Brigham Young University

BYU ScholarsArchive

Faculty Publications

2000-04-12

Bounding Interval Rational Bézier Curves with Interval Polynomial
Bézier Curves

Thomas W. Sederberg
tom@cs.byu.edu

Falai Chen

Wenping Lou

Follow this and additional works at: https://scholarsarchive.byu.edu/facpub

b Part of the Computer Sciences Commons

Original Publication Citation

Falai Chen, Thomas W. Sederberg and Wenping Lou, "Bounding interval rational Bézier curves
with interval polynomial Bézier curves," Geometric modeling and processing 2, IEEE Computer
Society, 328-336, 2.

BYU ScholarsArchive Citation

Sederberg, Thomas W.; Chen, Falai; and Lou, Wenping, "Bounding Interval Rational Bézier Curves with
Interval Polynomial Bézier Curves" (2000). Faculty Publications. 1107.
https://scholarsarchive.byu.edu/facpub/1107

This Peer-Reviewed Article is brought to you for free and open access by BYU ScholarsArchive. It has been
accepted for inclusion in Faculty Publications by an authorized administrator of BYU ScholarsArchive. For more
information, please contact ellen_amatangelo@byu.edu.


http://home.byu.edu/home/
http://home.byu.edu/home/
https://scholarsarchive.byu.edu/
https://scholarsarchive.byu.edu/facpub
https://scholarsarchive.byu.edu/facpub?utm_source=scholarsarchive.byu.edu%2Ffacpub%2F1107&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/142?utm_source=scholarsarchive.byu.edu%2Ffacpub%2F1107&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarsarchive.byu.edu/facpub/1107?utm_source=scholarsarchive.byu.edu%2Ffacpub%2F1107&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:ellen_amatangelo@byu.edu

Bounding Interval Rational B ézier Curves
with Interval Polynomial B ézier Curves

Falai Chen Thomas W. Sederberg Wenping Lou
Department of Mathematics  Computer Department  Department of Mathematics
University of Science and Brigham Young University  University of Science and
Technology of China Provo, Utah 84602, USA Technology of China
Hefei, Anhui, 230026, China tom@cs.byu.edu Hefei, Anhui, 230026, China

chenfl@ustc.edu.cn wplou@263.net

Abstract systems ([3]-[8]).
In this paper, we are interested in the following prob-
In this paper, we put forward and study the problem of lem, a problem that has potential applications in CAD and
bounding an interval rational Bzier curve with an inter-  numerical analysis:
val polynomial Bzier curve. We propose three different Given an interval rational function (or curve), bound it
methods—Hybrid Method, Perturbation Method and Lin- with an interval polynomial function (or curve) such that
ear Programming Method to solve this problem. Exam- the bound is as tight as possible.
ples are illustrated to compare the three different methods. We will develop three different methods—Hybrid
The empirical results show that the Perturbation Method Method, Perturbation Method and Linear Programming
and the Linear Programming Method produce much tighter Method to solve the problem in the following sections.
bounds than the Hybrid Method, though they are computa- Testing and comparisons are made between the three dif-
tionally several times more expensive. ferent approaches through illustration of examples. The
empirical results show that the Hybrid Method generally
produces much looser bounds than the other two methods,
1 Introduction though it is computationally less expensive.

In the communities of Approximation Theory and 2. Interval Bézier Curves

Computer Aided Geometric Design(CAGD), there is

considerable interest in approximating functions (or  Aninterval[a,b] is the set of real numbefg|a < = <
curves/surfaces) with functions (or curves/surfaces) of sim- b}. Interval arithmetic operations are defined by

pler forms, for example, in approximating rational func-

tions (or curves) with polynomial functions (or curves). [a, 0] % ¢, d] = {z *y|z € [a,b] andy € [¢,d]}, (1)
Much literature has focused on these problems from differ-
ent points of views, e.g., from pure approximation theory
to applications in CAGD. However, as far as the authors

where x represents an arithmetic operation, €
{+,—,-,/}. One can verify that

are aware, almost all the related work is concerned with [a,b] +[c,d] = [a+c,b+d]

how accurate the approximation is and seldom consider the [a,b] —[c,d] = [a—d,b—(]

problem of how to transfer the approximation errors into [a,b] - [c,d] = [min(ac, ad, be, bd), (2)
subsequent applications. This problem can be important in maxac, ad, be, bd)]

some applications, e.g., in tolerance analysis in CAD and [a,b]/[c,d] =  [a,b]-[1/d,1/c], O [e,d].

