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Rotationally inelastic molecular scattering. Computational tests of some simple solutions of
the strong coupling problem*

Thomas P. TsienT, Gregory A. Parker, and Russell T Pack
Department of Chemistry, Brigham Young University, Provo, Utah 84602
(Received 13 August 1973)

Partial cross sections (opacity functions) for rotational transitions in atom-diatom collisions are computed
in the infinite-order sudden (IOS) approximation and compared with accurate close-coupling (CC)
calculations. Agreement is good in the dominant coupling (small total angular momentum J) region. Simple
methods for calculating integral inelastic cross sections are discussed, and it is found that accurate cross
sections can often be computed very simply, even when large numbers of channels are coupled together, by
using IOS or first-order sudden (FOS) approximations for small J and CC or exponential Born (EBDW)

methods for large J.

I. INTRODUCTION

A major problem in the quantum theory of molec-
ular scattering is that (for small total angular mo-
mentum J and any molecules except hydrides) the
collision causes large numbers of rotational states
to be strongly coupled together. This gives rise to
a large set of coupled radial Schrédinger equations
which must be solved simultaneously. Although
truly significant advances®? have been made in
recent years in the accurate, close-coupled (CC)
numerical solution of these equations, the CC com-
putation of the large numbers of cross sections
needed in the description of relaxation and reactive
processes is still exceedingly expensive. Hence,
there remains a real need for approximate methods
which give accurate results and yet are computa-
tionally simple.

Most simple approximations (such as the ordi-
nary distorted wave approximation) fail miserably
in the dominant coupling (small J) region. Be-
sides the sudden approximations used herein, the
only other computationally simple method that we
know of that may be useful here is the statistical
approximation.® But it cannot be used unless one
knows from some other source how many channels
are strongly coupled together, * and it does not give
the phase oscillations observed in the figures pre-
sented in Sec, III. Hence, it was not used in this
work.

In this paper we report calculations comparing
some sudden approximations with accurate CC re-
sults for several atom-diatom rotationally inelas-
tic collisons using empirical intermolecular poten-
tials. In Sec. II the problem and methods used are
outlined; then, in Sec. III, results are presented
and comparisons made. We conclude in Sec. IV
that simple but adequate approximate solutions of
the rotationally inelastic scattering problem are
now known.
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II. THEORY AND CALCULATIONS

Since the approximations used in this paper have
all been discussed elsewhere, only a sketch of
their derivations is given.

The objective here is to solve the Schrodinger
equation for the collision of an atom A with a di-
atomic molecule BC. To get at the essential diffi-
culty of treating rotational states, we use the
rigid rotor model and formulation of Arthurs and
Dalgarno® with empirical intermolecular poten-
tials U of the form

Ulr',8)=V(r')+ W(r') Pylcos), ()

where the coordinates are those shown in Fig. 1
and the primes stand for cgs units. In reduced
units (»=v'/c, where ¢ is the point at which V is
zero), the coupled equations which must be solved
can be written in the form®

[1d%/dr* +E - V() 1- W) F] Glr)=0, (2)

where G={G,(r)} is a column vector of radial chan-
nel wavefunctions, F is a matrix of Percival-Sea-
ton®®*® coefficients, 1 is the unit matrix, and the
elements of E are

Em-ﬂ= 6mn[k?'x _ln(ln+ 1)/72] ’ (3)

where the [, are relative orbital angular momenta.
In these reduced units the channel wavenumbers
%k, and energies k% are given by

kE=2uPE/fi% - Bj,(j,+1), (4)

where u is the atom ~diatom reduced mass, E is
the total energy (in cgs units), and the j, are the
rotor angular momentum quantum numbers. The
rotational constant B of the diatomic molecule is
given in these units by

B=1u6?/Ipc = fha-pc &/ 1pcR"™ (5)

where R’ is the average BC internuclear distance,
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c. of m. of system

c.of m. of BC

FIG. 1. Center of mass coordinates used herein for A
+ BC collisions.

and ppc is the reduced mass of BC. The potentials
used herein are (in reduced units)

V=4DW2 8, (6)
and
W=4Dlay, r"® - agr), (7)

where D=2y ,_gco?¢/M%. Here € is the (cgs) depth
of the intermolecular potential and a,, and ag are
asymmetry parameters.

