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ABSTRACT

THE LIE SYMMETRIES OF A FEW CLASSES

OF HARMONIC FUNCTIONS

W. Lauritz Petersen III
Department of Mathematics

Master of Science

In a differential geometry setting, we can analyze the solutions to systems of dif-
ferential equations in such a way as to allow us to derive entire classes of solutions
from any given solution. This process involves calculating the Lie symmetries of
a system of equations and looking at the resulting transformations. In this paper
we will give a general background of the theory necessary to develop the ideas of
working in the jet space of a given system of equations, applying this theory to
harmonic functions in the complex plane. We will consider harmonic functions in
general, harmonic functions with constant Jacobian, harmonic functions with fixed

convexity and a few other subclasses of harmonic functions.
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1 Introduction

We want to analyze the Lie symmetries of several types of harmonic functions in
the complex plane. Finding the symmetries will allow us to calculate new harmonic
functions from old ones, essentially allowing us to “flow” from one function to
another in such a way as to always force the interim functions to be harmonic.

In particular, we will consider the following classes: harmonic functions in gen-
eral, harmonic functions with constant Jacobian, harmonic functions with fixed

convexity and a few other subclasses of harmonic functions.

2 Harmonic Functions

2.1 Complex Numbers

We will use the following standard notations. We will denote the real numbers by R
and the complex numbers by C. When we write z € C, we will use the convention
that z = x 4+ iy with z,y € R and will define the real part of z to be x and the
imaginary part of z to be y and use the notation Re(z) = z and Im(z) = y.

Given a point z € C, we will make the identification of the complex plane with
the Cartesian plane R?, graphing the point z in R? by giving it the coordinates

(Re(z),Im(2)) € R?. Also, we define the conjugate of z, denoted z, to be Z = z — iy

(2472)

5 and

if z = x +dy. Two identities that will be very useful are Re(z) = = =

(2=2)
2

Im(z2) =y = . We will make constant use of these because they give us the
ability to write the real and imaginary parts of z in terms of z and Z.
We will let D be the set of all complex numbers whose modulus is less than one,

yielding D = {z € C | |z| < 1}, the open unit disk with 0D = {z | || = 1}. Also

we will make the convention that a domain is an open connected subset of C and

1



that G C C is a domain.

2.2 Harmonic and Analytic Functions

Let us now consider functions from G into C. Let f : G — C be defined by
Re(f(2)) = wu(z) and Im(f(2)) = v(z), where u and v are real valued functions

taking values from G to R, yielding f(z) = u(z) + iv(z).

Definition 2.1. A real valued function u : G — R is said to be harmonic if it has

continuous second partial derivatives such that

Pu  Pu

@—Fa—?ﬂ—o.

Definition 2.2. A complex valued function f = u + iv is said to be harmonic if u

and v are real valued harmonic functions.

Ofa
Iy
partial derivatives of the function f. Recall that Theorem 13.3 of [10] gives us that

0
We will adopt the standard notation of 8_f = fu, = fay, and so on, for the
x
it f has continuous second derivatives then f,, = f,,. By the identities given in
Section 2.1, we can write x and y in terms z and Z allowing us to find f, and f>
along with f, and f,. For example, if f(z) =z +2* = (z + 2 — y*) + i (y — 2zy)

then f, =14 22 — 24y, f, = =2y — 2iz, f. =1 and fz = 2Z.

Example 2.3. Consider the real valued functions u, v; and vy of the complex
variable z = z +dy. Let u(z) = 2% — ¢?, v1(2) = 22y and vy(z) = —22y. We can

see that



giving us that u, v; and vy are real valued harmonic functions. If we let fi(z) =
u(z) + iv1(2) and fo(2) = wu(z) + ive(2) then simplifying, we get that fi(z) =
2 —y? +i2zey = (x+iy)? = 2% and fo(2) = 22 —y* — 22y = (v —iy)* = 22 and we

have verified that f; and f, are complex valued harmonic functions.

We will not typically specify whether a function is real or complex valued har-

monic because it will be clear from context. We will simply state that it is harmonic.

Definition 2.4. Two real valued harmonic functions v and v are said to be harmonic

conjugates if they are harmonic and they satisfy the Cauchy-Riemann equations

du v
or Oy
ou v
dy  Ox

Definition 2.5. If a function f : G — C is continuously differentiable on G then

we say f is analytic.

Theorem 2.6. If f = u+ v is analytic then u and v satisfy the Cauchy-Riemann

equations.

Fact 2.7. Recall that if f = u + v is analytic, we can use the Cauchy-Riemann

equations to get that



Example 2.8. Consider f; and f> as defined in Example (2.3l From the Cauchy-

Riemann equations we get that

Y

and

Uy = 20 F vy,

w =~ # —u,

and combining this with what we have from Example(2.3/we get that f; is harmonic

and analytic but f5 is strictly harmonic.

By Theorem [2.6, Definition 2.4 and Definition 2.5, we can see that any analytic
function is harmonic. However, a harmonic function need not be analytic as shown
in Example 2.8.

Often we will want to consider the image of D under a given function or map.

To do this, we will look at the images of concentric circles and/or radial lines in the

unit disk. Consider the examples given in Figure 1(a) and Figure 1(b).

Theorem 2.9. Let u and v be real valued harmonic functions defined on G and
suppose that u and v have continuous partial derivatives. Then f : G — C given by

f =u+1v is analytic if and only if w and v are harmonic conjugates.

Theorem 2.10. If u : G — R is a real valued harmonic function then u has a

harmonic conjugate.

Theorem 2.11. If f = u + v is harmonic then there exist h and g analytic such

that f = h+7.



(a) Image of concentric cir- (b) Image of concentric cir-
cles and radial lines in D un- cles and radial lines in D un-

der f(2) = z. der f(2) = 2* — 2.
Figure 1: Images of D under the maps z and z* — z.

Proof. Since u and v are real valued harmonic functions then by Theorem [2.10
we have that v and v have harmonic conjugates; call them us, and vy respectively.

Consider that

f=u+w
U+ iUy +u+tus Vg + 10+ Uy + v
+1 -
2 21
U+ iug +ve + v u+iug — (v + i)
2 2
(u+ve) +i(ug +v)  (u—we)+i(ug —v)
2 + 2

=h+7
if we let A and ¢ be defined in the obvious way. Theorem 2.9 clearly shows that A
and g are analytic. Therefore f =h + 7. m

Theorem 2.12. If h and g are analytic then f = h + G is harmonic.

Proof. Let h = h' +ih* g = ¢* +ig* and f = h +g. Then Re(f) = h' + ¢* and

Im(f) = h* — g°. Since h and g are analytic then h', h? ¢g' and g* are harmonic
5



by Theorem 2.9 and Definition [2.4 which implies that h' + ¢' and h' — ¢* are

harmonic. O

Example 2.13. Consider the function f(z) = 2z + g =z +iy + 2% + ixty —

zy? — 3iy® = (v 4 32° — xy?) + i(y + 2%y — 3y°) recalling that z = z + iy. Let

u(z) = x + 32% — xy? and let v(z) = y + 2y — 3y°. This gives that u,, = 2z,

Uyy = —2T, Uy = 2y and vy, = —2y and it is easily verified that v and v are

harmonic and therefore f is harmonic. Now if we let h(z) = z = z + iy and
3 1.3

9(z) = £2° = (32% — 2y?) + i (2%y — $y°), it is again easily verified that h and g

are analytic therefore yielding that f = h + 7.

Theorem 2.14. Suppose f is analytic in D. Then f has a convergent power series

expansion in D given by

)

n!

f(z) = chz” where ¢, =
n=0
Theorem 2.15. If f is analytic in D then fz(z) =0 for all z € D.

Proof. Let f be analytic in D. Then by Theorem 2.14 we have that f(z) = Z cp2"
n=0

which implies that fz(z) = 0. O

Definition 2.16. A function G is said to be subordinate to a function F', written
G=<F,if

G(z) = Fw(z)), |2[ <1,
for some analytic function w with |w(z)| < |z| where F' and G are analytic on D.

Theorem 2.17. Let D, = {z | |2| < r}. If G < F then G(D,) C F(D,) for all

r<1.

For more details on subordinate functions see [8].

6



3 Schlicht Functions

In our analysis of the Lie symmetries of certain functional classes we will often
restrict ourselves to the study of cases of schlicht functions. Schlicht functions are
essentially normalized univalent complex valued harmonic functions. These classes
have important applications in the field of geometric function theory, an area of
complex analysis. For more information on univalent harmonic functions see [4]

and [9].

Definition 3.1. A function f : G — C is said to be one-to-one or univalent if

f(z1) # f(2o) for all z1, 290 € G with 2z # 2.

Definition 3.2. A harmonic function f = h 4 g is called sense-preserving at a

/

point zy if 7'(z) # 0 and w = & is analytic at 2z and |w(z)| < 1. Similarly, f is
sense-reversing at zy if f = g + h is sense-preserving at z,. A point 2 is a singular

point if f is neither sense-preserving nor sense-reversing at zg.

Definition 3.3. Let f(z) be defined on G. The Jacobian of f, denoted J¢, is the

0 0

9 Re(f) E" Re(f)
determinant of the matrix L Y

9 tm(r) Ly

ox dy

We say a function f is locally univalent on G'if Jy #0on G. If Jy > 0 on G
then f is locally univalent and sense-preserving and if J; < 0 on G then f is locally
univalent and sense-reversing.

If we let f = h+ g, where h = h' +ih? and g = ¢ + i¢g” are analytic, then f is

harmonic and J; is given by J; = |k'|* —|¢'|*. To see this, use the Cauchy-Riemann



equations, Fact [2.7 and Definition (3.3 to get the following:

0 0
- Re(f) - Re(f)
8_x1m(f) a—ylm(f)
8h1+8gl Oht 8_91
_|o0x  O0x 0Oy dy
S |9n® 9¢® on g
ox or Oy oy
Oh! N dg'  on*  dg?
— | Oz ox 8; 8f:
o by okl oy
ox ox ox ox
_(OnL 9"\ (Onl g\ [ Oh® 0g*\ (Oh* Og°
Oz ox ox ox ox ox ox ox
(PN (PN (29 L (99
N ox ox ox ox
= W~ lg'*

Theorem 3.4. Let f = h+ g be harmonic. Then f is locally univalent and sense-

preserving on D if and only if |¢'(z)| < |h'(2)| for all z € D.

Fact 3.5. If [ is sense-preserving and h'(z) # 0 then J¢(z) > 0 and if f is

sense-reversing and h'(zy) # 0 then J¢(z9) < 0.

Theorem 3.6 (Argument Principle for Harmonic Functions). Let f be harmonic
in D such that f is continuous and non-zero on OD. If f has no singular zeros in

D then f is univalent on D.
Theorem [3.6 is proven in [7], it being a standard result from complex analysis.

Definition 3.7. The family of schlicht functions (that is normalized, analytic, uni-

valent functions) is denoted by S and is defined by

S={f:D—C]| [ is analytic and univalent with f(0) =0 and f'(0) = 1}.
8



If f € S then the power series expansion of f(z) given by Theorem 2.14 has the
general form f(z) = 2 + ag2® + asz® + ...

z z z
. We can see that L = 2 implies
1—2z 1— 21 1— Z9

Example 3.8. Consider f(z) =
that 21 — 2129 = 29 — 2129 = 27 = 29 which gives that f is univalent. Since f is

analytic in D, f(0) = 0 and f'(z) = f'(0) =1 then f € S. In this

1
(1—2)?
example, the image of D under f is the right half-plane with boundary at x = —%.

We can define a super class of S by relaxing the requirement of analyticity to

complex valued harmonic. We will denote this class as Sy and define it by
Sy ={f:D— C|f is harmonic and univalent with f(0) =0 and f.(0) = 1}.

Therefore, if f € Sy then f = h 4+ g where h and ¢ are analytic and we get that h
and ¢ have power series expansions of the form given by h(z) = z+ap2* +azz® +. ..
and g(z) = bz + byz® + b3z + ... That is f(2) = 2+ apz® +... + biZ + bZ* + ...

Now define S9, a subclass of Sy by
Sip={f € Su | £(0) =0}

For any f € S§ we get a power series expansion of the form f(z) = z + ay2® +
a323+...+62§2+63§3+...
From these definitions, we can see that S C S9 C Sy. The following example

will show us that the containments are proper.

Example 3.9. Let fi(2) = z, fa(z) = z+g and f3(z) = z+¥. By the definitions
of S,58%9 and Sy and Theorem (3.6, we see that fi € S, fo € S§ and f3 € Sy and
fo ¢ S and f3 ¢ S9. Therefore S C S9 C Sy.

The graphs of the unit circle under each of fi, fo and f3 are given in Figure 2(a)L

Figure 2(b) and Figure respectively.
9



(a) Image of concentric  (b) Image of concentric  (c) Image of concentric
circles and radial lines in circles and radial lines in circles and radial lines in

D under fi(z) = 2. D under fo(2) = 2 +g. D under f3(2) =z + ?
Figure 2: Images of D under the maps f1, fo and fs.

When we perform our analysis of the Lie symmetry groups, we will take into
account several examples of schlicht functions and apply our findings to these classes
of functions.

When considering functions in Sy, many times we will want to consider some
geometric property of the image of D under the function. Here we define one of

those properties.

Definition 3.10. A domain (2 is said to be convex in the direction of e'? for a given

¢ € [0,m) if for every a € C the set
Qn{a+te” |t e R}

is either connected or empty. We say that €2 is convex in the direction of the real
axis if every line parallel to the real axis has an empty or connected intersection

with €.

We will call a function f convex in the direction of e*?, f € CD(yp) if f(D) is

convex in the direction of e*¥. If a function f is convex in every direction then we
10



will call it convex.

Definition 3.11. A domain (2 is said to be close-to-convex if the complement of €2

can be written as the union of non-crossing rays.

A function f will be said to be close-to-convex if f(D) is close-to-convex. It is
true that if f is convex in some direction, then it is close-to-convex. If f is convex
then it is clearly convex in some direction and therefore close-to-convex.

Now consider the plot of concentric circles and radial lines for fy(z) = 2z + g
as shown in Figure W Upon inspection, we can see that fo € CD(0) but fy ¢
CD (%) because f(D)N{-0.6 +te'? | t € R} has two disjoint components. Each of
Figure 2(a) and Figure 2(c) are convex in every direction giving us that fi(z) = z
and f3(z) =z + ; are convex in every direction as well.

In [4], J. Clunie and T. Sheil-Small state and prove Theorem [3.12, Theorem 3.13

and Theorem |3.14.

Theorem 3.12. A harmonic function f = h + g which is locally univalent in D is
a uniwalent mapping of D convex in the direction of the real axis if and only if h— g

s a univalent mapping of D convex in the direction of the real axis.

Theorem 3.13. Let f = h+7 be locally univalent in D and suppose that for some

e with |e| <1 we have that h + eg is convex. Then f is univalent close-to-convet.

Theorem 3.14. A function f = h+ 79 is in Sy and is convex if and only if the
analytic functions

h(z) —e*%g(z) with 0<p<m

are convex in the direction €? with f suitably normalized.

11



4 Fundamentals of Differential Geometry

In order to understand the process of finding the Lie symmetry groups of systems
of differential equations, we need to understand some of the basics of differential
geometry. This will allow us to interpret differential equations in a geometric setting.
We begin with the basic definitions and a few examples to help familiarize ourselves

with geometric structures. For a general text on differentiable manifolds, see [2].

4.1 Basic Differential Geometry

Definition 4.1. A topological manifold M of dimension n, or m-manifold, is a

topological space with the following properties:

(i) M is Hausdorft,
(ii) M is locally Euclidean of dimension n, and

(iii) M has a countable basis of open sets.

Definition 4.2. If M is a topological n-manifold then a coordinate neighborhood
or coordinate chart of M is a pair U, ¢ where U is an open set of M and ¢ is a
homeomorphism of U to an open subset of R". To g € U we assign the n coordinates
2(q), ..., 2"(q) of its image ¢(q) in R™ where each z'(q) is a real-valued function

on U called the ith coordinate function.

When thinking about a topological n-manifold M, we will refer to the set p(U) C
R"™ as the local coordinates of M allowing us to look at neighborhoods of M as if

they were in R" and not necessarily some abstract space.

12



Definition 4.3. A function F' : U C R" — R™ with U open, is a diffeomorphism
if it is an infinitely differentiable homeomorphism and F~! is also infinitely differ-

entiable.

Definition 4.4. Let U, ¢ and V1 be coordinate neighborhoods of an n-manifold
M. We say that U, ¢ and V, 1) are C*®-compatible if U NV # () implies that o™

and ¥ o ¢! are diffeomorphisms of the open subsets (U N V) and (U NV) of R™.

Definition 4.5. A differentiable or smooth structure on a topological manifold M

is a family or coordinate atlas % = {U,, ¢} of coordinate neighborhoods such that

(i) the U, cover M,
ii) for any a, 3 the neighborhoods U,, ¢, and Ug, pg are C'°°-compatible,
Bs ¥

(iii) any coordinate neighborhood V, v compatible with every U,, ¢, € % is itself
in % .

The set of all coordinate neighborhoods or charts is referred to as the coordinate
atlas.
A differentiable or smooth manifold (or simply manifold) is a topological manifold

together with a differentiable structure.

Theorem 4.6. Let M be a Hausdorff space with a countable basis of open sets. If
{Vs,9} is a covering of M by C*-compatible coordinate neighborhoods, then there

1s a unique C° structure on M containing these coordinate neighborhoods.
A proof of Theorem is given in Boothby ([2]) on page 54.

Definition 4.7. Let M and N be (smooth) manifolds of dimensions m and n,

respectively. We say a function F': M — N is a smooth mapping or diffeomorphism
13



if given any coordinate neighborhood U, ¢ of M and V1 of N, we have that ¢ o

Fogp™':plU)CR™— R"is a diffeomorphism as defined in Definition [4.3.

Definition 4.8. Let F' : M — N be a smooth mapping from an m-dimensional
manifold M to an n-dimensional manifold N. The rank of F' at a point x € M is
the rank of the n x m Jacobian matrix [a;;] where a;; = (97; at x, where y = F(x) is
expressed in any convenient local coordinates near x. The mapping F' is of maximal
rank on a subset S C M if for each z € S the rank of F' is as large as possible (i.e.

the minimum of m and n).

Theorem 4.9. Let F': M — N be of maximal rank at xqg € M where the dimensions
of M and N are m and n, respectively. Then there are local coordinates x =
(z',...,2™) near zo, and y = (y',...,y") near yo = F(xq) such that in these

coordinates F' has the simple form
y=(x',...,2™0,...,0), ifn>m,

or

y=(z...,2"), ifn<m.
For a proof of Theorem 4.9, see [2], pages 47 to 49.

Definition 4.10. Let M be a (smooth) manifold. A submanifold of M is a subset
N C M, together with a smooth, one-to-one map ¢ : N—>NcCM satisfying the
maximal rank condition everywhere, where the parameter space N is some other

manifold and N is the image of ¢, that is N = ¢(N). In particular, the dimension

of N is the same as that of N and does not exceed the dimension of M.

This map ¢ is called an immersion and defines a parametrization of the sub-

manifold N. We may refer to N as an immersed submanifold.
14



Definition 4.11. A regular submanifold N of a manifold M is a submanifold pa-
rameterized by ¢ : N — M with the property that for each x € N there exist
arbitrarily small open neighborhoods U of & in M such that ¢ (U N N) is a con-

nected open subset of N.

Example 4.12. Let’s consider an example of a submanifold of R? that is not
regular. Let ¢ be defined by ¢(t) = (sin(2arctant),2sin(4 arctant)). Figure [3
shows ¢(R) and it can be verified that R, ¢ is a submanifold of R?. If we let B, be
an open ball of radius r centered at (0,0) then for sufficiently small r we see that
¢ H(B,) = (—o00,a) U (b,c) U (d,00) where a < b < 0 < ¢ < d. This gives that

¢ Y(B,) is disjoint for some r and therefore is not a regular submanifold of R?,

N
oD

Figure 3: Plot of p(R)

Theorem 4.13. Let M be a smooth m-dimensional manifold, and F : M — R",
n < m, be a smooth map. If F is of mazimal rank on the subset N = {z €

M | F(z) = 0}, then N is a regular, (m — n)-dimensional submanifold of M.

Example 4.14. The complex plane, C, is a manifold of dimension 2 as shown
in Figure 4. If we consider the open sets given by the standard Euclidean metric
defined by the norm on C, we can see that C is Hausdorff, locally Euclidean and has
a countable basis therefore giving us a topological 2-manifold. Take V' = C to be
the open set and ¢ : V — R? given by ¢(z +iy) = (x,y) to be the homeomorphism

from C to R%. By Theorem 4.6, we see that V, ¢ determines a unique differential
15



structure on C. It is clear that pop™'(z,y) = (z,y) which is infinitely differentiable
yielding a diffeomorphism from R? to R?. Therefore, we can see that C is a manifold

of dimension 2.

Figure 4: Plot of C

Example 4.15. The unit sphere in R® as shown in Figure 5 and defined by
S? = {(z,y,2) ’ 2 + y* + 2% = 1} is a manifold of dimension 2 with a pos-
sible set of coordinate charts given by U = {(z,y,2) € S* ‘ z # 1}, and
V = {(z,y,2) € S? ‘ z # —1},4 where ¢ and ¢ are the stereographic projec-

tions onto the plane {(z,y,0) ’ (z,y) € R?} € R®. We can see that ¢ is given by
olx,y,z) = (1 f > %) and v is given by (z,y, z) = (112, 13{2) where

(z,y,2) € S* and U and V are open in the Euclidean subspace topology of S?

considered as a subspace of R®. Now choose any (a,b) € R? and consider the
2a 2b a’> + b —1
A+ +1U a4+ +1a?+02+1

calculation we can see that (z1,y1,21) € S2. Consider that

point (1,41, 21) = ( ) in S?. By the following

4a? 4h? a* + b* + 2a%b? — 2a% — 2b* + 1
(@ 102+ 1) + (@ 102+ 1) + (@1 b2 1 1)2
a0+ 2070 + 20 + 207 4 1
(@ 102+ 1)
(@12
=@ E

TP+t e =
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Now consider that

2a 2b
_ a’+b2+1 a’+b°+1
@(xla Y1, Zl) - a24b2—1" 1 a2+b2—1

1= a24+b2+1  ©~ a24b2+1
2a 2b
_ | a?+b2+1 aP+b%+1
- 2 ) 2
a?+b24+1  a?4b2+1

= (av b)

This gives us that ¢ is surjective, that is, p(U) = R?. A similar set of calculations
give us that (V) = R?. It is clear that U UV = S? and in order to finish verifying
that S? is a manifold with the given coordinate atlas, we must verify that ¢ and
1 are compatible on U NV meaning that ¢ o™ : R*\ (0,0) — R* and ¢po ™' :
R?\ (0,0) — R? are infinitely differentiable and are therefore diffeomorphisms of

R?\ (0,0) to R?\ (0,0). Consider that

poy Nz, y) =g 2 2 =2~y
’ w2yt U eyt U eyt 41

2 2
_ 244241 z24y2 41
- 1 . 1733271/2 ) 1 . 17m27y2

x24+y2 41 2 4y2+1
o Y
= Y
xr2 + yQ xr2 + y2

which we can see is infinitely differentiable on R? \ (0,0). Similarly we can show

that

wwl(ﬂc,y)=< - 2 >

12 + y2 ’ 72 + y2
which yields that v o ™! is infinitely differentiable on R?\ (0,0) as well. We have
thus verified that ¢ and 1) are compatible on U NV giving us that S? is a manifold

with an atlas determined by the given atlas by Theorem 4.6.

Example 4.16. Let M and N be manifolds of dimensions m and n, respectively

and let {U,, o} and {V3, 13} be smooth atlases for M and N, respectively. It is a
17



Figure 5: Plot of S*

standard result from topology that the Cartesian product M x N is a topological
manifold. Choose some U, ¢ € {U,, o} and V.9 € {Vj,¢3}. Define W, 6 on

MxNbyW=UxVand 0: W — R™" by 0(p,q) = ¢(p) X ¥(q) for (p,q) € W

where ¢(p) X ¥(q) = ((pl(p), oL e™() ), ,w"(q)). Choose Uy, p1;Us, vy €
{Ua, 9o} and Vi, 41; Va, by € {Vj, 105} such that Uy NUs # 0 and Vi N Vy # 0 let
Wy =U; x Vi and Wy = Uy x V, and note that Wy N Wy # (). Let 6; and 65 be the

corresponding local coordinate maps from W; and W, to R™"" respectively defined

by 01(p,q) = ¢1(p) x ¢¥1(q) and O5(p, q) = @2(p) X ¥2(q). Consider the map
91 o) 9;1 . 92(W1 N W2> C Rern — Rern.

Choose some (p, q) € O2(W; N W3) and consider that

01005 (p,q) = (1 X ¥1) © (w2 X 1a) " (p, q)
= (o1 x ¥1) o (93 (p) X U3 (a))
= (p1003' (p) x (Y1093 (q))
which is infinitely differentiable since ¢, is smoothly compatible with ¢,, and sim-

ilarly 1, with 15, thus giving us that 6; o 6, is a diffeomorphism. A similar

calculation will show that 6y 0 6! is a diffeomorphism as well. Together, these give
18



us that Wy, 0, and Ws, 0y are C°°-compatible. Therefore, M x N is a manifold with

coordinates atlas as defined above.

4.2 Vector Fields on Manifolds

When we have an abstract manifold M of dimension m, we may not have an ambient
space that M is living in. We want to develop the ideas that allow us to talk about
paths and tangent vectors on M without requiring that M be strictly embedded in
R".

Suppose ' is a smooth curve on a manifold M of dimension m, parameterized
by ¢ : I — M where I is a subinterval of R. In local coordinates z = (z',...,z™),

[ is given by m smooth functions ¢(¢) = (¢'(¢),...,¢™(g)) of the real variable .

Definition 4.17. With the above considerations, at each point x = ¢(¢) of I" the

d . .
curve has a tangent vector, namely the derivative ¢(e) = d(b ('(e), ..., 9™ ()
£

which has the notation of

0

57 TS5 O )

Ve = de) = (9'(e)...., 9™ (c)) = 6" ()

B

This notation may seem strange but will prove itself extremely useful when we
introduce Lie derivatives. This notation will also allow us to distinguish between
the tangent vectors and the local coordinates of the manifold. Simply think of
the differential operators as basis vectors, that is, when we're considering R? as a

manifold, any tangent vector can be written as a linear combination of the basis
0 0
oz’ dy
of the basis elements {(1,0), (0,1)}.

vectors { } just as any element in R? can be written as a linear combination

Example 4.18. Consider the helix as a 1-dimensional submanifold of R®. We can

describe the helix by ¢(g) = (cose,sine,e) in R® with coordinates (z,y,2). The
19



tangent vector ¢(¢) is given by

. d 8 0 d 0
0) = £ (60) g + 2 (96 5+ (66D 5
I a L0
= Slnga—x Cosgg—y &
_ 0, 0,0
= Vo Ty T oz

at the point (z,y,2) = ¢(e) = (cose,sing, €).

Definition 4.19. The collection of all tangent vectors to all possible curves passing
through a given point x € M is called the tangent space to M at x and is denoted
by TM|,.

If M is an m-dimensional manifold then T'M|, is an m-dimensional vector space

0 0 0
oxl’ 0x2” 7 Oxm

over R with { } providing a basis for TM|, in the given local

coordinates.

Definition 4.20. A vector field v on an m-dimensional manifold M assigns a
tangent vector v|, € T'M|, to each point x € M, with v|, varying smoothly from
point to point.

In local coordinates (x',...,2™), a vector field has the form

0 0 0
Vi = @) 5y + @) 5y oo+ €M@ 5

where each ¢‘(z) is a smooth function of x. There is a subtlety here that we will

0
B in the above expression is an element of
xt
TM|, and therefore changes for each x € M but this distinction will be clear from

ignore and that is namely that each —

context.

Definition 4.21. An integral curve of a vector field v is a smooth parameterized
curve x = ¢(&) whose tangent vector at any point is equal to the value of v at that

point. This means that ¢(¢) = v|4( for all €.
20



If we consider an integral curve ¢(g) = (¢'(¢), ..., ¢™(¢)) in local coordinates, we
get that ¢(e) must be a solution to the autonomous system of ordinary differential

equations given by

where £'(z) are the coefficients of v at x. Since &'(x) are smooth functions then
the standard existence and uniqueness theorems apply with initial condition given
by ¢(0) = zo. This implies that there is a unique maximal integral curve passing
through any given point o € M, where maximal means that no other integral curve

through xq properly contains this unique curve.

Definition 4.22. If v is a vector field on an m-dimensional manifold M, we denote
the parameterized maximal integral curve passing through = € M by ¥(e,z) and

call ¥ the flow generated by v.

From Definition 4.22| we see that for each x € M and interval I, containing 0
with € € I, U(e,z) will be a point on the integral curve passing through = € M.

The flow of a vector field has the basic properties that
U(0,V(e,z) =V (+e,2), xeM
for all ,¢ € R such that both sides of the above equation are defined,
U(0,x) =z,

and
%\11(6, iL‘) = V"I’(E,l’)

for all € where defined.
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5 Lie Symmetry Groups

The vast majority of the information in this section was taken from Applications

of Lie Groups to Differential Equations by Peter J. Olver [12]. In this book he

gives the groundwork which will be employed in this paper for our analysis of the
Lie symmetries of some classes of harmonic functions. Another resource for general

information about Lie symmetry groups is [14].

5.1 Abstract Groups

Definition 5.1. A group is a set GG together with a group operation % such that for
any two elements g, h € GG, the product g x h is again an element of GG. The group

operation is required to satisfy the following axioms:
(i) Associativity. If g,h, k € G then g (h* k) = (g * h) * k.

(ii) Identity Element. There is a unique element e € G called the identity element,

such that exg=gxe =g for all g € G.

(iii) Inverses. For each g € G, there exists an inverse in G, denoted ¢g~' such that

gxg =g xg=e

Often we denote the product of g, h € G by gh, g-h or g+ h, depending on the

group.

Definition 5.2. A group is said to be abelian if the group operation is commutative,

meaning that g-h=h-g for all g,h € G.
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5.2 Lie Symmetry Groups

Definition 5.3. An r-parameter Lie group is a group G with operation - which
also carries the structure of an r-dimensional (smooth) manifold in such a way that

both the group operation
m:GxG—G, m(g,h)=g-h, gyheG

and the inversion

i:G—G, ilg)=g", geG
are smooth (infinitely differentiable) maps between manifolds.

Definition 5.4. Let G and H be groups with operations * and x, respectively. A
function ¢ : G — H is said to be a group homomorphism if ¢ (g1*g2) = ©(g1)*p(g2)
for all g1, 92 € G. If ¢ is injective and surjective, then ¢ is called an isomorphism
and we say that G and H are isomorphic if there exists an isomorphism between
them. If G and H are isomorphic, we will notate this as G = H. For two Lie groups

to be isomorphic, the isomorphism must be a smooth map between them.

Example 5.5. Consider the manifold R* = {z € R | £ > 0} and consider it as a
group under multiplication. The multiplication map m : Rt x R™ — R™ is defined
by m(z,y) = x -y and the inversion map i : Rt — R* is defined by i(x) = 1/z,
both maps are seen to be diffeomorphisms, the first one being a diffeomorphism
from RT x R* (a 2-manifold by Example [4.16) onto R" and the second from R*
onto R™. Therefore, by definition R™ is a Lie Group. With the homomorphism
©(t) = Int we can show that R" is isomorphic to R as a group under +. Clearly R

is a Lie group under + and we can see that given s,t € RT we have that

o(s-t) =1In(s-t) =Ins+1Int = p(s) + ¢(¢)
23



showing that ¢ is a homomorphism. It is easily verified that ¢ is surjective and
injective and that it is a smooth map yielding that R* and R are isomorphic as Lie

groups.

Example 5.6. Consider the manifold SO(2), the set of all 2 x 2 real orthogonal

matrices of determinant 1. SO(2) is given by the set

cosf —sinb
SO(2) = fdeR

sinf cos6

under the operation of matrix multiplication. So given

cosf) —sinf | cos¢p —sing € S0(2)
sinf  cos6 sing  cos ¢
we have that
cosf) —sinf cos¢ —sing
sinf  cos@ | sing  cos ¢

cosfcosp —sinflsing — cosfsin¢g — sinf cos ¢

sinf cos @ + cosfsin¢g  cosb cosp — sinfsin ¢

cos(f + ¢) —sin(0 + ¢)

_sin(@ + @) cos(f + ¢)

With this multiplication in mind, we see that there is a natural isomorphism from
the groups {SO(2),-} onto {Ryy, +} where Ry, = {0 (mod 27) | § € R}. The
group Ry, is simply R under addition with the modular arithmetic defined in such
a way as to make 2wk = 0 for all £ € Z, for example, 7 + 37 = 0 in Ry,. The group

isomorphism is given by

cosf —sinf
@ =40.
sinfl  cosf
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cosf) —sinf cos¢ —sin¢
Given z = Y = € SO(2), from the previous

sinf  cos@ sing  cos¢

calculation we can see that

cos(6 —sin(@
plx-y)=¢ 00) 0+0) =0+ ¢ =)+ ey
sin(0 4+ ¢)  cos(f + ¢)

showing that ¢ is indeed a homomorphism of these two groups. It can be verified
that ¢ is well-defined, surjective and injective and is a smooth map between SO(2)
and Ry, being careful to consider equivalence classes as the elements of Ry, and not

the individual elements of R. Therefore ¢ is an isomorphism of Lie groups.

~

Fact 5.7. There are only two connected 1-parameter Lie groups, namely {SO(2), -}
{R27r7 +} and {Ru +} = {RJr? }

We will make extensive use of the Lie group {R,+}. When we consider Lie
symmetry groups of certain differential equations, this is the Lie group we will use.

As with any group, there is a natural definition of a Lie subgroup.

Definition 5.8. A Lie subgroup H of a Lie group G is given by a submanifold
¢ H — G where H itself is a Lie group, H = go(f[) is the image of ¢ and ¢ is

called a Lie group homomorphism.

Theorem 5.9. Suppose G is a Lie group. If H is a closed subgroup of G, then H
1s a regular submanifold of G and hence a Lie group in its own right. Conversely,

any reqular Lie subgroup of G is a closed subgroup.

Many times the Lie group that we are considering may not globally define a
group structure but in some neighborhood of the identity element we have a group

structure. We call this a local Lie group and give the following definition.
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Definition 5.10. An r-parameter local Lie group consists of connected open subsets

Vo C V C R" containing the origin 0, and smooth maps
m:V xV —R",
defining the group operation, and
1:Vg—V
defining the group inversion, with the following properties.
(i) Associativity. If z,y,z € V and also m(z,y) and m(y, z) are in V, then
m(x, m(y, z)) = m(m(z,y), z).

(ii) Identity Element. For all z € V, m(0,z) = 2 = m(z,0).
(iii) Inverses. For each z € Vi, m(x,i(z)) =0 = m(i(x),x).

We will continue to denote a local group operation by zy, x -y or x +y for m(x,y)

and 27! or —x for i(z).

Note that our definition of a local Lie group is only defined on open neighbor-
hoods of the origin in R" for an r-parameter local Lie group. For the abstract
manifold which is a global Lie group, there is a natural way of forming a local Lie
group if the space is not already R". That is, take the coordinate chart of the iden-
tity and this will give a local Lie group that is a subset of R" in local coordinates.
It is a fact that every local Lie group arises from this construction meaning that
every local Lie group is locally isomorphic to a neighborhood of the identity of some

global Lie group.
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Theorem 5.11. Let Vo C V C R" be a local Lie group with multiplication m(zx,y)
and inversion i(x). Then there exists a global Lie group G and a coordinate chart
X : U* — V*, where U* contains the identity element, such that V* C Vg, x(e) =0,

and
x(g - h) =m(x(g), x(h))

whenever g, h € U* and

whenever g € U*. Also, there is a unique connected, simply-connected Lie group
G* having the above properties. If G is any other such Lie group, there exists a

covering map 7 : G* — G which is a local Lie group isomorphism.

Example 5.12. Let V = {z € R | [z < 1} with group multiplication defined by

20y —x —y

m(z,y) = , T,y eV

zy — 1
and inversion defined by

T
2 — 1

i(r) =
which is only defined for z € Vo = {z | || < 1}. Associativity and the identity

element can be easily verified. Since i(x) only holds in V{ then this is a local Lie

group and not a global one.

Example 5.13. By Theorem [5.11, we get that the local Lie group given in Ex-
ample must have come from a global Lie group. Since there is only one con-
nected, simply-connected one-parameter Lie group, R, then the local Lie group
in Example [5.12 must coincide with some coordinate chart of 0 of R. If we let

X :U"— V* CR with
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then we can see that

X(t+s) = m(x(t), x(s)) =

and

K= = itx(t) = 4

where defined. Therefore y is the coordinate chart of R that satisfies Theorem [5.11
and we can see that the above local Lie group did in fact arise from a global Lie
group.

Theorem 5.14. Let G be a connected Lie group and U C G a neighborhood of the
identity. Let U* = {g1-go-...- gi | g € U}. So U* is the set of all possible products

of k elements of U. Then

G=|JUu~
k=1
Proof. We will show that U U* is both open and closed in G and since G is con-
k=1
nected then this will imply that | ] U* = G.
k=1

Choose V* C G open such that the identity element e of G is in V*. Let
V =V*Ni(V*). Note that e € V* = e=¢"! €i(V*) = e €V and therefore
V # (). Since V* is open and the inversion map is a diffeomorphism then (V™) is
open implying that V' is open, being the intersection of two open sets. Note that
Vv

Now choose some g € V. This implies that g € i(V*) which then implies that
g ' € V*. