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ABSTRACT

An Algebra Isomorphism for the

Landau-Ginzburg Mirror Symmetry Conjecture

Drew Johnson
Department of Mathematics

Master of Science

Landau-Ginzburg mirror symmetry takes place in the context of affine singularities in CV.
Given such a singularity defined by a quasihomogeneous polynomial W and an appropriate
group of symmetries G, one can construct the FJRW theory (see [3]). This construction fills
the role of the A-model in a mirror symmetry proposal of Berglund and Hiibsch [I]. The
conjecture is that the A-model of W and G should match the B-model of a dual singularity
and dual group (which we denote by WT and GT). The B-model construction is based on
the Milnor ring, or local algebra, of the singularity. We verify this conjecture for a wide class
of singularities on the level of Frobenius algebras, generalizing work of Krawitz [10]. We also
review the relevant parts of the constructions.

Keywords: mirror symmetry, Landau-Ginzburg models, FJRW theory, mathematical physics,
Frobenius algebra
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CHAPTER 1. INTRODUCTION

1.1 BACKGROUND

Landau-Ginzburg mirror symmetry was inspired by an early proposal of Berglund and
Hiibsch [1] in 1993. This version of mirror symmetry involves a duality between construc-
tions based on affine complex singularities with certain groups of symmetries, called orbifold
groups. For such a pair, there are two constructions which are called the A-model and the
B-model. The conjecture is that the A-model of a singularity and symmetry group should
match the B-model of an appropriately chosen dual singularity and dual group. We call
the dual singularity and dual group the transpose singularity and transpose group. This is
suggestive of the construction of the dual singularity (see . In this paper, we
consider the Frobenius algebra structures of the A-model and the B-model, although we
should note that the conjecture extends to even larger structures.

For some time, the constructions of the A-model and the B-model were incomplete.
In a series of papers [, 2, 3] Fan, Jarvis, and Ruan resolved a conjecture of Witten and
constructed a full cohomological field theory (called the FJRW theory) for a singularity and
a group of symmetries. A restriction of this theory (to genus zero with three marked points)
gives a Frobenius algebra for the A-model which we call J%y ¢, where W is the polynomial
defining the singularity and G is the orbifold group.

For the B-model, in the case that the orbifold group is trivial, the Frobenius algebra is
given by the Milnor ring (or local algebra) of the singularity. However, to formulate the
conjecture in more generality, one needs to consider B-models with non-trivial orbifolding.
The construction of the orbifold B-model as a vector space was given by Intrilligator and
Vafa [5], however, until more recently the orbifold B-model was lacking a product structure.

In [10], Krawitz followed a recipe of Kaufmann [8, [7, @] and wrote down a multiplication



for the orbifold Milnor ring, which we call Ay . He also gave a general formula for the
transpose group and resolved the conjecture completely on the level of vector spaces. He
also proved the conjecture on the level of algebras for the case of the B-model with trivial
orbifold group.

The purpose of this paper is to extend these results. We show that for a wide class of
singularities, for any admissible orbifold group the A-model Frobenius algebra matches the
dual orbifold B-model Frobenius algebra.

The FJRW theory is a geometric construction based on the moduli space of curves. It
is thus interesting to see it match up with the orbifold Milnor ring, which is defined more
algebraically. The product structure of the FJRW theory is determined by the genus-zero
three-point correlators, which are given by a C-valued function on ‘%ﬂv{?g The FJRW theory
satisfies the axioms of a cohomological field theory, and these axioms allow us to compute
some of these correlators in a straightforward way. When orbifolding by a trivial symmetry
group on the B-side (and thus the maximal group on the A-side), the relevant insertions
are mostly what we call narrow (called Neveu-Schwarz in [3] and [11]). In these cases, the
axioms we mentioned do provide straightforward ways to compute the correlators. Thus,
the case of the trivial group on the B-side is more tractable and was solved in [10].

When we orbifold by non-trivial symmetry groups on the B-side (and thus smaller groups
on the A-side) the situation is more difficult, and instead of being narrow, more of the
insertions may be broad (called Ramond in [3]). In many of these cases, the axioms do not
give us enough information. The problem under study in such cases is a PDE-problem, and

we do not yet have techniques to solve it explicitly in most cases. In a partial solution to

this, we use an additional selection rule (see [Property 2.20)) that seems not to have been

fully exploited in some previous papers.
Orbifolding by a smaller group on the A-side also introduces another difficulty. According
to the classification in [I3], quasihomogeneous polynomials that meet our non-degeneracy

criteria are the decoupled sums of polynomials of three “atomic types”. When the orbifold



group is a product of groups acting on these sums (as in the case of the maximal symmetry

group), the FJRW ring is the tensor product of the pieces, and the B-model can similarly be

broken up as a tensor product (see [Axiom 2.19| and [Proposition 2.23)). Thus, attention has

been focused on these atomic types. However, if we consider more arbitrary groups that do
not necessary break into a product of groups acting independently on the atomic pieces, this
method does not apply directly. This paper introduces and justifies a new strategy to take
advantage of the “breaking up into tensor products” techniques even in the case of more
arbitrary orbifold groups. This also allows us to avoid computation of some of the difficult
correlators. Essentially, for each product, we take a subalgebra containing the factors that
can also be thought of as a subalgebra of a theory with a group that does break up as a
direct product in a useful way.

We consider the case of a polynomial

where each W is of either Fermat type or loop type (according to the classification of Kreuzer

and Skarke [13], see of this paper), and prove the following:

Theorem If W s polynomial of the type described above, and G is any admissible

orbifold group, then there is an isomorphism of Frobenius algebras

%W,G = r%)WTgT.

where Gy, is the Frobenius algebra of the FJRW theory, and Byt v is the Frobenius

algebra of the orbifold Milnor ring for the transpose singularity and transpose group.

We also show explicitly how to make the pairing of the Frobenius algebras match. This

was omitted in [10].



1.2 OVERVIEW

In |Chapter 2, we review the construction of the A-model and the B-model of a quasihomo-
geneous polynomial, as well as some properties of these polynomials, for the convenience of
the reader and to fix our notation. We focus on providing the definitions and facts needed
for our computations rather than on completeness. Then in [Chapter 3| we recall some facts
about loop and Fermat polynomials and prove some new lemmas that we will need. In
[Chapter 4] we review the construction of the mirror map in [I0] and discuss some issues

that complicate our proof. In we define our own variation of the mirror map and

prove [Iheorem 5.1}

CHAPTER 2. REVIEW OF CONSTRUCTION

2.1 QUASIHOMOGENEOUS POLYNOMIALS

We call a polynomial invertible if it has the same number of variables as monomials. We

start with an quasihomogeneous, invertible polynomial in variables X7, ... Xy:

W = ZCZ‘HX;U S ([:[Xl,...,XN].

i=1  j=1

The matrix A = (a;;) encodes the exponents of the polynomial. We require the polynomial

to have uniquely determined weights which give it weighted degree 1, i.e., that

q1 1

qn 1



has a unique solution. The weighted degree of X; is then ¢;. Alternatively, we can clear the
denominators of the g; to get integer weights w;. We also require that the polynomial defines
an isolated singularity, i.e., the system of equations {g—gg = O} has a unique solution at the
origin. A polynomial satisfying these two conditions we call non-degenerate.

Since the ¢; can be absorbed by rescaling the variables, in the sequel we take ¢; = 1
without loss of generality.

One can form the transpose singularity W7 by taking the polynomial corresponding to

the matrix AT. This will again be a invertible, non-degenerate polynomial.

Example 2.1. If

W =23y +y'z + 24,

then the exponent matrix is

310
A=1071
00 4

Then
300
AT=11 70
01 4

defines the transpose polynomial

WT =3+ ay” +y2t.

Notation 2.2. We use boldface type to represent a column vector, and regular italic type to
represent entries in the vector. Thus, by g we mean the vector [gi,...,gn]", where the N

must be understood from context. We also write 1 for the vector [1,...,1]T.

There is an action of (C*)™ on C[X1,..., Xy] where the tuple (A, ..., \y) € (C*)V acts



on X; by multiplication by A;.

Definition 2.3. The mazimal group of diagonal symmetries G (or simply G™** if W is

clear from context) is the maximal subgroup of (C*)" which fixes the polynomial W.

We prefer to think of symmetries GI#* as a subgroup of (Q/Z)", where the element [g]

corresponding to the class of the vector g € QY acts on X; by multiplication by exp(2mig;).

Definition 2.4. If g = [®] with 0 < ©; < 1, then the O; are called the phases of the group

element g.
max

We can find a special set of generators for G as follows.

Definition 2.5. The group element corresponding to the class of the ith column of A~! we

call p;.

Proposition 2.6. The p; generate the mazximal symmetry group G™*. Similarly, the rows

pi of A7l generate the maximal symmetry group of WT.

Proof. 1f [g] is a symmetry of W, then Ag = v € Z¥, which implies g = A~'v, so [g] =

Zi Vi P4 - O

Definition 2.7. The symmetry

is called the exponential grading operator.

Example 2.8. Consider W = 2%y + xy> + 2°. The exponent matrix is

210
A=11 3 0
005



The exponent matrix A for W is symmetric, thus WT = W,

The exponent matrix has inverse

3 1
5 —5 0
At=1| _1 2
5 5
0 0 %
The weights are
2 1 1
qz_57 Qy_5> QZ_S

The maximal symmetry group is generated by the columns of A~

(34 (420 ()~ (o) (:29)

2.2 MiILNOR RINGS

Definition 2.9. The Jacobian ideal Jac(W) of a polynomial W is the ideal generated by

the partial derivatives:

Ton(W) (aw oW )

0X1 Y aXN
and the Milnor ring 2w (also called the local algebra) is

QW = G:[Xl, R ,XN]/JaC(W>.

The Milnor ring is a finite-dimensional C-vector space. Its dimension is given by the

Milnor number py . The Milnor number can be computed using the formula

The Milnor ring is graded by the weighted degree of monomials. The subspace of highest



weighted degree is one-dimensional and has weighted degree equal to the central charge ¢ of

the singularity. The central charge is given by the formula

e=Y (1-2g).

J=1

Let hess W be the determinant of the Hessian matrix (%) . Then hess W spans the

one-dimensional subspace of top weighted degree in the Milnor ring.

There is a pairing on the Milnor ring determined by

fg= M hess W + lower degree terms.

Hw

Thus, if f and g are weighted-homogeneous elements of 2y, then the pairing is given by

L he£ 2+ if fg has weighted degree ¢,

(f,9) =

0 otherwise.

The quotient fg/hess W makes sense since the ¢ degree subspace is one-dimensional, and so
fg must be a scalar multiple of hess W. This pairing makes the Milnor ring into a Frobenius

algebra, i.e., it has the property that (fg,h) = (f, gh).

Example 2.10. Consider the polynomial from [Example 2.8 W = 2%y + xy® + 2°. The

Jacobian ideal is

(me +9°, 2% + 31y, 5z4) .
We can compute the Milnor number

[l = (2—1)(5—1)(5—1) =24



and we can find a basis of monomials

_ 2 .3 2 3,2 ,2 2.2 2.3 2 3 2
QW_Span(]wZ?Z ALY Y2 Ye Y2y LY 5y 2,y 2,1, X8, T8, T8, XY, YL, XYL,

3,2 .2 2.2 2.3
AT VN o V0 Ve TR A B

The central change is

¢= =
5
and we see that the monomial zy?z® has weighted degree % We can compute the Hessian

determinant as

hess W = —80x223 — 180y23,

but using the Jacobian relations we can write this as an element of 2y, as
hess W = 6002y 2.

We can use this information to compute the pairing. For example,

By g L 1
A

while

<Zvy> =0

since yz does not have top degree.

2.3 THE A-MODEL

The A-model is the so-called FJRW ring. We give a description in terms of Milnor rings
which is more elementary than the full definition and sufficient for our computations.

We pick a subgroup of G of G™**, and we require that J € G. We call a group containing



J admissible. For each g € G, we define W, to be the restriction of the polynomial W to the
coordinates that are fixed by g. The unprojected g sector ¢, can be described by

A Dy dXp, A AdX;

Ng?

where N, is the number of variables fixed by g, and ¢, ...iy, are the indexes of the fixed
coordinates. The sector is called narrow if N, = 0, and broad otherwise. The group G acts
on ¢, by acting on the Milnor ring and the volume form— we note that the addition of the
volume form gives the action of G a “determinant twist”. The state space of the A-model is

then given by taking the direct sum of these sectors and taking G invariants:

G
Ay = (EB %@) . (2.1)

geG

The Milnor ring always has a basis of monomials. Thus, we can write a basis for J#y  of

elements of the form
(X" ;9]

Here by X" we mean the monomial vazgl Xl-jj, which is an element of 2,. We say that this
element is in the g-sector. We do not explicitly write the volume form, since it is determined
by the group element. We should mention that the notation [e ;e| is not standard, but was
invented for this paper to avoid various problems with other notations.

We endow .y with a pairing as follows. Since g and —g fix the same coordinates,

there is a natural isomorphism

10



Then the pairing on the Milnor ring £, induces a pairing

()g 1 ()7 @ (H4)" = C

(X" 19), 1X*5=g)), = ([X"59) . I (1X =), -

Then the pairing on J&y ¢ is the “direct sum” of these pairings— that is, if two basis elements
are from sectors g and —g, we use the pairing (-, -) , above, and otherwise, the pairing is 0.
We write the matrix of this pairing (with respect to a fixed basis) as 7,4 and its inverse as
neP.

The A-model is a graded Frobenius algebra with a new Q-grading that we call the W -

degree. For a € JZ,, the W-degree is given by
N
degy a = Ny + 2 Z(@j —q))

j=1

where the ©; are the phases of g.
The FJRW theory consists of a full cohomological field theory. The Frobenius algebra

structure, however, comes from just the genus-zero, three-point correlators. These are a map
. 20®3
() sy — C.

If we wish to emphasize that the correlator is being computed in Jy ¢, we will use a

superscript, as in (-, -, '>W’G. We discuss the computation of the correlators in [Section 2.4}
The product of the FJRW ring is given by

ax*ff= Z (a, B,y 0 (2.2)

11



where the sum is over all pairs of elements o, 7 from a fixed basis.
The product * on the A-model respects the W-degree. That is, for basis elements «, 3,

we have

degyy (o x B) = degyy (o) + degy, (B).

Example 2.11. Consider again W = 2%y + zy> + 2°. Let us pick the group
o=((24)
The restricted polynomial W ) is just W, since (0,0, 0) fixes all three variables. Thus
H,0,0) = Qw - dx Ndy N dz.
Examining the basis for Qy from [Example 2.10, we see that the only G-invariants are
ryz® de Ndy Ndz, xy?2? de ANdy ANdz, ydrAdyAdz, zdxAdyAdz.

Any other group element g has no fixed variables. Thus, W, = 0 and 2y, = C. Thus

y = C with no volume form. The action of G on 77 is trivial, so we see that J#y ¢ has

12



the following basis (sorted by W-degree):

Basis element = Degree

15 (3:5:3)] 0
[1;(5:%3)] i
[2y2*3(0,0,0)] 3
[2y°2%;(0,0,0)] %
[y3(0,0,0)] :
[23(0,0,0)] 5
[1:(5,%.3)] 3
LG58 5

2.4  A-MODEL AXIOMS

The genus-zero, three-point correlators may be difficult to compute in general. However,
they satisfy some axioms and properties that allow us to compute them in a straightforward
way in many cases.

For this section, we assume that for i = 1,2,3, ~v; € (%@i)G C Jy are basis elements

of the FJRW ring, with the phases of g; being @;

Axiom 2.12 (Dimension). A genus 0 three point correlator (y1,vs,73) vanishes unless

3
Z degy v: = 2¢.

=1

Axiom 2.13 (Symmetry). Let 0 € S3. Then

(1,72, 73) = <%(1), Yo (2); %(3)>

The next axioms relate to the degree of certain line bundles. For genus zero, these degrees

13



are given by

for j = 1,2, 3.

Axiom 2.14 (Integer Line Bundle Degrees). The correlator (71, va,7ys) vanishes unlessl; € Z
forj=1,...,N.

The following observation follows from [Axiom 2.14| and is recorded in [10].

Proposition 2.15. Suppose (v1,72,73) does not vanish. Then g3 = J — g1 — ga. Thus

G
N*Y2 € Hylig, g

Proof. Notice that tells us that
J—g1—92—93=0
SO

g3 =J — g1 — go.

Then the definition of the A-side multiplication and pairing implies that the product is in

the sector —gs3, which gives the desired result. O

Remark 2.16. The A-model product is not G graded, but it has a related property. Another

way to state the result of [Proposition 2.15|is

G G G
‘%ZH-J o %2%7 C ‘%ﬂgl+g2+‘7

Axiom 2.17 (Concavity). If the correlator is not required to vanish by |Aziom 2.12 or|Az-|

and if l; <0 for all j =1,2,3, then (y1,72,73) = 1.