For each value of the total angular momentum J,
one must solve the set of coupled equations (2)
subject to the boundary conditions

Gy 3% k12 {6, expl — ilkyr = 31;m)]
- S?{l exp[z (kn,r - %lnﬂ')]} (8)

to obtain the elements S3; of the scattering matrix.
Once this is done the degeneracy-averaged inte-
gral cross sections needed can be written in the
form®

o (i =in)= <w/kﬁ)§ @T+1) @) Uy J), (@

where the opacity functions (average transition
probabilities) @ (j,j,) are given by’

J*!n T 4fm
(pJ(jmyjn):(zjn+1)-1 E E |6mn—s.;m|2'
L=ldedgl by =l Tejpl
(10)

To compute “exact” cross sections, one trun-
cates the infinite set of coupled equations by re-
stricting the number of rotational states j, in-
cluded, solves the resulting finite set of equations
numerically using some CC method and then adds
additional rotor states j, (and their associated )
and repeats the CC calculations until the desired
opacity functions converge to within some speci-
fied accuracy. The CC computations reported
here were performed using Gordon’s method! and
program.® The results are accurate but expen-
sive.

Many simple approximate solutions of (2), such
as the ordinary distorted-wave (DW) methods, often
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give ridiculous results for the systems considered
here. For example, the DW o¢{2~0) for the Ar
+TIF example in Sec. I is over ten times too
large, and the DW o(4 - 0) is identically zero. At
the very least, one must have a many-state, prob-
ability -conserving approximation. One such ap-
proximation which we have previously discussed®'!
is the strong coupling or infinite-order sudden
{IOS) approximation, appropriate for the small J
regions where the elements of WF dominate the
differences in the elements of E and strongly
couple the equations together. In the IOS ap-
proximation one sets k,=% and [, =! for all the
strongly coupled channels. Then, the resulting
equations can be solved exactly: Let G=Ug, where
U is the r-independent unitary transformation
which makes U'FU=A diagonal. Then, the ele-
ments of g satisfy uncoupled equations and the re-

sulting $ matrix is®'!?

§’ = UBU' = exp(2iUnU"), (11)
where

By =0y €xp (2075°), (12)
and

M = O M’ (13)

The WKB approximation for the phase shifts 7}° is
ng= [TALR =0+ 2%/ =V - WA, ~ k)
n
~kr,+ 30 +3)m, (14)

where 7, is the turning point and A, an element of
the diagonal matrix A. Thus, an N state I0S cal-
culation at a given J simply requires the diagonali~
zation of one NXN matrix F and evaluation of N
WKB phase shifts. In the IOS computations re-
ported here, the Jacobi method was used for the
diagonalization and a Simpson’s rule numerical
integration with increasing step size was used for
the phase shifts.

As we have noted previously, !° if one expands
(14) in powers of A, and keeps only the terms
through 9 (A,), the resulting scattering matrix,

87 =exp[2i(n'” 147V F)], (15)

is precisely that of the familiar semiclassical
first-order sudden (FOS) approximation.!! Here

0= [Tk~ (@ + 22/7% - VT2 —k}ar
"o

—kryg+3U+3)m, (16)
and
wm__1¢” Wir)
n __ZS"O [kz_(l+%)2/,rz_v]1/2d’}’. (17)

Thus, N state FOS calculations require evaluation
of just two phase integrals and expansion of the
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TABLE I. Parameters used herein. ps.-pc is the reduced mass of A+ BC in atomic mass units; o is the size param-
eter of the 12-6 potential in angstroms; a;; and a; are the repulsive and attractive asymmetry parameters, respectively;
€/kg is the depth of the potential well in °K; B’ is the rotational constant of the diatomic molecule in em™l; E/pg is the
total relative energy available in °K; D is the reduced well depth; B the reduced rotational constant; and kz(j =0) the re-
duced total energy.

