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ABSTRACT

Rational Schur Rings over Abelian Groups

Brent Kerby
Department of Mathematics

Master of Science

In 1993, Muzychuk showed that the rational S-rings over a cyclic group Z,, are in
one-to-one correspondence with sublattices of the divisor lattice of n, or equivalently,
with sublattices of the lattice of subgroups of Z,,. This idea is easily extended to show
that for any finite group GG, sublattices of the lattice of characteristic subgroups of G
give rise to rational S-rings over GG in a natural way. Our main result is that any finite
group may be represented as the automorphism group of such a rational S-ring over
an abelian p-group. In order to show this, we first give a complete description of the
automorphism classes and characteristic subgroups of finite abelian groups. We show
that for a large class of abelian groups, including all those of odd order, the lattice of
characteristic subgroups is distributive. We also prove a converse to the well-known
result of Muzychuk that two S-rings over a cyclic group are isomorphic if and only if
they coincide; namely, we show that over a group which is not cyclic, there always
exist distinct isomorphic S-rings. Finally, we show that the automorphism group of

any S-ring over a cyclic group is abelian.
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1 Basic definitions and elementary results

In this section, fix a commutative ring R with unity. Except where stated otherwise,
all groups considered will be finite.

If G is a group, the group algebra of G with coefficients in R is denoted RG. If
C is a subset of G, then we define C' € RG by C = dec g, and call C a simple
quantity of the group algebra RG. Given a subset C C G and an integer m, we

define C™ = {g™ : g € C}. For any v € RG, where z = Y. __,7,9, we define

geG
rm =3 gecTg9™. Given a subset X C RG, we denote the R-submodule generated

by X as RX, i.e.,
k
RX:{ZTZ@ ckeNr, e Rz, € X}

i=1

Definition 1.1. Let G be a finite group. An R-submodule S of the group algebra
RG is called a Schur ring (or S-ring) over G if there are disjoint nonempty subsets
Ti,..., T, of Gsuchthat S = R{T,,...,T,} (i.e., T1,..., T, span S as an R-module),

with the following properties,
(i) T.T; € S for all 4,5 € {1,...,n}.
(ii) For every i there is some j such that Ti(_l) =T;.
(iii) Ty ={1}, and G =TT U T U---UT,.

The sets T1,...,T, are called basic sets of S and are said to form a Schur partition
of G. The corresponding T, ..., T, are called basic quantities of S. If S satisfies
condition (i) and (ii) but perhaps not (iii) then S is called a pseudo S-ring (or PS-

Ting).

Note that condition (i) ensures that S is closed under multiplication, so that S is

in fact a subalgebra of RG. It is easy to see that if S is a PS-ring, then the collection
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of basic sets T1,...,T, (and corresponding basic quantities Ty,...,T,) is uniquely
determined by S, so that there is no ambiguity in referring to them as the basic sets
of S (and the basic quantities). Since Ty, ..., T, are clearly linearly independent, an
S-ring is a free R-module; as such we may refer to the rank of an S-ring (or dimension,

in case R is a field), which is simply the number of basic sets it possesses.

Example 1.2. Let G = Zg = (t) be the cyclic group of order 6 and let S =
R{1,2,¢t* t + t3 + t°}. Tt is straightforward to check that S is an S-ring (of rank
4) over G. Its basic sets are {1}, {t?}, {t*}, and {¢,¢3,#°}. On the other hand, the
R-module M = R{1,t+t*t3+t*+¢°} is not an S-ring because it is not closed under
multiplication, e.g., t +¢* € M but (¢ +t%)? = t* + 23 +t* ¢ M. Moreover, condition

(ii) of an S-ring does not hold for M.

Example 1.3. Over any group G, the whole group algebra RG is an S-ring, with
basic sets {g}, g € G. The R-module R{1,G} = R{1,G — 1} is also an S-ring, called

the trivial S-ring over G, with basic sets {1} and G — {1}.

We observe that the most tedious part of checking that a module M = R{T, Ty, ...

is an S-ring is verifying that M is closed under multiplication (condition (i)); in gen-
eral one must check that TiTj is in M for all basic quantities TZ-,TJ». The following
theorem simplifies this task slightly for small S-rings by showing that it is not neces-

sary to check multiplication with the last basic quantity T,.

Theorem 1.4. Let Ti,..., T, be disjoint nonempty subsets of a group G satisfying
conditions (ii) and (iii) of Definition 1.1, and let S = R{T,Ts,...,T,}. If T;T; € S

for alli,j € {2,...,n— 1}, then S is an S-ring over G.

Proof. We have T\T; = T,T, = T; € M for all j (since T; = 1). And, since

2
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G =U'_T;, we have T, = G — S 'T;. Thus for any i € {1,...,n — 1},

1=

n—1
TzTn = Tz (é - _J)
=1
n—1
_T.G- S TT,
j=1
n—1
=TG- TT; €M,
j=1

since G = > i T; € M and by hypothesis each T, T; € M for i,j € {1,...,n —1}.
Similarly T,,T; € M. Now it follows that T,,T,, € M by taking i = n in the above

argument. O

It is evident that, given a group G of order n, there are only finitely many S-rings
over (G, no more than the number of partitions of the non-identity elements of G.
Enumerating the S-rings over a group in general appears to be a difficult problem. In
the special case of cyclic groups Z,, there is a classification which enables one to list
all S-rings for small values of n; this classification is described below in §8. For large,
highly-composite values of n, enumeration again becomes difficult because of the
large number of S-rings (see Table 1). There is apparently no known classification
for S-rings over noncyclic groups, even over, say, elementary abelian p-groups (see
Question 8.6 and Example 8.5); for very small groups we are able to list all S-rings
using a brute-force algorithm (see Table 2). This computation, and all other computer
calculations referred to in this thesis, were carried out using MAGMA [3]; the code
we used is given in §A.

In the case where R is a field, there is an alternative purely algebraic description of
S-rings and PS-rings which avoids reference to the combinatorial notion of basic sets.
This description, given below in Theorem 1.7 and Corollary 1.8, will be fundamental

to the remainder of our discussion. In the rest of this section, F' will denote an
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Table 1: Number of S-rings over Z,,, n < 192, for coefficient ring R of characteristic 0

Zoy | 1 Zao | 262 Zrg | 284 Zi116 | 91 Zis4 | 360
Zs | 2 Za1 | 8 Zg | 8 Ziir | 291 Zis5 | 81
Zy | 3 Zyo | 188 Zgo | 1646 Zi1s | 13 Zise | 2157
7- 3 74 | 8 Ze1 | 92 7110 | 69 Zion | 12
76 | 7 Zus | 61 Zes | 25 Z1o0 | 10130 | | Ziss | 25
Z7 | 4 Zys | 140 Zgs | 4 Zion | 21 Zisg | 41
Zs | 10 Zag | 13 Zga | 1397 oo | 37 Zieo | 11256
Zo | 7 Zar | 4 Zgs | 60 Z193 | 55 Zi61 | B3
Z10 | 10 Zis | 1033 Zse | 25 Zi94 | 119 Zie2 | 1224
70 | 4 T | 21 T | A1 Zros | 58 Zrgs | 10
7o 132 | [ Zso | 79 Zes | 334 | | Zigs 12000 | | Zigs | 121
Zi13 | 6 Zs1 | 35 Zgo | 8 o7 | 12 Zies | 670
7 |13 | [ Zey |01 Zoo | 1581 | | Zias 1 2080 | | Zigs | 13
Zis | 21 Zsz | 6 Zg1 | 97 Zi9g | 53 Zigr | 4
Zie | 37 Zsa | 232 Zgo | 61 130 | 457 Zies | 12494
Zl7 5 Z55 41 Zg3 53 Z131 8 Zlﬁg 43
Zos |42 | [ Zs | 334 Zos | 13 Tsy | 1397 | | Zumg | 411
Zig | 6 Zs7 | 40 Zgs | 61 Zi33 1 99 Zim | 283
Lo | 47 Zss | 19 Zge | 6719 Zi3a | 25 Zira | 119
Zo1 | 27 Zsg | 4 Zo7 | 12 Zi35 | 854 Zi7z | 6
Zog | 13 Zeo | 1103 Zgg | 128 Zi3e | 442 Zi7a | 284
Zos | 4 Ze1 | 12 Zog | 177 Ziz7 | 8 Zirs | 363
Loy | 172 Zea | 25 Z100 | 563 Z13s | 188 Zi7e | 2030
Zos |13 | | Zes | 187 | | Zios | O Z1s0 | 8 Zi7r | 27
Zo6 |19 | | Zes | 657 | | Zis | 243 | | Ziao | 2142 | [ Zims | 25
Zoz | 25 Zgs | 67 Zo3 | 8 Za1 | 27 Zirg | 4
Zag | 61 Zes | 188 Zi0a | D14 Ziao | 25 Zigo | 17888
Zog | 6 Zer | 8 Z1o5 | 670 Zia3 | 81 Zig1 | 18
Lo | 147 Zeg | 17 Zios | 19 Ziag | 21451 Zi1go | 658
Z31 | 8 Zey | 27 Zyoy | 4 Zyss | 67 Zigs | 81
Ty | 161 | | Zoo | 281 | | Zuos | 2219 | | Zias | 37 7151 | 334
Zas | 27 Zn | 8 Ziog | 12 Zia7 | 289 Z1ss5 | 100
Zaa | 16 Zo | 2311 Zi10 | 281 Z1ag | 135 Z1ss | 366
Zas | 41 Zrs | 12 Zi11 | 61 Ziag | 6 Zig7 | 69
Zse | 284 L7y | 28 Z112 | 2030 Ziso | 2124 Zigg | 61
237 9 Z75 185 2113 10 Zl51 12 Zlgg 1225
Zas |10 | | Zrg | 90 Zoa 1 277 | [ Zisy | 496 Zroo | 415
7w |41 | | Z. | 53 Zis | 41 7155 | 238 7101 | 8




Table 2: Number of S-rings over non-cyclic groups of order < 20 for coefficient ring
R of characteristic 0

Lo X Ly | D Z3 X Zy | 54 Qs X Zy ggz
Ss | 10 Dy | 55 = %6 e

T X 7o X Zq | 100 | | Z2X Z2 X Zy X Zy | 12537 ZQ X Dg 155

Zg X Z4 28 Z2 X Z2 X Z4 1121 Z2 X 28 o

Dg | 34 Zy X Zg | 163 3 XD 6 £l

Qs | 26 Zy X Zy | 537 - 218 122

Z3 X Z3 | 40 Dqg | 247 3 X 43

5 (Z3 x Z3) 1S5 | 1004

Dyy | 25 Z3 >54 Zy | 287 7o % Zu 100

” XDZG Ig Zy X Zy | 205 Dy | 313

22 520 ZRakZ Rt Zs x Zy | 139

! Ky x Z, | 649 AGL(15) | 154

arbitrary field.

Definition 1.5. Givenz,y € F'G, wherex = Y 5 a,9,y = >_ by, the Hadamard

geG

product is defined by

roy= Zagbgg.

geG
We will use 2° = xr ox o--- 0o x to denote the n-fold Hadamard product of x with

itself.

Any element x € F'G may be uniquely written in the form x = a,Ci+--+a,Ch,,
where (1, ..., C, are disjoint nonempty subsets of G and the coefficients a4, ..., a,
are distinct and non-zero. We will call this the standard decomposition of x. It is
easy to verify that if # € S, where S is an S-ring over G, then also C1,...,C, € S.

The following lemma is a variation of this result which we will need in a moment.

Lemma 1.6. Let V be a subspace of FG closed under o, and let x = a;C1+- - -+a,C,,

be the standard decomposition of an element z € V. Then Cy,...,C, € V.

Proof. Since V is closed under the Hadamard product, the elements 2 = a}C +
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- +a' C, are in V for all integers i > 1. Consider the matrix

ap @@ ... a}
as ai ... ay
A=
a, a? a”
We have
1 a a ... !
i 1 ay a2 ... oyt
det A = H a; | det
i=1
1 a, a> ... a'!

Each a; is nonzero, so [[;_;a; # 0. The determinant of the Vandermonde matrix
on the right is Hi>j(ai — a;), which is also non-zero since ay, ..., a, are distinct. It
follows that A is invertible, so that any standard basis vector e; may be written as a
linear combination of the columns ay,...,a, of A, say e; = bja; + bas + - - - + b,a,,.
Now define a vector space isomorphism ¢ : Q" — Span{C1,...,C,} by ¢(e;) = C;.
Then

d(a;) = ¢plajer + - + aflen) =a'Cy+---+ a%@n — 7%

so that ¢ maps a; to 2°°. Then, applying ¢ to the equation e; = bja; +byas+- - -+b,a,

yields C; = byx + box®? + - - - 4+ b,z°™ € V, as desired. O

Versions of the following theorem and corollary may be found in [15, Proposition
3.1] and [16, Lemma 1.3] with simple proofs. We give a more elementary proof which

does not depend on any results about semisimple algebras.

Theorem 1.7. Let A be a subalgebra of FG. Then A is an PS-ring if and only if A

is closed under o and (7.
Proof. First assume A is a PS-ring. Given any two basic quantities T, Tj of A, the

6



disjointness of basic sets implies T; o Tj = 0 unless ¢ = j, in which case T} o Tj =
T;oT; =T;, so in either case we have T; o Tj € A. Since any element of A may be

written as a linear combination of basic quantities, this implies A is closed under o.
)

=7 = T; € A for some j. From the

Given any basic quantity T';, we have Tﬁ’l ;

linearity of =1, it follows that A is closed under (=),

Now assume A is closed under #, o, and (=V). Define a subset C' C G to be a A-set
if C' € A, and call a nonempty A-set C' a minimal A-set if no proper nonempty subset
D c Cis an A-set. Let Ti,..., T, be the minimal A-sets of A. We claim that A is
an S-ring with basic sets Ty, ..., T},.

First we must show that Ty,...,T, are disjoint. Suppose T; NT; # O for some
i # j. Then since A is closed under o we have T; N T; = T; o T; € A, so that T; N T}
is an A-set. But since T; N7} is a proper subset of T} this contradicts the minimality
of T;.

Now we must show that {Ty,...,T,} is a basis for A as a vector space (so that
condition (i) of a PS-ring is satisfied). So, letting V' be the vector space spanned by
T4,...,T,, given any = € A, we want to show € V. First consider the case that
x is a basic quantity, so that = C for some C C G. If there is such an x which is
not in V, choose = with |C| minimal. But then C is an A-set, so there is a minimal
A-set T; contained in C. But then we have z — T; = C'\ T; ¢ V, contradicting the
minimality of |C|. So z € V if x is a basic quantity. Now, given an arbitrary x € A,
let + = a1Cy + - - + a,C,, be the standard decomposition of z. By Lemma 1.6 we
have C4,...,C, € A, hence C4,...,C, € V, from which it immediately follows that

z€V. Thus Ty,...,T, span A.

To prove condition (ii) we must show that for every i there is some j such that

T = T;. Since A is closed under (=1 we have that Ti(_l) = TZ(»

)

Y € A, so that
T is an A-set. If Ti(fl) is not a minimal A-set, then there is a proper nonempty

)

subset D C Ti(_l) which is an A-set. Again since A is closed under inverses, we have

7



DD — Pt

) € A, so DY is an A-set. But since DY is a proper nonempty
subset of T;, this contradicts the minimality of 7;. Hence Ti(fl) is a minimal A-set,

SO Ti(_l) = T} for some j. This proves that A is an S-ring. O

Corollary 1.8. Let A be a subalgebra of FG. Then A is an S-ring if and only if A

is closed under the operations o and =Y and contains 1 and G.