14



Axiom 2.18 (Pairing). Let 1 = [1;J]. Then

<’71a72a]]-> = <’717 72)

One can check from this axiom that 1 is the identity element (with respect to the multi-
plication ) in the FJRW ring. Do not confuse the identity element of the ring with the
elements in the identity sector (the sector corresponding to the group identity of G).

For the next axiom, notice that for two singularities W; and W5, we have a natural
isomorphism Zyw, 1w, = 2w, ® Zw,. We state this axiom in somewhat more detail than it

appears in, for example, [10] or [11].

Axiom 2.19 (Sums of Singularities). Suppose Wy and Wy are non-degenerate, quasihomo-
geneous polynomials with no variables in common. Suppose G and Gy are admissible groups
of diagonal symmetries for Wi and Wy respectively. Then G ® Gy is an admissible group of

diagonal symmetries for W1 + Wy, Suppose

[mini 19 + th € ijl-FWQ,Gl@GQ

for i = 1,2,3, with m; € 2w,, n; € Pw,, g € G1, and h; € Go. Then the three point

correlator

([miny ;g1 + ha], [mang ;g2 + ha , [msng ;g3 + h3J>W1+W2’G1®G2

9

has the same value as

(Imis91), Imasgal, [ms ;93J>W1’G1 ([n1iha], [nashe], [ng ;h3J>W2’G2 .

15



This gives an isomorphism

%Wl,Ch ® %Wz,(b = %W1+W2701@G2'

The following property is an additional selection rule which is crucial to our proof.
Property 2.20 (G™**-invariance of correlators). The three point correlator is invariant

under the action of G™*, i.e.

<h/}/17 h727 h/}/3> = <717 Y2, 73>

for all h € G™**.

One can verify [Property 2.20| by examining the construction of the virtual class. See [3]

for details of the construction.

Remark 2.21. [Property 2.20| gives us another selection rule as follows. Recall that the

correlators are C-multilinear and that the action of A on a monomial is multiplication by a
scalar in C. Thus, if we take the product of these actions on each insertion, the correlator
vanishes unless this product is 1.

If the monomial of v; is X*, and h = [h] € G}?*, then this can be reduced to the criteria

that
3

i+ hez

i=1
(where in each summand we restrict h and r; to only the fixed coordinates of g;). The 1

comes from the determinant twist (the h-action on the volume form in J%).

Example 2.22. Continuing with [Example 2.11], let us compute the product
(133 1 (222
555 555

16



To use |Proposition 2.15) we compute

J—133—422—211 133 4 2 2
555 55°5) \5'5'5 555 555
(211
S \5'5'5)°
Thus we need only compute correlators of the form
1. 133 .. 4 2 2 (211
Y 57575 J Y 5?575 9 m7 57575 *

The only possible monomial for m is 1. The value of this correlator is 1. This can be

computed using either [Axiom 2.17 or [Axiom 2.18] We also need to compute the appropriate

entry of the inverse pairing matrix. Since the pairing matrix is a symmetric block matrix
with only one non-zero block in each block-row, we only need to compute the inverse of
the appropriate block. In this case, we are concerned with the block containing [1 ; %, %, %J,
which is a 1 x 1-block since the only thing that pairs with it (1 ; (g, %, %)J The pairing of

these two is 1. Thus, the product is

133 4 2 2 13 3 2 2 211
17 R * 17 R = 1a Y EYE 717 Y e 71;_7_a_ X
55 5 55 5 55 5 55 55 5
2] J1s(2.4, (344
5 b5

2.5 THE B-MODEL

The construction of the state space of the B-model is very similar to the Milnor ring con-
struction of the A-model state space. This time, instead of requiring that the orbifold group
G contain J, we require it to be contained in SLy. Here, we are thinking of the elements of

G as linear transformations of CV. In our notation, [g] € SLy is equivalent to Y. g; € Z.

17



We take unprojected sectors

By = Dy, - dX;, A+ NdX,

’L]\]g

and then take G-invariants of the direct sum:
G
By = <@ @g) .
g

The pairing is defined in the same way as the A-model.

A product was suggested in [I0], making the B-model into a Frobenius algebra. This
product is a generalization of the product on the Milnor ring (which is just the product
on the polynomial quotient ring). Contrast this with the very geometric definition of the
A-model product.

To define the B-model product, first note that for all g there is a surjective homomorphism
of Milnor rings 2, — 2, given by setting all variables not fixed by g equal to 0. Thus, 2,
may be thought of as a cyclic Z.-module with generator [1;g¢|. Thus the multiplication
is determined by the products of the module generators [1;¢|. The B-model product is G
graded. The product of the module generators [1;¢| and [1; k] is determined by choice of

elements v, 5, € Zy4n via

[1;9] % [15h] =gn[l;9+h].

Let I,, I, 1,11 be the sets of indexes fixed by the group elements g, h, and g+ h, respectively.

Then ~,, is given by

(pgrn hess Woip) / (pgenhess W) i I, UL, Ul ={1,...,N}
Yg,h = (2.3)

0 otherwise.

where by Wy, we mean W restricted to the variables fixed by both g and h, and py and

18



fgrn are the Milnor numbers for W, and Wy, respectively. In [I0], it is shown that this
product is associative. It is also possible to show that the quotient of hessians is always a
polynomial.

The orbifold Milnor ring also has a Q-grading that matches the W-degree in our mirror
symmetry. For an element [m ; g/, with the non-fized variables of g being {i1,... iy}, the

grading can be computed by the formula

Mg
deg[m ;g] = Mg+2degm—22qij,

J=1

where degm is the weighted degree of the monomial m.

The orbifold Milnor ring has the tensor product property analogous to [Axiom 2.19]

Proposition 2.23. Suppose Wy and Wy are non-degenerate, quasihomogeneous polynomials
with no variables in common. Suppose G and Gy are groups of diagonal symmetries con-
tained in SLy. Then G @ Go is contained in SLy and is a group of diagonal symmetries

for Wy + Wy, There is an isomorphism

Bw,,6y @ Bwy,Gy = Bw, +Wa,G1xCa-

Proof. This is easy to check from the definitions. One uses the facts that hess(W; + Wy) =

hess W + hess Wy and pw = pow, ow, - O

The motivation for the orbifold Milnor ring product comes from orbifold cohomology.

Suppose ¢, h, and k are group elements with ¢ + h + k£ = 0. We have a diagram

B, B,

N

Tk =
%(g,h,k) — %k E— %ngh
N {

Here %y pr) is the Milnor ring of W restricted to the common fixed variables of g, h,
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and k, and the map r, is the map that sets all variables not fixed by g, h and k to 0. Since
we have a non-degenerate pairing, one can get the dual map r;. To multiply an element of
#, with an element of %), one maps them both into %, ) and computes their product
with some analog of the virtual class of orbifold cohomology. In our case this is either 1 or 0
depending on the rule described above. This is necessary to ensure associativity. Then one
maps by r; and then by the natural isomorphism between %), and #_, = %, to land in
the correct sector to preserve the G grading. Working out the dual map results in formula

(2.3]) above. Our paper offers further evidence that this is the correct product for the B-side.

Example 2.24. Let us use the polynomial W1 = 2%y + xy® 4+ 2°. We pick the symmetry

o={(53)

We will see later the method of constructing the transpose group GT. Notice that the sum

group

of the entries in the group generator is an integer. We can compute a basis for Xy, ot as

Basis element  Degree

M1:(0,0,0)] 0
[y2%;(0,0,0)] :
11:(5.5:3)] g
11:(3.5.2)] 3
[1:(3.5.2)] 3
11:(5.%.3)] 3
[2y23(0,0,0)] 3
[2y°2%;(0,0,0)] ¥

Notice that the dimension of the vector space and the degrees match those of [Example 2.11},

as guaranteed by the theorem in [10].

20



We can compute the multiplication. For example,

[1; (%g%)J * [1; (%%%)J = (hess W/pw) [1;0] = 25 [zy*2*;(0,0,0) ]

EGBINNERIE

but

since v, = 0.

CHAPTER 3. FERMAT AND LOOP POLYNOMIALS

3.1 CLASSIFICATION AND PROPERTIES

Invertible non-degenerate quasihomogeneous polynomials are completely classified. The
usual reference is [I3]. Any such polynomial is the decoupled sum of polynomials of one

of three types. There is the Fermat type:

W= X°

the loop type:

W= XX+ X82X5 4+ XWX,

and the chain type:
W=X"Xo+ X32X3+ -+ XV

We also assume that a; > 2, so that there are no terms of the form X;X;. Notice that taking
the transpose of any of these preserves the atomic type. The variables, however, will be in

the reverse order.

Example 3.1. The polynomial W = 2%y +xy>+ 2° that we have been using in our examples
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is a sum of a two-variable loop and a Fermat.

Remark 3.2. One can easily check that both the loop type and the Fermat type polynomials
have the property that an element of G™** either fixes all variables (i.e., is the identity) or

has non-trivial action on all of them. This property will be important in our proof.

We recall the following lemma from [12] which we will need.

Lemma 3.3. The Milnor ring of a loop type polynomial is generated over C by the basis

{Hf\il X0 <o <a;— 1} and has dimension py = Hfil a;.

Notice that the element of top degree is X271, so the Hessian is scalar multiple of X271,

The analogous lemma for Fermat types is obvious.

Lemma 3.4. The Milnor ring of a Fermat type polynomial is generated over C by the basis

{X*:0<a<a —2} and has dimension puyw = a — 1.
To define the mirror map, we will also need the following lemma, also from [12].

Lemma 3.5. Let W be a loop polynomial. Any symmetry other than —J of W may be

written uniquely as
N
g=A"a=> ap;
i=1

with 0 < o; < a; — 1. If N is even then

—J = Z (ai —1)p; = Z(Gi — 1)pi-

1 even i odd
(If N is odd, then —J cannot be written in the form described here.)
We restate this in a way that is often more useful for us.

Corollary 3.6. Let W be a loop polynomial. Then any non-trivial symmetry of W may be

written uniquely as

N
i=1
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with 0 < a; < a; — 1.

If N is even, then the identity can be written as either

0=J+ > pit=J+) pit

i even i odd
(If N is odd, then the identity cannot be written in the form described here.)
The corresponding fact for Fermat is obvious:

Lemma 3.7. Let W be a Fermat polynomial. Then the symmetries of W are precisely
{l¢]:0<a<a—1} ={ap:0 < a < a—1}. Every non-trivial symmetry can be written

uniquely as ap+ J with 0 < a <a— 2.

In the sequel, when we are given elements of the Milnor rings and symmetry groups
associated to Fermat and loop type polynomials, we will assume that they are written in the

special forms described here.

3.2 SOME NEW LOOP LEMMAS

We will need some more lemmas about loops that we prove here. Suppose W is a loop type

polynomial

W= X"Xy+ X8 X5+ + XWX,

with exponent matrix

(4, 1 0 - 0]
0

A= 0
0 1
_1 0 0 an |
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and let a = [ay,...,an]T. Notice that these lemmas apply also to WT, since W7 is also a

loop polynomial.

Notation 3.8. In the following lemmas, we take the indexes modulo N, i.e., if + = N then

Aj41 = Q7.

Lemma 3.9. For a loop type polynomial with exponent matriz A, we have

Proof. Observe that

Lemma 3.10. If X* € Qy is a scalar multiple of the hessian, then [(AT)71(t + 2)] = 0.

Proof. Recall that X271 is a multiple of the hessian. Notice that if t = a — 1, then the
result follows from . For a loop polynomial, the Jacobian relations are X" =
—aiHXffll*lXHQ. Using one of these relations corresponds to adding or subtracting the
vector w; = [0,...,0,a;, —(a; 1 — 1), —1,0,...,0]T to t, where the first non-zero entry is in
the ith spot and we “wrap around” as necessary. Thus, if X* is a multiple of the hessian,
then we will have a — 1 = t 4+ ) k;u; for some integers k;. We see then that it is sufficient
to show for all i that [(AT)"'u;] = 0, i.e. that (AT)"'u; = n for some integer vector n. If

we let n =1[0,...,0,1,—1,0,...0]", with the 1 in the ith spot, then ATn = u,. O
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Notation 3.11. In the next lemma we use the following variation of the Kronecker § function:

1 if7is even
even

0 if7isodd
with §! 4 defined similarly.

Lemma 3.12. Suppose that

v =An
where v has integer entries 2 < v; < 2a;. Then one of the following is true:
I. v=a+1
2. v; = 0" 44(2a; — 2) + 2

3. (5 :5Z

even

(2a; — 2) + 2.
The latter two cases can occur only if N is even.

Proof. We have a set of inequalities
a;n; + Nit1 S 2@1' (31)
and

Now, suppose that n; < 0 for some j. Then, using (3.2)), we see that n;1; > 2. Then we

use (3.1]) to see that

(lj+12 + UTES) S 26Lj+1

which implies that n;o < 0.
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This tells us that if any n; is not 1, then the entries of the vector n must alternate being
less than or equal to zero and being greater than or equal to 2. This is not possible, of

course, if N is odd.

Suppose now that for some j, n; > m, where m > 3 is an integer. Then equation (i3.1))

gives

a;m +nj < 2a;

nj+1 S (2 — m)aj

Then from (3.2)) we have

aj41(2 —m)aj +njio > 2

Njt2 Z 2+ ajaj+1(m — 2)

>244(m —2)
=m+ (3m —6)
>m+ 1.

We can continue repeating this argument to show that we can find an entry of n larger than
any natural number, which is of course impossible. So we see that n; < 2 for all 7. Using
(3.2)), we then have

an; +2>2

so we see that n; > 0. Thus, we see that either n = 1, n = [2,0,2,0,...,2,0]", or n =
[0,2,0,2,...,0,2]T, and the latter two cases can occur only when n is even.

Now if n = 1, then we see that v = A1 = a+ 1, as desired.
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Now, suppose that k is even and n = [2,0,2,0...,2,0]T. We see then that

(ap 1 0 - o] [2] [ 20 |
0 0 2

v = 0 =
0 1] ]2 2 1
10 0 a]l0] | 2

so for 7 odd we have v; = 2a;, and for ¢ even we have v; = 2. A symmetric argument applies

when n = [0,2,0,2,...,0,2]T. O

Remark 3.13. Suppose that 0 < 7, s; < a;—1 (as in|[Lemma 3.5) and [(AT) "} (r+s+2)] = 0.
Then we see that the vector v = r 4+ s + 2 satisfies the hypothesis of [Lemma 3.12l We can

then conclude that one of the following is true:
l.r+s=a—-1
2.1 =8;=0"44(a; — 1)
3. 1ri=s8; =0 .. (a; — 1)

Lemma 3.14. If W has an even number of variables, then in the Milnor ring we have

N
[ X2 = 11 (e [T X5
i=1

i odd i even

and
N
2a;—2 a;—1
[T xx = I (e J] X7
i even i odd i=1

(Thus these are also multiples of hessW.)

Proof. By symmetry it suffices to prove the first equality. Notice that the Jacobian relations
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for a loop polynomial are X" = —ai+1Xff{1_1Xi+2. We apply this relation and get

2a;—2 a;i—2 vai+1—1
H X; = H (—ai) X" XG0 Xigs

i odd

Corollary 3.15. Suppose now that W is a sum of Fermat type polynomials and loop type
polynomials with exponent matriz A. Suppose 0 < r;,s; < a; — 1 for i corresponding to a

variable in a loop polynomial, and 0 < r;,s; < a; — 2 for i corresponding to a variable in a

i odd
— X2y, (_ ‘)Xaiil
- i 42 a; i
i odd 7 even
o a;—1 a;—1
= [ xr I (e
i odd 1 even

= ][ (-a) H X!

i even

Fermat polynomial. Then the following are equivalent:

1 [(A") M r+s+2)]=0

2. X* is a scalar multiple of the hessian.

Proof. First we notice that it suffices to prove this for an atomic loop type and an atomic

Fermat type polynomial. For the Fermat type, it is obvious.

For the loop type, to see that implies , first use |Remark 3.13] Then apply

Lemma 3.14}, if necessary, to show that X*s is a scalar multiple of X271,

The implication implies is the content of [Lemma 3.10}
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CHAPTER 4. THE MIRROR MAP

4.1 THE TRANSPOSE GROUP

We recall here the definition of the transpose group from [10]. If G is a symmetry group
for the polynomial W with exponent matrix A, then the transpose group G is a symmetry
group for the transpose polynomial WT. Informally, one could say that the transpose group
is the maximal group of symmetries that would fix all elements of G if the elements of G
were interpreted as monomials (i.e. if the coefficients of the generators were interpreted as
exponents of monomials). This interpretation hints at the mirror map described in the next

section. More precisely, we have:

Definition 4.1. The dual group G is defined as a set to be

GT:={[g]|g'a€cZfor all [A"a] € G} (4.1)

= {[g] | g"Ab € Z for all [b] € G} (42)

One can check that GT is a group and that the definition is independent of the presen-
tation of the elements of G. Additionally, the transpose group has the following properties,

which are verified in [10]:

e If G contains J, then G is contained in SLy, and vice-versa.
° (GT)T —_ G
o If G <G, then GT < (G)7.

Example 4.2. Using the groups from our previous examples, one can check that if

- ((42)
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then
T_ /(131
¢ _<(5’5’5 '

For example, we check that

2
2102
13 1 1| =
{ 5 05 5 } 130 |5]|=1
1
00512
(It is coincidence that these two groups have the same order. In fact, |G™*> : G| = |GT].)

4.2 THE VECTOR SPACE MIRROR MAP

The vector space mirror map %yt gr — Sy, (inspired at least in part by [12]) is described

in [10] as

HYjaj ;Z(ﬁ + 1)ﬁiJ = |VH X" ;Z(ay‘ +1)p; (4.3)

i J
Notice that the roles of the group elements and monomials are interchanged. The +1 ap-
pearing in the coefficients of the group elements can be thought of as corresponding to the
volume form which we have suppressed.

In the range of the index ¢ should be the same on both sides, and the range of the
index j should be the same on both sides. The index j should range over the indexes of the
fixed coordinates of ) (r; + 1)p; and the index ¢ should range over the indexes of the fixed
coordinates of > oy + 1)p;. This condition ensures that the mirror map is well defined
except in the case of an even-variable loop.

There is some subtlety in the case of an even-variable loop polynomial. Suppose we want
to map an element from the identity sector and that « is such that [A~!(a + 1)] = 0. This
happens precisely when either «; = &!;4(a; — 1) or o; = 0%, (a; — 1) (see [Corollary 3.6). In

this case the range of i should be {1,..., N}, thus, we must write the identity as S~ | (r; +
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1)p;. By |Corollary 3.6, there are two ways to do this. Thus, the description above leaves

an ambiguity about how to map a certain two dimensional subspace of Byt o7 to a two
dimensional subspace of J%y, . However, these subspaces are homogeneous and have the
right grading, so this is no obstruction to proving the graded vector space isomorphism.
For example, one could simply pick one way to write the group identity for the case a; =

6! 4q(a; — 1) and the other for the case o; = &¢ ., (a; — 1).

Example 4.3. We demonstrate the vector space mirror map for some of the basis elements

of the FJRW ring and orbifold Milnor ring in [Example 2.11| and [Example 2.24)

0+1
[15(0,0,0)] = [2"%2";0] = |1; 47" | 0+1 :[1;(2751”
555
0+1
0+1
[2°:(0,0,0)] = [a"'2%;0] = |1:A70 | 141 _[l(%ggﬂ
241
0+1
131 T ! 0,1.0
[1?(5735”: L (A7) ] 141 || = [2%2"50) = [y;(0,0,0)]
0+1
1+1
(3352 ™ e [ 0] = vt 0.0.0)
341
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4.3 ALGEBRA ISOMORPHISM

For the algebra isomorphism for unorbifolded Milnor ring, [I0] uses the map %y, —

‘%ﬂWvar?vaX that acts on generators as follows:
Yier [1ipi+J]. (4.4)
Lemma 3.2 in [10] asserts that the product of two narrow sectors is given by

(1 [ATB+ )]+ [15[AT (v + D] = [1;[A7(B +v +1)]] (4.5)

as long as 3++ =< a—1 (componentwise) and [A™'(3+~+1)] # 0. It then follows that the
algebra map (4.4]) agrees with the vector space map (4.3)) on the basis element Y* as long as

neither o; = 0" 44 (a;—1) nor o; = 0%, (a;—1). In [10] it is shown that images of the generators

even
Y; satisfy the same relations as the Jacobian relations of the Milnor ring. Since the spaces
have the same dimension, it then suffices to show that this map is surjective. As we noted,
this map “almost” agrees with the vector space map, which is surjective. In the cases of
a; = 0 gq(a; — 1) and o; = & ., (a; — 1), one can check that the image does in fact land in the
identity sector, so this map is a graded vector space homomorphism. Although it is omitted
in [I0], one can generalize a trick used in the computations of [I1] to prove that the images

of these two are linearly independent. We provide this proof in [Appendix A] However, we

Y%~ under

ieven "~ %

do not know how to say more than that the images of [[, .4 ¥;" " and []
the map (4.4)) are linearly independent in the two dimensional identity sector. Thus, in the
case of the even-variable loop, we cannot explicitly describe the algebra isomorphism on all
basis elements.

Our proof will use both of these maps to define a mirror map for “sum of Fermat and loop”
types. We will also rescale these maps so that they give a Frobenius algebra isomorphisms

rather than just an algebra isomorphism.
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CHAPTER 5. FROBENIUS ALGEBRA ISOMORPHISM FOR SUMS OF LLOOPS

AND FERMATS

5.1 SET uP

We consider the special case of a polynomial

W=>"W (5.1)

with transpose polynomial
=y
where each W is either of a Fermat type or loop type. Let G be an arbitrary admissible

group of diagonal symmetries of W and GT the transpose group defined in [10].

Our main result is the following.

Theorem 5.1. There is an isomorphism of Frobenius algebras
%Wﬁ; = ‘%WT,GT'

Notation 5.2. Notice that for [m;g| € Byt gr we can write m = [[, m; where m; is a
monomial in Zy,. We can also write g = >, g;, where g; acts trivially except on W;. In
the sequel when we write any element of %yt v in this form, assume that the product and

group element are as described above. Similar remarks apply to the A-model.

Notation 5.3. Let I a subset of {1,..., N}. Then we let

hd gI:Zgi

el

[ J m[IHmi

icl
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° WIT:ZI/VZ-T.

el
5.2 SUMMARY OF PROOF

We would like to utilize the tensor product property of both the FJRW rings and the orb-
ifold Milnor rings, but our group may not break up into a product. Our idea is to take
some partitions Z of {1,..., N} and for each such partition break up the polynomial as

= Z W, . We pick a new group @ G (which is not necessarily isomorphic to GT)

IeT IeT
and take the subalgebra Bz that is essentially the “intersection” of Byt v with Hs- W@ aT

Then we apply the tensor product property (see |Proposition 2.23|) to move to ® %W}I—7G-II—'

Iez
Then we apply a suitable modification ¢z of Krawitz’s mirror map to the pieces. The image

of Bz under ¢z will turn out to be the subalgebra that is essentially the intersection of Jy ¢
and J%&~w, g ¢, which can also be considered as a subalgebra of the desired FJRW ring

. This is summarized by the following diagram.

‘%WT GT
2> WT e A WI,@GI

® '%WT GT (—)BI —> CbI BI (GEEY ® %WI Gy
IeT IeT
We will have show why we can consider Br and ¢z(Bz) as subalgebras as shown above.

We will check that each basis element of %yt o7 is contained in some Bz, and it will be
clear that the maps agree on the overlaps for varying choices of Z and Gy, so these maps
determine a well defined set map from a basis of Byt g7 to a basis of 4y . Such a map is
not automatically a homomorphism, but we will to check that for most pairs of basis elements
a, 3 € Byt g, one can find a Bz containing both. Then we will check that ¢z respects the
product ax 3. For pairs where this method fails, we will check the homomorphism properties

directly.
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5.3 SPLITTING ON THE B-SIDE

Lemma 5.4. Suppose P is a quasihomogeneous, non-degenerate, invertible polynomial, and
H and H' are symmetry groups of P contained in SL. Suppose that B is a subalgebra of
PBpu that is invariant under H' and which contains only sectors with group elements in H'.

Then one can consider B as a subalgebra of Bpp: in the obvious way.

Proof. Notice that the definition of the B-model multiplication makes no reference to the

orbifold group, but only to the group elements involved. O

Now suppose that [[[m; ;> g;| € Bwr gr. Let T be a partition of {1,..., N}. Suppose

for each I € T we have a group of symmetries G of W} contained in SL.

Definition 5.5. We say the element [[[m; ;> g;] splits nicely with respect to Z and {G7] }

if it satisfies the following properties (for all I € 7):
L [my;91) € Byyar
2. gy is either trivial, or acts non-trivially on all W; for ¢ € I.
3. If gy =0 and m; # 1, then |I| =1, i.e. W; = W, for some j.
We say @,z [mr391] € @jer Pyt a1 is split nicely if it satisfies these properties.

Given Z and {G]}, let By be the subalgebra of By v generated by basis elements
that split nicely. Then by [Lemma 5.4 we can consider Bz as a subalgebra of Zs-w, @a;-

Thus we may also consider it as a subalgebra of ® %WIT’GI via the tensor product property
IeT

(Proposition 2.23]).
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5.4 THE NEw MIRROR MAP

We next want to define a map

¢I : BZ — ®%WI,GI'

1€l

We consider By as a subalgebra of @) ;.7 %W}I'7G'II' and define our map on generators: consider
&, [T1m1;>° gr]. We can give definitions separately for each factor in the tensor product.

On the factors with g; = (A])~!(r + 1) non-trivial, we take

[1;(AD) ' (r+1)] — <H k—W) [X*;0| (5.2)

el

where the k; are complex constants to be determined, r is as described in and
Lemma 3.7 r; is the vector containing the entries of r corresponding to W;, w; is the integer
weight vector for the variables of W;, and w; - r; is the vector dot product.

On the factors with g = 0 and |I| = 1, the domain of this map is a subalgebra of By, o,
which is just the Milnor ring of W;, an atomic Fermat or loop polynomial. The map is

defined on generators of the Milnor ring by
[Yij ;0] = k" [1;pi + Ji] (5.3)

and then restricted to the appropriate domain. Here Y; ; is the jth variable in w.T w; ; 18

the integer weight of the jth variable in W;, and J; is the exponential grading operator for
Wi.

If gr =0 and m; = 1, ¢ takes the identity to the identity:

[1;0] — [1;J;].
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One can easily see that these maps are rescaling of the maps in so the definition
of the transpose group ensures that they land in the specified codomain. We will show that
this map respects the product in [Section 5.5

By [Axiom 2.19 we know that @ ;.7 v, ¢, = A5 w, @a,, s0 we can think of ¢7(Br)

as a subalgebra of J&~w, g¢,. Since our map is a combination and rescaling of Krawitz’s

mirror maps, one can see that we the elements of ¢7(Bz) actually look like elements of 2y .

We will the following analog of [Lemma 5.4] in [Section 5.5

Lemma 5.6. The subalgebra ¢7(Bz) of

Y
® %WLGI = %W,Galez Gy

IeZ

can be considered as a subalgebra of 7y .
We now have a map from a set of generators of By to /4y . We want to get a map from a

set of generators for By r or to Hy,q defined as follows. For any basis element v € Byt g,

pick any Z and groups G’ so that 7 splits nicely and define

() = 9z(7) (5.4)

and extend the map linearly. To check that this is well defined, we need the following

observation.

Lemma 5.7. For any standard basis element v = [[[m; ;)" g;] € By g there exists a
partition I and groups G so that vy splits nicely.

Furthermore, the image ¢z(7) is independent of choice of T and {G}.

Proof. Let Iy be the set of 7 so that g; = 0. Let I, be the set of ¢ with g; # 0. Then we

choose the partition

7 ={1,} U{{i} }iero-
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We choose the group GIQ for WIE to be the group generated by g;,, and we choose the
trivial groups for the others. In light of [Remark 3.2] it is clear that these groups satisfy the

properties described in |[Definition 5.5

The second claim is easy to check from the definitions— equation ({5.2)) respects the
splitting, and both (5.2) and (5.3)) make reference only to the group elements, and not to

which subgroup they are members of. O

Example 5.8. Suppose WT was the sum of five Fermat types and we had a basis element

111
X?:10,0,-,=,= 1.
’V 17(7 737276)J

Then we would take I, = {3,4,5}, Iy = {1,2} and let G, = <(%,%,%)> (where Gy, acts

that looked like

on the variables indexed by ;) and take G, to be the trivial group acting on the first two

variables.

Remark 5.9. We see that ¢ still gives the graded vector space isomorphism. See

for a discussion of this.

5.5 SPLITTING ON THE A-SIDE

In this section we prove the A-side analog of [Lemma 5.4, The key observation is in the

following lemma. The proof is due to Tyler Jarvis.

Lemma 5.10. Let P be a quasihomogeneous, non-degenerate, invertible polynomial and H
and H' be admissible subgroups of G3**. Suppose we have [m;g]|, [n;h|, and [p; k| which
may be thought of as elements of either 7py or Hpp (i.e., the group elements are in both
H and H' and the monomials with volume forms are invariant under both H and H'.)

Then

([msg), [nsh), [ps k)™ = (Tmigl, nsh], [ k) (5.5)
That is, we may compute the three point correlator in either FJRW ring.
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Proof. First we consider the special case when H < H'.

The correlator ([m g, [n:h], [p;k])"" is defined (see [3, Def 4.6.2]) as

(fmsgl,Tnsh], [psk])™ = - Ags' (m,n, p),
Mo,3

where %073 is the moduli space of three-pointed, genus-zero stable curves, and Agf(m, n,p)
is defined (see [3, Def 4.2.1]) to be the Poincaré dual of the pushforward of the virtual cycle,

capped with the classes m, n, and p:

Ao’ (m,n,p) =

1
WPD sty (Wo,:s,H(P;gJ% k)]

Uirﬂ(mUnUp)) :

Here stP 70737}1(13; g,h, k) — %0,3 is the forgetful map taking the moduli space of genus-
zero, stable P-curves with admissible group H to the moduli space of genus-zero stable curves
with three marked points, defined simply by forgetting the P-structure on the curve.

Similarly, the correlator ([m;g|,[n;h],[p; kj}P’H/ is defined (see [3, Def 4.6.2]) as

!

(gl Tnsh) s kNP = / ALH (s, ),

.///0,3

with

Ag’gH/ (m,n,p) =
1

— —____PD tP’H'(V/ (P:g, b, k)" N (mUnU )
deg(StP’H) St |:_0,3,H( g )i| (m n p)

According to [3, 2.3.1], there is a finite morphism of stacks a : #o3u(P;g,h, k) —
70737H/(P;g, h, k), surjective onto an open and closed substack of Wovng/(P). Moreover,
70,37 w(P) actually has only a single geometric point, corresponding to the unique genus-

zero, three-pointed P-curve with markings g, h, and k, respectively. Therefore, in this case,
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the morphism a is surjective and finite.
Theorem 6.3.5 of [2] shows that the virtual class [# o3 (P; g, h, k)}m is the pullback
along a of the virtual cycle [70737H/(P; g,h, k)]m on # o3.1(P).

Now since [m;; ¢, [n;;hi|, and [p;; k;| are in H#p, g,, we have

(fTmigl,[n;h), sk

3

— [ Al
]0,3
PD st ([P osu(Pig. b 1)]™ 0 (mUnUp))
B /l///()y3 deg(StP’H>
PD sttt a, (0" [Pogm(Pig,h k)" 0 (mUnUp))
- /// deg(st™7)
deg(a)PD st2 ([P o (Psg, k)] 0 (mUnUp))
a /%0,3 deg(st")
PD stPH' <W0,3,H’<P§ g,h, k)}m N(muUunu p))
N ///10’3 deg(stP")

!
Ays" (mym,p),

0,3

(fmig), [nsh] [ k)P

A

Most of these equalities are immediate consequences of the definitions, and the fourth equality
follows from the fact that, in this case, the morphism a is finite and surjective, so the
pushforward of the pullback of any class along a is simply deg(a) times the original class.
For the general case when H is not necessarily a subgroup of H’, notice that the special
case proved above implies that we could compute both correlators in Jp ynps and get the

same result. O
allows us to prove the following.

Corollary 5.11. Suppose [m;g]| and [n;h| can be thought of as elements of either Fp
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or #p . Then the product [m;g| x [n;h] looks the same whether is it computed in H#p
or Jp .

Proof. By definition of multiplication

9] xpm [nih) =3 ([l [nsh] o) 0

o,T

where o and 7 range over a basis of J#p . On the other hand,

I—m ;gJ *pP.H' |_Tl,hJ = Z <|_m ;gJ ’ I_nahJ ,O’l> 770/’7—/7'/

ol 1!

where ¢’ and 7’ range over a basis of Jp p.
For basis elements that are in the basis of both Jp  and 5y, tells us that
we can compute the correlators (and thus also the pairing) in either place. It suffices then

to show that if we have a basis element [p; k| of J#py that is not in . g, the correlator

(Imsgl, [nsh], [pi k)™ (5.6)

vanishes. (This also gives us the symmetric condition with H and H’ interchanged.) There
are two reasons why [p;k]| might not be in J#p p. It may be that [p; k| is not invariant

under H'. However [m ; g| and [n ;h| are invariant under H’, thus the three point correlator

.0) 1s not 1nvariant and vanishes by [Property 2.20| [t may be that . but g an
(5.6]) i i i d ishes by |P 2.200 1 be that k ¢ H'. B dh

are in H', so (5.6 vanishes by [Proposition 2.15 and group closure. O

Now the proof promised in follows easily.

Proof of[Lemma 5.0. As we noted, the construction of the mirror maps implies that the

elements of Ay g, = ¢, “look like” elements of Jyq, so this is just an application of

I

[Corollary 5.11| L]
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5.6 THE ProbpucT

We need to check that ¢, as defined by , is a homomorphism. Our strategy is to first
show that for most products, we can choose a partition Z and groups {G;}er so that both
factors split nicely. Then we will check that ¢z respects such products.

The are some cases where we can not chose a partition that splits both factors nicely,
but we can handle them in a different way. Before proving the necessary lemma, we isolate

the following fact.

Lemma 5.12. Suppose P is a decoupled sum Py + P, and following we have
three basis elements [my-ma ;g1 + g2, [n1-n2;hy + hal, and [py-paskis + ko] of Hpp.

Suppose [my ;g1| and [ny ;hi] are invariant under GB**. Then the correlator

(Imy-masg1+g2], [0 -nashe + b, [p1-p2s k4 ka)) (5.7)

15 vanishes unless both

1. [p1 k1] is also invariant under G

2. The correlator

(Ima;gu), Tnashal, [po sk )8 (5.8)

18 non-vanishing.

Proof. Condition |I| follows from G™*-invariance (Property 2.20)) since G'5™ is a subgroup

of G'5**. If this condition is satisfied, then we can pick groups H; = Gp™ and Hy = my(H),
where 7 is projection onto the second factor of Gp™ = G5 @ GE™. We want to see that
the element [mg ;go] is invariant under mo(H). A group element ly € mo(H) comes from
an element (ly,l3) € H. The ring element [my + ms ;g1 + ¢2| is invariant under (Iy,15) and

(—(1,0) and thus under (0,l3). Thus [mg ; go| is invariant under [5. Similar arguments apply

to [ny;hy] and [py 5k ].
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Thus [Lemma 5.10| applies and we can compute ([5.7) in the ring J4y, +w, m,em,. Thus by
Axiom 2.19| the value of the correlator (5.7)) is the product of (5.8) and

<[m2 ;QQJ s [ng ;hQJ , [p2 ;k2J>P2,H2

Y

from which the result follows. m
For pairs described in the following lemma, we cannot simultaneously split them nicely.
However, the lemma shows that both the product and the product of the images vanish.

Notation 5.13. We write the vector of variables of WJ-T as Y; and similarly the vector of

variables of W; as Xj;.

Lemma 5.14. Suppose we have a pair of B-side elements, [[[m;;>_ gi] and [T[ni; > hil,
and suppose that for some j, we have m; =1, g; = [(A]) (s +1)] # 0, and n; = Yf #1,

hj = 0. Then the products

H‘[ m; ;ZgiJ . “‘[ n; ;ZhiJ (5.9)

and
SO(H_[mi;ZgiJ)*@({Hni;ZhiJ) (5.10)
both vanish.

Remark 5.15. We noted in that there is some subtlety involved in determining
the mirror map for even-variable loops. In particular we have not been able to determine
in all cases whether the algebra isomorphism should take the a basis element of the B-side
to a scalar multiple of a basis element on the A-side or to some linear combination of basis
elements. This will complicate the notation of the following proof, but will not disrupt the

strategy.
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Proof of [Lemma 5.14 Since g; + h; # 0 but Y? # 1, it follows from the definition of the
B-side multiplication that (5.9 will vanish.

It remains to see that (5.10]) vanishes as well. The image of [[[m; ;) g;] will be a linear

combination

>« [Hmiazng :

1
where Thé = X3, g; = 0 for any [.

In the case that WW; is an even variable loop and S = 6¥,4(ax—1) or B = 6, (ax—1), we
can see that the image of [[[n; ;> h;] will be a linear combination ), ¢ h_[ il ,fLiJ where
iLé = 0 and n} is either [, . e X;};Fl or [, oaa X;jfﬁl. For the potentially non-vanishing

correlators, we can apply [Lemma 5.12)) and examine pieces of the form

<[X?;0J7 IT x50 ,(1;JWJ_J> (5.11)

k odd/even

(where we filled in the third spot using [Proposition 2.15). We see that this is non-vanishing

only if X% pairs with J], 44 Jeven Xﬂjk_l, which will only happen if s is of the form s, =
5§dd/even(ak —1). But in that case we have [(A])!(s+1)] = 0, contradicting our assumption.
Suppose now that 3 is not of that special form. Then fzé =1, ilé = [Aj_l(ﬁ +1)] #0.

Again using [Lemma 5.12] we can examine pieces of the form

([X3:0], [1: (A7 B+ D), [15[-4;'8])) (5.12)

(where we filled in the third spot using [Proposition 2.15)). Notice that is follows from

M that Aj_lﬁ # 0. Now we apply [Remark 2.21| to p;; and see that this corre-

lator vanishes unless pJi(s + 1) € Z. But this implies that [(A])~'(s + 1)] = 0, again

contradicting the hypothesis. O]

We can now show how to pick the partitions and groups promised at the beginning of
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the chapter.

Definition 5.16. Excluding the cases described in [Lemma 5.14] consider a B-side product
[TImi ;>  gi] = [TIni; > hi]. Define the following subsets of indexes as follows:

e Let I}, be the set of indexes such that g; = 0 and h; # 0 (then by assumption m; = 1).
o Let I, be the set of indexes such that h; = 0 and g; # 0 (then n; = 1).

e Let I, be the set of indexes where g;, h; # 0.

e Let Iy be the set of indexes such that ¢g; = h; = 0.

Now we define the partition

T = {1, 1. I} U {{i} ien,.

Definition 5.17. For the partition Z, define groups as follows:
e Let G}rh be the group of symmetries of Wj, generated by hy, .
o Let G}g be the group of symmetries of W generated by g;,
o Let Gz}’h be the group of symmetries of W;_, generated by hy , and g;, .
e Let G| be the trivial group of symmetries of W; for i € I

Example 5.18. Suppose we have a sum of six Fermats, and have a pair of basis elements
that look like:

(l’gﬂcé ) ('7 o, 07 o0, O)J

and

(29232 ; (e,0,0,0,0,0)]
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where the e in the group elements represents a non-zero entry, and the e in the exponent
represents a possibly non-zero exponent. Then we would take I, = {4,5}, I, = {3}, I,, =

{1,2}, and I, = {6}.

Lemma 5.19. The groups {GT} described in|Definition 5.17 are each contained in SL. Both

[TTm: ;> g:] and [T]ni ;>  hs| split nicely (see|Definition 5.5) with respect to T and {GT}.

Proof. Conditions |2 and |3 of [Definition 5.5| follow directly from the construction. It is also
easy to see that g and h are contained in &, ; G7, so to check condition [1| we just need to

see that the elements [[[m; ;> ¢;| and [T]n; ;> h;] are invariant under @, G7T.

We will check that all the generators mentioned in [Definition 5.17| fix [[[n; ;> hi]. It

is clear that [[n;;)_ h] is invariant under hj, and hy_,, since the indexes in I;, and I,
have no fixed variables in [[[n; ;> hi].

Notice that the only non-trivial part of the action of g on [[[n;;>_ h;] is the action of
gr,on [1;0] € %erg a, since all other indexes 7 have either g; trivial or represent non-fixed
variables. Since [[[n; ;) h;] is invariant under g, this shows that [[[n; ;> h;| is invariant
under the action of g;,. Also, the action of g7, on [1;0] is precisely the determinant of gy,
which shows that g7, € SL.

Notice that g = g;, + g1, ,- But g € SL and fixes both by hypothesis and we found above
that g;, € SL, so by group closure g; , € SL as well. Also g fixes [[]n;;_ hi], and we
showed above that g;, fixes this as well, so it follows that g; , fixes [T]n;;)" hi].

A completely symmetric argument shows that [[[m; ;) ¢;] is invariant under @, ., G

and that hy, and hy, , are in SL. O

Lemma 5.20. With Z and {G]} as defined above in [Definition 5.16| and [Definition 5.17,

there are choices of k; € C in (5.2)) and (5.3)) so that ¢r is a homomorphism.

Proof. 1t suffices to check this for each factor in the tensor product. There are three cases.

First, consider one of the factors By, o for i € I. The map ([5.3)) is the same as the map in
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[10] (see in this paper) up to a scalar. But notice that if W; is quasihomogeneous with
weights w; j, then the Jacobian relations are also quasihomogeneous with the same weights.
Thus, the rescaling preserves the Jacobian relations, and thus the isomorphism in [10]. The
isomorphism for the Fermat case was verified in [0].

Next, in the symmetric cases %’WITQ ay, and %W}FMG'II'h, notice that the products here are
just products with the identity. Since ¢z preserves the identity, we are good here.

Lastly, we consider the factor (%ng,h’GIg,h. To reduce notational clutter, we drop the

subscript I, in the following computations. The product is of the form
(L AD r+ )|+ [1:AT(s + 1),

with both group elements non-trivial. Notice that by definition the B-side product vanishes

precisely when [(AT)7!(r + s + 2)] # 0. The corresponding A-side product is
[T k=) [TIxms0) + | [Tx*50] (5.13)
ie]g,h

We need to show that the B-side product vanishes if and only if the A-side product does.

The A-side product in the identity sector is computed using the pairing, and is non-vanishing

if and only if X**® is a scalar multiple of the Hessian. Thus, [Corollary 3.15| gives us what

we need.

Now, if the products do not vanish, then we see that we must have r + s = a — 1. This

follows from [Remark 3.13], since if either or were true the B-side product would not

be a product of non-identity sectors. Then the B-side product is by definition

1
— [hessw ;0] (5.14)
i

47



Notation 5.21. For W; a loop, let
bi = 1, Y21/ hess W,

and for W; a Fermat, let

by = ;Y %/ hess W.

Using this notation, (5.14]) may be written

) e

i loop i Fermat

To compute the image of this under ¢z, we can use Lemma 4.2 in [I0], quoted in this paper

as (4.5)). Note the this is valid for any polynomial, not just loops. The image is then

(H %ik?i.(ai—n) ( 11 %ik?wai—z)) {1; > lAal+ ) [i(ai—l)H (5.15)

a
i loop ¢ Fermat i loop i Fermat v

Here the exponent of k; in the first product is the vector dot product. We choose k; so that
kY@ = b, for a loop, and kY% = b, for a Fermat. Simplifying and using [Lemma 3.9,

(5.15)) becomes
[1;—-J]

On the other hand the A-side product (5.13]) is

I1 <k;wi'(“+5") < H‘[ X ;OJ , [H XS ;OJ >> M —J] (5.16)

i€l3

(Here we used the fact that the pairing “breaks up” across decoupled sums.) As we noted,

since X* % is equal to the Hessian, we must have r; +s; = a; — 1 for a loop and r;+s; = a; —2
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for a Fermat. Also notice that the pairing in ((5.16)) just b;. Thus ([5.16]) is

(H biki—wi‘(ai—l)> ( H biki—wi(ai—z)> [1 : _JJ .

i loop i Fermat

By our choice of k;, this is [1; —J], as desired. ]

5.7 THE PAIRING

We have now established the algebra isomorphism, and it remains to check that our choices

of k; cause the pairing to be preserved.

Lemma 5.22. Consider a pair as described in[Lemma 5.1] The both the pairing of these

elements and the pairing of their images vanish.

Proof. Clearly the pairing of the elements on the B-side vanishes, since they are not from
inverse sectors. The form of their images was computed explicitly in the proof of [Lemma 5.14)
and we saw in (5.11)) that if the pairing were non-trivial, it would violate the hypothesis. In

(5.12), we can see that the images do not come from inverse sectors. O]

Now excluding that case, we can construct Z and {G;} as we did in [Definition 5.16|and

[Definition 5.17, so we just need the following.

Lemma 5.23. The map ¢ respects the pairing. That is,

<Oé,ﬁ> = <¢I(a)7 ¢Z<ﬁ)> :

Proof. 1t suffices to check for each factor in the tensor product.

First we check the pieces corresponding to I, and I;,. Here the B-side pairing of [1; ¢ and
[1;0] vanishes. The image of [1;0] is [1;.J], which pairs non-trivially only with [1;—.J].
But the element [1;g| will map to the A-side identity sector. So the A-side pairing vanishes

as well.
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We next check the pairing in the I, pieces. Let j € I, and suppose W; is a loop. We

drop the subscript j and consider
(Iy=;oJ, [Y?;0]) (5.17)

This pairing is non-zero if and only if Y®*# is a multiple of the hessian. The corresponding

A-side pairing is
Ve (1, A a+ 1), [1;A74(8+1)]) = kW@t g (5.18)

To compute the mirror map above, we assumed that both A™'(a + 1) and A~}(8 + 1) were
non-trivial and used . We lose no generality by doing this— we already know that ¢ is
a homomorphism, and so we can use the Frobenius property of the pairing to adjust
to ensure that we can use (4.5). The A-side pairing is non-vanishing if and only if

[A~ (a4 B+ 2)] = 0. [Corollary 3.15| gives the same vanishing criteria for ((5.17)), so it only

remains to check that (5.17)) matches (5.18]) when both are non-vanishing.

By [Remark 3.13|there are three cases. If a+ 3 = a — 1, then k¥ (@+#) = b (by choice of
k), and (5.17)) is equal to b straight from the definitions (b is defined in [Notation 5.21| recall

that we have dropped the subscript).

If we have a; + B; = doaa(2a; — 2), then we have (using [Lemma 3.14])

(1y*;0), [Y?:0]) =b]](~an).

even

20



On the other hand, using the Frobenius property,

(p([Y*;0)), ¢ ([Y?;0])) = (o ([Y*"P;0]), ¢ ([1;0)))

- <H(_aj)¢([Ya1 0]), 1 ;JJ>

even

= (H(—aj)> b

where the second equality follows from [Lemma 3.14] and the last equality is as in the first
case. A symmetric argument works for the case of a;; + 8 = deven(2a; — 2).

If W; is of Fermat type, it is easy to perform the check described above, since there is
only one case.

Next, we need to check the pairing in the factor corresponding to I, . We consider

(1;ADY T r+ 1), [1;(AT) (s +1)])

which is non vanishing (and equal to 1) if and only if [(AT)"*(r +s + 2)] = 0. The corre-

sponding A-side pairing is

(H ki Wi"”“l’) ([X":0], [X®;0]) (5.19)

i€l

which is also non-vanishing if and only if [(AT)™!(r + s + 2)] = 0 by [Corollary 3.15| If it is

non-vanishing, then given that neither [(AT)™*(r + 1)] nor [(AT)"!(s+ 1)] is the identity, we
know by that r;+s; = a;—1 for W; aloop. We also easily see that r;+s; = a;—2
for W; a Fermat. Thus (5.19)) is equal to

(IT;) () =
as desired. ]
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This completes the proof of [Theorem 5.1]

APPENDIX A. PROOF OF SURJECTIVITY OF THE ALGEBRA

ISOMORPHISM FOR EVEN-VARIABLE LOOPS

For Fermats, chains, and odd-variable loops, the following result was easy from Lemma 3.2

of [I0], but for even variable loops, we need the following.
Lemma A.1. Suppose W is a loop polynomial with an even number of variables. Then the
map Bw,o — Hv,cpe from equation (4.4), given on algebra generators by

Y= [1;p 4 J]

18 surjective.

Proof. For brevity, let Z; be the image of Y; under (4.4)), so Z; = [1;p; + J|. Recall from

Sections [4.2]and [4.3]that all that remains to check is that the map is onto the two dimensional

sector of the identity group element. One can check using [Remark 2.16| and [Corollary 3.6

that H 7% and H 7%~ are in this subspace. Let
odd odd

a= H Zoh H (—aiZfFl)

odd even

and

=11z -1](~az ™).

even odd

These are both elements of the two-dimensional identity sector, and are images of (4.4).

Thus, in order to check surjectivity, it suffices to show that these two are linearly independent.
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It is sufficient to find 6 and € such that

axd=0, [BxI#0

axe#£0, Pxe=0

For then suppose cia+c8 = 0. Then ciaxd+co8x6 = 0, so ¢o = 0. Similarly, multiplication
by € gives ¢; = 0.

Lemmas 3.3 and 3.4 of [I0] say that
[15pi+J]" = —ai 1 [15pi2 + (aio1 — 1)pia + J] (A1)
and combining this with we have
Z% = —a; 1 2 Zi,
Pick § =[] qq Zi- Then, using and , we have

axd=]]z" - (H (—aizgli—l)) (H ZZ->

odd even odd
_ Zaz'—1—IZ Zai_l—IZ
= —Qi-14;_1 i—2 ) — —Qi-14;_4 i
odd odd
= 0.
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Pick € = []...,, Zi- Then

even

- (H z;~> (H zi) 1wz

odd even even
a;—1 a;
=11z 2z - ]] (—aiz)
odd even
1 1
HZQZ b H (azaz 2 Zz’72)
even even

(l_m Do

even

. . . a;—1—1 .
The coefficient is non-zero since a; > 2, and we can use (4.5)) to see that H Z.7 T Zio s

even
non-zero. The same computations, replacing even with odd, give the desired relations for

. O
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