System  p,_pclamu)  o(d)  ay ag €/kg(K) PBlem™) E/kpCK) D B kj=0) Refs.
Ar-TIF 33.89 4,62 0.50 0.30 132.5 0.22246 1344 3947.8 9.541 40,071 13,a
Ar—N, 16.47 3.50 0.50 0.13 119.5 2.010 300 094.2 24,06 2495.9 16

Ar-F, 19.48 3.550 0.200 0,200 115.9 0.862 300 1173. 12.55 3036 18,b
Ar-Cl, 25.556 3.831 0,200 0.200 190.7 0.2438 300 2948. 5,423 4638 18,b
Ar—Br, 31.96 3.837 0.200 0.200 249.8 0.08091 300 4846, 2.258 5820 18,b
Ar-I, 34.52 4.146  0.200 0.200 256.9 0.03736 300 6285. 1.315 7339 18,b

2R. K. Ritchie and H. Lew, Can, J. Phys. 43, 1701 (1965).
bG. Herzberg, Spectra of Diatomic Molecules (Van Nostrand Reinhold, New York, 1950), 2nd edition.

exponential of a matrix. In this work direct ex- culations!® are easily performed. If one uses a
pansion of (15) was found to require as many as 30 distorted-wave approximation as zeroth order,
terms for convergence. To decrease this number the resulting EDWD approximation gives better
and avoid roundoff error, a Chebyshev polynomial results but is much more expensive computational -
contraction of the expansion was made. ly, except in those cases in which one can evaluate

For the moderate- and weak-coupling region the nle(:)clissary integrals using asymptotic meth-

. X ods. ™

(large J) the sudden approximations are not ac-
curate. However, the number of channels (N) re- The calculations reported herein were carried
quired in this region is quite small, so that one out using the Brigham Young University IBM
can often afford to do the CC calculations. Also, 360/50 and 7030 STRETCH computers. For
one could use the exponential distorted wave ap- typical many-state calculations the relative running

proximations {EDW) discussed by Levine.'? These times of the FOS :I0S: CC programs were 1:2:90.
start with Eq. (2) and treat WF as the perturbation
in an exponential perturbation method to get a
unitary S matrix. If one uses the Born approxi- In this section numerical results for some model
mation as zeroth order, the resulting EBDW cal- problems are presented.

1. RESULTS

TABLE II. Convergence of partial cross sections as the number of channels (N) is increased. The numbers are the
values of 2J+1) ®;(2+0) for Ar +TIF calculated in the infinite order sudden (IOS) and close-coupling (CC) approxima-
tions. J is the total angular momentum and j,, the largest rotor j kept.

mag 4 6 8 10 12 14 16 18

J N9 16 25 36 49 64 81 100 Method

o 0.433 0.209 0.182 0. 040 0.085 0.079  0.078  0.078 108

0.428 0.217 0.199 0.045 0.090 0.086 0,085  0.085 ce

20 16.1 8.78 7.18 1.65 3.43 3.11 3.11 108

16.0 9.11 7.49 1.81 3.55 cc

0 22,5 17.9 12,0 2.88 5.54 5.31 5.25 108

23.0 18.4 13.6 3.40 6.10 cc

20 0.28 26.4 3.37 0.89 1.60 1.42 1.42 108

1.13 26.6 5.30 0.91 1.91 cc

120 102.5 51.8 26.0 34.1 33.5 33.3 108

99.7 48.1 23.0 31.0 30.4 cc

160 33.7 21.5 25.6 25.5 25.5 25.5 108

14.2 1.84 3.40 3.17 3.16 cc

200 2.09 2.10 2.10 2.10 108

125.5 123.8 123.7 cc
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FIG. 2. Behavior of the
dimensionless partial cross
sections [(2J+1) times the
opacity function ®;] as a

function of the total angular
1 momentum ¢ for the j=0 to

j=2 transition in an Ar-~TIF
ﬂ collision, At the top of the
figure is the number of
4 channels N required to ob-
tain convergence. Solid
line, IOS results; dashed
line, CC results.