in numerical analysis. To solve this problem, Sederberg,

et. al. [2] introduced interval forms of curves and surfaces.  Interval arithmetic is an important tool in numerical
Based on the new representations of curves and surfacesanalysis, and it has many applications in other areas. For
several authors developed robust algorithms for geometricdetails, the reader is referred to Moore’s bookerval
operations such as curve/curve intersections in CAD/CAM Analysig[1].



An interval polynomialis a polynomial whose coeffi-
cients are intervals:

n

PI(t) == [ar, bl Bi(t), 0<t<1,  (3)
k=0
whereBg (t) = (})t*(1-¢)"~*,k =0,1,... ,nare Bern-
stein bases.

An interval polynomial can be also expressed in the
form

[p](t) = [Pmin(t):pmax(t)], 0 < t < ]-7 (4)
where .
Pmin(t) = > arBE(t)
k=0
and

pmax(t) =Y biBE (1)
k=0

Pmin(t) and pmax(t) are calledlower bound(denoted
by ib([p](¢)) ) andupper bounddenoted byub([p](t)) ) of
[p](t) respectively.

Thewidth of an interval polynomial can be defined by

W([pl(t)) = llpmax(t) — Pmin(®)Il, (®)

where the norni|.|| is the standard norm, such 85|,
II-loc @nd[.||2.
An interval rational functions defined

_ > h—olak, biJwr BR (1)
Sk—oweBE()

wherewy,, k = 0,1,... are weights (It is also possible to
define the weights to be intervals. Since the algorithms in

(o) - 0<t<1,  (6)

the following sections are similar for both cases, we assume

the weights are real numbers in this paper). It is similar to

define the upper bound, the lower bound and the width of

an interval rational function.

An interval polynomial Bzier curveis a polynomial
Bézier curve whose control points are vector-valued inter-
vals (i.e., rectangular regions in a plane):

n

[PI(t) = D _[Pi]B! (1), (7)
i=0
Where[Pi] = [ai,bi] X [Ci,di] = ([ai,bi], [Ci,di]), 1=

0,1,...,n are the interval control points.
Similarly, aninterval rational Bezier curves defined

Dico
Z?:o w; B;'

[Ri]w; Bj'(t)

R](1) = o

(8)

where[R;] andw; > 0,i=0,1,...

points and weights respectively.
An interval (polynomial or rational) BZier curve de-

fines aregion (a slender tube) in the plane which consists of

all the Bézier curves whose control points sati¥fy € [P;]

fori =0,1,...,n. Figure 1 shows a sample cubic interval

polynomial Bézier curve. An interval polynomial (or ratio-

,n are interval control

Figure 1. A sample interval B ézier curve

nal) Bézier curve can be viewed as a vector-valued interval
polynomial (or rational function). For example, the interval
polynomial Bézier curve (7) can be rewritten in the form

[P1(t) = ([](®), [y](2)), (9)
where[z](t) and[y](¢) are interval polynomials:
[2](t) = > [ak, bl BE(2) (10)
k=0
wl(t) = > [k, dil By (#) (11)
k=0

With this form, the problem of bounding interval ratio-
nal Bézier curves with interval polynomialegier curves
can be conveniently converted to the problem of bounding
interval rational functions with interval polynomials.

3. Bounding Interval Rational Bézier Curves
with Interval Polynomial B ézier Curves

Before dealing with the problem of bounding inter-
val rational BSzier curves with interval polynomiale&ier
curves, we solve the problem of bounding an interval ratio-
nal function with an interval polynomial.

Problem 1 Given an interval rational function

_ 2k=olrelwn BE (D)

= S B 0) (2
find an interval polynomial
[pI(t) ==Y _ [Pkl B (1) (13)
k=0



such thatfp](¢) boundgr](¢)

[r](®) C [Pl (D),

and that the width ofp](¢) is as tight as possibldp](t) is
called aninterval polynomial boundf [r](¢).

Since the process of finding an upper bound is similar to
that of finding a lower bound, we can solve the following
problem instead

Problem 2 Given a rational function of degree

_ o BewrBE (1)

for0 <t <1, (14)

R(t) := = — , (15)
® > ko Wi BE (1)
find a polynomial of degree.
P(t):=>_ PBi(t) (16)
k=0
such that
P(t) > R(t), 0<t<1 (17)
and
||1P(t) — R(t)]] (18)
is minimized.

In the following, we will propose three different
methods—Hybrid Method, Perturbation Method and Linear
Programming Method to solve the above problem.

3.1. Hybrid Method

In [2], Sederberg, et al proposed a method called the

hybrid curve methotb approximate rational functions with
polynomials. Indeed, this method also provides a way to
compute an upper polynomial bound of a rational function.
The main idea of the Hybrid Method is as follows.

Any rational functionR(t) can be expressed as a poly-
nomial, one of whose coefficients is a rational function:

> k—o Tkwk By (£)
ZZ:O Wk Bl’rcl (t)

> PB(t) + M6)B"(t), (19)
k=0,k#l

R(t)

whereM (t) is a rational function of degree

_ Dheo Mywi BR(t)

M(t) = == Yt (20)
> k—o Wk Bj (1)
and! = [m/2] is an integer.
The coefficients of?;, i = 0,1,...,m,i # [ andM;,

i=0,1,...,n can be computed as follows:

Fori =0,1,...,1 -1,
PO = RO:
Py =Ry + mrlfih)
(21)
min(n,:)
£ (?)(iTj)Wj(ijPi,j)
Pi = RO + j=1 _
(i)wo
Fori=m+n,... ,n+1+1,
Pm = Rn’
P,1= R,+ nwn 1 (Rn—1=Pm)
n—1 o o R P
P_,= R, + j:ma%,i_m) (f)(ifj)‘”]( i—Pi_j)
i—n n (i:”n)wn :
(22)
and
M; = mi“(ii:l,n) (?) (iﬁij)wj(Rj — Pit1—j)
=

j=max(0,i+l—m) (T) (?) Wi ’
t=20,1,... (23)

Theorem 1 Let Mmax = MaXogr<n My and Mpyin =
min o< x<n M. Then polynomial

M.

P(t)= Y P.By(t) + MmaxB/"(t)

(24)
k=0,k#£l
is an upper bound ak(t), and
|1P(t) = R(t)||x < c(Mmax— Mmjn),  (25)
wherec is a constant:
m INY fm—1\™!
(@) () - e
l m m
Proof: Since
M(t) < Mmax  0<t<1,
from (19), one has
R(t)< Y. PBP(t) + MmaxB"(t) = P(t),

k=0,k#l

i.e., P(t) is a polynomial upper bound &ft).
On the other hand,

1P(#) = B(®)|loo < (Mmax — Mjn)MaX<i<i Bi™ ().

Since Bj"(t) attains maximum value at = L in [0, 1],
(25) follows immediately.

The Hybrid Method generally provides a loose bound
for a rational function, and it has the disadvantage that there
is a restricted condition under which the polynomial con-
verges to the rational function whem — oco. For the spe-

cific convergence condition, the reader is referred to [10].



