known as the full QR factorization, we append an

additional m — n orthonormal columns to Q and m —n rows of zeros to f%, so that A = QR

where () is an m X m unitary matrix and R is an m X n upper triangular matrix. If m = n,

then it follows that the reduced and full QR factorizations coincide. Whenever m > n, it

can be shown that every A € M,, ,, with full rank has a unique QR factorization. For further

details on these ideas, see [48, Chapter 7]. Thus we can simplify the following discussion by

assuming that A is a square n X n matrix. The matrix formula A = QR can be written

T11

(45} q2

: 4

-

T12

22

Tin

Tnn

(3.1.1)

Note that this implies that each column of A can be written as a linear combination of

the columns of @), i.e.

a1 = 71141,
Qo = T12q1 + 72242,

a3 = 11343 + T23q2 + 73343,

Ap = T1nq1 + Tong2 + -+ + TunGn-

(3.1.2)

The vectors {g;} and coefficients r;; are determined via Gram-Schmidt orthogonalization.
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We begin by setting ¢1 = a1/||a1|| and r11 = ||a1||. Then for j = 2,...,n, we have

j—1
pj=a; — Zrijqi, where r;; = ¢ a;,

i=1 (3.1.3)
qj = pj/rjj, where rj; = ||p;||.

The QR algorithm can be stated concisely as follows:

1: for j =1tondo

2 v =ay

33 fori=1toj—1do

4: Tij = 4; 04

5: Vj =V — T4

6: end for

T =yl

8 g =5/T;

9: end for
However, due to rounding errors in the computer, this algorithm typically yields vectors
q1, 42, ---, ¢, that are not quite orthogonal. Thus, in this form, the Gram-Schmidt algo-
rithm is numerically unstable. Fortunately, a small modification will ensure stability; the
resulting algorithm is called the modified Gram-Schmidt algorithm. The difference in the
modified version is that each time we form the scalar r;;, we take the inner product of ¢;
and the newly modified vector v; instead of using a; each time (see line 4 in the above
listing). In other words, rather than subtracting out the components of a; in the direc-
tion of ¢q,...,q;—1 all at once (as is done in (3.1.3)), they are subtracted out one at a
time. This amounts to replacing the inner loop of the above algorithm with the follow-

ing:
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fori=1toj—1do
Tij = q;Vj
UVj = V5 — Tijqi
end for
These two methods are mathematically equivalent, yet the latter turns out to be numerically
stable. Lastly, if A is rank deficient, then for some j we will get that v; = 0. In this case, we
can simply pick ¢; to be any vector orthogonal to the previous ¢, ...,qj—1 and keep going.
For example, if v3 = 0, then this means that as is a linear combination of ¢; and ¢,. Thus
we can take g3 to be an arbitrary unit vector orthogonal to Span{q;, ¢2}. To ensure that the
relation A = QR is still valid, simply set r33 = 0.
Next we will see how QR factorization can be used to form an iterative method to
compute a reduction A = QHQ* where () is an n X n unitary matrix and H is an n X n

upper Hessenberg matrix.

3.2 ARNOLDI ITERATION

An upper Hessenberg matrix is a matrix where all entries below the first subdiagonal are

zero. For example, the matrix

11 a2 @13 a4
Q21 Q22 A23 A4
0 aszx asz ass

0 0 43 Q44

0 0 0 54

is an upper Hessenberg matrix. Note that this class of matrices includes square and non-
square matrices. Upper Hessenberg matrices have applications in eigenvalue algorithms

and solving systems of equations (see [48, Chapters 25, 26, 33, and 35]). Given a matrix
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A € M, we can reduce the entire matrix to one that is in upper Hessenberg form via a
series of Householder reflections, yielding the relation Q*AQ = H, where () is unitary, and
H upper Hessenberg (one could also use Givens rotations, but this method requires more
work than applying Householder reflections, see [48, Exercise 10.4]). However, in many
applications, n is large or infinite and it is not practical (or even needed) to compute a full
upper Hessenberg reduction. Furthermore, to obtain the matrix ), the reduction must be
carried to completion. What is advantageous about Arnoldi iteration is that we obtain the
columns of () and H one at a time. This way, we can stop the iteration whenever we please
with a partial Hessenberg reduction. This is useful in the context of an iterative algorithm
to solve (3.0.1), since these algorithms are typically never run to completion.

To get an idea of how the reduction Q*AQ) = H is obtained, we consider the first m
columns of AQ = QH. Let Q,, = [q1|q2] - - - |¢m] be the matrix whose columns are the first
m columns of (). Due to the Hessenburg structure of H, it is clear that the j** column of
AQ),, requires a linear combination of the first j + 1 columns of (), with coefficients from H.

So we have that

AQm = Qm—‘rle-i-l,ma (321)

where Hy, 41, is the (m+ 1) x m upper-left section of H, which is also an upper Hessenburg

matrix:

Hm+1,m -
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Now, the m'™ column of (3.2.1) is given by

AQm = hlmq1 +-+ hmem + hm—l—l,QO—i—l- (322)

Rearranging the above equation yields

AQm - hlle - hmem
hm-‘,—l,m

dm+1 =

9

assuming that A1, is not 0. Thus at each step in the Arnoldi process, we obtain a column
of @, as well as a column of H,,. Since we require the {¢;} to be orthonormal, the h;; are
determined by using modified Gram-Schmidt orthogonalization.

Like many iterative algorithms, we need to supply a starting point for the Arnoldi itera-
tion, so let y € C™ be arbitrary. We then have the following. Note that the inner loop is the

same as in the modified QR algorithm.

1: y = arbitrary, ¢1 = y/||yl|
2: fori=1,2,3,... do
3 v=Ag
4:  for j=1toido
5: hji = qjv
6: v =0 — hjq;
7. end for
8 hip1; = |[[v]|
9 giv1 =v/hit1,
10: end for
By examining this algorithm carefully, it is evident that the {¢;} span the successive Krylov

subspaces. Thus one interpretation of the Arnoldi iteration is that it produces orthonormal
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bases of these spaces. In other words,
K,, = Span{y, Ay, ..., A" 'y} = Span{q1, ¢z, ..., gm } € C". (3.2.3)

This idea will be important later in understanding how GMRES works.

The only issue we have not addressed is what if h;;1; = 07 Physically, this means that
Aq; € (q1,...,q;). In this case, as in the QR factorization, we simply pick ¢;+1 to be any
vector orthogonal to {qi,...,¢:}, set h;11, = 0, and keep going. However, in the context of
GMRES, this is the indication that the solution has been found. We will return to this idea

below.

3.3 GMRES

To see how Arnoldi iteration is used to solve the system Ax = b, denote the true solution to
this problem by z. Recall from the discussion above that & can be written as a linear com-
bination of Krylov vectors, plus a shift, as in (3.0.2). The idea of GMRES is to approximate
the true solution & by the vector x,, € o + K,, that minimizes the 2-norm of the residual
rm = b — Ax,,. The vector x is the initial guess, which can be nonzero, but in most cases
is taken to be 0. Since the goal is to minimize ||r,,||, we see that at the heart of GMRES,
we have an ordinary least squares problem. Further, note that since x,, € xq + K,,, we can

write x,, = xo + K,,c for some ¢ € C™. Then our least squares problem has the form

min ||Az,, — b|| = min ||A(z + K,nc) — b|| = min ||AKC,,c — 19| (3.3.1)
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There are many ways we could solve this least squares problem. A naive approach would be

to solve the normal equations:
(A" (AK,) e = (AK,,) 0.

We could also solve (3.3.1) by directly applying QR or SVD factorizations. Each of these
methods is summarized in Chapter 11 of [48]. There it is shown that each of these require
O(n?) operations, which is the same amount of work used in solving the system directly via
Gaussian elimination. In practical applications, this is too expensive. So instead, we use
the Arnoldi iteration and exploit the Hessenburg form of the matrix H,,41,,. At each step
m, we construct a matrix @), whose columns are orthonormal and span K,,. So we write

xo + Qmy = T, instead of xg + ke = x,, and (3.3.1) becomes
myin | AQmy — 7oll-
Now, at the m!" step of the Arnoldi iteration, we have the the relation (3.2.1). Therefore,

myin |AQmy — rol] = myin Q1 Hony1.my — 7ol

= i [ty = Qiaroll = 100 || sy = ol e I

where e; denotes the first unit m + 1 vector. The penultimate equality holds since both

Qm+1Hyny and 1o are in the column space of Q,,11 (since we take ¢; = 1¢/||ro||). So multi-

plying by Q.. does not change the norm'. The last equality holds since ro = ||ro]|q1.
Once y is found, the approximate solution is then given by z,, = 2o+ Q,,y. The following

is a listing of the GMRES algorithm.

1: Choose xg, 19 =0b— Axg, Initialize ¢ =1ro/||rol|, @1 = 1.

Yf 2 = Qm1c, then it is easily verified that [|z]| = [|c||. Also, @}, 112 = ¢ and so ||QF, 1 z|| = ||c|| = ||2]].
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2: for j=1,2,3,... do

3:  Orthogonalize Ag; against the previous ¢;, form H; ; and set Q11 = [Qj]gj+1]-

4:  Solve min, || H;y — ||rol|ex ||, call the solution y;.

5. Set x; = xo + Q;y;.

6: end for
At line 4, note that we still have to solve a least squares problem. However, due to the
Hessenburg structure of H}, this can be done in much shorter time than the original problem
would require, see [23, Section 2.4] for details.

As mentioned above, GMRES has found the solution to the system Az = b when the
vector v in the Arnoldi iteration equals zero. If it so happens that ro = 0, then Q; = 0 and
it follows that xzq is the solution. Now suppose ||ro|| > 0 and for some j > 0 we have that
v = 0. In this case, the last row of H;,; ; is zero. Let H; be Hj, ; without its last row and

note that H; is n x n. Then (3.2.1) simplifies to

AQ; = Q,H;. (3.3.2)

This equation implies that Ag; € Span{qi, ¢2, ..., ¢;}, which means that Ag; € K; by (3.2.3).
From this we can infer that AK; C Kj, that is, K is an invariant subspace of A. It follows
that any eigenvalue of H; is an eigenvalue of A. Since A is nonsingular, we get that H; is
also nonsingular, so the least squares problem in line 4 now reduces to a nonsingular linear

system H;y = ||ro||e1. Denote the solution by y;. Then by (3.3.2), we get

A(l‘o + ijj> = AIO + Qjijj = AJIQ + ||T’0||Qj€1 = Al’o -+ ro = b

and so z; = x¢ + (;y; is the solution.

The above explanation assumed that GMRES is run to completion. In practice, however,
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the process is stopped as soon as an iterate satisfies whatever convergence criterion is set by

the user.

Remark 3.3.1. The m!" iterate in GMRES, z,,, is taken from the affine Krylov subspace

xo + Kin(A,19), and thus we have

2 ~1
Ty = To + Coro + C1AT) + oA g + - - + 1 AT .

If we let gn(2) = co+ 12+ 222 + -+ + ¢,_12™ Y, then we can write

Ty = X0 + ¢ (A)70.

The corresponding residual is given by

rm =b— Az, =19 — Agn(A)ro = (I — Agm(A))ro = pm(A)ro,

where p,,(2) = 1 — zqn(z). Let P, denote the space of all polynomials with degree less than
or equal to m and normalized to equal 1 at the origin. Since at each step m = 1,2,3, ...,

GMRES minimizes the norm of the residual, r,,, we have

[|rml] = min {[pm(A)rol| (3.3.3)

In other words, GMRES chooses the coefficients cy, ..., ¢;,—1 so that the quantity |[pm,(A)rol|

is minimized over the Krylov subspace K,,(A, o).
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CHAPTER 4. CONVERGENCE Bounbps FOR GMRES

There is no lack of existing research in the analysis of GMRES convergence and the conver-
gence of related methods, such as CG and Orthomin [4, 5, 16, 17, 20, 41]. Recall from the

above discussion GMRES solves the following approximation problem

— mi A
Irell = min [lpe(A)roll

where Py is the set of all polynomials of degree k or less over C satisfying p(0) = 1. The

initial residual can complicate the analysis, so we remove it via the bound

= mi < mi . .0.
el = i [lpe(Ayroll < min [Ipe(A)]| 1ol (10.1)

So now the task of approximating the k' relative residual can be stated in terms of the

following matrix approximation problem:

< min A)ll. 4.0.2
HTOH _pkEPkak( )H ( )

It may seem that we have taken a big jump in employing this bound. Perhaps there is no rg
such that equality is attained in (4.0.1). Indeed, in [46], it is shown that for some nonnormal
problems, this is precisely the case. However, such problems are thought to be rare in
practice [45]. Thus we are content with considering ||px(A)||, and estimating this quantity
is the typical strategy in determining the size of the k' relative residual. Greenbaum and
Trefethen have named this problem the Ideal GMRES problem [25]. In this chapter, we
briefly review some previous results done in approximating the right-hand side of (4.0.2),

and then introduce how we feel the Crouzeix conjecture could be used to obtain new, and

20



hopefully better, convergence bounds.

4.1 PREVIOUS RESULTS

If we assume A is normal, i.e. A =UDU*, then we have

min Al = min ||Upp(D)U*|| = min max Al
iy [p(A)]| = miy [Up(D)U"]| = min wa (V)

This equation can also be applied to non-normal matrices. By the spectral mapping theorem,

for any p € Py, p(0(A)) = o(p(A)). Therefore,

/\Ié}fgi) Ipe(M)] = 7(pe(A)) < |[|pe(A)]]-

So we obtain a lower bound for the Ideal GMRES problem. On the other hand, for a general
A € M, if we suppose that A is diagonalizable, i.e. A = VDV~ then we have the upper
bound

= mi < i
Join |[Vpp(D)V | < w(V) min [jp(D)]],

where k(V) = [|V]||]|V || denotes the condition number of V. Therefore,

[I75ll _
< K(V) min max i)l 411
ol = FV) min max [px(1)] L)

If A is normal, then (V) = 1, and the lower and upper bounds for Ideal GMRES are
equal. In this case, this bound is sharp, meaning that for each k, there exists a p, € Py
and an ¢ € {1,...,n} such that the inequality is an equality [21]. Furthermore, this also
shows that for normal matrices, the question of GMRES convergence can be answered by
only considering the spectrum. Now, all that we need to be concerned with is how small

can the remaining quantity on the right hand side of (4.1.1) be? For a normal matrix A, if
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the eigenvalues are tightly clustered about some nonzero point ¢ € C, then we can consider
the polynomial pi(2) = (1 — z/c)*. Note that the norm of this polynomial is small at points
close to ¢, and so this implies that GMRES will converge quickly in this case. On the
other hand, if the eigenvalues are spread all around the origin, then we have a worst case
scenario. This is because we cannot have a polynomial p(z) which satisfies p(0) = 1 and
Ip(2)] < 1 on some curve surrounding the origin (this follows from the maximum principle).
This implies that the residual will not be reduced until step n, which is when the iteration
has run to completion. If A is not normal, but V' is well-conditioned, then (4.1.1) can still
give a fairly good estimate on the size of the relative residual, and the intuition just given
concerning eigenvalue distribution can still be a good indicator of the convergence behavior
of GMRES. However, for general matrices, the convergence rate of GMRES does not depend
on eigenvalues alone. In the paper by Greenbaum, Pték, and Strakos [24] it is shown that
given any non-increasing curve, there is a problem whose GMRES residuals plotted against
the iterations is given by that curve. Furthermore, that problem can be chosen to have any
eigenvalues. This means that, in general, we need to consider more than merely the spectrum
of A.

Another method of estimating ||p(A)|| has been introduced by Trefethen [47, 49] and
involves using the pseudospectrum of A. Given € > 0, the e-pseudospectrum of A is defined
to be the set

Ac={z€C|||(zI = A7 >1/e}.

The points z € C for which ||(2/—A)~!|| = 1/¢ make up the boundary of the e-pseudospectrum.

A bound on ||p(A)|| can be obtained as follows. For any polynomial p, we can write

p(A) = — / p(2) (T — A)~Vdz,

271 .

where v is some simple closed curve containing the spectrum of A in its interior. Let L(v)
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denote the length of v. Then by taking norms, we have

Ip(A)] <

0D sup o)z — )7

zey

Now, if we replace v with the boundary of the e-pseudospectrum, denoted ., for some ¢ > 0,

then this last inequality now becomes

AN < 202 Gup ().

- 2me 2E7e

Thus for GMRES, we have

L(.)
sup |p(2)|.
Iroll < 2me Sop lp(2)]

IN

Psuedospectral bounds are dealt with in more detail in [49]. Note that this psuedospectral
bound can be adjusted by varying the parameter . A large € yields a small L(~.)/2me, but
the approximation of the quantity |p(z)| is over a large domain, which may include the origin.
This can be problematic, since p(0) = 1. Thus the maximum on the boundary must be larger
than 1 and can potentially be much larger. A small € will lead to a large constant L(~.)/2me,
but with the approximation over a small domain. This feature of the psuedospectral bound
can be used to describe different phases of GMRES convergence. In his book, [49], Trefethen
describes that for nonnormal GMRES problems, one often observes initial stagnation followed
by more rapid convergence later. Thus, large values of the parameter € can be descriptive for
the early stage, and small values of € can be descriptive of the later stage. However, these
bounds fail to describe the intermittent convergence behavior, and sometimes can fail to be
very descriptive at all [18, 22]. Thus we hope to gain greater insight by deriving bounds
obtained by considering the numerical range.

Some work preceding Crouzeix’s conjecture in the area of GMRES analysis involving the

numerical range includes the papers by Eiermann [14, 15]. For a simple example, consider

93



the case 0 ¢ W(A) and W(A) C D ={z € C| |z — ¢| < s}, where D also does not contain

zero. Again, let py(z) = (1 — z/c)k. By Proposition 2.1.1, we have
W —(1/c)A) =1—(1/c)W(A) C {z € C| |z| < s/|c|}.

From this, we have that the numerical radius w(I — (1/¢)A) is bounded by s/|c|. Then, by

the power inequality (Theorem 2.4.8),
w(ps(A)) = w((I = (1/c)A)*) < w(l = (1/c)A)" < (s/|c])",
and using Theorem 2.4.3, we have
s (A)]] < 2w(pi(A)) = 2w((I — (1/c)A)") < 2(s/lc])".
So for GMRES, we have the inequality

[I7ll K
< 2(s/|e])".
[I7oll

What this tells us is that if 0 ¢ W(A), and if W(A) is small and positioned far away from
the origin, then we can expect GMRES to converge quickly. So while this can be a good
bound, it has some severe restrictions. For instance, if s > |¢|, then this bound will be a gross
overestimate of the actual norm of the relative residual. Also it requires that 0 ¢ W (A),
which we cannot guarantee for all nonsingular matrices.

Crouzeix’s conjecture offers a possible alternative method for using the numerical range

for GMRES analysis.
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4.2 CROUZEIX’'S CONJECTURE APPLIED TO GMRES

Recall that by Proposition 2.2.5 the numerical range of A contains the spectrum of A, i.e.

o(A) c W(A). Therefore, for diagonalizable A,

[ < min ||pe(A)|] = (V) min max [p(\)| < x(V) min sup |p(z)],

HT'O ’ ’ pPrEP) PrEPL Aea(A) prEPy €W (A)

Now, if the Crouzeix conjecture (1.0.2) is true, we will have

< min Al €2 min su 2)|. 4.2.1
el < min ()] <2 min s [p(2)] (4.2.1)

One obvious advantage here is that we no longer have to worry about the condition number
k(V'), which varies for each matrix. Furthermore, this bound can be applied to any matrix,
not just those with well-conditioned eigenvector matrices. Also, we are now considering
the size of |p(z)| over the numerical range rather than the spectrum, which we know is
insufficient in general. The only issue now is to estimate the minimal supremum norm of a
k degree polynomial over the numerical range. In some cases, the solution of this problem
is well-known. These include symmetric (positive definite and indefinite) and some certain
nonsymmetric problems, see [47] and the references therein. The challenge lies in estimating
this quantity for general problems. There are several avenues to explore along this vein.
These include minimum norm Pick-Nevanlinna interpolation, least squares approximation,
orthogonal polynomials, and interpolation in Fejér points. In this work, we examine bounds

obtained by considering the Faber polynomials, which will be introduced in the next chapter.
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CHAPTER 5. CONFORMAL MAPS AND FABER POLYNOMIALS

The purpose of this chapter is to give the necessary background in conformal maps and Faber
polynomials to facilitate the discussion on convergence bounds for GMRES. Conformal maps
have many applications in areas such as numerical analysis, mesh generation, electrostatics,
and fluid mechanics. The interested reader may consult [13] for more information on the
applications of these maps. Faber polynomials were introduced in 1903 by Faber [19] to
solve the problem of approximating a function, analytic in a given region, by polynomials
which do not depend on the function to be approximated. We will start with a brief review

of Laurent series.

5.1 LAURENT SERIES

In this section, we will provide some basic results and notation that will be of use in the
following sections. We assume the reader is already familiar with these results and refer to

other sources for some of the proofs.

Theorem 5.1.1. Let f be analytic in the annulus r < |z —zy| < R. Then f can be expressed

as the sum of two series

f(2) = aj(z—z) + Z a_j(z — 2)~ (5.1.1)

Jj=0 Jj=1

both series converging absolutely in the annulus, and converging uniformly in any closed

subannulus. The coefficients a; are given by

_ ! f(©) o
a; = % Cmdc, ] = 0,:‘:1,:‘:2,
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where C'is any positively-oriented simple closed contour lying in the annulus and containing

zo in its interior. The result also holds for r =0, R = oo, or both.

The representation (5.1.1) is called the Laurent series, or Laurent expansion, of f about
zp. It turns out that any pointwise convergent expansion of this form equals the Laurent
expansion, i.e., the Laurent expansion is unique. A proof of this along with Theorem 5.1.1
can be found in [38].

If f is analytic on a region that contains the punctured disk 0 < |z — z9| < R, then the
point zq is called an isolated singularity. In this case, Theorem 5.1.1 is valid on 0 < |z — 2| <

R and in particular, we can write
F2)=Y" aj(z—=x), 0<|z—z| <R (5.1.2)

j=—o00

One of the advantages of the Laurent expansion is that we can use it to classify the singu-

larities of the function it represents. Recall the following definition:

Definition 5.1.2. Let f be analytic in a region A that contains a deleted neighborhood of

the point zy, so that zy is an isolated singularity. Let the Laurent expansion of f be given

by (5.1.2).
(i) If a; = 0 for all integers j < 0, we say that zq is a removable singularity of f.

(i) If all but a finite number of the a;, j < 0, are zero, then z, is called a pole of f. If k is
the largest integer such that a_; # 0, then we say that zq is a pole of order k. If k =1,

we say that zy is a simple pole.

(iii) If an infinite number of the a;, j < 0, are nonzero, then z, is called an essential

singularity of f.
(iv) The coefficient a_; is the residue of f at z.
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Now let C = CU {o0} denote the extended complex plane, that is, the complex plane C
along with the point at infinity. When dealing with the extended complex plane, we define
1/0 = oo and 1/00 = 0. It turns out that for a function analytic in a neighborhood of infinity
we can also define a Laurent expansion at infinity, with a result analogous to Theorem 5.1.1.

First, let
D(oo,r)={z]2€C,|z| >r} and D'(co,r)= D(c0,r)U {oc}

be the punctured disk with center at infinity and the disk centered at infinity, respectively.
Similarly, define D(0,1) to be the open unit disk centered at 0. We define a neighborhood of

infinity to be O U {oo} where O is open set containing D(oo,r) for some r > 0.