A. Ar+TIF

The intermolecular potential used in the calcu-
lations on Ar-TIF rotationally inelastic scattering
is that of Balint-Kurti and Levine, '* who studied
the large J (weak and moderate coupling) opacity
functions for this system. This potential (its
parameters are listed in Table I) treats TIF as a
“homonuclear” diatomic and is thus a crude'®
model for this particular system, but its behavior

is typical of an atom-heavy homonuclear diatom
collision.

In this work we calculated cross sections for the
0~ 2 and 0~ 4 rotationally inelastic collisions using
the CC, IGS, and FOS approximations. Particular
emphasis was placed on determining the dependence
of the opacity functions on the number of channels
(N) included and on the total angular momentum J.
The rotational states withj=0,2, ..., j,. were

320 i T i " T

240+

160

(2J+|)pd(2,0)

80

FIG. 3. Comparison of
the I0S (solid line), FOS
(dotted line), CC (dashed
line), and EBDW (dot-dash
line) dimensionless partial
cross sections (2J+1) @y
(2« 0) for Ar +TIF.

. .y |
o] 100 200 300

300 500
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300 j T ) I Al T

200

J(4<—0)

(2d+)p
o
o
[

FIG. 4. Dimensionless
] partial cross sections (2J
+1)®; (4+0) for Ar+ TIF.
The notation is the same as
in Fig. 3.

included and j,,, was increased until the desired
opacity functions converged to a value stable to
within about 5%. For a given jg,, and J =j,,, the
total number of channels (j,! combinations) is
max
N= 2

3=0:2500.

(j+1):%(jmax+2)2- (18)
For very small J (J <j,,), N is less than this de-
creasing to N=4(jg.s+2) at J=0.

The convergence of the opacity functions as N is
increased was found to be very similar for the

400

FOS, 10S, and CC methods and is illustrated by
Table II in which the IOS and CC values for (2J
+1)®;(2+0) are given for a few J values as a func-
tion of N.. One sees immediately that in the small
J (<180 in this case) region, convergence is
neither rapid nor monotonic, and as many as 64
channels are required to obtain satisfactory con-
vergence.

In Fig. 2 the converged (2J +1)®;(2 - 0) obtained
from the IOS and CC methods are plotted vs J for
all J to allow easy comparison. At the top of the

80 36 T

(2J+I)pJ(2<—O)

20—

FIG. 5. Dimensionless
partial cross sections (2J
+1) ®; (2 ~0) for Ar+ N,
The notation is the same as
1 in Fig. 3.

100 120
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TABLE LI. Rotationally inelastic integral cross sec-
tions oy +j;) for Ar+TIF collisions at total energy E/
kp=1344°K. The units are A2, Also listed are the per~
cent deviations {rom the accurate CC value, In the mixed
methods the change from small J method to large J meth-
od was made at J=210,

Method o(2+0) % o4 +—0) %
CC 58.9 oo 16.4 sew
108 69.6 18.4 29.1 7.4
FOS 69.3 17.9 28.3 72.6
I0S+ CC 59.0 0.3 16,5 0.6
FOS+CC 59,0 0.3 15,5 —-5,5
1I0S + EBDW 59,5 1.2 18.6 13.4
FOS + EBDW 59.5 1.2 17.5 6.7

figure is listed the N required for convergence.
One sees that the IOS results are a very good
approximation to the exact CC results for small

J. As J increases the IOS results slowly get out
of phase and become, as one might expect, con-
siderably too large in the large J, weak-coupling
region. It may be noted that the minimum near

J =200 is due to cancellation between the short

and long range potentials. Scattering for J >200

is dominated by the long range tail of the potential,
and scattering for J <200 is dominated by the short
range repulsive potential. In the small J region
competition between many strongly coupled chan-
nels markedly damps the probability of a transition
to any one channel.

In Fig. 3 the FOS results are compared with the
10S results for this same 0~ 2 transition; they be-
come identical to the IOS results at larger J. At
small J the FOS approximation gets out of phase
but has about the right magnitude. Since the inte-

gral inelastic cross section ¢(2 - 0) is proportion-
al to the area under the curve, it is clear that the
IOS and FOS cross sections are nearly equal, Also
plotted for large J on Fig. 3 are the CC results
and the exponential Born (EBDW) results of
Balint-Kurti and Levine.'®* The EBDW approxima-
tion is better than the sudden approximations for
large J but is known to fail completely for small

J in this case.'®

In Fig. 4 the converged FOS, 10S, EBDW, and
CC values of (2J+1)®; are plotted for the 0 -4
transition. The behavior is similar.

The availability of different simple approxima-
tions valid in different J regions immediately
suggests calculation of integral inelastic cross
sections using one approximation for small J and
another for large J. Accordingly, in Table III we
present the integral inelastic cross sections cal-
culated in the CC, I0S, FOS approximations and
several combinations in which one approximation
is used for J <210 and another for J 3210, Several
of the simple methods are seen to give integral
cross sections accurate to within a few percent.

It is also worth noting that because of the damp-
ing and associated small contribution of the domi-
nant coupling (small J) region, the integral cross
sections converge much more rapidly with N than
did the small J opacity functions (partial cross
sections). This is illustrated by Table IV, which
gives the integral cross sections as functions of N.

B. Ar+N,
Calculations of the 0—2 and 0~ 4 cross sections

were also carried out for room temperature Ar-
N, collisions using the potential parameters of

60 f T I

5)

L 40
<+

Q_‘j

F

o 20

FIG. 6. Dimensionless
b partial cross sections (2J
+1) ®; 4+ 0) for Ar+ N,.
The notation is that of Fig.
] 3.

120
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TABLE IV. Convergence of integral inelastic cross sections o{jz+3;) for Ar+TIF as the
number of channels (N) is increased. The units are A2,

N
Cross section Method 9 16 25 36 49 64
cC 65.2 62.8 57.3 58.8 58.9
o(2+0) 108 74.7 73.3 69.7 69.4 69,6 69.6
FOS 76.6 73.7 68.7 69.9 69.3 69.4
ccC 33.7 24,1 20,2 16.3 16.4
ocfd+0) 108 45,2 38.2 32.2 28,3 29,1 29.0
FOS 43.0 39.5 29,7 28.6 28.3 28,2

Pattengill, LaBudde, Bernstein, and Curtiss.'®
The resulting 10S, FOS, and CC opacity functions
are compared in Figs. 5 and 6. From the number
of channels required for convergence [listed at the
top of Fig. 5] one sees that this system is not so
strongly coupled as the previous one. However,
the depression of the partial cross sections for

J = 40 is a strong coupling effect.

Although the sudden approximations are not quite
as well justified in this system as in the previous
one, they still work quite well in the small J (J
=68 here) region, It is interesting that for J <35,
the FOS results for the 0~ 2 transition are better
than those of the I0S approximation, which gives
too much dominant coupling.

The large J region where the sudden approxima-
tions are poor contributes only a very small frac-
tion of the integral cross sections (given in Table
V) for this system, and nothing is gained by using

one approximation for small J and another for large
J. However, the IOS and FOS integral cross sec-
tions are still accurate enough to be useful.

The existence and extent of the dominant coupling
region in this problem depends very strongly on the
repulsive asymmetry parameter a,, whose value is
still uncertain. It is interesting to note that if a,,
were decreased from 0.5 to an earlier estimate!’
of 0.375 with the other parameters fixed, the domi-
nant coupling region disappears, and no more than
16 channels are required for convergence at any J.
This is illustrated in Fig. 7, where the FOS val-
ues of (27 +1)®;(2,0) obtained with the two values
of a,, are compared.

C. Ar+F,, Cl,, Bry,and I,

To check further the observation that in the two
previous examples the well-known FOS approxima-
tion gives reasonable results for small J, even in
dominant coupling regions, and to see how the

80 I f

(2J+I)pd(2<-—0)

FIG. 7. Effect of the
size of the repulsive asym-
metry parameter a;, on the
FOS dimensionless partial
cross sections (2J+1)®
(2 +~0) for Ar+N,, The
solid line is with q;,=0.5;
the dotted line is with ay,
=0,375.

100

120
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TABLE V. Rotationally inelastic integral cross sec~
tions oy« j;) for Ar+Nj collisions at total energy E/kp
=300°K. The units are A%, Also listed are the percent
deviations from the accurate CC value.

Method o2~ 0) % a4 ~0) %
CcC 22.5 oo 22.4 CRR]
108 22,3 -0.9 18,8 —16
FOS 21.1 -6.2 16,7 ~ 25

number N of coupled channels required increases
with increasing reduced mass, we calculated the
FOS and IOS values of some inelastic cross sec-
tions on a series of model problems intended to
represent scattering of Ar atoms by F,, Cl,, Br,,
and I,, respectively. The parameters of the
spherical part of each intermolecular potential
(see Table I) were obtained using the parameters
and combining rules of Hirschfelder, Curtiss, and
Bird'® and should be fairly reasonable estimates;
however, the asymmetry parameters were arbi-
trarily kept fixed at 0. 20.

The resulting integral inelastic cross sections
(in units of A?) are presented in Table VI along
with the maximum number of channels required
to obtain convergence of all partial cross sections
to within 5%. Again, the FOS results are good
approximations to the 108 results regardless of
the number of channels involved.

IV.. DISCUSSION AND CONCLUSIONS

From the results of this paper, we conclude
that the rotationally inelastic scattering problem
is much less difficult than the large number of
coupled rotational states would make it appear to

be. This is due to the fact that the region where
large numbers of states are strongly coupled and
competing makes a small contribution to the in-
elastic cross sections and can hence be safely
treated with rather simple approximations. In
particular, the IOS and the well-known FOS ap-
proximation provide computationally easy ways

of obtaining rather good small J partial cross
sections for rotationally inelastic collisions of heavy
diatomic molecules. For systems in which the
large J (weak-coupling long-range) region gives

a large contribution to the integral cross section,
one can calculate reliable cross sections econom-
ically using a sudden approximation at small J and
a CC or EBDW method in the large J region where
only a few channels are needed.

The major reason for our present interest in
the FOS approximation, since the I0S method is
already computationally very simple, is that the
FOS method is easily applied to potentials more

TABLE VI. Integral inelastic cross sections o (j;+j;)
(in A% for room temperature collisions of Ar with Fj.
Cly, Bry, and I,.

System Approx. N oc@20) ocd+0)
Ar+ T, FOS 25 55,172 17.23
Ar+ F, 108 51,29 17.08
Ar+Cl, FOS 36 55.15 36.38
Ar+Cly 108 55,72 36.39
Ar+ Bry FOS 36 44,38 35.26
Ar+ Bry I0S 46,40 34,15
Ar+1 FOS 64 51.91 34.14
Ar+1, 108 51,44 31,93

general than that used here. For example, the
FOS approximation can be applied to potentials of
the form

Ulr',8)= > U,(r") P,(cosé) (19)
n=0

by direct generalization of Eqs. (15) and (17). As
formulated herein, the I0S approximation cannot
be used for such a potential unless U,(r')x U, {r’)
for all n, m >0. However, as this work was being
completed, it was discovered'® that by using body-
fixed coordinate axes a drastic simplification can
always be achieved via an IOS approximation, re-
gardless of the form of the potential. Further-
more, this approach will also produce a marked
increase in the computation speed of both the
sudden approximations. Research along this line
will be reported in a subsequent paper.!®
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