Proof. Assume first that A is an S-ring with basic sets T7,...,T,. Then A contains
Ty=1and Y | T; =U7 T, =G. Ais closed under o and =Y by Theorem 1.7.
Conversely, assume A contains 1 and G and is closed under o and (“Y). By the
theorem, A is a PS-ring; let T}, ..., T, be its basic sets. Since 1 € A, {1} is an A-set,
and, considering that it has no nonempty proper subsets, {1} is a minimal A-set, so
{1} = T; for some i ; without loss of generality, 7} = {1}. Since G € A, we have
G = > a;T; for some ay,...,a, € Q; so every element ¢ € G must be contained
in some T}, otherwise the coefficient of ¢ in G and Yoy a;T; would not agree. Thus

" ,T; = G. This proves that condition (iii) holds for A. O

The notion of a minimal A-set introduced in the proof of Theorem 1.7 will be

useful to us again later on; for reference, we state here a fact which was proven above:

Theorem 1.9. Let S be a PS-ring. Then the minimal S-sets are precisely the basic
sets of S.

The following example shows that the above theorem and corollary are false if F'

is replaced by a ring R which is not a field.

Example 1.10. Let R be a ring which is not a field, and let »r € R be a nonzero
element which is not invertible. Let G = Z3 = (t). Then A = R{1,t +t*r-t}isa
subalgebra of RG which is closed under o and (1) and contains 1 and G but A is not

a PS-ring.



It is natural to ask whether the choice of coefficient ring R will make any essential
difference at all; namely, given a group G, is it possible for a partition of G to be a
Schur partition with respect to one coefficient ring but not to another. The following

example shows that this is indeed possible:

Example 1.11. Let G = Zg = (t). Then {1}, {t* +t°}, {t + ® +t* + > +¢"} is a
Schur partition of G with respect to the coefficient ring 5 but not with respect to Z

or Q. For, considering S = Fy{1,t? + 5t + 3 +t* + 15 + 17}, we have

P+t =2+2t"=0¢€ S,

so S is an S-ring by Theorem 1.4. On the other hand, S’ = Q{1,t> + 1%, ¢ + 3 + t* +

5+ ¢"} is not an S-ring since 2 + 2t* ¢ S’.

However, the only property of R which makes a difference in this regard is its

characteristic, as the following shows:

Theorem 1.12. Let T1,...,T, be a partition of a group G. Let Ry and Ry be com-
mutative rings with unity of characteristic m and n respectively. If n divides m and
Ty, ..., T, is a Schur partition with respect to the coefficient ring Ry then Ty, ..., T, is
also a Schur partition with respect to Ry. In particular, if Ry and Ry have the same
characteristic, then Ty, ..., T, is a Schur partition with respect to Ry if and only if it

1 a Schur partition with respect to Rs.

Proof. Let S; = Ri{T,,...,T,} and Sy = Ry{Ty,...,T,}. (In the first equation,
the T4,..., T, are to be taken as elements of R;G while in the second equation, they
are taken as elements of Ro(G. This slight ambiguity of notation should not lead to
confusion.) To show that Sy is an S-ring, we only need to show that TZ-Tj € S, for
all i,j € {1,...,r}. Since S is an S-ring, in R;G we may write T;T; = >0 A\iji Tk

for some A;jz € R;. In fact, it is clear that the coefficients \;j; lie in the subring

9



of Ry generated by 1, namely A, € Z/mZ. Since n divides m, there is a natural
homomorphism 7 : Z/mZ — Z/nZ, and 7 extends to an algebra homomorphism
from (Z/mZ)G to (Z/nZ)G. Under this map, we have 7(T;) = T; for all i, so that
in RyG,

T\Ty = 7(ThT,) = Zmn Z (Niji) T,

k=1

which proves Ss is an S-ring. O

The following shows that in one sense we do not lose any generality by restricting

R to be a field, or even a prime field (i.e., F, or Q):

Theorem 1.13. If {T1,...,T,} is a Schur partition of a group G with respect to a
coefficient ring R, then there is a prime field F' with respect to which {T\,...,T,} is

also a Schur partition.

Proof. Let m be the characteristic of R. Then take n to be any prime dividing m

and apply Theorem 1.12 with Ry = F,,. O

However, given a group G and coefficient ring R, there is not necessarily a field
F' such that the set of Schur partitions of G is precisely the same with respect to R

and F, as the following example shows:

Example 1.14. Let G = Zj5. By computer, we find that with respect to Z/47Z
there are 34 Schur partitions of G. With respect to F, and F3 there are 62 and 37
respectively. With respect to any other prime field (i.e., Q, F5, F7, etc.) there are 32
Schur partitions of G. A specific example of a partition which is a Schur partition

over Z /47 but over no prime field except Fy is
{LH A 5 0 {060,007 47,411,

while, on the other hand, there are many Schur partitions over F, which are not Schur

10



partitions over Z/47Z, for instance,

{13, {82,693, {t, 2,14, 60,45 47 8 410 111,

2 Central and rational S-rings

From now on, fix F' to be any field.

Definition 2.1. A PS-ring S over a group G is central if S C Z(FG), ie., S is

contained in the center of the group algebra.

Remark. 1t is not difficult to check that this is equivalent to requiring that every basic
set T; be a union of conjugacy classes of G. See, for instance, [17, 12.2.19] or [7, p.

861].

Of course, over an abelian group every S-ring is central. We will primarily be

interested in a special class of central S-rings known as rational S-rings:

Definition 2.2. A PS-ring S over a group G is rational if for every x € S and
¢ € Aut(G), we have ¢(z) = =.

Remark. 1t is likewise not difficult to check that this is equivalent to requiring that
every basic set T; be a union of automorphism classes of GG, where the automorphism

classes of G are the orbits of Aut(G) acting on G in the natural way.

For us, the most important use of Theorem 1.7 and its corollary is that it leads

to the construction of many interesting central and rational S-rings:

Theorem 2.3. Let G be any finite group, and let L be any sublattice of the lattice of
normal subgroups of G. Then the vector space F(L) = F{H : H € L} is a central

PS-ring over G with the following properties, for all H/ K € L:

() B =H

11



(ii)) HoK = HNK
(iii) HK = |[HNK|HK
(iv) F(L) is an S-ring if and only if 1,G € L.
(v) F(L) is rational if and only if L consists entirely of characteristic subgroups.

Proof. (i) is clear since H, as a subgroup, is closed under inverses. (ii) is immediate
from the definition of the Hadamard product. (iii) is clear since, by elementary group
theory, every element of HK can be written in |[H N K| ways as a product of an
element in H with an element in K. Now, since the subgroups H and K are normal,
HK is also a subgroup of G; since L is a lattice, we have HN K, HK € L. Thus, (i)-
(iii) show that F(L£) is closed under (- multiplication, and the Hadamard product,
so by Theorem 1.7, F(L) is a PS-ring. Since each subgroup H is normal, we have
gHg' = gHg' = H for all g € G and H € L, so that H € Z(FG). It follows that
F(L) is a central PS-ring.

Now, if 1,G € L then 1,G € F(L), so by Corollary 1.8, F(£) is an S-ring.
Suppose, conversely, that F'(£) is an S-ring. Let L = (., H, so that L € L.
If |L| > 1, then since L C H for every basis element H of F(L), it follows that
every element of S(£) with a non-zero coefficient of 1 € G also has other non-zero
coefficients (namely, the other elements of L have non-zero coefficients), so that 1 ¢
F(L), contrary (by Corollary 1.8) to the assumption that F/(£) is an S-ring. So we
must have L = 1, hence 1 € £, as desired. Now define M = [],.. H. If M # G,
then since H C M for every basis element H of F(L), it follows that the nonzero
coefficients of every element x € F(L) are contained in M, so that G ¢ F(L), again
contradicting (by Corollary 1.8) that F'(£) is an S-ring. So G € L as desired.

Finally, F'(£) is rational if and only if ¢(H) = H for every ¢ € Aut(G) and each
basis element H of F(L); this holds if and only if ¢(H) = H for each H € L, i.e. if

and only if each H € L is characteristic. O
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If G is a cyclic group, then every subgroup of G is characteristic; consequently,
the construction of Theorem 2.3 only produces rational S-rings. In this context, we

may state the main theorem of [15]:

Theorem 2.4. (Muzychuk) Every rational S-ring over a finite cyclic group may be

constructed as in Theorem 2.5.

We will soon see that there are rational S-rings over abelian groups which cannot
be constructed as in Theorem 2.3 (see Example 5.8). However, there are other types of
groups for which Theorem 2.3 produces the complete set of rational S-rings; Theorem
2.6 below gives one example. Before proving it, we need an elementary lemma (a

version of which may be found in [20, Proposition 23.6]):

Lemma 2.5. Let S be an S-ring over a group G, and let Dy, ..., D, be S-sets, i.e.,
assume D; € S for alli. Then (Dy,...,Dy) € S.

Proof. Since D = D,U---UDy, is also an S-set and (Dy, ..., D) = (D), it is sufficient
to prove that (D) € S. Now, for a sufficiently large choice of n, every element of (D)
is a product of no more than n elements of D, hence every element of (D) has
nonzero coefficient in D". Let D" = 22:1 a;C; be the standard decomposition of
D", so that Cy,...,C, form a partition of (D). By Lemma 1.6, each C; € S, hence

(Dy=>"7_C,€8S. O

Theorem 2.6. Every rational S-ring over a finite dihedral group may be constructed

as in Theorem 2.3.

Proof. Suppose S is a rational S-ring over the dihedral group G = (r,s | s> = r" =
(sr)> = 1}. Let Ty,..., T, be the basic sets of S, where T} = {1}. Note that all the
reflections of G are automorphic (since the map determined by s +— rs and r — r is an
automorphism, although it is only inner if n is odd). Thus all the reflections of G lie in

a single basic set, say T3. So the remaining basic sets T3, ..., T, all lie in Z,, = (r). If
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we let Z; be the subgroup generated by 75, ..., T, then it follows by Lemma 2.5 that
Z4€ 8. Thus S’ = F{1,T3,...,T,} is an S-ring over Z,. By Theorem 2.4, S’ = F(L)
for some sublattice £ of the lattice of subgroups of Z;. We claim S = F(L U {G}).
Clearly £ U {G} is a sublattice of the lattice of characteristic subgroups of G. For
i#2 wehave T; € S' = F(L£) C F(CU{G}), while Ty = G — Z, € F(LU{GY}),
hence S C F(LU{G}). Since F(L£) =S C S and G € S, we also have the reverse
inclusion F(LU{G}) C S. O

3 Isomorphisms and Automorphisms of S-rings

Definition 3.1. Let S; and Sy be S-rings over groups G; and G5 respectively. An
algebra isomorphism ¢ : S7 — S5 is called an S-ring isomorphism if ¢ maps basic
quantities to basic quantities, i.e., if for every basic set C' of S; there is some basic

set D of S such that ¢(C) = D.

Example 3.2. Let G; = Zg = (t) and let G5 be the symmetric group of degree 3.
Let S = R{1,t%,t*,t + 1> + t°} and Sy = R{1, (123),(132), (12) + (13) + (23)}. Tt is

straightforward to verify that the R-module map ¢ : S; — Sy determined by

11,
2 — (123),
th— (132),

t4+t3 10— (12) + (13) + (23),

is an S-ring isomorphism. Thus it is possible for S-rings over nonisomorphic groups

to be isomorphic.

Example 3.3. Let G = Zs = (t). The S-rings C{1,¢ + t*> + t* + 5,3} and C{1,t +

t3 + 5,12 + t*} are isomorphic as C-algebras, since by Wedderburn’s Theorem both
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are isomorphic to C3, but they are not isomorphic as S-rings, since, e.g., the former

has a basic quantity ¢* whose square is 1 while the latter does not.

The following theorem gives a purely algebraic characterization of S-ring isomor-

phisms.

Theorem 3.4. Let S7 and Sy be S-rings over groups G1 and G4 respectively. Then an
F'-algebra isomorphism ¢ : S1 — Sy is an S-ring isomorphism if and only if ¢ respects

the Hadamard product, i.e., if and only if ¢p(x oy) = ¢(x) o ¢(y) for all x,y € S;.

Proof. First assume ¢ is an S-ring isomorphism. Let T},...,7T,, be the basic sets of
S and let Uy, ..., U, be the basic sets of S5. Relabeling the Uy, ..., U, if necessary,

we may assume ¢(T;) = U;. For any i,5 € {1,...,n}, if i # j we have
$(TioT;) =d(0)=0="U;oU; = §(T:) 0 6(T}),
while if ¢ = 7, we have
(TioTi)=¢(T;)) =U; =UioU; = ¢(T;) o §(T),

so in either case ¢(T; o T;) = ¢(T;) o ¢(T);), proving that ¢ respects the Hadamard
product.

Suppose conversely that ¢ respects the Hadamard product. If T is any basic set of
Sy, then we have ¢(T) = ¢(ToT) = ¢(T) 0 §(T). If we write ¢(T) = 3 ¢, agg, then
the equation ¢(T) = ¢(T) o ¢(T) gives a, = a; for all g € G. So each coefficient a,
is either 0 or 1, i.e. ¢(T) is a nonzero simple quantity U, for some U C Gy. We wish
to show that ¢(7T') is a basic quantity. By Theorem 1.9 this is equivalent to showing
that U is a minimal Ss-set. So suppose there is a nonempty proper subset D C U
with D € S5. We may write ¢(T) = D +U — D, hence T = ¢~ (D) + ¢~ (U — D).

Since ¢!, together with ¢, respects the Hadamard product and hence maps simple
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quantities to simple quantities, we have expressed the basic quantity T as the sum of
two nonzero simple quantities, which is impossible. Hence ¢(T) is a basic quantity,

so ¢ maps basic quantities to basic quantities, i.e. ¢ is an S-ring isomorphism. ]

An isomorphism from an S-ring onto itself is called an automorphism. The set of

automorphisms of an S-ring S clearly forms a group, which we denote Aut(5).

Example 3.5. Let G = Z; = (t). Then S = F{1,t +t° ¢+ t5,t> + ¢} is an S-ring

with Aut(S) = Z3. A generator for Aut(S) is determined by

11,
t4+ 18— t2 + 145,
2415 — 3 + ¢4,

£+ttt + 15,

A natural question arises: Which groups can occur as the automorphism group
of an S-ring? If we take S to be the full group ring F'G, then it is easy to see that
Aut(S) = Aut(G). Thus, any group which may be represented as the automorphism
group of a group may also be represented as the automorphism group of an S-ring (in
a rather trivial way). However, Example 3.5 shows that Z3 may also be represented
as the automorphism group of a S-ring, whereas it is known that Z3 cannot be repre-
sented as the automorphism group of any group (see Theorem 3.6 below). Our main
result (Theorem 6.1) is that any finite group may be represented as the automorphism
group of an S-ring, even of an S-ring of a rather restricted type, namely a rational S-
ring over an abelian p-group; so, in particular, any finite group may be represented as
the automorphism group of a commutative S-ring. Theorem 8.7 shows that a similar

result cannot be obtained by considering only S-rings over cyclic groups.
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Theorem 3.6. Let n be an odd integer, n > 3. Then there is no group G (finite or
infinite) with Aut(G) = Z,.

Proof. Suppose G is a group with Aut(G) = Z,,. Then Inn(G) = G/Z(G) is isomor-
phic to a subgroup of Z,, hence is cyclic, which implies G is abelian. Now the map
¢ : G — G given by ¢(g) = g~! is an automorphism of G. Since Aut(G) does not
have an element of order 2, ¢ must be trivial. So G has exponent 2. It follows that
G is the direct sum of a cardinal number « copies of Zy [17, 5.1.9]. If a > 2, then
there would be an automorphism of G of order 2 which interchanges the first two
components of G. Thus a« < 1,i.e. G = Zy or G = 1, but in both these cases Aut(G)

is trivial. n

For further information on the types of groups which occur as automorphism
groups of groups, see [19].
The task of determining Aut(.S) is often made easier by the following theorem,

which shows that S-ring isomorphisms map basic sets to basic sets of the same size.

Theorem 3.7. Let S; and Sy be isomorphic S-rings over groups G, and Go respec-
tively, and let ¢ - S; — Sy be an isomorphism. Then ¢(G,) = G, and if C C G is
any Sy-set, then ¢(C) = D for some subset D C G, and we will write ¢(C) = D.

Moreover, |C| = |D|. In particular, |G1| = |Ga|.

Proof. LetTy,...,T, and Uy, ..., U, be the basic sets of S; and S, respectively. Then,

for some permutation o € Sym,,, we have

Now, since any simple quantity C' may be written as a sum of distinct basic
quantities, and ¢ maps distinct basic quantities to distinct basic quantities, it follows

that ¢(C) is a sum of distinct basic quantities, i.e., ¢(C) is a simple quantity D.
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Further, we have on the one hand,

gb(C’ G1) = ¢(6)¢(61) =D a2 = |D|52,

while on the other hand,

Cb(a al) = ¢(|C|@1) = |C|¢(61) = |C|52,

hence |C| = |D|. O

If S is an S-ring over G, then every automorphism ¢ € Aut(G) induces an injective
F-algebra homomorphism ¢ : S — F'G by defining ¢(3_ . ag9) = > e ag0(g)- 1t is
entirely straightforward to check that ¢(S) is an S-ring with basic sets ¢(71), ..., o(1,)
if Ty, ..., T, are the basic sets of S. Thus ¢ : S — ¢(S) is in fact an S-ring isomor-
phism. We call such an isomorphism a strong isomorphism of S-rings. A strong
isomorphism from an S-ring S onto itself is called a strong automorphism. We denote
the set of all strong automorphisms of S by Aut*(S). In Example 3.5 the generating
automorphism of Aut(S) was in fact a strong automorphism, induced by the auto-
morphism ¢ : ¢ — ¢ of G, so in this case Aut(S) = Aut*(S). The following example
shows that the automorphism group and strong automorphism group of an S-ring do

not generally coincide, even over cyclic groups.

Example 3.8. Let G = Zg = (t). Then S = F{1,t3,t6, ¢t +t* +¢7 ¢ + > + 8} is an
S-ring with Aut(S) = Zy x Zy but Aut*(S) = Z,.

Clearly, if S; and S, are isomorphic S-rings, then their automorphism groups are
isomorphic. On the other hand, the following example shows that this is not the case
for their strong automorphism groups.

Example 3.9. Let G = Zyx Z, = (a) x(b), and let S; = F{1,a,b?, ab? b+b3, ab+ab®}
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and Sy = F{1,a,b? ab® b+ab’ ab+b}. Then S; = Sy but Aut*(S;) & Zy x Zy while
Aut*(52> = ZQ.

Example 3.10. Over the same group, let S; = F{1,b* a + b+ ab + ab* + b> + ab®}
and Sy = F{1,a,b+ ab+ b* + ab®* + b+ ab®}. Then S; = S, in spite of the fact that

S is a rational S-ring while S5 is not.

The preceding examples show that in one sense, S-ring isomorphism is a fairly
weak condition, as it fails to preserve many of the properties that we ordinarily think
of as being associated with an S-ring.

A remarkable theorem of Muzychuk states:

Theorem 3.11 ([16]). Two S-rings over a cyclic group Z,, are isomorphic if and only

if they are identical.

Below we will prove a converse to this result, but first we need the following

lemma:

Lemma 3.12. Let G be a finite group which is not cyclic. Then G has a subgroup

which s not characteristic.

Proof. By way of contradiction, suppose every subgroup of GG is characteristic. Then
in particular every subgroup of GG is normal. If G is non-abelian, then G is a Hamilto-
nian group (i.e., a nonabelian group in which every subgroup is normal) and we may
write G = @ X A where () is an 8-element quaternion group (7, j) and A is abelian
(17, 9.7.4]. But in this case (i) is a subgroup of G which is not characteristic, since
there is an automorphism of () mapping (i) to (j) and this automorphism extends to
an automorphism of GG. Therefore G must be abelian.

Since G is not cyclic, some Sylow p-subgroup of G is not cyclic and, by the
Fundamental Theorem of finitely-generated abelian groups, we may write G' = (t) X

(s) x A where [t| = p® and |s| = p® for some a and b where 1 < a < b. Then (s) is not
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characteristic, since an automorphism ¢ is determined by setting ¢(s) = ts, ¢(t) = t,

and ¢(a) = a for all a € A. O

We remark that, by a similar method of proof, Lemma 3.12 may be extended
to infinite non-abelian groups and to finitely generated abelian groups. However,
there are non-cyclic infinitely generated abelian groups in which every subgroup is

characteristic, an example being the direct sum ) Z,.
p prime

Theorem 3.13. Let G be a group which is not cyclic. Then there exist distinct

strongly isomorphic S-rings S, and Sy over G.

Proof. By Lemma 3.12, let H be a subgroup of G which is not characteristic. Choose
some ¢ € Aut(G) such that ¢(H) # H. Then S; = F{1, H,G} and S, = F{1,6(H),G}
are S-rings over GG which are strongly isomorphic. We only need to verify that they are
distinct. The basic quantities of S; are {1, H —1,G — H} while the basic quantities of
Sy are {1,¢(H)—1,G—¢(H)}. If S; = S, then the basic quantities of the two S-rings
must be the same (in some order), so either H —1 = ¢(H) —1or H—1= G — ¢(H).
The former is impossible since H # ¢(H). The latter would imply G = H U ¢(H

),
which is impossible, since no group is the union of two proper subgroups. O]

4 Automorphism Classes of Abelian Groups

In this and the following section, we give a complete description of the automorphism
classes and characteristic subgroups of finite abelian groups. This topic was consid-
ered already in 1934 by Baer for the more general case of periodic abelian groups, and
some of the results below were obtained in one form or another in [1]. Our method,
however, differs greatly from that of [1]. We recently discovered that this topic was
considered even earlier in 1905 by G. A. Miller [13] (see also [14, pp. 109-112]) and

that Miller’s treatment is similar to that which we developed below. Miller, however,
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did not always offer proofs of his claims, and this led him to an incorrect description
of the characteristic subgroups of abelian 2-groups in [13, p. 23, “there are as many
additional C’s which correspond to the conjugates of such a t as there are combina-
tions of k things taken 2,3,... &k at a time”]. A correct version (necessarily more
complicated) of the formula described by Miller is given in Theorems 5.16 and 5.20

below.

It is well known that any finite abelian group G may be written as the direct

product of its Sylow subgroups:

G =G, xXGp, X xGp,.

Since the Sylow subgroups of an abelian group are characteristic, it follows that every

automorphism ¢ € Aut(G) may be written

¢ =1 X P2 X -+ X ¢, Where ¢; € Aut(G,,).

From this it follows that the automorphism classes of GG are precisely the sets

O1 X Oy X -+ x O, where O; is an automorphism class of G,,,

while the characteristic subgroups of G are

Hy x Hy x --- x Hy, where H; is a characteristic subgroup of G,,.

Using these facts, the problem of determining the automorphism classes and charac-
teristic subgroups of G is completely reduced to the case in which G is a p-group. So

for the remainder of this section and the next we will assume G is a p-group.
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Up to isomorphism, we may write

G:ZpAl XZPAQ X v XZp)\n,

where A\; < Xy < -+ < \,. We define A(G) to be the tuple (Ay,...,\,). As we will
be working extensively with such tuples of integers, it will be convenient to introduce

some notation for dealing with them:

Definition 4.1. Given tuples a = (ay,...,a,) and b = (by,...,b,) with integer

entries, define

a<bifa; <b forallie{l,... n}
aAb = (min{ay, b}, min{as, by}, ..., min{a,,b,})

aV b = (max{a, b}, max{aq, bo},..., max{a,,b,})

Define A(G) to be the set of tuples

AG) ={a:0<a<\G)}.

It is evident that A(G), under the partial order <, forms a finite lattice in which A
and V are the greatest lower bound and least upper bound operators respectively.
Given a tuple a € A(G), we define T'(a) to be the set of elements g € G for which

the ith component of g has order p*:

T(a) ={(g1,92,---,92) €EG:|gi| =p* foralli=1,... n}.

Note that the sets T'(a) partition the group G. If g € T'(a), we say that T'(a) is the
type of g.

Before proceeding further, we need a couple of elementary lemmas:
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Lemma 4.2. In a finite cyclic p-group H, if two elements hy and hs have the same
order then hy and hy are automorphic, i.e., there is an automorphism ¢ € Aut(H)

such that ¢(hy) = hs.

Remark. This result immediately extends to all finite cyclic groups, but we will not

need this.

Proof. Write H = Zym = (t). Then we may write hy = t%' for some integers a
and i where a is relatively prime to p and i = m — |hq|. It is clear then that defining
¢1: H— H by ¢1(t) = t* determines an automorphism of H with ¢y (##') = t%' = M.
Similarly, there is an automorphism ¢, with ¢o(t#”') = t"2. Then ¢y o ¢7' is an

automorphism mapping h; to hs. O]
Lemma 4.3. If g,h € G have the same type T'(a), then g and h are automorphic.

Proof. Write g = (g1,...,9n) and h = (hq, ..., h,). Since g and h have the same type,
we have |g;| = |h;| for each i € {1,...,n}. So by Lemma 4.2, there are automorphisms
¢i € Aut(Z,,) with ¢4(g;) = hi. Then ¢ = ¢y X ¢y X - -+ X @, is an automorphism of
G with ¢(g) = h. O

Note that Lemma 4.3 is equivalent to saying that each automorphism class of G
is a union of types. From this it follows that given two types T'(a) and T'(b), if some
element of T'(a) is automorphic to some element of T'(b), then all elements of T'(a)
are automorphic to all elements of T'(b), and we will say in this case that T'(a) and

T'(b) are automorphic.

Definition 4.4. Given a type T'(a), the automorphism class of G containing 7'(a) is
denoted O(a).

Definition 4.5. A type T'(a) is canonical if for all i € {1,...,n — 1},

(i) a; < a;4q and

23



(i) aip1 —a; < Mg — A,

This says that aq,...,a, is a (weakly) increasing sequence but that at each step
it increases by “not too much”, namely, by no more than the difference between the
corresponding A’s. In this case we will also say that the tuple a itself is canonical.
The set of canonical tuples will be denoted C(G).

For what follows, it will be helpful to introduce some additional notation. Let
t1,t2,...,t, be generators for the respective cyclic factors in G = Z»; X Zp, X -+ X
Zypn. Also, for 0 < a < ), define t;, = tipxifa, so that ¢;, is an element of order p*
in (¢;), with ¢\, = t;.

The definition of “canonical” is justified by the following theorem.

Theorem 4.6. Fvery type is automorphic to a unique canonical type. Moreover,
every canonical type is the maximum type in its automorphism class, i.e., if a type

T'(a) is canonical then a is the maximum element of {b : T'(b) C O(a)}.
Before proving this, we will need the following lemma.

Lemma 4.7. Let T'(a) be a noncanonical type, and let i € {1,...,n — 1} be such
that either a; > a;+1 or a1 — a; > A\iv1 — Ni. (Such an i exists by the definition of
noncanonical). In the former case, define a’' by a; = a; for all j #i+1 and aj,, = a;;
in the latter case, define a’ by a; = a; for all j # i and a; = a;1 — (Nig1 — ;). Then

in either case, T'(a’) is automorphic to T'(a).

Remark. In other words, if a type is noncanonical because there are two consecutive
entries a; and a;;; with a decrease from a; to a;y1, then we may increase a;;; to
match a;, and the resulting type will be automorphic to the original (and will be
“closer” to being canonical, since it no longer has this decrease). Likewise, if a type is
noncanonical because there are two consecutive entries a; and a;; with a difference

which is too large, then we may increase a; just enough to make the difference not
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too large (namely, to make the difference precisely \;11 — \;), and again the resulting

type will be automorphic to the original.

Proof. One element of type T'(a) is g = [[}_,

tja;, SO it is enough to show that there
is an automorphism ¢ with ¢(g) € T'(a’).

First consider the case a;11 < a;. Define a homomorphism ¢ : G — G by setting
o(t;) = titiv1n, and ¢(t;) = t; for all j # i. This is well-defined since |¢(¢;)| divides
|t;| for all j, because in fact equality holds: For j # ¢ this is trivial, while for j =i

we have

6(t:)| = [titizan| = lem(|t;], [tir1n]) = lem(ph, p*) = ph = [t,].

The image of ¢ contains each generator ¢; where j # 4, and since gb(titijrll, »,) = ti, the

image of ¢ also contains ¢;. Thus ¢ is onto, which, since G is finite, implies ¢ is an

automorphism. Now,

A A

i—ag

Gtia) = Ot " = (titigan,)

=tiq;tit1,0:5

hence

n
3(9) = tivra [ [ tia; = tirtaeativna [ [ tias-
j=1 j#i

Since |ti+1,ai+1’ =p¥t! and ‘ti+17a¢

= p® and a;41 < a;, it follows that [t; 114, titv1.6,] =
p%, so that ¢(g) has type a’, as desired.

Now consider the case a;11 — a; > A\iy1 — Ai. In this case, define a’ by a} = a; for
all j # i and a, = a;41 — (MNit1 — A;), so that &' > a. Now define ¢ by ¢(t;11) = titiva

and ¢(t;) = t; for j # i. Again, this is well-defined since

[6(tir)| = [titiva| = lem(|ti], [tia]) = lem(p, p*) = phot = [tip].
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Since ¢ is clearly surjective, it is an automorphism of G. We have

Njr1—a; Aoy 1—as
¢(ti+17ai+l) = ¢(ti+1)p = (titi-l—l)p T = biaigi—(Oip1 =) litLaig s

hence
n

¢(g) - ti,ai+1—()\i+1—>\i) H tj,(lj - ti,ai+1—(>\i+1—>\i)ti,ai H tj,aj‘

j=1 J#

Since ai+1—()\i+1—/\i) > a; it follows that |ti7ai+1_(>\i+l_>\i)ti:ai = pai+1_()\i+l_)\i) = pa;'*l,

so that ¢(g) has type a’, as desired. ]

Proof of Theorem 4.6. Let T'(a) be a type which is non-canonical. Lemma 4.7 implies
that 7'(a) is automorphic to another type 7'(a’) where a’ > a. If a’ is non-canonical,
then we may again apply Lemma 4.7 to obtain another automorphic type T'(a”) where
a” > a’. This process may be continued but must eventually terminate since there are
no infinite increasing sequences in A. Hence T'(a) is automorphic to a canonical type
T'(b). Since b > a, this also shows that b is the maximum type in its automorphism
class, assuming the uniqueness of b which we now prove.

So let a and a’ be distinct canonical types. We will show that 7'(a) is not automor-
phic to T'(a"). Let g = H?:l tia;, and g’ = H?=1 tja, s0 g and ¢’ are elements of type a
and a’ respectively. Let i be the least positive integer such that a; # a,. Without loss
of generality, assume a; < a;. Consider the elements h = ¢g?* and b/ = (¢')?"". Let b
and b’ be the types of h and A’ respectively. By condition (i) of a being canonical,
we have a; < a; for all j < i, hence b; = 0 for all j < i, while b; = 0 for all j < i but
b; # 0. We have b; = a; — a; for all j > 4. By condition (ii) of a being canonical, we
have \; —a; > \; — a; for all j > ¢, hence \; —b; > A; for all j > 4. It follows that h
has a p*ith root while A’ does not, so h and k' are not automorphic. Consequently, g

and ¢’ cannot be automorphic, hence T'(a) and 7'(a") are not automorphic. O

We now obtain an important corollary, which was already discovered by Miller
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[13, p. 23] and (apparently independently) by Baer [1, Corollary 2]:

Corollary 4.8 (Miller-Baer). For any prime p, the number of automorphism classes

of Zpy X Zypg X -+ X L (where Ay < Ag <2 <Ay s

ﬁ(Ai — A1+ 1),

=1

where by convention we let A\g = 0.

Remark. This count includes the trivial automorphism class (containing only the
identity element of the group), in spite of Miller’s curious statement to the contrary

in [13, p. 23].

Proof. Theorem 4.6 shows that the automorphism classes of G are in one-to-one
correspondence with the canonical tuples of A(G). The canonical tuples a are precisely
those which satisfy a; 1 < a; < a;_1+ X ;— ;1 for each i € {1,...,n} (by convention,
setting ap = 0). Thus there are \; — X\;_; + 1 choices for each coordinate a;, and the

result follows. O

Example 4.9. Let G = Zy X Zg = Zy X Zys = (s) x (t). Then there are (1 — 0 +

1)(3 =1+ 1) = 6 automorphism classes of G, namely:

0(0,0) = 7(0,0) = {1},

0(0,1) =T(0,1) = {t*},

0(0,2) = T(0,2) = {t*t°},

O(1,1) = T(1,1) UT(1,0) = {s, st*},
O(1,2) = T(1,2) = {st?, st°},

O(1,3) = T(1,3) UT(0,3) = {t,st, 1 s> t°, st° t7 st"}.
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5 Characteristic Subgroups of Abelian Groups

We let Char(G) denote the lattice of characteristic subgroups of G.

Definition 5.1. Given an n-tuple a € A(G), we define the subgroup R(a) = U T'(b)

b<a

and call R(a) the regular subgroup below a.

Remark. We use the term “regular”, following Baer ([1]). But this concept of regular
should not be confused with the notion of a regular permutation group, nor of a

regular p-group.

Theorem 5.2. R(a) is a characteristic subgroup if and only if T'(a) is a canonical
type.

Proof. Suppose first that a is noncanonical. Then by Lemma 4.7, there is another
tuple a’ > a with O(a’) = O(a). Then R(a) contains 7'(a) but not 7'(a"); this means
that R(a) contains some but not all of the automorphism class O(a), so R(a) is not
characteristic.

Now assume a is canonical. We need to show that R(a) is a union of automorphism
classes. Suppose by way of contradiction that there is a type T'(b) with T'(b) C R(a)
but not O(b) C R(a). Take b to be a maximal such tuple. If b is canonical, then for
every type T'(c) contained in O(b), we have ¢ < b since b is the maximum type of
its automorphism class by Theorem 4.6. Hence ¢ < a, so T'(c) C R(a). This implies
O(b) C R(a), contrary to assumption. So b must be noncanonical. So there is some
i€ {l,...,n— 1} such that either b; ;1 < b; or bjy1 — b; > A1 — A;. In the first case,
define b’ by 0 = b; for j # i+ 1 and b}, = b;. By Lemma 4.7, T'(b) and T'(b’) are
automorphic types, i.e. O(b) = O(b’). Since a is canonical, we have a; < a;41, hence
by = b; < a; < agq, s0 that b’ < a. Then T'(b') C R(b) but not O(b’) C R(a).
Since b’ > b, this contradicts the maximality of b.

In the second case, i.e., if b1 — b; > A\j;1 — A, define b’ by b; = b, for j # i and

b, = b1 — (Aix1 — A;). Again by Lemma 4.7, T'(b) and T'(b’) are automorphic types.
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Since a is canonical, we have a;11 — (Aip1 — A;) < a;. Hence b, = by — (Niz1 — \i) <
aiv1 — (N1 — Ni) < a;, so b’ < a. Then, as in the previous case, T'(b’) C R(b) but

not O(b’) C R(a), which this contradicts the maximality of b, since b’ > b, O
The following is easily verified by direct calculation:
Theorem 5.3. For any a,b € A(G),
(i) R(a)N R(b) = R(aAb)
(i) (R(a), B(b)) = R(aVb)
(i) |R(a) = =i

From (i) and (ii) and the fact that the meet and join of characteristic subgroups
is characteristic, it follows that the regular characteristic subgroups form a sublattice
of Char(G). Using Theorem 5.2, this then implies that if a and b are canonical tuples
then so are a A b and aV b. (This is also not difficult to verify directly.)

The following theorem shows that irregular characteristic subgroups can only exist

in the case p = 2.

Theorem 5.4 (Miller-Baer). Let G be an abelian p-group where p # 2. Then every

characteristic subgroup of G is regular.

Remark. This theorem was shown by Baer in [1, Theorem 9]. It was known to Miller
although it is, at the very least, questionable whether his footnote in [13, p. 21]

constitutes a complete proof.

Proof. Let H be any characteristic subgroup of G. Define the n-tuple m by m; =
max{a; : a € A(G),T(a) C H}. It is clear then that H < R(m). We will show that
on the other hand R(m) < H, from which the result immediately follows.

For any i, by our definition of m there is a type a such that 7'(a) C H and

a; = m;. Then g = H?:1 tia; and g = tim, [] i t;;j are two elements of 7T'(a). Since
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H is a subgroup, gg' = t7,, € H. Since p # 2, we have (7, ) = (tim,), S0 tim, € H.

Since the elements ¢;,,, generate R(m), it follows that R(m) < H, as desired. ]

Corollary 5.5. Let G be an abelian p-group where p # 2. Then the lattice of char-

acteristic subgroups of G s distributive.

Proof. From Theorem 5.3 it is clear that the lattice of regular characteristic subgroups
of G is isomorphic to the lattice C(G), which is a sublattice of A(G). The latter
lattice is distributive since it is a direct product of chains. Since in our case every

characteristic subgroup is regular, the result follows. [l

Corollary 5.6. Let G = Z X Zyp, X -+ X Zp, be an abelian p-group with p # 2.
Let ¢ # 2 be any other odd prime, and set G' = Zp, X Zpy X +-+ X Zgan. Then

Char(G) = Char(G").
Proof. This is immediate since Char(G) = C(G) = C(G") = Char(G'). O

Corollary 5.7. Let G be an abelian p-group where p # 2. Then the set {H : H €
Char(G)} forms a basis for the discrete rational S-ring W(G).

Proof. The S-ring W(G) is spanned by {O(a) : a € C(G)}. Given any characteristic
subgroup R(a), we can write R(a) = 3 pccq) O(b), so that {H : H € Char(G)} C

WI(G). On the other hand, we can write

so that by induction each O(a) is in the span of {H : H € Char(G)}. O

Example 5.8. Let G = Z, X Z,3 for an odd prime p. Let H,..., Hg be the charac-
teristic subgroups of GG, in the order shown in Table 3. Using Theorem 1.7, it is easy

to check that S = F{1,H, Hs + Hy4, H5,G} is a rational S-ring. We show that S
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Table 3: Characteristic subgroups of G = Z, x Z,s for odd prime p

Hg

|
H, [ R(0,0) s
H, | R(0,1) 7N
;[ R(0,2) HS\ /H4
Hy | R(L1) Y
Hs | R(L2) ¥
He | R(1.3) A,

cannot be constructed as in Theorem 2.3. Suppose S = F'(L) for some lattice £. By
Corollary 5.7, the elements {H : H € L} are linearly independent, hence form a basis
for S. So dim S = |£]. Now dim S = 5, yet, by applying Corollary 5.7 again, it is
easy to see that 1, Hy, H5, and G are the only four subgroups of G which are S-sets,

hence |£| < 4, a contradiction.

Example 5.9. Let G = Z, x Z,s x Z,5 for an odd prime p. Let Hy,..., Hig be the
characteristic subgroups of GG, in the order shown in Table 4. Note that the sublattice
of Char(G) between R(0,1,2) and R(1,2,3) forms a cube; i.e., this sublattice is

isomorphic to the boolean lattice P(X) of subsets of a set X of cardinality 3.

The following theorem gives a generalization of preceding two examples which will

be important to us later on.

Theorem 5.10. Let X be a (finite) set containing n elements. There is an embedding
Y of the boolean lattice P(X) into Char(Z, X Zys X - -+ X Lypn-1). Further, ¢ has the
property that for all subsets Y1,Ys of X, |Y1| = |Ya| <= |[¢v(Y1)| = [¥(Ya)].

Proof. We will map P(X) into the lattice of characteristic subgroups contained in

R(1,2,3,...,n) and containing R(0,1,2,...,n—1). Write X = {xy,...,x,}. Define
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Table 4: Characteristic subgroups of G = Z, x Z,s x Z,5 for odd prime p

o, | R(0,0,0) Hys

H, | R(0,0,1) |

H; | R(0,0,2) Hyo

H, |[R(0,11) /7 N\

H; | R(0,1,2) His Hig

Hs | R(0,1,3) -

H; | R(0,2,2) Hy Hyy

Hs | R(0,2,3) h'{ H//H|

Hg R(0’274> |8>< 12>< |13

o §§17171§ He¢ H; Hy

Hy | R(1,1,2

Hp | R(1,13) ]J{// H'

5 10

;| R(1,2,2) S~

AL N
15 14y

Hys | R(1,3,3) N HQ/

H17 R(1,3,4) |

s | R(1,3,5) o,
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»(Y) = R(a(Y')) where the ith component of the n-tuple a(Y’) is defined to be i — 1
if z; ¢ Y and i if 2; € Y; note that v is well-defined since each such tuple a(Y) is
canonical, as the difference between two consecutive coordinates of a(Y’) is either 0,

1, or 2. We have

v(Y1NYz) = R(a(Y1 NY3)) = R(a(Y1) Aa(Y2))

= R(a(V1)) N R(a(Yz)) = ¥ (Y1) N1(Y2)
and

»(Y1UYs) = R(a(Y1 UY2)) = R(a(Y1) V a(Y3))

= (R(a(}1)), R(a(Y2))) = (¥ (Y1), ¥(Y2)),

so that ¢ is a lattice homomorphism. By construction ¢ is injective, so ¢ is an
embedding. Theorem 5.3(iii) shows that |¢(Y)| = pn(n;l)*'Y', which proves the last

claim. ]

The following theorem shows that adding a duplicate factor in the direct decom-

position of GG does not change its lattice of characteristic subgroups.

Theorem 5.11. Let G = Zn, X Zypo X -+ X Zpy, be an abelian p-group with p # 2.
Then for any i € {1,...,n}, Char(G) = Char(G x Z,,).

Proof. Let G' = Zx X Zjpy X -+ X Zpiy X Zypg X Zyni X Ly X o0t X Zya, SO G =
G x Z,,. Every canonical tuple of G’ has the form (ay, as, ..., a;—1,a;, @i, Giy1, - - ., an),
i.e., the ¢th and (i + 1)th coordinates are forced to be equal. It follows that the

Correspondence

R(ab s 7an) = R(ala sy A1, Qs Ay Ay - - 7an)
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is an isomorphism of Char(G) onto Char(G'). O

The case p =2

In this section fix G to be an abelian 2-group.

Given any characteristic subgroup H of G, as in the proof of Theorem 5.4 we
can define the n-tuple m by m; = max{a; : a € A(G),T(a) C H}. We say then
that H is a characteristic subgroup below m. For a canonical tuple m, an example
of a characteristic subgroup below m is R(m); when p # 2, this is the unique such
subgroup, as Theorem 5.4 shows. When p = 2, there may be several characteristic
subgroups below a given canonical tuple m. The set of such subgroups will be denoted

Char,, (G). Our goal in this section is to give a description of these subgroups.

Definition 5.12. A subgroup H of a direct product Ky x Ky X - -+ X K is projection-
surjective if m;(H) = K; for each i € {1,...,l}, where 7; is the natural projection map
onto the ith component of the product. (In other words, H is a subdirect product of

Ky, K, ..., K.

Definition 5.13. A coordinate i of a canonical tuple a € C(G) is degenerate if
(i) a; = a;_1, or
(i) a1 —ai = Aig1 — Ay,

where by convention ag = 0. Otherwise, ¢ is nondegenerate.

Recall that in a canonical tuple, each coordinate must increase by between 0 and
Air1 — Ai. So, a coordinate is degenerate if it has increased the least possible from
the previous coordinate (namely, not at all) or if it is followed by a greatest possible

increase.

Definition 5.14. For i € {1,...,n}, we define e; € A(G) to be the tuple with zeros

in each coordinate except with a 1 in the 7th component.
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We observe that if a; = 0, then condition (i) of a canonical tuple implies a;_; = 0,
so that the coordinate i of a is degenerate (of type (i)). The following Lemma, on

the other hand, gives a characterization of when i is degenerate, provided a; # 0:

Lemma 5.15. Let a € C(G) be a canonical type, and leti € {1,...,n} be given with
a; # 0. Define ' = a — e; (where the subtraction is defined componentwise so a’ is
identical to a except the ith coordinate has been decreased by 1). Then i is a degenerate

coordinate of a if and only if &' is noncanonical. Moreover, if i is degenerate then

Proof. The first claim follows directly from the definition of degenerate. The last

claim follows from Lemma 4.7. O

Theorem 5.16. Given m € C(G), the characteristic subgroups below m are in one-
to-one correspondence with the projection-surjective subgroups of Z3j, where v is the

number of non-degenerate coordinates of m.

Proof. Let H be any characteristic subgroup below m. By the definition of m, for

each i there is some type T'(a) C H with a; = m;. Then g = [[}_, ¢4, and ¢’ =

tim [ L t;ij are two elements of T'(a). Since H is a subgroup, g¢' = t7,, = tim—1 €

H, where z is the “clipping” function defined by

x, ifx>0,

&
I

0, ifx<0.

If we define m’ by m] = m; — 1, then it is clear that R(m’) C H, since the set
{tim;—1 :i=1,...,n} generates R(m’). Clearly R(m’) C R(m) and R(m)/R(m’) =
Z% where [ is the number of nonzero entries of m. To be more specific, let 7 : R(m) —
R(m)/R(m’) be the natural projection map, and set K; = 7((t;m,)); then K; = Z,

if m; # 0, while K; is trivial if m; = 0. Let k; be the generator for K; (so |k;| = 2
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unless m; = 0, in which case k; = 1). The lattice isomorphism theorem implies that
the subgroups of R(m) containing R(m’) (among which are all the subgroups H in
Chary,(G)) are in one-to-one correspondence with subgroups of 7(R(m)) = Z!. Now,
note that by definition, for any i, if m; = 0 then ¢ is a degenerate coordinate. If
i is a nonzero degenerate coordinate of m, define a’ by a; = a; for all j # i and
a; = a; — 1. Then observe that the degeneracy of i ensures O(a’) = O(a) by Lemma
5.15. Thus T'(a’) € H, and so § = [\, t1., € H. If we write 7(g) = []}_, &}, where
each ¢; € {0, 1}, then 7(g) = []; ky. Since a; = m;, we have ¢; = 1, and it follows
that 7(g99) = k' [ 1, k:?ej = k;, so that K; < w(H). Thus, if D is the set of nonzero

degenerate coordinates of m, we may write

m(H) =K x [[ K,
j€D
where K is a projection-surjective subgroup of [] jeD! K, where D' is the set of non-
degenerate coordinates of m. This gives us an injective map H — K from Char,,(G)
into the set of projection-surjective subgroups of [] jepr IS = Z3. It remains only to

show that this correspondence is surjective.

So let K be an arbitrary projection-surjective subgroup of ] jepr BG. Set K "=
K x H].GD K; and let H = 7~ *(K"). The projection-surjectivity of K ensures that
H is a subgroup below m. We only need to show that H is characteristic. To
do this, it is enough to show that if 7'(a) is a noncanonical type contained in H
then there is another type 7'(a’) contained in H with a’ > a. Since H contains the
characteristic subgroup R(m’), it is sufficient to consider the case where 7'(a) is not
contained in R(m’), namely a > m’. Since T'(a) is noncanonical, there is some i
such that either a;_y > a; or a;41 — a; > N1 — Ao In the former case, we have
a; < a;—1 < m;_1 < m; since by condition (i) of m being canonical, while in the latter

case, we have a; < a;11 — (A1 — Ni) < a1 — (M1 — my) < ajeq — (a1 —my) = my.
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So in either case we have a; < m;, which implies a; = m; — 1, since a > m’. Now
if every such coordinate ¢ was nondegenerate in m, then by repeated application of
Lemma 5.15, a would be canonical, contrary to assumption. So there must be some
such i which is a degenerate coordinate of m. Define a’ by a; = a; for j # i and
a; = m;. Let g be an element of type T'(a) and write k = 7(g) = [[}_, ki with

¢j € {0,1} (namely, we will have ¢; = 1 if and only if a; = m;). Then &' = k; [T, kj’

is also in 7(H) (since k; € [[..p K; € K'), and the set 7~ (k’) includes elements of

jeD

type a’, so T'(a") C H, as desired. ]
A statement equivalent to the following is stated (without proof) in [13, p. 23]:

Corollary 5.17. Irregular characteristic subgroups below a canonical tuple a € C(G)

exist if and only if a has at least two nondegenerate coordinates.

Proof. Since Z% has proper projection-surjective subgroups if and only if k > 2, this

follows from Theorem 5.16. ]

Example 5.18. Let G = Zy x Zs. Let Hy,...,Hg be the regular characteristic
subgroups of GG, as shown in Table 5. We note that (1,2) is the only canonical tuple
with two nondegenerate coordinates; consequently, there is an irregular characteristic
subgroup K below (1,2) and this is the only irregular characteristic subgroup of G.
Note that the lattice of characteristic subgroups of G is not distributive, in contrast

to Theorem 5.5; see Theorem 5.25 below.

Definition 5.19. Given a canonical tuple a with k£ > 2 nondegenerate coordinates, we
define I(a) to be the characteristic subgroup corresponding (under the correspondence
of Theorem 5.16) to the unique projection-surjective subgroup of Z§ of order 2. (This
is simply the diagonal subgroup of Z&). Explicitly, I(a) = R(b) U T(a), where b is

given by b; = a; if j is a degenerate coordinate, while b; = a; — 1 otherwise.
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Table 5: Characteristic subgroups of Zy x Zg

H, [ R(0,0) 76

H, | R(0,1) H.

H; | R(0,2)

K | R(0,1)UT(1,2) NS

Hs | R(1,2) H,

Hs | R(1,3) |
H,y

Note that I(a) is then an irregular characteristic subgroup below a. If every
canonical tuple of C(G) has at most 2 nondegenerate coordinates, then every irregular
characteristic subgroup of G may be written /(a) for some a. For instance, in Table 5,

the irregular characteristic subgroup K may be written I(1,2).

Theorem 5.16 leads to a method of enumerating the characteristic subgroups of
abelian 2-groups, and hence the characteristic subgroups of arbitrary finite abelian

groups. More specifically, Theorem 5.16 reduces this problem to the problems of
1. Enumerating the projection-surjective subgroups of Z%, and
2. Enumerating the tuples a € C(G) with k non-degenerate coordinates.

A solution to the the first of these two problems is provided by the following

theorem:

Theorem 5.20. The number of projection-surjective subgroups of Z% is

S ()£0).

=0 j=0 J
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where (;)2 are the Gaussian binomial coefficients given by

Remark. The sequence nj begins 1,1,2,6,26,158, 1330, 15414, 245578, 5382862, . . .
for £k = 0,1,2,... and may be found as A135922 of Sloane’s on-line encyclopedia

of integer sequences [18].

Proof. Let X = {1,...,k}. For any subgroup H of Z§, set p(H) denote the set of
integers @ € X such that m;(H) = Z,. So H is projection-surjective if and only if
p(H) = X. For any subset Y C X, let n(Y) be the number of subgroups H of Z§
such that p(H) =Y. We would like to compute nj, = n(X). Now define m(Y’) to be

the number of subgroups H of Z& with p(H) CY. So

Now m(Y') is simply the total number of subgroups of Z;Yl; this is the same as the
number of subspaces of a |Y'|-dimensional vector space over Fy. Since the number of

j-dimensional subspaces of such a vector space is known to be

j—1 j—1 j—1
1=0 _1=0 _ =0 _ |Y|
j-1 -l g - \J/,

(27 — 21 (27— 1) [ -1

=0 =1

~
~

=0
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(see, e.g., [7, p. 412]), it follows that

Yl

-3,

J=0

We note, in particular, that m(Y") only depends on the size of Y. By the inclusion-

exclusion principle (see, e.g., [4, p. 185]) we have

as desired. O

As to the second problem, that of enumerating the tuples a € A(G) with a given
number of non-degenerate coordinates, we are not aware of a simple formula for
counting the number of such tuples. However, it is nevertheless possible to enumerate
them recursively without having to list each tuple; using such an approach we can
easily enumerate the characteristic subgroups of an arbitrary finite abelian group. In
Table 6, for example, we have listed the total number of characteristic subgroups of
Lo X gz X Lz X -+ X Lan for n < 40.

A further application of the notion of degenerate coordinates is an explicit de-
scription, in a certain situation, of how an automorphism class splits up as a union

of types:

Theorem 5.21. Let G be an abelian p-group (for any prime p) with no repeated
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Table 6: Number of characteristic subgroups of Zy X Zy2 X Zys X +++ X Zon

1 2
2 4
3 9
4 21
5 52
6 134
7 363
8 1027
9 3054
10 9516
11 31229
12 107745
13 392792
14 1511010
15 6167551
16 26670383
17 122982386
18 603221064
19 3172965937
20 17817816493
21 107984192188
22 700497542494
23 4939837336979
24 37315530126171
25 309078760337078
26 2736173394567076
27 26852600855758373
28 279765993533235769
29 3279737127172518880
30 40284238921560357658
31 568574087799302502375
32 8225663800386744379975
33 140886928953442040025658
34 2392158426272284053385152
35 50137841812585275382579929
36 993099669210856047011613573
37 25701228868609248542152214980
38 589013066872810742690824633750
39 | 19005348215516204077748683286267
40 | 498993627095578092364760281155059
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factors (i.e., 0 < A\ < Xy <--- < \,), and let a € C(G) be a canonical tuple. Then

O(a) = U{T(b) : b < a and, for each nondegenerate coordinate i of a, b; = a;}

Proof. Let
A= U{T(b) : b < a and, for each nondegenerate coordinate i of a, b; = a;}.

We first show O(a) C A. Given any T'(b) C O(a), we have b < a since T'(a) is the
maximum type in O(a) by Theorem 4.6. Now let i be a nondegenerate coordinate
of a and suppose b; < a;. Then a’ = a — e; is canonical by Theorem 5.2, hence
R(a’) is a characteristic subgroup with b < a’, so O(a) = O(b) C R(a’), which is a

contradiction since a £ a’. Consequently b; = a;, which proves O(a) C A.

Now we must show A C O(a). Suppose there is some T'(b) C A with T'(b) € O(a),
ie. O(b) # O(a). Take a maximal such b. We must then have b < a. Let i
be the first coordinate for which b; < a;. Then, by the definition of A, ¢ must
be a degenerate coordinate of a. If ¢ is degenerate because a; = a;_1, then we
have b; < a; = a;-1 = b;_1, so by Lemma 4.7, if we define b’ by b, = b; for all
k # i and b, = b;_1, then O(b’) = O(b) # O(a), while b’ > b, contradicting the
maximality of b. On the other hand, if ¢ is degenerate because a; + \;jy1 — A\; = @41,

then let j be the first coordinate greater than 7 such that b; = a;; such a j must

exist since otherwise all the coordinates 7,...,n of a would be degenerate and we
would have a, = a,_1 = -+ = ;11 = a;, contradicting a; + \jy1 — N\ = a;41
since A\;y1 # A;. Thus all of the coordinates 7,...,7 — 1 of a are degenerate. We

find that each coordinate k € {i,...,j — 1} is degenerate of the second type, i.e.
we find that ap + A1 — A\x = agyq: For & = 4 this holds by assumption, while

for k > i, if £k were degenerate of the first type, i.e. ar = ax_1, we would have a
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contradiction since by induction, ai_1 + A\x — A\g_1 = ar and Ap # A\p_1. So we have
bjo1+ X —Ajo1 <aj_1+ A — Aj_1 = a; = bj, so by Lemma 4.7, if we again obtain a

b’ > b with O(b’) = O(b) # O(a), contradicting the maximality of b. O

Example 5.22. Let G = Z, x Z3 x Z,5. The first and third coordinates of the tuple

(1,3,3) are degenerate. So we have

0(1,3,3) = T(0,3,0) UT(0,3,1) UT(0,3,2) UT(0,3,3)

UT(1,3,0)UT(1,3,1) UT(1,3,2) UT(1,3,3).

Theorem 5.23. The lattice of characteristic subgroups of a finite abelian group G is
a chain if and only if G = Z;)‘,j X Z;jfﬂ for some natural numbers k, py, o > 0 and

some prime p.

Proof. First assume the lattice of characteristic subgroups of G is a chain. If |G|
were not a prime power, it would have distinct prime divisors p and ¢, and the Sylow
p-subgroup and Sylow g-subgroup of G would be incomparable. So G must be an
abelian p-group, and without loss of generality we may write G = Z», X -+ X Zpn,
where 1 < \; < Ay < --- < \,. Note that the claim that G has the form Zg,j X ZI‘)‘,fJrl

is equivalent to the claim that A\, — A\; < 1. So suppose A\, — A1 > 2. Define tuples a

and a’ by

a; = 1

CL; = )\7, — )\1.
for all i = 1,...,n. Then it is easy to see that a and a’ are canonical tuples. Since
ap =1 >0 = a} we have a £ a’, while since a,, = 1 < 2 < A\, — A\ = a,, we

have a ¥ a’. The characteristic subgroups R(a) and R(a’) are then incomparable,

contradicting the hypothesis. Hence A, — A\; < 1, as desired.
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Conversely, suppose A, — A; < 1. Then every canonical tuple a € C(G) then has

the form

0, ifi<y

a; =

1, ifi>j
for some natural number j > 0. In the case p = 2, since such a tuple has at most
one nondegenerate coordinate, it follows from Theorem 5.16 that every characteristic
subgroup of G is regular. (Since Z5 has only one projection-surjective subgroup if
k € {0, 1}, there is a unique characteristic subgroup below each canonical tuple a,

namely R(a).) Since any two such tuples a and a’ are clearly comparable, it follows

that R(a) and R(a") are comparable, so Char(G) is a chain. O

One may ask the general question: When do two finite abelian p-groups have
isomorphic lattices of characteristic subgroups? Corollary 5.6 and Theorems 5.11 and
5.23 provide examples where this occurs. Another example is given by the following

theorem, which may be verified by examining Tables 7 and 8:
Theorem 5.24. For any prime p, Char(Z,2 x Z,5) = Char(Z, X Z,2 X Zy).

As yet, we have not been able to give a complete answer to the question of when
two abelian p-groups have isomorphic lattices of characteristic subgroups. But we are
optimistic that with some work this question could be fully resolved. In particular,
we know that no additional isomorphisms occur between the lattices of characteristic
subgroups of two abelian p-groups of odd order, only those which can be derived from
Corollary 5.6 and Theorems 5.11, 5.23, and 5.24. (Thus the isomorphism of Theorem
5.24 is truly exceptional.) The proof of this fact is, however, somewhat complicated

and will not be given here.

Theorem 5.25. The lattice of characteristic subgroups of an abelian 2-group G is

distributive if and only if all of its characteristic subgroups are regqular.
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Table 7: Characteristic subgroups of Char(Z,2 x Z,5) and Char(Z, X Z,2 X Zs), p # 2

Hys Hi,
H, | R(0,0) | H! [R(0,0,0) |
H, [ R(0,1) Hyy H} [ R(0,0,1) Hi,
Hs | R(0,2) 7N H; [ R(0,0.2) 7N
H, | R(0,3) Hy Hio H, | R(0,1,1) Hj, Hy
HG R(172) 7 8 H(,S R(07173) 8 6
H; | R(1,3) T H; | R(1,1,1) |,\ |,
Hy | R(14) 75/[{6 H; [ R(1,1,2) h|f7/h|’5
Hy | R(2,2) i i H) | R(1,1,3) , ,
Hy | R(2,3) 3\ Y 1 H, | R(1,2,2) H4\ /H3
Hll R‘(274) H2 Hil R(17273> H/
H12 R(275) | H{2 R(17274) |2

H, H,

Table 8: Characteristic subgroups of Char(Z,2 x Z,s) and Char(Z, x Z,2 X Zu), p = 2

H, | R(0,0) H, | R(0,0,0)

H, | R(0,1) His H} | R(0,0,1) Hi,

Hs | R(0,2) | H, [R(0,0,2) |

H, |R(0,3) Hi H, [R(0,11) Hi,

Hs | R(1,1) /7 1\ o, | R(0,1,2) /1N
Hs | R(1,2) Hy K4 Hi H; | R(0,1,3) Hy, Ki Hg
H. | R(1,3) ]i/K//]JI H [ R(L,1,1) ;{/{/I}
Hg | R(1,4) 7 3 8 H} | R(1,1,2) 8 3 6
Hy, |R(22) AN | R(1,13) NN
Ho | R(23) 75/}/}{6 A, [R(1,2.2) 77/}/[{5
Hiy | R(2,4) H, [R(1,2,3) : ,
Hy, | R(2,5) Hs By Hy H, | R(1,2,4) Hy By H
K, |[1(1.2) \}|[ 4 K 1(0,1,2) N |,/
K, |1(1,3) |2 K, [1(1,1,2) }f?

K; |1(2,3) H, KL [1(1,1,3) !

Ky [ 1(2,4) K, [1(1,2,3)
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Proof. The “if” part is trivial, since the lattice of regular characteristic subgroups is
clearly distributive. So suppose there is an irregular characteristic subgroup K below
a tuple m. By Corollary 5.17, there must be at least two distinct nondegenerate
coordinates ¢ and j of m. Definea =m—e;,; 8 = m—e;, and b = m—e; —e;, where
the subtraction is defined component-wise. Then m, a, a’, and b are all canonical.
Then define K’ = R(b) UT(m), so K’ is another irregular characteristic subgroup
below m. Since R(a), K’, and R(a’) are distinct index 2 subgroups of R(m) and
each contains R(b) as an index 2 subgroup, it follows that R(b), R(a), K’, R(a’), and

R(m) form a diamond:

Thus, Char(G) is not distributive. O

The following example shows that it is possible for an abelian 2-group not to have
any irregular characteristic subgroups, even if its lattice of characteristic subgroups

is not a chain:

Example 5.26. Let G = Zy X Zy X Zg. Then every canonical tuple a € C(G)
can be written (ai,as,as), i.e., the first two coordinates are forced to be identical.
Consequently both the first and second coordinates are degenerate. So a has at most
one nondegenerate coordinate, which by Corollary 5.17 implies that there are no
irregular characteristic subgroups in G. The lattice of characteristic subgroups of G
is then isomorphic to that of Z, x Z, for an odd prime p, shown in Table 3. This

example shows that Theorem 5.11 does not hold for p = 2.
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Table 9: Characteristic subgroups of G = Z4 X Zgy

Example 5.27. Let G = Z, X Zgy. Let Hy,..

subgroups of G as shown in Table 9, and let O, ..

H, | R(0,0)

H, | R(0,1)

H; | R(0,2) Hys

Hy | R(0,3) |

H; | R(0,4) Hi

Hgs | R(1,1) / 1\

H; | R(1,2) Hy K¢ His
Hs | R(1,3) |.Z—7|
Hy | R(1,4) Hy K5 Hi
Hy | B(1,5) 1IN T/ 1T\
Hy, | R(2,2) Hs K3 Hs Ky Hp
Hy | R(2,3) N ZINT S
i3 | R(2,4) + Ro My
Hyy | R(2,5) | =
His | R(2,6) H?’\I'(l/Hﬁ
K. | R(0,1)UT(L,2) "

K, | R(0,2)UT(L,3) |2

K; | R(0,3)UT(1,4) H,

Ki | R(1,2)UT(2,3)

Ks | R(1,3)UT(2,4)

Ks | R(1,4)UT(2,5)

., Hi5 be the regular characteristic

., O15 be the corresponding auto-

morphism classes. The S-ring S = F{l,@—F@,@—F@—F@—FE—FO_H—FO_B,@—F

Oq+ O12, 010+ O14+ O15}, of dimension five, contains only four subgroups quantities
(i.e., simple quantities H where H is a subgroup of G), namely, 1, Hs, H;3, and G.

Consequently S cannot be constructed as in Theorem 2.3.

Note that in the preceding example, |G| = 28. An exhaustive computer search
reveals that over any abelian 2-group of order < 27 every rational S-ring can be
constructed as in Theorem 2.3. The smallest order for which an abelian 2-group can
have three regular characteristic subgroups of the same order is 2% (and there are two
such groups of this order: Z4 x Zgy and Zy X Z; X Zsz). It seems probable that this

fact has something to do with example just given. One problem would be to explain
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and generalize the constructions given in Examples 5.8 and 5.27 with the goal of, if

possible, classifying all rational S-rings over abelian p-groups.

In connection with this, another example which should be considered is the fol-

lowing;:

Example 5.28. Let G = Z, X Z,s X Z,5 where p is any prime. Let H;,..., Hig be
the regular characteristic subgroups of GG, as in Table 4. By direct computation, one

can show using Corollary 1.8 that

S = F{17ﬁ57ﬁ6 + Hy+ Hyg+ Hyz, Hg+ Hyy + Hyp + H137ﬁ1476}

is an S-ring over G if and only if p = 3. It is of course also possible to present S in

terms of its basic elements:

S = F{1>62+63+64+65766+67+6147612“‘613768+510+611769+615+516+617+618}

This example shows that choice of prime p can make a difference in determining
whether a partition of automorphism classes of G is a Schur partition or not, and
that it is not merely a question of whether p = 2. It seems that this G is the unique
smallest group for which such behavior occurs; namely, we have checked that given
an abelian p-group G, and an abelian g-group G, where |G| < p? and |G| < ¢° and
A(G1) = M(Ga), if neither A(G) nor A\(G3) are (1,3,5) and neither p nor g are 2, then
the rational S-rings of G; and G5 are in one-to-one correspondence, at least if p, ¢ <
11. In contrast, over this group G, there are 7281 rational S-rings if p = 3 but only
7089 if p > 3. There are 7281 — 7089 = 192 examples of partitions which correspond
to S-rings if and only if p = 3, and they can all be derived from the example S given
above by applying some combination of the following two modifications, (1) by adding

some subset of {Fz, Hy Hy,Hs+Hy, His, Hig, Hi5+ Hig, ﬁn} to the basis given for
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S (there are 64 possible ways of doing this: 8 subsets of {Hy, Hs, Hy, H3 + H4} are
possible, and, independently, 8 subsets of {Hys, Hg, His + H1g, H17} are possible),

or (2) by permuting the basis elements according to the permutation,

(F87 ﬁl?a Hl?)) (Fll ) H?? HG)

consisting of two disjoint 3-cycles (This corresponds to a symmetry of the sublattice
Char(G) — {Hy, Hip}). When p = 2, there are 22797 rational S-rings over G; 7089 of
the corresponding Schur partitions are in common with those obtained when p = 3,
precisely the ones which are Schur partitions for p = 5.

GG is also the smallest abelian p-group with a cube in its lattice of characteristic
subgroups. It would seem that this has something to do with the occurrence of these
seemingly “exceptional” rational S-rings whose general construction we do not fully

understand.

6 Main Theorem

We now turn to our main result:

Theorem 6.1. (Main Theorem) Let p be an odd prime. Every finite group can be

represented as the automorphism group of a rational S-ring over an abelian p-group.

The proof relies on three key ideas:

(1) Every group can be represented as the automorphism group of a distributive

lattice,
(2) Every distributive lattice can be embedded in a boolean lattice, and

(3) The lattice of characteristic subgroups of the group Z, x Z, x -+ X Zyen-1

contains a boolean sublattice of order 2".
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The proof of the Main Theorem, in outline, goes as follows: Given a group G, using
(1) we are able to find a distributive lattice with automorphism group isomorphic to
G. By (2), this lattice may be embedded in a boolean lattice, which by (3) may
in turn be embedded as a sublattice of the lattice of characteristic subgroups of an
appropriate abelian p-group P. Finally, using Theorem 2.3, we construct the rational
S-ring over P associated with this lattice and show that the automorphism group of
this S-ring is isomorphic to G.

(1) was shown by Birkhoff in [2]; alternative proofs are given in [9, 10] (see also
[8]). (2) is a standard result in lattice theory (also first proven by Birkhoff; see also
Theorem 5.12 in [6], 20.1 in [11], or 11.3 in [5]). We have already shown (3) in
Theorem 5.10 above.

Since the proof of the Main Theorem will require some knowledge of the construc-
tion used in (2), we include a proof of (2) below (Theorem 6.6). For completeness,
we also include a proof of (1) in Theorem 7.5.

In the following theorem we gather together some standard facts about lattices

which we will need; the proof is entirely straightforward and will be omitted.
Theorem 6.2. Let x, y, and z be elements of a lattice L. Then
(i) ANz =x and x V x = x (Idempotence)
(1)) xtAy=yAx and xVy=1yVazx (Commutativity)
(i) xAN(yANz)=(xAy)ANzandzV (yVz)=(xVy)Vz (Associativity)
() <y < zANy=x < zVy=y
The following elementary fact will also be useful:

Lemma 6.3. Let z,y,2, and w be elements of a lattice L where x < y and z < w.

Then
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(i) cAhz<yAw

(1)) VvV z<yVuw

Proof. By Theorem 6.2(ii,iii,iv) we have

(@A)ANYyAw)= (@AY A(zAw) =Nz

which, by another application of Theorem 6.2(iv), proves (i). (ii) is proved dually. [

Definition 6.4. An element j of a lattice L is said to be join-reducible if there exist

r < jandy < jwith j = 2V y. Otherwise j is said to be join-irreducible.

Note that if j is join-irreducible and 7 = z Vy for some z,y € L, then either j =z
or j =y, since certainly r < xVy =7 and y < xVy = j and strict inequality cannot

occur in both places.

Lemma 6.5. Let x, y, and j be elements of a distributive lattice L and let j be

join-irreducible. Then

JSxzNhNy < j<zandj<y

J<zVy <= j<zorj<y

Proof. Since x Ay < x and x Ay <y, it is clear that if j < x Ay then 7 <z and j <y.

Conversely, if j < x and j <y then by Lemma 6.3, jAj <z Ay, ie,j<xAy.
Since x < zVy and y < zVy, it is clear that if j < x or j < y then 7 < zVy. (Note,

to this point we have used neither the join-irreducibility of j nor the distributivity of

L.) Suppose conversely that 7 <z Vy. Then

J=iN@@Vy)=0GAx)V(iAy).
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The join-irreducibility of j then implies either j = jAx or j = j Ay, i.e. either j <=z

or j <y, as desired. O]

Theorem 6.6. Let L be a finite distributive lattice and let J C L be the set of join-
irreducible elements. Then the map ¢(x) = {j € J : j <z} is a embedding of L into
P(J). Moreover, |¢(a(zx))| = |o(z)| for all « € Aut(L) and z € L.

Proof. Let x,y € L be given. By Lemma 6.5 we have

o(xAy)={j:jetj<zAy}
={jeJ:j<zandj<y}
={jeJ:j<ain{jet j<y}

= ¢(z) N o(y)

and similarly ¢(zVy) = ¢(x) U ¢(y), which proves that ¢ is a lattice homomorphism.

It only remains to show that ¢ is injective.

So assume z # y and we will show that ¢(z) # ¢(y). Since x # y, either z £ y or
y £ x; without loss of generality, assume @ £ y. Let S={z€ L:2 <z and z £ y}.
Note that S is nonempty since x € S. So S has a minimal element j. We will show
that j is join-irreducible. For suppose j = a Vb but a < j and b < j. By the
minimality of j, a,b ¢ S. However, a < j <z and b < j < x, so we must have a < y
and b < y. But then j =a Vb <yVy=y by Lemma 6.3(ii), contradicting j € S.
Thus j is join-irreducible. By construction j € ¢(x) but j ¢ ¢(y). So, as desired,
6(x) # ().

To prove the last statement, note that lattice automorphisms map join-irreducible
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elements to join-irreducible elements, i.e., a(J) = J, so that

dla(z)) ={je J:j<a)}
={a(j) € J: a(j) < afx)}

={a(j) e J:j <}

hence [¢(a(2))] = |o(x)]. =
A version of the following lemma appears in [15, Lemma 3.3].

Lemma 6.7. Let G be a group and let x € F'G be a nonzero element of the group
algebra. Then x = H for some subgroup H € G if and only if tox = z and z° = cx

for some ¢ € F. In this case, ¢ = |H|.

Proof. The necessity is obvious, so assume conversely that x o x = x and 2? = cx.

¢yg9. By comparing the coefficients of ¢ in 20z = x we have ¢,> = ¢,

Write z =

geG

for all g € G, so that each ¢, is either 0 or 1. Thus = H for some subset H C G.
The condition z? = cx ensures that H is closed under multiplication. Since x # 0

implies H # (), it follows that H is a subgroup of G. O

Corollary 6.8. Let S| and Sy be S-rings over groups G1 and Go respectively, let H

be a subgroup of Gy, and let ¢ : S; — Sy be an S-ring isomorphism. Then
(i) ¢(H) = K for some subgroup K < Go. Moreover |H| = |K|.

Proof. We have H o H = H and H® = cH where ¢ = |H|. Thus



and

—9 J—

S(H)p(H) = ¢(H") = ¢(cH) = c¢(H),

so by Lemma 6.7, we may write ¢(H) = K where K is a subgroup of G of order

¢ = |H|. Claim (ii) follows since in Z,,, H is the unique subgroup of order |H|. [

Now we are able to prove the Main Theorem. Given a finite group G, by Birkhoff’s
theorem (Theorem 7.5 below) there is a finite distributive lattice D with Aut(D) = G.
By Theorem 6.6, there is an embedding ¢ of D into the boolean lattice P(J), where
J is the set of join-irreducible elements of D. In turn, by Theorem 5.10, there is
an embedding ¢ of P(J) into the lattice of characteristic subgroups Char(P) of an
appropriate abelian p-group P. Let £ = ¥(¢(D)) U {1} U {P}. We claim that
Aut(F (L)) = G.

It suffices to show Aut(D) = Aut(F(L)). Let a be any automorphism of the
lattice D. Then « corresponds to an automorphism (3 of the lattice £ where § =
popoaodtor on Y(¢4(D)) and 3(1) = 1 and S(P) = P. The proof will be
complete once we show that [ induces a (strong) automorphism of F'(£) and that
every automorphism of F'(£) arises in this way.

Certainly  induces an F-linear map (3’ from F'(L£) into the group algebra F'P, by

defining ' (H) = $(H) and extending linearly (i.e., B mer cpH) = Y omercaB(H)).
Since 3’ then permutes the basis elements H of F(L£) it follows that 3 is a vector

space isomorphism of F'(L£) onto itself. For any H, K € L, we have

BFHoK)=03(HNK)=3HNK)

= B(H) NB(K) = (H) o B(K) = §'(H) o f'(K)

so (3 preserves the Hadamard product.

Now we show that for all H € L, |3(H)| = |H|. For H =1 or H = P this is
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trivially true since in these cases f(H) = H by definition. For any other H, we have
B(H) = (popoaog oy ™) (H). Let & = (¢ oy~ ) (H), so x € D. Showing
|B(H)| = |H| then amounts to showing |¢(¢(a(x)))| = |(p(z))|. By Theorem 5.10
this equation is equivalent to |¢(«(z))| = |¢(z)|, which in turn holds by Theorem 6.6.
So we have proven |3(H)| = |H]| for all H € L. In particular, for any H, K € L, we
have |HN K| = |f(HNK)| =|6(H) N B(K)|. Thus,

B'(H K)=F'(|HNK|(H,K)) = |HnNK|3((H,K)) = |HNK[|(3(H), (K))

= |B(H) N BK)(B(H), B(K)) = B(H) B(K) = §'(H)F (K)

so that 4’ is an S-ring automorphism of F'(L£), as desired.

Conversely, suppose (3’ is any S-ring automorphism of S(L£). For any H € L,
we have 3(H) = K for some subgroup K < G by Corollary 6.8(i). Since F(L)
is a rational S-ring, K is necessarily characteristic. By the linear independence of
characteristic subgroups (Corollary 5.7), we must have K € £. Thus ' permutes the
basis elements {H : H € L} of F(L£). We can then define a bijection 3 : L — L
by setting 3(H) = K where K is the subgroup of G such that 3 (H) = K, so that

B(H) = p'(H) for all H € L. Theorem 2.3 then implies

BHNK) = B(HNK) = §(HoK)

= f'(H) o B(K) = B(H) o B(K) = B(H) N B(K)

so that S(H N K) = B(H) N B(K). Since Corollary 6.8(i) implies |H N K| = |5(H N
K)| =|68(H)N B(K)|, Theorem 2.3 similarly implies

. K7) = (KD =7 (B R ) = i
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so that B((H,K)) = (B(H),3(K)). This proves that 3 is a lattice automorphism
of L. It is then clear that § corresponds to a lattice automorphism « of D where
a=¢ oy toBorog, and that 3 is the S-ring automorphism induced by « in

the manner described above. This completes the proof.

7 Proof of Birkhoff’s Theorem

In this section, we prove that every group GG may be represented as the automorphism
group of a distributive lattice. We essentially follow Birkhoff’s original construction
(as in [2]), albeit in somewhat different terms. We follow Birkhoff’s proof because it
is more elementary than the other proofs and because, to our knowledge, Birkhoff’s
construction has never before appeared in English. Although we are concerned only
with the finite case, the interested reader will find the proofs not difficult to generalize
to the infinite case, using the well-ordering principle.

Given a group G, the idea is to first find a poset with automorphism group iso-
morphic to G. We then show that every poset gives rise to a related distributive

lattice with automorphism group isomorphic to that of the poset.

Theorem 7.1. Let G be a group of order n. Then there is a partially ordered set X
of order n® + n such that Aut(X) = G.

Proof. Write G = {g1,...,9n}, where gy = 1. Define X to be the disjoint union

X = GU (G x G). Define the partial order on X by the following covering relation:

g > (hg,h), forall g,h € G (1)

(gvgi)>(gvgi+1)a for augEGaiE{lw'-an_l} (2)

It is easy to see that this determines a well-defined partial order in which the elements
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(9,91) and (h, go) are comparable if and only if g = h. It is easy to see that the maps

ba 1 g+ ga,(g9,9:) — (9a,9:)

are bijections on X which preserve (1) and (2), hence are automorphisms of X. The
map a — ¢, is an injective homomorphism of G into Aut(X). If we can show that
this map is surjective, the proof will be complete. This amounts to showing that
every automorphism of X has the form ¢, for some a. So let ¢ be an arbitrary
automorphism of X. For every g € GG, we have a chain in X of the maximum length

possible (namely, n):

9> (9,91) > (g.92) > > (9,9n) (3)

hence

o(9) > o(g,91) > ¢(g,92) > --- > (g, gn)

is another maximum-length chain of X. Since every maximum-length chain has the
form (3), it follows that ¢(g,¢;) = (¢(g),¢;) for all g € G and i € {1,...,n}. Now,
set a = ¢(1). If we can show ¢(g) = ga for all g € G, it will follow that ¢ = ¢,,
completing the proof. To do this, we note that, among the elements of the chain
{(1,g;) : i € {1,...,n}}, the greatest element which is below g is (1,¢g71) (by (1),
taking h = ¢g~!). It follows that, among the elements of the chain {¢(1,¢;) : i €
{1,...,n}} = {(a,¢) : i € {1,...,n}}, the greatest element which is below ¢(g) is
é(1,97Y) = (a,g7"). But by (1) the greatest element below ¢(g) in the chain {(a, g;) :
i €{l,...,n}} is (a,ap(g)~!). Thus we have g~! = ap(g)~', hence ¢(g) = ga, as

desired. O

Definition 7.2. A subset D of a poset X is called a down-set if for every d € D and

x € X, x < dimplies € D. The set of down-sets of a poset X is denoted O(X).
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Clearly, the set of down-sets O(X) of a poset forms a lattice, with meet and join
given by set intersection and union respectively. O(X) is distributive since it is a

sublattice of P(X).

Definition 7.3. Given an element y of a poset X, the set {x € X : & < y} is called

the principal down-set below y and is denoted y*.
Theorem 7.4. Let X be any finite poset. Then Aut(O(X)) = Aut(X).

Proof. Every automorphism ¢ € Aut(X) induces a map ¢ on O(X) by defining
¢ (D) = {¢(d) : d € D}. Given ¢(d) € ¢'(D) and x € X with = < ¢(d), we
have ¢~1(z) < d (since ¢, hence ¢~', is order-preserving), so ¢~ '(x) € D, hence
x € ¢(D), which shows ¢(D) is a down-set, i.e. ¢(D) € O(X). Now it is clear
that ¢/ : O(z) — O(X) is bijective with inverse given by (¢~')". Since ¢’ is clearly
order-preserving, it follows that ¢ € Aut(O(X)). The correspondence ¢ +— ¢’ is
then an homomorphism of Aut(X) into Aut(O(X)). Since ¢'(x!) = ¢(x)!, it follows
that this correspondence is injective (for if ¢} = ¢, then for all z € X we have
& (xt) = ¢h(x'), thus ¢y (x)t = ¢o(z)!, from which it follows that ¢ (z) = ¢o(z) for
all z € X, so ¢1 = ¢). The proof will be complete once we show this correspondence
is surjective.

So let ¢ € Aut(O(X)) be given. We will show there is a ¢ € Aut(X) such that
¢ = ¢'. Now ¢ permutes the principal down-sets of X among themselves (for a
down-set is principal if and only if it has a maximum element, and if down-set D
has a maximum element then its image ¢(D) does as well, since D and ¢(D) are
isomorphic posets). Hence we have that for any x € X, there is a unique y € X
with ¢E(£L‘l) =y}, namely y = max(é(z!)). So we may define a bijection ¢ : X — X
by ¢(x) = y, where y is given by q@(ml) = yl. Now if z < y, then 2! C ¢!, so
d(x') C d(y!), hence ¢(x) < d(y). Thus ¢ is order-preserving, so ¢ € Aut(X). Since
F() = (0(2) 2 < 2} = {0(2) £ 6(2) < B} = {w @ < y} = 4", we have that
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¢ (zh) = q@(:pl) for all z € X, so ¢ and ¢ agree on principal down-sets. Now, since
down-set D € O(X) may be written D = U,cpz!, we have ¢(D) = ¢(Ugepa') =

Upen®(2!) = Usepd(z') = ¢ (Uzepa!) = ¢/(D), s0 ¢ = ¢/, as desired. O

Remark. This correspondence between posets and distributive lattices given by X —
O(X) is in fact invertible. Given a finite distributive lattice £, the poset X of join-
irreducible elements of £ satisfies O(X) = £ (This is a strengthening of Theorem 6.6).
This correspondence may be used to show that finite posets and finite distributive lat-
tices (with an appropriate definition of morphisms) are in fact dual categories. Similar
results can be obtained for infinite posets and lattices, although the correspondence

is somewhat more complicated. For details, see [6, Theorem 5.19].

Theorem 7.5. Let G be a finite group. Then there is a distributive lattice L of order

no more than 2°°+" such that Aut(L) = G.

Proof. This follows immediately from Theorem 7.4, taking £ = O(X) where X is as

in Theorem 7.1. O

Note that in this construction, £ = O(X) is already a sublattice of a boolean
lattice P(X), which essentially eliminates our dependence on Theorem 6.6 in the

proof of the Main Theorem.

8 Automorphisms of S-rings over cyclic groups

In this section, we assume F' has characteristic zero.
In [12], Leung and Man give a recursive classification of all S-rings over cyclic
groups. We give a brief description of this classification without proof. They give

three basic methods of constructing S-rings over a group G:

(I) Given a subgroup Q2 < Aut(G), let T1,...,T, be the orbits of Q acting on G.

Then T}, ..., T, form a Schur partition of G.
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(IT) Suppose G = H x K for nontrivial subgroups H, K < G, and suppose Sy is
an S-ring over H with basic sets C1,...,C, and Sk is an S-ring over K with
basic sets Dy, ..., Dy. Then the product sets C;D;, 1 <¢ < h,1 < j <k, form

a Schur partition of G.

(ITI) Suppose H and K are nontrivial, proper subgroups of G with H < K and
H <G, and let Sk be an S-ring over K with basic sets C1,...,Cy and Sg/y
be an S-ring over G/H with basic sets Dy, ..., Dy, and suppose that 7(Sk) =
F(K/H) N Sg/u, where m : G — G//H is the natural projection map, extended

to a natural projection map of the group algebra F'G onto F(G/H). Then

G=CU---UCU{r " (D):ie{l,....k},D; L K/H}

forms a Schur partition of G.

The S-ring constructed in (II) is denoted Sy - Sk and is called the dot product
of Sy and Sk. The S-ring constructed in (III) is denoted Sk A Sg/r and is called
the wedge product of Sk and Sg . We call an S-ring type (I), (II), or (III) if it can
be constructed as in (I), (II), or (III), respectively. The main theorem of Leung and

Man ([12, Theorem 3.7]) may then be stated:

Theorem 8.1. Every nontrivial S-ring over a cyclic group G is type (I), (II), or
(111).
We give a couple of examples of these constructions:

Example 8.2. Over G = Zg = (t), the S-ring F{1,¢+ t°,¢* + t*, 3} is type (I) with
Q = (¢_;) where ¢_; € Aut(G) is defined by ¢_; : t — t~1. Tt is also type (II) with
H=(t*), K= (%), Sy = F{1,* + t*} and Sk = F{1,3}.

Example 8.3. Over the same group, F{1,t% t* t+13+t°} is a type (III) S-ring with

H =K = (t*), Sk ={1,t*,t*} and Sg/x = {1,tK}.
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Note that the constructions (I), (II), and (III) can be used to produce S-rings over
an arbitrary group G, but if G is not cyclic then it is not necessarily true that all

S-rings can be constructed using these methods.

Theorem 8.4. Let p be a prime with p > 5. Then there are S-rings over Z, X Z,
which are not type (1), (II), or (I111).

Proof. Let Hy,...,H,.1 be the subgroups of G = Z, x Z, of order p, and define
C; = H; — {1} for i € {1,...,p + 1}, so that the sets Ci,...,Cp41 partition the
nonidentity elements of the group G. We claim that any partition {1},73,...,T,
of G, where each T is a union of some Cj’s, forms a Schur partition of G. So let
S = F{1,Ty,...,T,}. Conditions (ii) and (iii) of an S-ring are clearly satisfied. To
check condition (i), we observe that since H; N H; = 1 for i # j, we have in this case
H;H; =G. So, if we write T; = |J,~, Ci, where each Cy, € {C},...,Cps1}, applying

Theorem 2.3(iii) we find that for ¢ # j

7T, - zak) ( —jk)
k=1 k=1




while likewise

= Hi Hy + Zﬁikﬁik —2T; +1
k=1 14k =1

which proves that S is an S-ring.

Up to this point we have described a general method of constructing certain S-
rings over Z, X Z, for any prime p. We now show that when p > 5, this method can
be used to construct an S-ring which is not type (I), (II), or (III). We will consider
G as a two-dimensional vector space over F,. Choose a vector x € C; and a vector
y € Cy. Then z +y € G — H; — Hy; without loss of generality, x +y € C3. Now
define an S-ring S on G given by the Schur partition {1}, Cy,Cy, C5,Cy U -+ - U Cpy.

Suppose S is a type (I) S-ring with Q < Aut(G). Now we may identify Aut(G)
with invertible IF)-linear transformations on GG. Then given any w € €2, since C; and
Cy are orbits of 2, we must have w(r) = axr and w(y) = by for some a,b € F,". So

a 0

with respect to the basis z,y, the matrix of w is . Moreover, since ('3 is an

0 b

orbit of 2, we must have w(x + y) = c¢(z + y) for some ¢ € F). Since we also have
w(r+y) =w(r)+w(y) = ax+ by, this implies a = b = ¢. So 2 consists only of scalar
matrices, of which there are only p — 1. This means that each orbit of {2 has size no
greater than p— 1. But this is a contradiction since |CyU---UC,44| = (p—2)(p—1) >
p—1for p > 5. So S is not type (I).

Since S has a prime number of basic sets (namely, 5), S cannot be a type (II)

S-ring. Suppose S were a type (III) S-ring for proper,nontrivial subgroups H < K
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of G. We must have |H| = |K| = 5, so in fact H = K. Then every basic set of S
not contained in H must consist of a union of cosets of H, hence must have size a
multiple of 5. Yet there are three basic sets Cy, Cy, C3 of size 4 (not a multiple of 5);
since it is impossible for all of these to be contained in H, this is a contradiction. So

S is not type (III). O

Remark. For p = 2 and p = 3, exhaustive enumeration shows that all S-rings over

Z, x Z, are type (I).

Example 8.5. A computer check shows that every S-ring over Z3 x Z3 x Z3 is type (I).
However, there are examples of S-rings over G = Z3x Z3x Z3x Z5 = (a) x (b) x (c) x (d)

which are not type (I), (II), or (III). One is the S-ring with the following basic sets:

T ={1}
Ty = {bcd?, b, acd?®, bd?, d, a*bd?, a*b*c*d, abed, b?c*d, bed, ab®, b*c*d?,
b2, a*b?d?, b ed, a’c*d, a®, a, ab*d, b?d, b d?, a*b, d?, abed®}

Ts=G-T - T

This example was found using MAGMA. By considering the sizes of the basic sets (1,
24, and 56), it is easy to see that this S-ring is primitive (i.e., there are no nontrivial
proper subgroups H of G with H in the S-ring) and so is not type (II) or (IIT). An

exhaustive computer search shows that it is also not type (I).

In general, the S-rings over abelian groups, even elementary abelian p-groups, are
not well understood. One problem would be explain and generalize the construction
given in the preceding example. Another question is the following, an affirmative

answer to which we have verified by computer for Z5, n < 4.

Question 8.6. Is every S-ring over an elementary-abelian 2-group of type (I)?
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We now turn to the main result of this section:
Theorem 8.7. If S is an S-ring over a cyclic group Z,, then Aut(S) is abelian.

Before proving this, we need a few elementary lemmas. A version of Lemma 8.8
can be found in [20, Theorem 23.9], while more general versions of Lemmas 8.9 and

8.10 can be found in [16, Propositions 3.1, 3.4 and the following Theorem 1.1'].

Lemma 8.8. Suppose S is an S-ring over an abelian group G and m is an integer
relatively prime to |G|. If C € S, then also o™ € S. Moreover, if C is a basic

element of S then C™ is also a basic element of S.

Proof. Since m may be written as a product of primes m = p;---p, and U(m) =
(- (U(pl))(pz) - )Pe) it is sufficient to prove the lemma in the case m = p is prime.
Now certainly C* € S. If we write C' = {cy,...,¢,}, then by the binomial theorem

we have

n p n
Up:<2q> :Zcf+px:€(p)+px,
i=1

i=1
for some x € FG. Now since p is relatively prime to |G|, the pth power map is a

bijection on G, consequently 5@) = C®) is a simple quantity. So 5@

) has coefficients
only 0 and 1; it particular, it has no nonzero coefficients which are multiples of p.
Thus 6(73) € S by Lemma 1.6.

Now assume C' is a basic element of S and suppose 6@) is not a basic element.
Then we may write o -4 + B for some disjoint nonempty subsets 4, B C G
with A, B € S. Let p' be the multiplicative inverse of p in Z/|G|Z. Then C =
(U(p))(p/) = A" + B®) where A®) and B®) are disjoint nonempty subsets of G with

avr ),E(p) € S, contradicting that C' is a basic element. O]

Lemma 8.9. Suppose S is an S-ring over an abelian group G and ¢ € Aut(S). Then

for any simple quantity C € S and any integer m relatively prime to |G|, we have

H(C™) = 9(C).
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Proof. Again, it is sufficient to prove the lemma in the case where m = p is prime.

As above, by the binomial theorem, C* = U(p) + px for some x € FG. Hence,

H(C7) = ¢(C7 + pz — pr) = $(C") — po(2)
= ¢(C) — pp(z) = $(C)" — pd(x)

_ m(ﬁ)

+ py — pé(z).

for some y € F'G, by a second application of the binomial theorem. As above, U(”)

is a simple quantity. It follows by Theorem 3.7 that qb(?(p)) = ¢(CWP) = p(CW)
is a simple quantity. Also, m(p) is a simple quantity. These elements then have
coefficients only 0 and 1 (in particular, no nonzero multiple of p can occur as a
coefficient), it follows that py — p¢(z) = 0, hence ¢(5(p)) = ¢(C)?P) ie., p(C™) =
#(C)™ | as desired. O

Lemma 8.10. Suppose S is a type (I) S-ring over Z,. Let ¢ be an automorphism of

S. Then for any basic set T' of S, there is an integer m relatively prime to n such

that ¢(T) = T™.

Remark. This says that in a certain situation, any S-ring automorphism “locally”
looks like a strong automorphism. Note that different values of m may be required

for different basic sets T' of S; for instance this occurs in Example 3.8.

Proof. Since all the elements of 1" are automorphic, they all have the same order d.
If we consider Z; as a subgroup of Z,, then we have Z ;0T =T, since T C Z,;. Now,

by Corollary 6.8(ii), ¢(Z4) = Z4. So we have

Zao (T) = ¢(Za) 0 §(T') = ¢(ZaoT) = ¢(T) = ¢(T),

hence ¢(T') C Z4. This implies ¢(T') C Zg4, so every element of ¢(7T") has order dividing
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d. On the other hand, for any k properly dividing d, we have Z; o T = 0, hence

Zy o (T) = 9(Zx) 0 9(T) = ¢(Zx o T) = ¢(0) = 0 # ¢(T),

so that ¢(T) € Z. So, since all the elements of ¢(T") have the same order (for ¢(T')
is a basic set), and this order divides d but not any proper divisor of d, it follows that
all the elements of ¢(7T") have order d. So, by Lemma 4.2, there is an automorphism
¥ € Aut(Z,) mapping some element of 7' to some element of ¢(7), i.e., there is an
m relatively prime to n such that 70" N ¢(T) # @. Since, by Lemma 8.8, T(™) and

#(T) are both basic sets, it follows that 7™ = ¢(T), as desired. O

Proof of Theorem 8.7. If S is a trivial S-ring, then Aut(S) is also trivial, hence
abelian, and we are done. So first consider the case that S is type (I). Each ba-
sic set of S then consists of elements of the same order. Let 7; be the collection of
basic sets of S containing elements of order d. We can consider Aut(S) as a permu-
tation group acting on the basic sets of S, and by Lemma 8.10, for each d, Aut(95)
permutes the basic sets of 7; among themselves. If we let Ay denote the restriction
of Aut(S) to 7y, then Aut(S) is a subdirect product of all the Ay’s, so it suffices to
show that each A, is abelian. Fix a divisor d of n, and let T be a basic set in 7.
For any k relatively prime to n, ") is another basic set of 7; by Lemma 8.8. By
Lemma 4.2, every basic set of 7; has this form, for if 7" is any basic set in 7y, there
is an integer [ relatively prime to n such that TO NT" # @, hence TW = T'. Now, by
Lemma 8.10, ¢(T) = T for some m relatively prime to n. It follows by Lemma 8.9

that for any basic set T®) € Ty,

H(TW) = ¢(T)® = (7)) ®) = (T®)ym),

Thus ¢(7") = (T")™ for any basic set 7" € T;. From this it is evident that A, is
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abelian.

Now suppose S = Sy - Sk is type (II). By induction we may assume Aut(Sy)
and Aut(Sk) are abelian. Let ¢ be an element of Aut(S). By Corollary 6.8(ii),
¢(H) = H and ¢(K) = K. So ¢(Sy) is an S-ring over H which is isomorphic to Sy.
By Muzychuk’s result cited above in Theorem 3.11, the only such S-ring is Sy itself,
so we must have ¢(Sy) = Sy and likewise ¢(Sk) = Sk. So ¢|s, € Aut(Sy) and
®|s, € Aut(Sk). Given another automorphism ¢ € Aut(S), and any basic set C'D of
S, where C is a basic set of Sy and D is a basic set of Sk, we have ¢(¢(C)) = ¥(¢(C))
and ¢(1(D)) = ¥(¢(D)) since Aut(Sy) and Aut(Sk) are abelian, hence

#((CD)) = ¢((C D)) = (v (C)¥(D)) = (v (C))o(

=
E

which proves that ¢ and ¥ commute, so Aut(S) is abelian.

Finally suppose S = Sk A Sg/m is type (III). As above, given an automorphism
¢ € Aut(S), we have ¢|g,, € Aut(Sk). Now, the natural projection ¢* of ¢ to Sg/m,
given by

¢*( Z TgH(gH)): Z TgH(¢<g)H)a

gHeG/H gHEG/H
is well-defined since, as above, ¢(H) = H. Moreover, by Theorem 3.4, it is easy to
see that ¢* is an isomorphism of Sg/5 onto some S-ring over G//H. Since by 3.11 the
only such S-ring is S¢,p itself, it follows that ¢*(Sq/m) = Se/m, which means ¢* is

an automorphism of Sg, . Note that if we define 7 : FG — F(G/H), the natural

67



projection map, and 7' : F'(G/H) — FG by

™ (Z agg) = ag(gH)

geG geqG

W’( > ag(gﬂ)) = ay(gH).

gHeG/H e

then for all z € F(G/H) we have
m(w'(z)) = |H|z

and an equivalent definition of ¢* is

1

¢"(z) = m(ﬂ ogom)(x).

By induction we assume Aut(Sk) and Aut(Sg,g) are abelian. Then, given another

automorphism ¢ € Aut(S) and a basic set C of S, we have two cases: If C' C K, then

S(W(C)) = Olsyc (V]5,(C)) = Y5, (S5, (C)) = 1 ((C))

and we are done. Suppose instead that C' ¢ K. Then C is a union of cosets of
H, hence 7' (7(C)) = |H|C. Also, ¢(C), ¥(C), ¢(»(C)), and 1(4(C)) are unions of

cosets of H, hence

(" om0 ¢)(C) =7'(x(¢(C))) = |[H|$(C) = [H|$(C)
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and likewise

(" omot)(C) = [H|¢(C)
(7" omopoy)(C)=|H|(¢o)(C)
(" omotpog)(C) =|H|W o d)(C)

From all of this it follows that

(60 )(0) = (070 60U)(C) = (e omo b0 0w U)(C)

(fomogorn’omopor on)(C)

REE
"o d* * C —L "op* o d* o) (C
= (" 06 0 o m(O) = (w0 v 067 0 (D)
:’H—|3(7r’o7roz/zo7r’o7ro¢o7r’o7r)(6)
’ ’ 2l 1 / C C
:W(W omowyor owoqﬁ)(C):m(ﬂ omotog)(C)=(¥oe)(C),
so that ¢ and @ commute, as desired. O]

We observe that Theorem 8.7 is false if the field F' (or more generally, the ring R)

has finite characteristic:

Example 8.11. Let R have characteristic n. Set G = Z, = (t) and H = Z,, < G.
Define Sy to be the S-ring S = Sy A Sq g where Sy is the trivial S-ring over H and
S¢/u is the full group algebra F(G/H). Then S has five basic sets

{]‘}’ ZP - {]‘}’T17T27T3

where T; = t'Z,. Then in RG we have T,T; = nt'7Z, = 0 for all 4,5 € {1,2,3}
while (Z,, — 1)T; = —T,;. Thus Aut(S) = Sym, is non-abelian. Over a ring with

characteristic zero, the same Schur partition gives an S-ring with automorphism group
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isomorphic to Zs.
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A  Appendix: MAGMA code

// Given a subset C of G, returns Aut(G)(C), i.e. the union of
// automorphism classes represented in C.
AutoClass := function(C,G);
repeat
oldC := C;
for g in Generators(AutomorphismGroup(G)) do
C := C join g(C);
end for;
until #01ldC eq #C;
return C;
end function;

// Returns a sequence of sets, the automorphism classes of a group G.
AutoClasses := function(G);
classes := [ {G!1} 1;
H := Set(G) diff {G!1};
while H ne {} do
class := {Random(H)};
class := AutoClass(class,G);
classes := Append(classes,class);
H := H diff class;
end while;
return classes;
end function;

// Given a collection ‘classes’ of subsets of G, returns the sequence of
// subgroups generated by any subcollection of ‘classes’.
GenSubgroups := function(classes,G);
cgroups := [];
for c in classes do
Include(~cgroups,sub<G | c>);
end for;
newgroups := Set(cgroups);
repeat
oldgroups := Set(cgroups);
for c in newgroups do
for d in cgroups do
Include(“cgroups,sub<G | c,d>);
end for;
end for;
newgroups := Set(cgroups) diff oldgroups;
until newgroups eq {};
return cgroups;
end function;
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// Returns a sequence of all characteristic subgroups of G
CharSubgroups := function(G);

return GenSubgroups(AutoClasses(G),G);
end function;

// Given a subset C of a group, returns the sum of the elements of C
// in the group algebra ’alg’.
Bar := function(C,alg);

return alg ! [(i in C) select 1 else O : i in {1 .. Dimension(alg)}];
end function;

// Given an element ’x’ of an algebra ’alg’, returns x~(-1).
// ’inv’ must be a list giving the inverses of the basis elements of ’alg’.
Inv := function(x,alg,inv);
Eltseq(x);
for i:=1 to #inv do
if inv[i] gt i then
a:=cl[i];
cl[i] :=c[inv[il];
clinv[i]l] :=a;
end if;
end for;
return alg ! c;
end function;

C

// Given an element ’x’ of an algebra ’alg’, returns the list of coordinates
// of ’x’ with respect to the S-ring ’sring’ (’x’ must actually be in this S-ring
// or an error will be generated), where ’sring’ is represented as a list of
// basic sets, each basic sets being represented as a set of integers
// in the range 1..Dimension(alg).
Coords := function(x,sring,alg);
coords := [];
for i:=1 to #sring do
j := Random(sring[i]);
Append(“coords,x[j1);
x := x-x[jl*Bar(sringl[i],alg);
end for;
if x ne alg!0O then
error "x not in S-ring.";
end if;
return coords;
end function;

// Internal routine used in SRings:
// Given a group ’G’, returns the group algebra of G as a structure constant algebra,
// along with several other items:
// inv: list of integers in the range 1..#G giving the inverse of each element of G
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//  GG: 1list of elements of ’G’ (in the order used by the preceding ’inv’)
// GI: associative array giving, for each element ’g’ of G, the integer associated
// with ’g’, so that GG[GI[g]l] equals g and GI[GG[i]] equals i.
GroupAlg := function(G);
GG := [G!1] cat Setseq(Set(G) diff {G!1});
if IsCyclic(G) then
GG := [G.171i : i in {0..#G-1}];
end if;
GI := AssociativeArray(G);
for i:=1 to #GG do
GI[GG[il] := 1i;

end for;
alg := [1;
inv := [];

for i:=1 to #GG do
for j:=1 to #GG do
Append(~alg,<i,j,GI[GG[11*GG[j1],1>);
end for;
Append (~inv,GI[GG[i]~-1]);
end for;
return Algebra<RationalField(),#G | alg>,inv,GG,GI;
end function;

// Internal routine used in RationalAlg:
// Given the set of automorphism classes A of a group G, returns
// the discrete rational S-ring over G as a structure constant algebra.
CAlg := function(A,G);
inv := [];
for i:=1 to #A do
g := Random(A[il);
for j:=1 to #A do
if g in A[j] then
Append(“inv,j);
continue i;
end if;
end for;
error "Problem with inv in RationalAlg.";
end for;

alg := [1;
for i:=1 to #A do
for j:=1 to #A do
for k:=1 to #A do
g := Random(A[k]);
S := {g*h : h in Alinv[jl]};
Append(~alg,#(A[i] meet S));
end for;
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end for;
end for;
return Algebra<RationalField(),#A | alg>,inv;
end function;

// Returns the discrete rational S-ring over G as an algebra.
RationalAlg := function(G);

A := AutoClasses(G);

GA,inv := CAlg(A,G);

return GA,inv,A;
end function;

// Internal routine used by MergeClasses:
JoinClasses := function(classes,mtab,kl,k2);
for i:=1 to #classes do
if 1 eq k2 then continue; end if;
mtab[i] [k1] +:= mtabl[i] [k2];
mtab[k1] [i] +:= mtab[k2][i];
end for;
mtab[k1] [k1] +:= mtab[k2] [k2];
classes[k1] := classes[kl] join classes[k2];
Remove (“classes,k2);
Remove ("“mtab,k2) ;
for i:=1 to #classes do
Remove ("mtab[i] ,k2);
end for;
return classes,mtab;
end function;

// Internal routine used by SRingsRec:

// Given a sequence ‘classes’ of disjoint sets of group elements,
// beginning with classes[i] all classes which intersect

// ‘class’ are merged into a single class.

MergeClasses := procedure(class, “mtab, “classes,”j, jO, “succ);
succ := true;
i:=7j;
j = 0;

for k:=1i to #classes do
if class meet classes[k] ne {} then

if class eq classes[k] then return; end if;

classleft := class diff classes[k];

1:=k+1;

if k eq i then 1:=j0; end if;

while 1 le #classes and classleft ne {} do

if classleft meet classes[l] ne {} then

classleft := classleft diff classes[1];
classes,mtab := JoinClasses(classes,mtab,k,l);
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if 1 1t jO then jO := jO-1; end if;
else
1 := 1+1;
end if;
end while;
succ := classleft eq {};
j:=k;
return;
end if;
end for;
end procedure;

// Internal routine used in SRings:
forward SRingsRec;

SRingsRec := procedure(classes,mtab,i,jO,alg,inv, srings);
j = 1;
while j ne 0 and j 1t #classes do
class := { inv[k] : k in classes[j] };
j o= 1;

MergeClasses(class, “mtab, “classes,”j, jO, “succ);
if not succ then return; end if;
if j 1t i and j ne O then return; end if;

end while;

while i1 le #classes do
for j:=jO to #classes do
nclasses,nmtab := JoinClasses(classes,mtab,i,j);
SRingsRec(nclasses,nmtab,i,j,alg,inv, “srings) ;
end for;

for j:=2 to i do
for k:=2 to i do
try
c:=Coords(mtab[j] [k],classes,alg);
catch e
return;
end try;
end for;
end for;

for j:=2 to i do
class := { inv[k] : k in classes[j] };
for k:=2 to #classes do
if classes[k] eq class then continue j; end if;
end for;
return;
end for;

5



i = i+1;
jO := i+1;
end while;
Append (“srings,classes) ;
end procedure;

// Returns a list of all S-rings over a group G (if pseudo is set to ’true’, then all
// PS-rings are returned). Each S-ring is represented as a list of basic sets
// (beginning with the identity basic set), where each basic set is represented
// as a set of integers in the range 1..#G; these are indices into the list of group
// elements GG also returned.
SRings := function(G : pseudo:=false);
GA,inv,GG,GI := GroupAlg(G);
classes := [ {i} : i in {1 .. #inv} ];
srings := [];
a := pseudo select 1 else 2;
SRingsRec(classes,BasisProducts(GA),a,a+1,GA,inv, “srings) ;
return srings,GG;
end function;

// Returns a list of all rational S-rings over a group G. Each S-ring is represented
// as a list of basic sets (beginning with the identity basic set), where each basic
// set is represented as a set of integers which are indices into the list of
// automorphism classes A of G which is also returned.
RationalSRings := function(G);

GA,inv,A := RationalAlg(G);

classes := [ {i} : i in {1 .. #inv} ];

srings := [];

SRingsRec(classes,BasisProducts(GA),2,3,GA,inv, “srings,false);

return srings,A;
end function;

// Given an S-ring ’sring’ over a group G, returns the list of S-rings over G which
// are strongly isomorphic to ’sring’.
AutoSRings := function(sring,G : A:=AutomorphismGroup(G));
srings := {sring};
repeat
n := #srings;
newsrings := {};
for S in srings do
newsrings join:= {{{(A.1)(g) : g in C} : C in S} : i in
{1. .NumberOfGenerators(A)}};
end for;
srings join:= newsrings;
until n eq #srings;
return srings;
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end function;

// Given a list ’srings’ of S-rings over a group G, returns a set of representatives
// from each strong isomorphism class occuring in ’srings’.
AutoReps := function(srings,G);
reps := {};
A := AutomorphismGroup(G);
while #srings gt 0 do
print #srings;
sring := Random(srings);
srings := srings diff AutoSRings(sring,G : A:=A);
reps join:= {sring};
end while;
return reps;
end function;

// The remaining routines deal with S-rings which may be constructed using

// type (I), (II), and (III) constructions. In these routines, the S-rings are
// represented as lists of basic sets, where the basic sets are subsets of the
// group (instead of sets of integer indices into the group as above).

]

// Given an S-ring ’S’, returns whether a subset H of the underlying group is
// an S-set.
IsSSet := function(S,H);
for C in S do
if #(C meet H) gt O then
if not C subset H then return false; end if;
H := H diff C;
end if;
end for;
return true;
end function;

forward SRingO;
forward SRingsi;
forward SRings2;
forward SRings3;

// Returns the set of S-rings over a group G which may constructed recursively using
// type (I), (II), and (III) constructions.
SRings123 := procedure(G, tab, "ans);

CG := CyclicGroup(#G);

b,iso := IsIsomorphic(CG,G);

t := is0(CG.1);

if IsDefined(tab,#G) then

7



ans := {{{t"1 : i in C} : C in S} : S in tab[#G]};
return;

end if;

S0:={SRing0(G)};

S1:=SRings1(G);

SRings2(G, “tab,~S2);

SRings3(G, “tab,~S3);

ans := S0 join S1 join S2 join S3;

GI := AssociativeArray();

for 1:=0 to #G-1 do GI[t~i]:=i; end for;

tab[#G] := {{{GI[g] : g in C} : C in S} : S in ans};

end procedure;

// Returns the trivial S-ring over a group G.
SRing0 := function(G);
if #G ne 1 then return {{G!'1},Set(G) diff {G!'1}};
else return {{G'1}}; end if;
end function;

// Returns the type (I) S-rings over a group G.
// (or rather, a complete set of strong automorphism representatives of
// type (I) S-rings, which, in case G is cyclic, is the complete set
// of type (I) S-rings.)
SRingsl := function(G);
A := AutomorphismGroup(G);
map,AA := PermutationRepresentation(A);
srings := {};
SS := Subgroups(AA);
for i:=1 to #SS do
H := (map~-1) (Generators(SS[i] ‘subgroup));
sring := {};
elts := Set(G);
while #elts gt 0 do
C := {Random(elts)};
repeat
n := #C;
C join:= {h(c) : h in H, c in C};
until #C eq n;
elts := elts diff C;
sring join:= {C};
end while;
srings join:= {sring};
end for;
return srings;
end function;

// Returns the type (II) S-rings over a group G.
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SRings2 := procedure (G, tab, “srings);
NN := {N : N in NormalSubgroups(G) | not #N in {1,#G}};
NN1 := {N : N in NN | (#N)"2 le #G};
srings := {};
for N1 in NN1 do
for N2 in NN do
if #(N1 meet N2) eq 1 and sub<G|N1,N2> eq G then
SRings123(N1, “tab, “sringsl);
SRings123(N2, “tab, “srings2);
for S1 in sringsl do
for S2 in srings2 do
srings join:= {{{cxd : ¢ in C,d in D} : C in S1, D in S2}};
end for;
end for;
end if;
end for;
end for;
end procedure;

// Returns the type (III) S-rings over a group G.
SRings3 := procedure(G, “tab, “srings);
KK := {K‘subgroup : K in Subgroups(G) | #K‘subgroup ne #G};
HH := {H : H in NormalSubgroups(G) | not #H in {1,#G}};
srings := {};
for K in KK do
for H in HH do
if not H subset K then continue; end if;
SRings123(K, “tab, “sringsl);
Q,phi := quo<G|H>;
SRings123(Q, “tab, “srings2);
for S1 in sringsl do
if not IsSSet(S1,Set(H)) then continue; end if;
for S2 in srings2 do
SK1 {{phi(g) : g in C} : C in S1};
SK2 := {C : C in S2 | C subset phi(K)};
if SK1 eq SK2 then
S := 81 join {{(phi~-1)(g)*h : g in C, h in H} : C in S2 |
not C subset phi(K)};
srings join:= {S};
end if;
end for;
end for;
end for;
end for;
end procedure;
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