Theorem 5.1.3. Let O be a neighborhood of infinity containing D(oco, R), R > 0 and let
f: O\{oo} — C be analytic on O\{oc}. Then there exists a series representation of f,

given by
= Zbkz_k +chzk, (5.1.3)
k=0 k=1

where both series converge absolutely on D(oo, R) and uniformly on any compact subset of

D(oc0, R). The coefficients are given by

/f )2*ldz, k=0,1,2,..
27m

Cp = G )dz, k=1,2,...

2mi J, Zh+1
p

where 7y, is any positively-oriented circle centered at zero with radius p > R.

A similar uniqueness result as in Theorem 5.1.1 also holds in this case. A proof can be
found in [11].

Since the map w := 1/z maps the point at infinity to 0, we can use the composite
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function g(w) := f(1/w) to classify the singularities of f at infinity.

(i) f(2) has a removable singularity at oo if f(1/w) has a removable singularity at w = 0.
(ii) f(z) has a pole of order k at oo if f(1/w) has a pole of order k at w = 0.

(i) f(z) has an essential singularity at oo if f(1/w) has an essential singularity at w = 0.

The final result we need is Cauchy’s coefficient estimate. This provides a bound on the

coefficients of a convergent power series.

Proposition 5.1.4. Let f be analytic on a region E containing the disk {z | |z —zo| < p(f)}

with a power series representation

f(z) = an(z = =),

k=0

with radius of convergence p(f). Then for any 0 < p < p(f), we have

Sup|z\:p |f(2)| .

|ag| < I

Proof. 1t p = 0, then |ag| < oo and there is nothing to show. Let v be a circle of radius

0 < p < p(f) centered at zy. Recall from Cauchy’s integral formula that

f(k)(Zo)_k—!/( f(Z) dz

2mi J, (2 — z0)Ft1

Also, since f is analytic on and inside 7, it is continuous there and so for some M > 0 we

have
sup  [f(2)| < M
{z | l=—20/<p}
Therefore,
k! f(2) ' M k!M
k _
1% (=0) Sgl o)1 | B S g i 2P =
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since the length of v is 2mp. But from the power series representation for f, we have

f(k)(z()) = klay,

Thus

lax| <

‘?;|

]

Corollary 5.1.5. Let f be analytic on a neighborhood of infinity O with Laurent expansion

at infinity given by
z) = Z apz ",
k=0

converging on D(oco, R(f)) C O, where R(f) > 0. Then for any o > 0 satisfying 0 < 1/o <
1/R(f), we have

jar| < 0" sup |£(2)]

|z|=0
Proof. Let
g(w) = f(1/w) = Z arw®.

This is a Laurent expansion about 0, convergent for all |w| < 1/R(f). By Proposition 5.1.4,

for any o satisfying 0 < 1/0 < 1/R(f), we have

But w =1/z, so

x| < o sup | f(2)]

|2|=0

]

Example 5.1.6. Let O be a neighborhood of oo containing D(oco, R) for some R > 0, and
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let f be analytic on O\{oc} and have a simple pole at co. By Theorem 5.1.3, we can write
f in the form of (5.1.3). Since f has a simple pole at infinity, it follows that f(1/w) has a

simple pole at zero, so in particular, we have that
z) = ibkz_k + 1z, z€ D(oo,R).
Since f converges almost uniformly on D(co, R), we can differentiate term-by-term to obtain
= i —kbyz ™" + ¢, z€ D(oo, R).

k=0

Thus f’(z) has a removable singularity at co. To determine ¢;, we again use the reciprocation

z = 1/w. First, we have
fljw) =" —kbawkt! + ¢
k=0

Also,

1/ wak+1+c
w

Both of these series are clearly continuous and uniformly convergent in any closed subdisk

of D(0,1/R). Therefore,

hmf (1/w) = lim ———+= fU/w) =c¢; = lim J2) = lim f'(z).

w—0 ]_/w z—o0 2 2—00

Thus we can define f’(c0) = ¢, which is finite. So the Laurent expansion at infinity for f

can be written

f=f(c0)z+bo+biz " +boz?+---, z€ D(x,R) (5.1.4)
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5.2 (CONFORMAL MAPS

Faber polynomials are generated from specific analytic functions, which are conformal map-
pings. It turns out that any analytic function is conformal at a point where its derivative
is nonzero, but the ones from which the Faber polynomials are derived have specific series

representations and it is helpful to see how these forms arise.

Definition 5.2.1. A map f : E — C is conformal at z, if there exists a § € [0,27) and
an r > 0 such that for any curve v(¢) € E that is differentiable at t = to, v(to) = 20, and
7' (to) # 0, the curve o(t) = f(y(t)) is differentiable at t = to and, setting u = o'(¢y) and
v ="7(ty), we have |u| = r|v|] and arg u = (arg v + #)mod 27. A map is called conformal if

it conformal at every point.

What this definition says is that a conformal map stretches and rotates tangent vectors

to curves. Therefore, such a map will also preserve angles between curves.

Example 5.2.2. Let zy = 1 + i be fixed and consider the curves v, (t) = v/2¢* and v,(t) =
1 +it% Let f(z) = z2. We will show that the angles between the tangents to v, and 7, at

2o are preserved under this map. First, note that v, (7/4) = 14 ¢ and 72(1) = 1 +i. Also,

V() =V2ie  and  AL(t) =1+ 2it,
S0

Yi(m/4)=i—1 and ~4(1) =1+ 2.

These latter values specify the direction of the tangent vectors, i.e. if T} and T, are the

tangents to y; and 7, at 2o = 1 + ¢ respectively, then

Ti(t)=1+i+ (i —1)t and To(t) =147+ (1+ 201,

where arg Ty = 37 /4 and arg Ty, = tan™'(2) &~ 1.107. The angle between the two vectors is
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given by the difference of these two arguments and is approximately 1.249 radians.

Now consider the images of 7; and v, under f(z) = 2%2. We have

pa(t) = f(n(t) =2 and  pa(t) = f(12(t) = (¢t +it*)%

Using the chain rule, we obtain

i (t) = 4ie*  and  ph(t) = 2(t + it?)(1 + 2it),
and so

pi(m/4) =—4 and  py(1) = —2 + 6i.

Therefore, if S; and Sy are the tangents to uy and us at f(z9) = 21, respectively, then arg
S) = and arg Sy = tan"!(—3) + 7. The difference between these angles is — tan™!(—3) ~
1.249 radians. So we see that the angle between these two tangents has been preserved under

the map f.

We mentioned above that any analytic function with a nonzero derivative at a point z

is conformal at zy. Here is that claim stated as a proposition with proof.

Proposition 5.2.3. An analytic function f is conformal at every point zy for which f'(z) #

0.

Proof. Using the notation of Definition 5.2.1, we have

Therefore

arg u = (arg v + arg f'(z0))mod 2r and  |u] = |f'(20)]|v].
So taking 6 = arg f’(zo) and r = | f’(20)| in Definition 5.2.1 gives the result. O
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Note that this result implies, by the Inverse Function Theorem, that any map that
is conformal at a point zy is also one-to-one in a neighborhood of z;. When speaking of

functions of a complex variable, we often say that a one-to-one function is univalent.

Example 5.2.4. The function f(z) = z* has derivative f’'(z) = 423 and so by Proposition
5.2.3 it is conformal at every point in C except for the origin. Let R = {z € C | Re z >
1 and Im z > 1}. Figure 5.1(a) contains a picture of the region R, with grid lines that meet
at right angles. Figure 5.1(b) is the image of this region under the map f(z) = 2*. A close
up of the origin is shown in Figure 5.1(c). It can be seen in these figures that the right angles

have been preserved.

Example 5.2.5. The function f(z) = 1(z + (1/2)) is known as the Joukowski Map (Add
citation). It maps a circle with radius larger than 1 conformally onto an ellipse [39]. In
Figure 5.2, we have shown a portion of the exterior of the unit disk, namely the region

C={z€C|0.1<|z| <2}, and its image under the Joukowski Map.
The next theorem is the famous Riemann Mapping Theorem.

Theorem 5.2.6. Let E be a simply connected, open, and proper subset of C. Then there
exists a one-to-one conformal map f which maps E onto the open unit disk. For a fized
point zg € E, we can also require that f(zo) = 0 and f'(z9) > 0. Under these additional

specifications, the mapping f is unique.

The proof is quite involved and can be found in [11]. The Riemann mapping theorem
can be used to prove the existence of conformal mappings between certain regions other than
those specified in the statement of the theorem. The case we are concerned with is stated in

the following theorem.

Theorem 5.2.7. Let E C C be a compact, simply connected set containing more than
one point, so that E¢ = @\E is connected in C. There exists a unique conformal map

Y : D'(00,1) — C which has the following properties:
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(i) ¥ is univalent on D'(co, 1) and analytic on D(oo, 1).
(ii) ¥ has a simple pole at oo with i)' (c0) > 0.
(7ii) v maps D(oco, 1) onto E°\{oo}.

Furthermore, the inverse function ¢ = ~!

1/9/(c0) > 0.

also has a simple pole at oo with ¢'(c0) =

Proof. Let a € FE and consider the mapping ¢ = h(z) = 1/(z — a). This map takes z = oo
to ( = 0 and z = a to ( = co. Under this definition, this map is a homeomorphism of C
onto C with inverse z = h~'(¢) = a + 1/¢. Define B to be the image of E° under the map
h. Thus 0 € B, but oo ¢ B, since a ¢ E°. Since the inverse is continuous, and E° is open
and connected, it follows that B itself is open and connected. Furthermore, the preimage of
C\B under A is the connected set E and so C /B is connected. This shows that B is in fact
simply connected, so the Riemann Mapping Theorem applies.

Let n = f(¢) be the unique conformal mapping guaranteed by Theorem 5.2.6, which
maps B onto D(0,1), with f(0) =0 and f’(0) > 0. The inverse function f~!: D(0,1) — B
is also a conformal mapping with f~*(0) = 0 and f~'(0) = 1/f'(0) > 0. Note that this
implies the zero of f~! at = 0 is a simple zero.

Now define the function z = X (n) = a + [1/f7*(n)]. By the properties of f~!, X(n) is
analytic and univalent on D(0,1)\{0} (the punctured unit disk), and has a simple pole at
n = 0. Also, by comparing the form of X with that of h=! above, we have that X maps
D(0,1) onto E°. In particular, n = 0 maps to z = oo. Now let w = 1/n. The resulting
function, given by z = ¢(w) = X(1/w), is analytic and univalent in D(co, 1) and has a
simple pole at w = co. By Example 5.1.6, we can compute 9'(c0) as follows:

PR iy X () = T+ (/7= (0))] = (0) >0,
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where the last equality follows from an application of L’Hospital’s rule. Let w = ¢(z) =
¥~Y(z). Since ¥/'(c0) > 0, we can conclude that for large enough R > 0, ¢(z) is analytic in

D(o0, R). The same also holds for ¢(z)/z and so

tim 2 = iy 10 0).
This implies that ¢ has a simple pole at oo (see [11, Proposition 10.7.3]). So again by
Example 5.1.6, we have that ¢'(c0) = 1/¢'(c0).

The last issue that needs addressing is that of uniqueness. Since a € F was chosen
arbitrarily, we need to show that the resulting function ¢ does not depend upon the choice
of a. So let ¥, be another function, analytic on D(c0,1) and univalent on D’(co, 1), with
range F°, and having a simple pole at oo with 1 (c0) > 0. Let ¢; = 17", and consider the

function

1
U:F(C):m7 ¢ € D(0,1).

The function ¢;(1(1/¢)) is analytic in D(0,1) and has modulus which becomes arbitrarily
large as ¢ approaches zero, hence F' is bounded and analytic on D(0,1) and so ( = 0 is
a removable singularity of this function. Defining F'(0) = 0 yields a function analytic and
univalent on D(0, 1) and maps D(0, 1) onto itself. So by Proposition 9.8.1in [11], F/(¢) = €'*¢
in D(0,1) for some a € R. It follows that ¢;((1/¢)) = ¢*/¢ and so ¥(1/¢) = ¥y (e*/(),
for ¢ € D(0,1). Now if we let w = 1/¢, we have ¢(w) = 1 (e”**w) where |w| > 1. Appealing

one more time to Example 5.1.6, we have

oo = Jim P = i P < e

But both 1’(00) and ] (00) are real and positive, and since |e~**| = 1, it follows that e~ = 1

and so ¥ (w) = Yy (w), |w| > 1. O
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In the following chapters, we will have need to extend the mapping of Theorem 5.2.7
continuously to the boundary of F, in the case where E is also convex. In order to do this,
we need the Osgood-Caratheodory theorem, which is stated here. The proof can be found
in [29].

Theorem 5.2.8. Let Ay and As be two bounded, open, and simply connected subsets of the
complex plane whose boundaries 0A, and 0As are simple, continuous closed curves. Then
any conformal map from Ay to As can be extended to a continuous map of A1 UOA; one-to-

one and onto Ay U JAs.

Corollary 5.2.9. Using the same hypotheses and notation of Theorem 5.2.7, we can extend

the map ¢ : E¢ — D(o0, 1) continuously to the boundary of E so that ¢ : EUOE — D(o0, 1)

18 continuous, one-to-one, and onto.

Proof. First note that there exists an a € C such that 0 € E+a (if 0 € E, then take a = 0).
For z € E¢, map z to w via the map w = 1/(z 4+ a). Thus w € €, where Q is a bounded,
simply connected, open set and by the convexity of E' we have that the boundary of 2 is a
simple closed, continuous curve. Define F(w) = 1/(¢(+ — a)). Then it follows that F(w) is
a conformal map from € one-to-one and onto D(0,1). Thus by the Osgood-Caratheodory
theorem, we can extend F to a continuous map from QU dQ one-to-one and onto D(0, 1).
Since the boundary of E corresponds to the boundary of {2 under the map z — 1/(z+a), for

cach w € 99, we have that F(w) = 1/¢(+ —a) = 1/¢(z) € 9D(0,1), where z € OE. Finally,
if 1/¢(z) € 9D(0,1), then |1/¢(2)| = 1 and so |¢(z)| = 1, which implies ¢(z) € 9D(0,1) as
well. Thus the mapping ¢ of Theorem 5.2.7 can be continuously extended to the boundary

of F. O
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5.3 FABER POLYNOMIALS

We are now ready to derive the Faber polynomials. As mentioned above, the discovery of
these polynomials was motivated by the desire to express an analytic function in the form
Y oo g anpn(2), on a given region where the coefficients a,, depend on f, but the polynomials
only depend on the region in question. Thus we see that the theory of Faber polynomials
extends that of Laurent series to regions more general than just a disk or an annulus.

This discussion follows the treatment given in [10]. For an alternative derivation, see
[29]. Let E C C be compact and such that £ is simply connected in C. By Theorem 5.2.7,
there exists a 1) which maps the exterior of the closed unit disk conformally onto E¢ and is

analytic and univalent on D(oo,1). By Example 5.1.6, we can write
bi b
Y(w) =bw+by+ —+ 5+, |w[>1, (5.3.1)
woow

where b = ¢/(00) > 0. The inverse map ¢ : E — D(00, 1) exists and also by Theorem 5.2.7
and Example 5.1.6, we can conclude that
z

C1 (&)
_ a2 5.3.2
#(2) b+%+z+ﬁ+ , ( )

for z outside a sufficiently large circle. Then the n'* Faber polynomial associated with 1
(or E) is defined to be the polynomial part of the Laurent expansion at infinity of [¢(2)]™
(from here on, we will simply write ¢(z)" to keep the notation uncluttered). By (5.3.2), it is
evident that this is a polynomial of degree n with leading term (z/b)™. The following result

is of central importance in showing how the Faber polynomials are used in analytic function

approximation.

Proposition 5.3.1. Let R > 1 and let Cr = {z | z = ¢¥(s),|s| = R}. Then if p,(z),
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n=20,1,2,..., are the Faber polynomials for 1, then

() _ i)
W) -z 2
where z € Int Cg and the series converges absolutely and uniformly for all |s| > R.

Proof. The current situation is illustrated by Figure 5.3.

AT
N <

s-domain z-domain

Figure 5.3: Figure for Proposition 5.3.1

Consider the following integral

1 ot)"

21 Jo, t— 2

dt.

We can deform CF into a circle C*, of radius large enough so that the Laurent expansion
at infinity of ¢(z) (and thus also ¢(z)™) converges uniformly for z outside C*. Then we can

integrate term-by-term and obtain

Lo, 1 Mdt_i/ L )+ 00/t

21 Jo, t— 2 2w et —2z 2 ot — 2 (5.3.3)
1 t 1 1/t o
21t Jox t — 2 21t Jor t—2
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where p,(t) is a polynomial in ¢ of degree n. Since p,(t) is analytic on and in the interior of
C*, we have that the first integral equals p,(z) by the Cauchy integral formula. We claim
that the second integral equals zero. To see this, first note that the highest degree term in
the numerator of this integral is 1/¢t. So each term making up the second integral is of the
form

1 1/tk

dt, k>1,

up to a multiplicative constant. Second, since z € Int Cg, we also have that z € Int C*, and

so |t| > |z|. Therefore, we can rewrite this last equation as

1 1
%/ tht1] — 2 / tht1 Z

The highest order term is 1/¢? since k > 1 and so each of these terms must vanish. Therefore,
the second integral in the last member of (5.3.3) is indeed equal to zero. At this point we
have established the relation

1 o(t)"

pn(Z) =5

dt =1,23,.. Int C 5.3.4
o CRt_Z ) n ) Ly Dy eeey z e ln R, ( )

where p,(2) is a polynomial of degree n. Now if we let t = 1(s), we get

L[,

s, n=123,.. z¢€Int Ckg. 5.3.5
2mi =k V(8) — ( )

pn(z)

Now, since z € Int Ck, it follows that 1(s) — z does not vanish for any |s| = R and so the
function s¢'(s)/(¢(s) — z) is analytic for all such s. Also, the fact that z € Int Cg implies
that we can find a positive constant R’ < R such that z € Int Cr and so Theorem 5.1.3
gives us that the Laurent expansion at infinity of this function is not only valid for |s| > R,

but that it converges absolutely for all such s. Uniform convergence for |s| > R also follows
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from Theorem 5.1.3 and will be shown explicitly Section 5.3.1. Furthermore, by L’Hospital’s
Rule, this function has value 1 at s = oo and therefore the Laurent expansion is of the

following form:

/
s1/(s) 1+ B2 2 >R, zent Cp (5.3.6)

W(s) —z PR

By Cauchy’s integral formula, the coefficients p,, in the above expression can be obtained by
multiplying both sides by s"~! and integrating on |s| = R. But this yields the same result
as in (5.3.5), and so the coefficients p,, in (5.3.6) must be the Faber polynomials associated

with . ]

The expression on the left hand side of (5.3.6) is regarded as a generating function for
the Faber polynomials and its uses will be seen below. Another useful result is obtained by
letting z = ¢ (w) and considering p, (¢ (w)) = F,(w). First choose Ry so that 0 < Ry < R
and Ry < |w| < R. This implies the image 1 (w) lies in the region bounded by Cg and Cg,,

see Figure 5.4.

s-domain z-domain

Figure 5.4: The point z with pre-image w

Denote the closed region bounded by the circles with radii R and R; by 2. The integrand
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of (5.3.5) can now be written as
s"Y'(s)
U(s) = ¢(w)

This function, regarded as a function of s, is analytic on 2 except for an isolated singularity
at s = w. Since the highest positive power in the expansion (5.3.1) is 1, it is easily verified

that this singularity is a simple pole. The residue at this singularity is given by

m(s —w —s"w’(s) = lim M !
) ey = o) ~ e () — p(w)

We now wish to use the residue theorem to evaluate the integral in (5.3.5). First, note that

this integral is equal to the expression

1 Vs)

Pl9(0)) = 5 /s| T o
RS s'Y(s) Lo, 1 s"Y(s)
27 Jygi—, ¥(s) — (w)d " omi 5= w(s)—ww)d'

The first two integrals are integrals over the outer and inner boundaries of the annulus
formed by the circles with radii R and R;, respectively. We can continuously deform this

annulus into a circle centered at the singularity of the integrand, namely w, as in Figure 5.5.

A c
ey

Figure 5.5: Deformation of df2 into a circle about w

So the first two integrals are equal to the residue at the point w, which was calculated

7
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above. Therefore,

e L _SYs)
Eulw) =" 5 ] s 90 — ow)

ds.
Since s is restricted to have modulus R;, the integral in the above equation is an analytic
function of w for |w| > Ry. Also, it maps w = oo to w = 0. Therefore, by Theorem 5.1.3,

we have that this integral has a Laurent expansion at infinity which converges for at least

all |w| > R (since R > R;) and is of the form
F,(w) =w" + Z Appw ™. (5.3.7)
k=1

It turns out we can be more precise about the convergence properties of this series. Since
R and Ry, satisfying R > R; > 1, were chosen arbitrarily, we can further conclude that
this series converges for all |w| > 1. Furthermore, since the series has no positive powers, if
we let w = 1/z we obtain a series valid for all |2| < 1, given by > 7= aux2*. The function
represented by this series is analytic in the whole unit disk, including zero, and thus is
uniformly convergent on any closed subdisk. Thus the infinite series in (5.3.7) is uniformly
convergent for |w| > Ry > 1 (since |w| must always be greater than R;). Since R; can be
chosen arbitrarily close to 1, what this tells us is that for |w| > 1, the Faber polynomials,
regarded as functions of w, can be written F,(w) = w™ + O(1/w).

The coefficients a,; are called the Faber coefficients of E. It turns out that they also

have an associated generating function. Choose the variables ¢ and w so that [¢t| > |w| > 1.

Then
O, ¥ —dw) ) 1
ot bt —w)  Pt) —Yw)  -w
:%+F1(w)t12+F2(w)t13+..._%_%_l;_j_... (53.8)
= i(l’n(w) — Wt = i (i ankwk>t (n+1)
n=1 n=1 \ k=1
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The second equality follows from (5.3.6) and the expansion of 1/(t —w) in a geometric series.
The third and fourth equalities come from combining like terms and using (5.3.7). Note the
the series in the parentheses is the same as the series appearing in (5.3.7) and thus converges
for all |w| > 1. Fixing such a w, we see that the final series in (5.3.8) is a power series in
t which converges as long as |t| > |w| > 1. Now choosing a positive constant B > 1, this
power series will converge uniformly for |¢| > B > |w|. Thus as long as [t| > B, we can

integrate and differentiate this series term-by-term. In particular,

- i n! ( i ankw_k> "
n=1

k=1

is an antiderivative of the last member of (5.3.8) and hence is analytic in ¢, convergent for
|t| > |w| > 1, and uniformly convergent for |t| > B > |w|. By (5.3.8), this series is equal to
In((¢(t) — ¥(w))/d(t — w) up to a constant, which depends on w since we integrated with
respect to t. However, if we choose a branch of the natural log such that In1 = 0, we can

show that the constant must be zero. We have that
v() = v(w) (St )
In—/———=+Cw)=—->» n IR TI F A
d(t — w) nz::l kz:;

where C'(w) denotes the arbitrary constant. Now if we let ¢ approach infinity, the natural
log term vanishes (apply L'Hospital’s rule and (5.3.1)), as does the right hand side since all

the powers of ¢ are negative. Hence, C'(w) = 0. Therefore,

ln% = —;n_l (Zankw_k> ", (5.3.9)

k=1

Since t(w) is univalent for |w| > 1, the expression (¢(t) — ¢ (w))/(t — w) can never vanish

in the domain M = {t | |t| > 1} x {w | |w| > 1}. For the case where t = w, L’Hosptial’s
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Rule gives us that this expression equals ¢/’ (w) there, which is also nonzero for all |w| > 1 by
conformality. Thus (¢(¢) — ¥ (w))/(t —w) is an analytic function of two complex variables in
M, with a nonzero derivative for |w| > 1. So taking the log of this function is also analytic
for |w| > 1 and therefore, the series on the right hand side of (5.3.9) must be its power series
expansion about (0o, 00), valid for |t| > 1 and |w| > 1. This also implies we can ignore the

restriction |¢t| > |w]| used in deriving this relation when using (5.3.9).

Example 5.3.2. Let E be the closed disk defined by {z | |z — a|] < d}. Then determining
the conformal maps and the Faber polynomials is rather straightforward. The map v :

D(0,1)¢ — E* is obtained by a magnification and then a translation. We have
Yp(w)=dw+a and ¢ (2)=09¢(2)=(z—a)/d
Then ¢(z)" is itself a polynomial and so the Faber polynomials are simply
(z) =[(z—a)/d" and F,(w)=p,(Y(w)) =w".

Example 5.3.3. Let £ = [—1,1]. Here we will revisit the Joukowski map (see Example

5.2.5). Recall this map is given by

z=(w) = %(w +w™h).
If we solve for w in terms of 2z, we obtain

w=¢(z) =2+ V22— 1.

This means that each z has two pre-images under this map. Since we are interested in

mappings between the exterior of the unit disk to the exterior of [—1,1], we choose the
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solution w = z + /22 — 1, which always has modulus greater than or equal to 1. The Faber

polynomials could be obtained by computing the polynomial part of
¢(2)" = (z+ V22 = 1)".

However, this can be done more simply by recalling that

1

To(2) =T, <§(w + w_1)> = %(w” +w™),

where T,,(2) is the n® Chebyshev polynomial of the first kind (see [39] for details). We also
had the result

w" — F,(w) = O(1/w).

Therefore,

2T, (2) = (W" +w™) =w" + O(1/w) = F,(w).
Thus the Faber polynomials are twice the Chebyshev polynomials of the first kind.

Example 5.3.4. Let E be the closed region bounded by the ellipse given by (Re z/a)? +

(Im z/b)* = 1, where a > b > 0. The conformal map from D(0,1)¢ to E° is given by

a-+b a—>b c
— — P _—
»(w) 5 w + 0 c w—i—Pw,

where ¢ = /(a2 — b2)/2 and P = [(a + b)/(a — b)]*/2. Writing the mapping using these
variables will help in the derivation of the Faber polynomials. Note that P > 1 and ¢/(1/P) =
0, so % is conformal (in particular, analytic and univalent) for |w| > 1/P. To determine the

Faber polynomials, p,(z), we use the generating function given in (5.3.8). By plugging in
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(w) = ¢cPw + ¢/ Pw into the left hand side and simplifying, one obtains the expression

1 1 ) [
— P—2n —ny-n P—Qn —nt—n—l'
P2w(l— (1/P%w))  Pw ;% v ; v

This means that the coefficient of £="~! in the right hand side of (5.3.8) is simply P~2"w~".
Thus Fy,(w) = w™ + P™?"w™". Finally, if we solve z = ¢(w) for w in terms of z and plug in

for w, we obtain
n/2

pn(2) = ZZ (272) TR 4P n=1,2, ..
k=0

5.3.1 The Faber Series. The motivation that led to the discovery of the Faber poly-
nomials was finding a way to approximate functions analytic in a given region by a series of
polynomials. Let E be a simply connected, compact set in C and let D denote the closed
unit disk. Let h be analytic in some open set containing E, and let ¢ be the conformal map
guaranteed by Theorem 5.2.7 which maps E¢ onto D¢, with ¢(c0) = oo and ¢/'(c0) > 0. As

shown above, ¢ has a Laurent expansion of the form
(b(Z) =az+ 2+ a,lzfl + CL,2272 + e

where ¢'(00) = a1. Denote the inverse of ¢ by v, which has a Laurent expansion of the same
form, i.e.

w(w) = byw + by + b_lw_l —+ b_2w_2 4+ .-

where by = aj’.

Now let p > 1 and recall that pe® is a circle of radius p surrounding D. It follows that
z = 1(pe™) is a curve surrounding E. Denote this curve by I',. Since h is analytic in some

open set containing F, by taking p sufficiently close to 1, we have that h is analytic inside
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and on I', and thus Cauchy’s formula holds for z € E, i.e.

h(z) = —— / UGN

21 t— =z
P

If we substitute ¢t = ¥ (w), where |w| = p, we get

Moy~ L[ Bl

5wt ow) = duw. (5.3.10)

For each z € E, ¥ (w) # z for all w € D¢, so the function w — wlf;g;”_)z is analytic for |w| > 1.

From Proposition 5.3.1, we have that
Y (w) = .
n=0

where the p,(z) are the Faber polynomials for £. We now want to show that this series
converges uniformly for all z € F and |w| > p > 1. If we choose ¢ > 0 such that 1/0 < 1,
then by Corollary 5.1.5, we have

W) |
blw) 2

pn(2)] < 0™ sup

|w|=0

where (o) = supy, |, [¢'(w)| and 6(o) is the distance from I'; to E. Thus we have a bound
for the p,(z), which depends only on the set F and o. Now, given p as introduced above, if

we also require 1/p < 1/o, then 1 < o < p and so

Thus (5.3.11) converges uniformly for z € F, and |w| > p, as desired. Now if we substitute
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(5.3.11) into (5.3.10), we can integrate term by term, obtaining the following:

B 0 U0 PO S AR S
M2 = o0m /|w|p b(w) — 2 dw = o— /wph(w( ));pn( ) dw.
= 2%” ;pn(z) /w:p h(y(w))w " tdw = nz:% Cnpn(2)

where ¢, = ;- f|w|:p h(¢(w))w ™ *dw. We have proven the following theorem:

Theorem 5.3.5. Let h be analytic on a simply connected, compact set E and let {p,(z)}
be the Faber polynomials associated with E. Let 1 be the conformal map which maps the

complement of the closed unit disk onto the complement of E and let

1
= — h —nlq =0,1,2,...
n =5 e (Y(w))w w, n=0,1,2,

where p > 1 is such that h is continuous on and analytic inside the image of |w| = p under

1. Then the representation
h(z) = Z CnPn(2)
n=0
holds uniformly for z € F.

Next we will see how Faber polynomials are used, along with Crouzeix’s results, in

establishing convergence bounds on the convergence of GMRES.

CHAPTER 6. CROUZEIX’S CONJECTURE AND GMRES

Here we focus on the work presented in the paper by Beckermann, et. al. [4]. This paper
presents a result that improves upon the estimate given in the Ph.D. thesis by H.C. Elman
[17]. In his thesis, for a matrix A with a positive definite Hermitian part M, Elman presented

the following bound for the k" relative residual of the generalized conjugate residual method
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(see [17, Theorem 5.4]).

H?"kH < sink(ﬁ), where COS(B) = )\min—w’ where ﬁ c [0’71‘/2) (601)
[I7ol| [1A]|

The conjugate residual method (also known as MINRES) is an algorithm for Hermitian
indefinite matrices which minimizes the 2-norm of the residual over the associated Krylov
subspace. Generalized conjugate residual extends this method to non-symmetric matrices
with positive definite Hermitian part. It gives the same result as the GMRES method for
this subclass of matrices, and thus any bound shown for this method is also valid for GMRES
applied to these matrices. See Chapter 5 in [17] for more details. Returning to (6.0.1), note
that since M is positive definite, its numerical range is positive real, and by Proposition
2.1.5 and Proposition 2.1.6, the smallest eigenvalue of M bounds the real part of W(A) from
below. Also, note that by Theorem 2.4.3, W(A) is contained in the disk of radius ||A||. So
the angle 3 can be visualized as the angle between the line connecting the origin and Ay, (M)
and a line of length ||A]|, see Figure 6.1. Note that § also provides a way of assessing how
close W(A) is to 0. If 8 is close to m/2, then W (A) is close to 0, and if /3 is small, then W (A)
is far away from the origin. Thus a small 3 is desirable, since when the numerical range is
far from 0, GMRES converges quickly, as indicated by (6.0.1).

We can extend the result in (6.0.1) to any matrix with 0 ¢ W (A). Since W (A) is convex,
there exists a ¢ € R such that dist(0, W (A)) = Amin((€®A + (¢ A)*)/2). Since the norm of
the k' relative residual is unaffected by multiplying A by a number of modulus 1, (6.0.1)
now becomes
 dist(0, W(A))

el o x
<sin®(f), where cos(f) :=
[I7ol| 1Al

(6.0.2)

for all matrices with 0 ¢ W (A). We will use this version of Elman’s estimate to compare

with the results given in [4].
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B W(A)

s

Amin(M) 1Al

1

Figure 6.1: The angle § of (6.0.1)
6.1 BECKERMANN, ET. AL.’S CONVERGENCE BOUND FOR GMRES

The main result of Beckermann, et. al. is given in the following theorem.

Theorem 6.1.1. Let A be a square matriz with 0 ¢ W(A) and define § € [0,7/2) as in
(6.0.2). Then for the k'™ relative residual of GMRES, we have

<(2+2/V3)(2+s)h k=123, (6.1.1)

where

We will prove this theorem by breaking the bulk of the work into smaller results. First,

we introduce some needed notation. For a compact set K C C, let

Ex(K) = min{||p||x | p a polynomial with degree < k,p(0) =1},
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where || - || denotes the maximum norm on K. Next, let « € [0, 7] and define
Se={z€C |arg 2z € [0,a]}.
The set S, is called a sector. Crouzeix showed in [9] that

Ip(A)| < (2+2/V3) sup  [p(2)]. (6.1.3)

ZGSa
W(A)CSa

To prepare for the following lemma, recall by the remarks above, that the k' relative
residual of GMRES is unchanged when multiplying A by a complex number of modulus
1. So without loss of generality, we can suppose that the point of W(A) closest to 0 is
real positive. Then, by (6.0.2), we have that W(A) C {z | Re z > ||A||cos(8)}. Define
K3 to be the intersection between the half plane {z | Re z > cos(f)} and the closed unit
disk. Since W(A) is also contained in the closed disk with radius ||A||, we then have that
W(A) C ||A||Kp; see Figure 6.2. The importance of this is that now we have a convex,
compact set which contains W (A) and is easy to work with in the sense that we can explicitly
construct a conformal map involving this region, as will be seen below. Using these ideas,

we have the following estimate for the quantity Ej(K3).

Lemma 6.1.2. Let k > 1 and 8 € [0,7/2). Then

) 2
fy’g < Ey(K3) < min {2 + 5, 1—%“}7’5’ (6.1.4)
]

where g is as in (6.1.2).