3.2. Perturbation Method

The Hybrid Method presented in the last subsection gen-
erally produces quite a loose bound. In this subsection, we

will propose an improved algorithm to solve Problem 2.
Given rational function (15), we pertut®(¢) with an-

other rational functior(t) such thatR(t) + €(¢) is a poly-
nomial
R(t) +€(t) = P(t) :== > _ Pu By (1), (27)
where
m+n I pm+n
B t
() = ) (28)
k—o wrB{ (1)
and
1 E\ fm+n—k
m ) itj=k
From (27), we have
n m+n
> RewrBR(t) + Y epwp BT
k=0 k=0
S PBMt)> w;Bl(t) (30)
=0 7j=0

Writing both sides of the above equation in Bernstein form
and comparing the coefficients, one get

MmMin(k,m)
€r = > (Pi— Ri_i)ak,, (31)
i=Maxk—n,0)
k =0,1,...,m + n, where for magk — n,0) < i <
min(k, m),
Wh—i m+n k

el (m;z'v)
jH=k
otherwise,a; = 0. Now we wish to make the perturba-
tion e(t) is as small as possible. To this end, we minimize
Sitter. Let

L(P, . ..

From

m4n  MIiN(k,m)

TN

k=0 i=MaXk—n,0)
l=0,1,...

(P; — Ry—i)ag,iou

(34)

0,

7m7

we obtain a system of linear equations fé&, i

0,1,...,m
m min(i+n,l+n)
> > ko | P
k=Max:i,i)

=0
(min(i+n,l+n)

m
=0 \ k=Maxi,l)

ak,iak,l> Ri_;, (35)

[ =0,1,...,m. By solving the above equations and sub-
stituting P; into (31), the values of; are obtained.

Now a polynomial upper bound a®(¢) can be com-
puted as follows.

Theorem 2 Let emax = MaXogi<m+n€ and eqin =
MiNo<i<m+n€i- Then polynomialP(t) — emip is an up-
per bound ofR(t), and

1P () = emin — B(t)llec < emax— emin- (36)
Proof: From (27), we have
R(t) < P(t) = emins
which meansP(t) — emp, is an upper bound aR(z).
To get (36), one need only notice th&{t) — R(t) =
€(t).
3.3. Linear Programming Method
In this approach, we take
1P(t) = R(D)|l = ZPL —c  (37)
as the minimization target, wheee= fo t)dtis a con-
stant.
To satisfy condition (17), one must have
> BBt Z wi BR(t Z RywiBR(), (38)

k=0

for anyt € [0, 1]. Or equivalently,
m+n
m—
( ) <m+" - ’“)Bwn( ).
m—1

m—+n

>, D P

k=0 i+j=k

m—+n

Z X:Ro.)J

k=0 i+j=k

e



Thus a sufficient condition for (17) to hold is 3.4. Bounding Interval Rational Bézier Curves with

L . Interval Polynomial B ézier Curves
+ —
dk = Z (Pl - R]')OJ]' < ) <m Tiz > 2 0, (39)

t m In the previous subsections, we derived three different

i+ji=k
methods to bound an interval rational function with an in-
k =0,1,...,m + n. Animmediate consequence of the terval polynomial. These three methods lead directly to al-
above discussion is the following gorithms of bounding an interval rationa¢Bier curve with

an interval polynomial Bzier curve. The main results are

Theorem 3 LetP;, i = 0,1,...,m be the solutions of the  55ed on the following fact.

following linear programming problem

Theorem 4 Given an interval rational Bzier curve of de-

Min 3 i Pi reen
{ st. dy>0, k=0,1,... , m+n. (40) 9

RI(t) = ([z](®), [y](¢)). (44)
Then polynomiaP(t) defined in (16) is an upper bound of [RIE) = (=)o) (2]
R(t), and If
d m
|P(t) — R(t)]|s < maxO<k<m+nw—’£,, (41) [2)(t) =) _[#:]B"(1) (45)
=0
where and
MiN(k,m) m
k +n—k i j;| B
d= > (") @ 710 = S B ) (46)
i=MaXk—n,0) i—0
k=0.1,... .m+n. are degreem interval polynomial bounds ofz](¢) and

[y](t) respectively, then interval polynomiaéBier curve
Proof: We need only prove the second part of the theorem.

m

o Bam o ool e WM L) = B INA y(e) — (1)1, ) = > B @
o ﬁdkBZ”M(t) bounds interval rational Bzier curvgR](t), i.e.,[R](t) C
P(t) a R(t) = m-‘rnm /Bern(t) ’ [P](t)
k=0 Wrk

Proof: Straightforward.
To measure how tight a bound is, we defineltbending
error as follows

wherew;, is defined as in (29). Now (41) follows directly
from the above equation.
Remarks: The Hybrid Method automatically solves the

constrained upper bound probleire., in addition to satis- e([z](2), [2](t)) = maxX(||ub([z](t)) — ub([Z](t))]|co,
fying (15—18), the following constraints must be held: [116([z](¢)) — Ib([Z](£))||0o)
. . e(lyl®), [g1(#)) = max(|[ub([y](#)) — ub([7](#))|loo,
PY(0)=RO(0) [11b([y](2)) — 1b([y](1))]]o0)
' ' i=0,1,...,u, (43) e([R](t), [P](¢)) = max(e([z](t), [z](t)),
PO(1) = PW(1) e(lyl(®), [9](1)))
(48)

wherep < [251]. The Perturbation Method and the Lin-
ear Programming Method can also be adapted to solve the Itis a little hard to compute the bounding errors by the
constrained upper bound problem. For the Perturbationabove definitions. Fortunately, Theorems 1, 2 and 3 give a

Method, just set;, = 0,k = 0,1,... ,u,m — u,... ,m, good estimation for the bounding error by each of the three
and solve for the corresponding, from (31). The re- methods.

maining P, can be obtained from (35) with = pu + For a given interval rational &ier curvégR](t) and tol-
1,...,m — u — 1. For the Linear Programming Method, erances > 0, we use one of the three methods to find an
Py, k=0,1,...,u,m — p,... ,m can be solved by set- interval polynomial BZier curve[P](¢) to bound[R](¢).

ting the correspondind;, = 0, and the remainind’, are If the bounding error is larger than we subdividgR](?)

obtained by solving the linear programming problem (40). at parameter value= 1/2 and then bound each segment



with an interval polynomial Bzier curve respectively. This
process is continued until the bounding error is less than
e for each segment. At last, we find a piecewise interval
polynomial Bézier curve which bound the original interval
rational BSzier curvegR](t).

4. Examples and Comparison

In this section, we will compare the bounding errors and
the computational costs between the three methods—Hybrid
Method (HM), Perturbation Method (PM) and Linear Pro-
gramming Method (LPM) for bounding an interval ratio-
nal Bézier curve with an interval polynomial&2ier curve
through illustration of examples. We implemented these
examples on a 266 MHZ Pentium PC.

Example 1Let [r](¢) be a cubic interval rational func-
tion with the following interval coefficients and weights:

[ao,bo] [0 1/4] wo = 1,
[a'lvbl] = [176/5] wi =2,
[az,b] = [—1,-3/4], w2 =2,
[az, b3] = [L, 7/6], wg =1

We use degreer = 4,5 and6 interval polynomials to
bound[r](t) respectively. The bounding errors (B.E.) and
the computational time (C.T.) in CUP seconds for the three
methods are list in Table.1. Figure.2—Figure.10 show the
corresponding figures.

Table 1. Comparison of the bounding errors
and the computational costs (I)

HM PM LPM
B.E.|C.T.|B.E.|C.T.| B.E.| C.T.
413.00{0.02({0.53|0.11|1.02{0.17
5| 3.68| 0.02| 0.33|0.11| 0.13| 0.22
6| 2.25/0.02(0.22| 0.16| 0.10{ 0.22

m

m
m
m

Figure 2. Hybrid Method m =4

Figure 3. Hybrid Method m =5

Figure 4. Hybrid Method m =6

Figure 5. Perturbation Method m =4

0.2 0.4 - - 1

Figure 6. Perturbation Method m =35



0.2 0.4 B g 1

Figure 7. Perturbation Method m =6

0.2 0.4 B - 1

Figure 8. Linear Programming Method m =4

0.2 0.4 B o 1

Figure 9. Linear Programming Method m =35

0.2 0.4 . 0 1

-2

-3

Figure 10. Linear Programming Method m =6

Example 2 In this example, we consider a case where
the Hybrid Method diverges while the other two methods
converges. The interval rational functidtj(¢) is defined

by

[ao,bo] =[—1/8,1/8], wo =1,
[al’bl] = [7/8, ]-], wy =3,
[ag,bg] = [7/4,2], ws =8,
[a3,b3] = [7/8,1], W3 = 2,
[as,bs) =[-1/8,1/8], ws=1

The degreet, 5 and6 interval polynomial bounds by the
three methods are shown in Figure 11-Figure 19. The cor-
responding bounding errors and computational time are list

in Table 2.

Table 2. Comparison of the bounding errors
and the computational costs (Il)

HM PM LM
errorstimelerrorstimelerrorstime]
4,32|0.02 0.68|0.10 1.18|0.24
12.990.02 0.54|0.14 0.97(0.24
5.54|0.02 0.46|0.16 0.22(0.28

3

SARAE!
I
o ot

Figure 11. Hybrid Method m =4

® o AN

-10

Figure 12. Hybrid Method m =5

Figure 13. Hybrid Method m =6
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Figure 14. Perturbation Method m =4
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Figure 15. Perturbation Method m =5

= =
o = o N

Figure 16. Perturbation Method m =6

° e
o = o N

Y | W DN =

Figure 17. Linear Programming Method

Figure 18. Linear Programming Method

m=4

m=5

Figure 19. Linear Programming Method m =6

Example 31In the last example, we use piecewise inter-
val polynomial curves to bound an interval rational curve.
Let the control points and weights of the interval rational
curve be:

[Ro] = ([50,70],[340,355]),  wp =1,
[R;] = ([190,220],[100,120]), w; =2,
[Ra] = ([340,360],[330,340]), ws =2,
[R?)] = ([430,455]v [120, 130])v ws =1

We recursively subdivide the interval rational curve at
the parameter value = % and then bound each segment
using an interval polynomial curve of degree= 4 and5
respectively. Table 3 and 4 list the corresponding bounding
errors and the computational time for the three methods.

Table 3. Comparison of the bounding errors
and computational costs () ( m = 4)

numberoff HM PM LM
subdivisionserrorstime  errorgtimeg error$ time
0 423.790.03 74.680.22 123.3 0.44
31.820.03 11.060.33 6.89 0.71
3.240.11 1.280.71 0.73 1.39
0.230.27 0.0931.32 0.051 2.69
0.0120.44 0.00512.69 0.0026¢ 5.44
0.00120.880.0004%5.380.0002610.93

From the above examples, we can draw a conclusion
that the bounding errors by the Perturbation Method and
the Linear Programming Method are much smaller than
those by the Hybrid Method, even though they are com-
putationally several times more expensive. Consequently,
if we use a piecewise interval polynomial curve to bound
an interval rational curve such that the bounding error is
less than some given tolerance, the Hybrid Method will
generally need more segments than the other two methods.
Furthermore, examples show that the Hybrid Method has
a much more restrict convergence condition than the other
two methods do.
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Table 4. Comparison of the bounding errors
and computational costs (Ill) ( m = 5)

(1]

numberoff HM PM LM [2]
subdivisionserrorgime errorgtimg error$ time
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5 .000121.05.0000416.91.0000291.2.5

[4]
5. Conclusions

In this paper, we put forward a new problem in CAD and [5]
interval analysis communities—bounding an interval ratio-
nal function (or Bezier curve) with an interval polynomial
function (or BSzier curve). We proposed three different [6]
methods to solve the problem, and comparisons of bound-
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Further research problems include: (1) for the Pertur-
bation Method and the Linear Programming Method, ex- [8]
plore whether the interval polynomial bounds converge to
the original interval rational curve when goes to infin-
ity; and (2) generalizing the results in this paper to surface
cases.
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