Proof. Let K be a convex, compact set containing more than one point, with 0 ¢ K. We
will first prove a similar result for this set and then extend it to prove (6.1.4). Let ¢ denote

the conformal map from the exterior of K to the exterior of the closed unit disk with the
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IAlIKs
Kp
B B W(A)
s
cosf 1 IA||cos/3 1Al
(a) The set Kg (b) The set ||A||Ks containing W (A)

Figure 6.2: The sets K3 and ||A||Kp

properties ¢(00) = oo and ¢'(c0) > 0 (see Theorem 5.2.7). We will show that for k£ > 1,

2
7 < Eu(K) < min {2 +, 1_—7“1}7’@’ where v = 1/]¢(0)]. (6.1.5)

First we show the left hand inequality. Let p be an arbitrary polynomial of degree less than
or equal to k satisfying p(0) = 1. Recall that by Corollary 5.2.9, we can continuously extend
¢ to the boundary of K, and by the definition of ¢, we have |¢(z)| = 1 for all z € K. Next,
consider the function p/¢*. We want to argue that the modulus of this function on C /K is
bounded by its modulus on K. To do so, we will map @\K conformally onto a bounded

set, Q. Since 0 ¢ K, there exists a scalar a # 0 such that 0 € K + a. So let the map be
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defined by z — w, where w = 1/(z+a). Now note that if ¢(z) = bz+by+>_ - bz, then

n

¢(%—“):b($—a)+b0+§%fum

1 = w"
=—(V b by———
w( w + —I—wz (1—aw)">’

n=1
where b’ = (by — ab). Using this, we have the following result for all z € C\K,

p(z) _ (1/wh)g(w) (1/w*)q(w)

o T o —af T ()Wt b o w S bt
q(w)
(Vw+b+w D0 by )N

l—aw

where ¢ is a polynomial of degree less than or equal to k. Furthermore, the denominator
never vanishes since ¢ maps to the exterior of the closed unit disk. Thus the right hand
side of the last equation is an analytic function of w on the bounded set §2 and thus attains
its maximum modulus on 0€2. Since the boundary of 2 corresponds to the boundary of K
under the map z — w, we can conclude that p/¢* does indeed attain its maximum modulus
on 0K. We then have the following.

s PO _ [lpllox

) - N - - 6.1.6
T 0O = flollg Mo = Pl 6.16)

Since ||@||5, = 1. Since p was arbitrary, this shows the left hand side of (6.1.5). An equality
is attained if and only if ¢* is a polynomial equal to p. A result in [37] shows that ¢* is a
polynomial if and only if K is a lemniscate, which is not the case for Kz, so we take the
inequality to be strict in (6.1.4).

For the second inequality in (6.1.5), the goal is to find a polynomial whose maximum

norm over K can be bounded by something of the form of the right hand side in this
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equation. We will use the Faber polynomial of degree k, denoted F}. Recall that this is the
polynomial part of the Laurent expansion at infinity for ¢*. We will use the result of Kovari

and Pommerenke given in [35], which states that

for general convex sets K. Consider the function ¢Fj, —¢**!. If we perform the same mapping

as above, i.e. z— w =1/(z+ a), we get, after some simplification,

¢(2) Fr(z) — o(2)**
(Vw +b+ w02 by ) Gr(w) — (Vw + b+ 0 o2 ba ) f(w)

wk+1 g(w) ’

where G, (w) = w*Fy,((1/w) — a). We want to show this expression is analytic for all w € €.
The only point of concern is w = 0. Since G(0) = b, we have that f(0) = 0 and since
the degree of the numerator is k + 1, it can be shown that the first £ + 1 derivatives of
f(w) are zero also. By applying L’Hospital’s rule, we see that this function is analytic at 0.
Hence, |f(w)/g(w)| attains its maximum on 99, which implies |¢(z)Fy(2) — ¢**1(2)| has its

maximum on OK. Therefore,

|6(0)[1E5(0) — 6(0)*] < |l6Fk — " Mlox < I6llox || Fr — ¢*llox = ., (6.1.8)

since ||¢||lax = 1, as before.

Now let v € [0, 1] and define

Po(2) = Fi(2) +v((0)* — F.(0)).
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Then

Po(0)] = [F3(0) +v(¢(0)" — Fi(0))] = |Fr(0) — ¢(0)* + $(0)" + v(¢(0)* — F3,(0))]

Also,

ol = [Ipollox < 16" |lox + [|6" = Fillox + v|¢(0)* — Fi(0)]
O

<1494 .
= )]

These latter two equations both follow from (6.1.7) and (6.1.8). Therefore,

¥ 140 ) 0 14 0x(1
B) < i Wl IR OO) 1)
vel01] pp(0) T vel0] [@(0)[F = (1 —=0)(0x/[0(0)]) 1 — (1 —0v)dpr**
To determine the minimum of the right hand side over v € [0,1], we can simply take the
derivative with respect to v and determine the critical points. It turns out that given
expression has no critical points in the unit interval, and thus the minimum must occur at
2

either v = 0 or v = 1. Since plugging in v = 0 yields W7k and v = 1 yields (2 + v)y*,

we have

| 2 )

This proves (6.1.5).
To extend this result to K, we only need to show that the conformal map for Kjg

satisfies 1/]|¢(0)| = 5. It turns out that we can verify this directly by noting in this case
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that ¢ = T3 o Ty o T7 where

To(2) = (B )™ =B Ty(z) = z:—% (6.1.9)

z— e
hie ==

By direct substitution, we have

We can factor the terms exp(zjfﬁ> and exp(ﬁﬁ) out of the numerator and and denomi-

nator respectively. The moduli of these numbers are both 1, so we now have

exp(iZEfﬁ) — exp( — i2ffﬁ>
exp(i%’iﬁ) — exp< — i277i5>
. 26 . 283

sin (—4_25/W> B sin (—4_25/W>

. An2 . T ﬁ ’
Sl (2(47r—25)> Sl (5 + 4—25/7r>

1
6(0)]

where the last equality comes from adding and subtracting 247 in the numerator of the sine

argument in the denominator and simplifying. Now if we let uw = /(4 — 28/m), we have

1 sin(2u)  2sin(u)cos(u)

6(0)]  cos(u)  cos(u)

= 2sin(u) = 3.

This completes the proof. O

We now want to compare the asymptotic convergence factor provided by Elman in (6.0.1)

with the one just derived. Since 'yg < Ei(K3p) by the left hand inequality of (6.1.4), we can
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do this by considering this inequality for £ = 1. Note that

1
FE1(Kg) = min sup |az + 1| = min |a| sup |z + (1/a)| = min — sup |z + b|,
{(865) = i sup [az -+ 1] = min ol sup |2+ (1/0)| = pip o sup |-+

where b = 1/a, a # 0. First consider the problem of finding the supremum of |z + b| on Kp.
Since the function z+0 is analytic, and K is compact, it follows from the maximum modulus
principle that this supremum is attained on the boundary of K. Now if arg b € [—5, ],
then the maximum modulus will be attained at the point z on the unit disk that satisfies
arg z = arg b. This follows from the fact that at no point on the unit circle is the curvature
zero. Also note that a shift such as this will push Kz away from the origin, and so the minimal
supremum norm cannot be attained if arg b € [—f, 5]. So now let arg b € (8, —f+27). Now
note that the part of the boundary of Kp that has real part equal to cos(f) is a straight
line segment so if the maximum modulus occurs on the line segment, it must occur at the
endpoints. Thus, the maximum modulus must be attained at a point of the form e?, where

0 € [-8, B]. Writing b = re'®, where r > 0 and ¢ € (3, —f + 27), we have

sup [z + b= sup |e” +re? = sup 1+41%+2rcos(d — ¢).

Taking the derivative with respect to 6 and setting it equal to zero, we see that there is a
critical point whenever 6 = ¢ or when 6—¢ = cr, ¢ € Z. The former case cannot happen since
0 € [—B,0] and ¢ € (B, —F + 2m). In the latter case, by examining the sign of the derivative
on either side of the point 8 = ¢ + ¢, we see that such a point is a local minimum point. So
the maximum must occur on the endpoints of the interval, namely 6 = £5. To determine
arg b, note that since we have already deduced that the supremum norm is attained at e*”?,

it follows from geometric considerations that this supremum norm is minimized only when

arg b = 7. Now we need to determine the optimal value of r so that the supremum norm is
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minimized. By symmetry, it suffices to consider the case where § = 3. We have

1 ; e? . 1 B B
min —[b + > =min |l + — > = min |l — /7> =minl + - — — — —.
beC |b| r>0 revm r>0 r>0 r2 r ,

Taking the derivative with respect to r and setting it equal to zero, we get a critical point
when r = 1/ cos(5). The second derivative test confirms this is a global maximum, and so

b= —1/cos(B). Thus a = — cos(p).

The next step is to evaluate |az + 1| for a = — cos(3) and z = e~**. We have
. _pB _ o8 1203 1
laz + 1| = | — cos(B) (") + 1| = € € b= 2+ 1
iB _ =B
iB€ e . :
= |e———| = Isin(B)| = sin(8),

where the last equality follows from the fact that g € [0,7/2).

By this last argument, we have that the asymptotic convergence factor sin(3) provided
by Elman in (6.0.1) is equal to Ey(Kp). By Lemma 6.1.2; the asymptotic convergence factor
g of Theorem 6.1.1 is strictly less than this, thus we have obtained an result asymptotically
sharper than (6.0.1).

Next, we have

Lemma 6.1.3. Let 5 € [0,7/2) be as in (6.0.2). Then for any nonzero polynomial p, we

have

(A < 2+ 2/V3)llpllx,  where K = ||AJ| K. (6.1.10)

Proof. Choose an angle o € (5, 7/2). We will use the linear fractional transformation given

by
_A]le — 2

r(z) = 2 — Al (6.1.11)

This map satisfies 7(||A||K,) = Sa. Let f = por~'. Note that r~(z) = (z||A]le™™ +
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||Al|e"*)(1 4 z), and so the only poles of f are at z = —1 which is not in S,. Note that if

W(r(A)) C S,, then we can apply (6.1.3) as follows:

Ip(A) = (A < 2 +2/V3)lIflls. = 2 +2/V3)llporlls, = (2+2V3)llpllx

So we need only show the relation W(r(A)) C S,. Let y be a nonzero vector, and for

convenience, define § = (A — ||A||le™*I)~'y, which is also nonzero. Then

(r(Ay,y) _ (Al = A)g, (A = [[Alle”Dg) _ (A [|Alle”*D)*([|Alle" — A)F, §)

di=-——""+= o = —
(7,9) (7,9) (9,7)
io (A%, Y A*Ag,y i i (A7, Y
= llAlle <(§ z?)) - (7,9) - IAIFE™ + [1Alle ﬁ
: Ag|? : (Ay,7)
= —||A 26220‘ — || - + 2||Alle**Re = ’~
14l [7][2 14l <(y,y))

Next, we have two key observations. The first is that

(Ag7 g
(g7 g)

~—

I (d) = ~||A] ? sin(2a) +2][ 4] [Re ( ) sin(a) > 2/|A|| sin(a) (- cos(a) +cos(8)) > 0.

The first inequality follows from the expression on the right hand side of (6.0.1), since
Amin(M) bounds the real part of W(A) from below. The second inequality holds since

a > (. Next, we also have that

A2 A2
1431 I451Ey

Im (e7"*d) = —||A|]*sin(e) + “ =5~ sin(a) = sin(a) ( — [|A[|* + =
(¢7%%d) = —[AIP singa) + {1 sin(a) = sin(a) (= [[41P + 1=,

What these two equations tell us is that the imaginary part of d is positive, but a clockwise
rotation of d through the angle « results in a number with a negative imaginary part. This

implies that d € S,, see Figure 6.3

Lastly, recall that d = (r(A)y,y)/(J,7), and therefore HZ‘ECZ is a point in W (r(A)). Since

a real positive scaling of any point in S, is also in S,, we have that W (r(A)) C S,. O
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e’d

Figure 6.3: The point d in the set S,

Now to apply this result to the set Kz, we need to show that the quantity Ej(K)
is invariant under a scaling of the set K. Let p(z) be an arbitrary polynomial of degree
less than or equal to k, p(0) = 1 and let ¢(z) = p(cz) for some constant ¢ € C. Then
deg g = deg p, p(0) = ¢(0) = 1 and ||¢||x = ||p|lex. Therefore, Ey(cK) = Ex(K). Then,

from Lemma 6.1.3, we have the following:
min{|[p(A)|| | deg p <k, p(0) = 1} < (2+2/V3)E(||Al|Ks) = (2 + 2/V3) Ex(Kp).

Applying Lemma 6.1.2, we then have

U7l < minflp(A) ] e p < 1,p(0) = 1) < 2+ 2/ VL)

< (24 2/v3) min {2 + 78, %W}’y’g < (2+2/V3)(2+ )75
g

k+1

Since 75 < 1, we have that 2/(1 — v3"") < 2+ 75 for large k, which explains the choice of

2 4 v in the above equation. The shrewd reader will have noted that the proof of (6.1.5)
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does not depend on the particular shape of K. Thus we can state the following more general

result:

Corollary 6.1.4. Let K C C be a compact, convez set not containing 0. Let A be a matriz

satisfying W (A) C ||A||K. Then for the k'™ relative residual of GMRES, we have

< 2+ CENW < (247)C(K)EL(K),

where C(K) is as in (1.0.3) and v = 1/|¢(0)|, where ¢ is the conformal map from C\K to
C\D(0,1) satisfying ¢(co) = 0o, ¢/(c0) > 0.

The second inequality in the statement of the corollary follows from the first inequality

in (6.1.4).

6.2 BECKERMANN’S IMPROVEMENTS

Not long after the above results were established, Beckermann independently published an
improvement [3]. As we will see, his new bound is sharper than that given in Theorem
6.1.1, and does not use the Crouzeix conjecture. We do not imply that this undermines
the importance of the Crouzeix conjecture, only that the best GMRES bounds obtained via
Faber polynomials (that we are aware of) are not dependent on it. Despite this, we still
present these results here as the method of proof closely resembles the strategy employed by

Crouzeix in some of his papers [2, §].

Theorem 6.2.1. Let A € M, and let E C C be convex, compact, and satisfy W(A) C E.

Let FF be the associated Faber polynomial. Then

IEF(A)] <2, n>1.
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Proof. Let ¢ be the conformal map from E° to D(0, l)c, with ¢(c0) = o0, ¢'(c0) > 0. By

the definition of F¥

n

we have that ¢" — F¥ and 1/¢" are analytic in C\E and vanish at

infinity. Combining this fact with (5.3.4) we have

L/ o), _ FrP(Q), n=0
6(z)|=r

27 . z— B
h ¢ 0, n < 0.
where r > 1 and ( is some point in the interior of the curve defined by [¢(z)| = r. Since

o(A) C W(A) C E, we can write
— G2 (2] — A) Mz =4 " B (6.2.1)

Since we can make r arbitrarily close to 1, we have, for n > 1,

1 1 —n
0= - ¢( ) (2] — A)ldz = i Jon (2) (21 — A)dz. (6.2.2)

Now note that since E is convex, the outward unit normal exists almost everywhere for
z € OF. Thus, if the boundary of E has a parameterization z(t) = a(t) + b(t), then the

outward normal is given by V/(t) — ia'(t) = 1(a’(t) + ib/(t)). In terms of differentials, we can

ldz

FTda] for the outward unit normal. Then, combining (6.2.1) and the adjoint of

write v(z) =

(6.2.2), we have

FEA) = 5 [ o Gr— Ayt - o [ oy - At
=57 [ It = Ao + o T T - A7)

= [ 0(2)"ul(z, A)ld,

OF
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where
1z, A) = ——((2) (=T — )+ 5(2)(Z — A7),

2T

It is shown in Lemma 6.2.2 that

/ p(z, A)|dz| = 2I.
o

Therefore,
[ e Ay ide] =2
OF

FE(A)|| < max|p(¢)"]  sup
1 (A CEBE‘ (©) lyecn,HyH:l
O

Since ¢ has norm 1 on the boundary of E by definition.

Lemma 6.2.2. Let A € M,, E C C be a convex, compact, and positively oriented set

satisfying W(A) C E. Then
/ p(o, A)ds = 21,
oE

where o = o(s) is a function of arclength which represents a point in OE and

Ldo s the outward normal to E at the point o € OF.

where v(o) = %7

Proof. We have that
1 -1 1 = o —1
p(o, A)ds = — vio)(ol — A)"ds + — v(o)(ol — A%) " ds. (6.2.3)
OB 21 Jor 21 Jor

We first consider the first integral. Let ¢ = o(s). Then d( = o'(s)ds = ivds. So this integral

becomes
L - ayac

271 OE
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We can evaluate this integral as long as ( is in the resolvent set of A. Otherwise, ¢ € o(A).
However, the spectrum of A is a set of measure zero and therefore these points do not affect

the value of the integral. So by the Cauchy formula, we get

1 o
e aE(U—A) d¢c = 1.

To evaluate the second integral, again let ( = 7(s). Then d¢ = ¢'(s)ds = %ds. So we get

(2

L[ Vo) or — A7) s = 2L (T — A hdg = — -

21 Jor T JoE 2mi JoE

(T — A" 1.

Note that OF is negatively oriented, so we have

o [ A= (-1 =1

21 Jom

Plugging these values into (6.2.3), we obtain

/ p(o, A)ds = 21.
OF

The next result is a general application to the convergence analysis of GMRES.

Theorem 6.2.3. Let E be a convex, compact subset of the complex plane that does not
contain zero, and satisfies W(A) C E. Then for the k™ relative residual of GMRES, we

have

2
< min{2+7E,1_—7k+1}’yg, (6.2.4)

E

where vg = 1/|p(0)|, ¢ being the conformal map as in Theorem 6.2.1.
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Proof. The proof of this theorem is similar to the proof of Lemma 6.1.2. We will show that

)l : >
—2—|d <k; < < . 6.2.5
m{ po)] | EP=R S R S T (029

The first inequality follows directly from Theorem 6.2.1. To get an estimate for |F}¥(0)|, we

use the maximum principle applied to ¢(¢* — FF) as before. We have

[O)[F(0)] = [#(0)[* — [6(0)(¢(0)" — F7(0)]
> [6(0)]*"" — max |¢(2)(¢(2)" — Fif'(2)]

2€0F

=[6(0)[*" — max|6(2)" — F'(2)] = [6(0)]"" — L.

z€0FE

The first inequality comes from adding and subtracting ¢(0)* and the last inequality follows

from (6.1.7). From this we have

1 1 'yg

< = .
F(0) T yp(yptt = 1) 1=t

This gives us one of the bounds in (6.2.4). The other follows from the fact that min{1, L‘I‘gﬂ} <

k
1—vg

(24 vE)VE. O

This final corollary is an application of Theorem 6.2.3 to a specific F.

Corollary 6.2.4. Let 0 ¢ W(A). Then for the k' relative residual of GMRES we have

!/

m) < sin(f'),

< (249)Y",  where = 2sin(

where ' € (0,7/2) is defined by cos(f') = dist(0, W(A))/w(A).

Proof. The proof is relatively simple. By multiplying A by some complex number of modulus

1, we have that the element of W (A) closest to 0 is real positive and the GMRES residual
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is the same. Define E to be the set {z | Re z > dist(0, W (A)), |z] < w(A)}. Then the result
follows from Theorem 6.2.3 where the conformal map ¢ is taken to be the same as the one

utilized in Lemma 6.1.2. OJ

In comparing the result of Theorem 6.2.3 with that of Theorem 6.1.1, we note two
improvements. One is that we no longer have the constant 2 + 2/ V/3, and the other is that
the angle (' is now slightly smaller than before, due to the fact that w(A) < ||A|| (compare
the definition of 5 in (6.0.2) to the 5" in Corollary 6.2.4). The first of these changes is quite
significant as any scaling factor greater than 1 will only dull the accuracy of any GMRES
bound. The second change makes this new bound asymptotically sharper, as it results in a

change in the asymptotic convergence factor.

CHAPTER 7. NUMERICAL EXPERIMENTS

Here we present some numerical experiments comparing the bounds derived above. The
first bound is the one derived by Beckermann, et. al. [4] stated in Theorem 6.1.1. The
second is Beckermann’s improvement of Theorem 6.2.3 [3]. The third bound we compute is
a bound where the asymptotic convergence factor v is taken to be v = 1/|¢(0)|, where ¢ is
the conformal map of the exterior of an approximating polygon to W (A) to the exterior of
the unit disk. This value is computed using the Schwarz-Christoffel toolbox [43]. Lastly, we
also included Elman’s orginal bound given in (6.0.1). We do this because the asymptotic
convergence factor of Theorem 6.1.1 is only asymptotically sharper than Elman’s, and thus
Elman’s bound can be more descriptive for the earlier iterations.

We should note that for the figures of this section, the numerical range was computed
using a modified version of the m-file fv.m, which is found in the Matrix Computation

Toolbox by Higham [31]. See Appendix B.
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[teration H Residual ‘ Beckermann, et. al ‘ Improved Beckermann ‘ Conf. Map ‘ Elman ‘

1 0.191504 3.433643 1.088396 0.438420 | 0.707213
2 0.040493 1.528442 0.484476 0.087395 | 0.500150
3 0.006804 0.680366 0.215654 0.017421 | 0.353712
4 0.001220 0.302856 0.095994 0.003473 | 0.250150
3 0.000216 0.134813 0.042729 0.000692 | 0.176909
6 0.000039 0.060010 0.019020 0.000138 | 0.125112

Table 7.1: Numerical Results for the Shifted Toeplitz Matrix

3 [ 45.008570
B [ 45.007772
v | 0.445137
Yimp | 0.445128
vo | 0.199341
v | 0.707213

Table 7.2: Asymptotic Convergence Factors for the Shifted Toeplitz Matrix

The first example is a 500 x 500 Toeplitz matrix, shifted so that 0 ¢ W(A). The entries
used to form the matrix were taken from the uniform distribution on the interval [—1,1].
The right hand side was similarly generated. Figure 7.1(a) contains a plot of the numerical
range with outer approximating polygon and conformal map lines computed by the Schwarz-
Christoffel toolbox. The ‘x’s’ indicate the location of the eigenvalues. Figure 7.1(b) is a plot
of the various bounds along with the actual convergence curve of GMRES. Actual numerical
values are recorded in Table 7.1.

Let vB, Yimp, Yo, and g denote the asymptotic convergence factors for Beckermann, et.
al., improved Beckermann, the one obtained via a conformal map, and Elman’s, respectively.
Table 7.2 lists the various convergence factors (denoted by ) for each bound, as well as the
angles 5 and [’ for the Beckermann, et. al. bound and the improved Beckermann bound,
respectively.

We see that the angles 8 and /' do not differ much, neither do the two Beckermann

100



(a) Numerical Range and Outer Approximating Polygon

35 T T T T
—&— Actual Fesidual
—%— Beckemmann, et al.
s —— Improved Beckenmann 1
—&— Confonmal Map
Elman

Felatiwe Residual iConvergence Factor Morm

Furmbet of lkerations

(b) GMRES Convergence Curves

Figure 7.1: Numerical Experiment with a Shifted Toeplitz Matrix
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B | 89.046713
B | 89.041155
vg | 0.987210
Yimp | 0.987136
Yo | 0.969270
ve | 0.999862

Table 7.3: Asymptotic Convergence Factors for the Convection-Diffusion Matrix

convergence factors. However, as indicated in Figure 7.1(b), Beckermann’s improved bound
greatly outperforms his original bound. This is due to the factor of (2 4 2/ \/3) which
was eliminated in his improvement. The bound generated by the conformal map is quite
promising, and seems to imply that if we can get an accurate enough approximation to the
boundary of W(A), and if we can compute the conformal map of the resulting polygon, then
perhaps we can get descriptive estimates on the residuals.

Now we turn to an example, where all of these bounds do not give descriptive results.
This example is derived from using a matrix which arises in the solution of the convection-
diffusion problem, as described in [36]. The matrix generated was 169 x 169 and the righthand
side vector was randomly generated as in the case for the Toeplitz matrix. Figure 7.2 contains
the results.

This problem required 16 iterations and so we omit a table analogous to Table 7.1. By
looking at Table 7.3, we see that the angles $ and S’ are both close to 90 degrees, which
as mentioned earlier, indicates that W (A) is close to the origin. This partially explains
why this problem took longer to converge than the previous one. Also note that all of the
convergence factors are close to 1, which is why none of them accurately describe the actual
convergence behavior. This example shows that there are cases where bounds obtained
from the numerical range can fail to be helpful. The take-away is that in order to fully
understand GMRES, we may have to consider other characteristics of the matrix such as the

spectrum and psuedospectrum together with the numerical range. A detailed work which
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(b) GMRES Convergence Curves

Figure 7.2: Numerical Experiment with a Matrix Resulting from a Discretization of the
Convection-Diffusion Equation
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Matrix Order | Maximum Constant || Matrix Order | Maximum Constant
3 1.271 12 1.117
4 1.390 13 1.076
5 1.285 14 1.097
6 1.11 15 1.029
7 1.095 16 1.047
8 1.135 17 1.043
9 1.096 18 1.018
10 1.117 19 1.051
11 1.078 20 1.021

Table 7.4: Tests for the Crouzeix Constant

contains several examples comparing bounds obtained via the spectrum, pseudospectrum
and numerical range can be found in [18].
No one has yet succeeded in proving or disproving Crouzeix’s conjecture. The best

constant found so far is 11.08 [8]. However, numerical experiments seem to confirm that the

best constant is indeed 2. By considering the 2 x 2 matrix A = and the polynomial
0 0

p(z) = z, we see that the best constant cannot be any less than 2. This is because the
numerical range of A is the unit disk and ||A|| = 2. Table 7.4 lists some Crouzeix constants
for matrices of orders 3 through 20. This experiment was done by randomly generating 20
matrices of each order and for each degree 1 through 10, computing ||p(A)|[/ sup,ew 4y [P(2)]
for 20 randomly generated polynomials. The denominator was computed by taking the
maximum of |p(z)| over an approximation to the boundary of W(A). The maximum Crouzeix
constant for each matrix order is listed in Table 7.4.

Some interesting observations from these numbers are the fact that the maximum Crouzeix
constant seems to decrease as the matrix order increases. Also, the maximum Crouzeix con-
stant was, in most cases, obtained for a 1 or 2 degree polynomial. This would seem to
indicate that if a counterexample is to be found, it probably lies in considering a matrix of

small dimension with a low degree polynomial.
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CHAPTER 8. CONCLUSION

Considering the existing research done in the area of GMRES convergence, the Crouzeix
conjecture offers an attractive way to quantify the behavior of these iterations. Despite the
improvements made by Beckermann that do not use the conjecture, the numerical experi-
ments show there is still much room for improvement in finding a truly descriptive bound.
Trefethen’s work on psuedospectral bounds shows that there are different phases of GMRES
convergence, which may lead some to think that a combination of bounds obtained from the
spectrum, psuedospectrum, and numerical range are necessary to truly accurately describe
GMRES convergence. However, we feel that there is much investigation to be done in the
area of numerical range bounds itself. One major obstacle is that these bounds require the
computation of the numerical range, which for large matrices (such as those larger than
1000 x 1000), can take some time to compute. An efficient algorithm for computing the
numerical range of a matrix is thus in order. Secondly, as mentioned in Chapter 4, there are
many ways we can seek to bound the quantity sup,cy (4 [p(2)|- As far as we know, there
is no major work focused on this effort in the context of GMRES analysis. Perhaps looking
into these possibilities will provide further insight. On the other hand, if 0 € W(A), then the
Crouzeix conjecture will not be helpful, since by previous remarks, any polynomial satisfying
p(0) = 1 at the origin must also satisfy |p(z)| > 1 on the boundary of W (A). This suggests
that it is also insufficient to solely consider bounds obtained from the numerical range.
However, regardless of how well we can approximate sup,cy (4 |[P(2)], the question of
whether or not Crouzeix’s conjecture is true still remains to be answered. Numerical experi-
ments seem to indicate that it is true, but we must careful in drawing conclusions from such
experiments. By only considering randomly generated matrices, we are quite possibly ex-

cluding certain matrices with special structures that may provide a counterexample. Be that
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as it may, we currently have little intuition about what type matrices could possibly prove
Crouzeix’s conjecture wrong. Thus this still remains an area which holds many research

possibilities and opportunities for greater understanding.
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APPENDIX A. COWEN’S NUMERICAL RANGE CODE

This is code used to produce the figures in Chapter 2.

b
b
b
b
b
b
b
b
b
b

This script finds the numerical range of an n x n matrix by
finding the real and imaginary parts of rotates of the matrix

and finding the associated boundary point of that rotate by
finding the largest eigenvalue of the real part and using the
corresponding eigenvector?s contribution to the numerical range.
Multiplicity of the largest eigenvalue, as occurs in a normal
matrix, is handled by plotting the end points of the corresponding

segment in the boundary of the numerical range.

function w = getNumRange(A,plotrange,ploteigvals)

close all;

nm=ceil (norm(full(A)));

th= 0:.01:6.29;

k

1;

w=zeros(1,length(th));

for j=1:length(th)

Ath=(exp(1i*(-th(j))))*A;
Hth=(Ath+Ath’)/2;
[r el=eigs(Hth);

e=real(diag(e));
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Y%e=round(e) ;
m=max(e) ;
s=find(e==m) ;
if size(s,1)==1
w(k)=r(:,s) ’*Axr(:,s);
b
% This is the point of the numerical range contributed by
% v_t=r(:,s) when the eigenspace of Hth (H_t) is one dimensional.
o
else
Kth=1i* (Hth-Ath) ;
pKp=r(:,s) ’*Kth*r(:,s);
b
% The matrix Q described above is r(:,s)
h
[rr eel=eig(pKp);

ee=real (diag(ee));

mm=min (ee) ;

sm=find (ee==mm) ;

wk)=rr(:,sm(1,:))’*r(:,s) ’*A*xr(:,s)*rr(:,sm(1,:));

b

% This is the point of the numerical range contributed by
% v_t™- =r(:,s)*xrr(:,sm(:,1))

YA

k=k+1;
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mM=max (ee) ;
sM=f ind (ee==mM) ;
w(k)=rr(:,sM(1,:)) *r(:,s)  *Axr(:,s)*rr(:,sM(1,:));
hh
% This is the point of the numerical range contributed by v_t~+
A
end
k=k+1;
end
if (plotrange)
figure
H = £fill(real(w),imag(w),’y’);
set (H, ’LineWidth’, 2);
if ploteigvals
hold on
eigvals = eigs(A);
plot(real(eigvals),imag(eigvals),’r*’);
end
axis([-nm,nm,-nm,nm]);

axis(’equal’);

end

end
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APPENDIX B. HicHAM’S NUMERICAL RANGE CODE

This code was used to produce the figures in Chapter 7.

function [f, e,vertices] = fvpolyarea(B, tol,plotme)

hEV

b
b
b
b
b
b
b
b
b
b
b

b
b
b
b
b
b
b

Field of values (or numerical range).

FV(A, NK, THMAX) evaluates and plots the field of values of the
NK largest leading principal submatrices of A, using THMAX
equally spaced angles in the complex plane.

The defaults are NK = 1 and THMAX = 16.

(For a ‘publication quality’ picture, set THMAX higher, say 32.)
The eigenvalues of A are displayed as ‘x’.

Alternative usage: [F, E] = FV(A, NK, THMAX, 1) suppresses the
plot and returns the field of values plot data in F, with A’s
eigenvalues in E.  Note that NORM(F,INF) approximates the

numerical radius,

max {abs(z): z is in the field of values of A}.

Theory:
Field of values FV(A) = set of all Rayleigh quotients. FV(A) is a
convex set containing the eigenvalues of A. When A is normal FV(A) is
the convex hull of the eigenvalues of A (but not vice versa).

z = x’Ax/(x’x), 2’ =x"ANx/(x’%)

=> REAL(z) = x’Hx/(x’x), H = (A+A°)/2

SO MIN(EIG(H)) <= REAL(z) <= MAX(EIG(H)),
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pA with equality for x = corresponding eigenvectors of H. For these x,

yA RQ(A,x) is on the boundary of FV(A).

b

b Based on an original routine by A. Ruhe.

b

b References:

yA R. A. Horn and C. R. Johnson, Topics in Matrix Analysis, Cambridge
pA University Press, 1991; sec. 1.5.

pA A. S. Householder, The Theory of Matrices in Numerical Analysis,

% Blaisdell, New York, 1964; sec. 3.3.

% C. R. Johnson, Numerical determination of the field of values of a
% general complex matrix, SIAM J. Numer. Anal., 15 (1978),

b pp. 595-602.

hclose all

hfigure

%hold on

%»if nargin < 2 | isempty(nk), nk = 1; end

%if nargin < 3 | isempty(thmax), thmax = 16; end
thmax = 2;

areaDiff = tolx3;

while areaDiff > tol

thmax 2*thmax;

thmax thmax - 1; 7 Because code below uses thmax + 1 angles.
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iu = sqrt(-1);

[n, p] = size(B);

if n "= p, error(’Matrix must be square.’), end
f=1[;
z = zeros(2xthmax+1,1);

evals = zeros(2*thmax+1,1);
vertices = zeros(2*xthmax,1);
inc = pi/thmax;

e = eig(B);

% Filter out cases where B is Hermitian or skew-Hermitian, for efficiency.

if isequal(B,B’)

f = [min(e) max(e)];

elseif isequal(B,-B’)

e = imag(e);
f = [min(e) max(e)];
e = iuxe; f = juxf;
else
%for m = 1:nk
% ns = n+l-m;
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%A = B(1:ns, 1:ns);

A=B;
for i = O:thmax
th = i/thmax*pi;
Ath = exp(iuxth)x*A; %» Rotate A through angle th.
H = 0.5%(Ath + Ath’); % Hermitian part of rotated A.

[X, D] = eig(H);
[lmbh, k] = sort(real(diag(D)));
evals(1+i) = 1mbh(1);
evals(1+i+thmax) = lmbh(end);
z(1+i) = rq(A,X(:,k(1))); %» RQ’s of A corr. to eigenvalues of H
z(1+i+thmax) = rq(A,X(:,k(m))); % with smallest/largest real part.
if i >= 1 7 we can start to compute vertices

thetal = (i-1)/thmax*pi;

v = (evals(i)*cos(inc) - evals(i+1))/sin(inc);

vertices(i) = exp(-lixthetal)*(evals(i) + 1lixv);

theta2 = (i-1)/thmax*pi;
v = (evals(i+thmax)*cos(inc) - evals(i+1l+thmax))/sin(inc);

vertices(i+thmax) = exp(-lixtheta2)*(evals(i+thmax) + 1i*v);

end

end

% now calculate difference in the area of the polygons

p=vertices;
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p = [p; p(1,)];

q = [z(l:end-1,:); z(1,)];
s1=0;

s2=0;

for k=1:length(p)-1
s1=s1+q(k)’*q(k+1);
s2=s2+p (k) **p(k+1) ;

end

areaDiff=0.5*imag(s1-s82);

end % end while
if plotme
figure, plot(real(q),imag(q),’r*’);
hold on
plot(real(vertices),imag(vertices),’b*’);
end

f = [f; z];

% Next line ensures boundary is ‘joined up’ (needed for orthogonal matrices).
ht o= [f; £(1,:)];

f(end,:) = £(1,:);

end

if thmax == 0; £ = e; end
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if plotme

ax = cpltaxes(f);
plot(real(f), imag(f)) % Plot the field of values
axis(ax);

axis(’square’);

hold on

plot(real(e), imag(e), ’x’) % Plot the eigenvalues too.

hold off

end

function z = rq(A,x)

%RQ Rayleigh quotient.

yA RQ(A,x) is the Rayleigh quotient of A and x, x’*A*x/(x’*x).

z = x7kAxx/ (X7 *x);
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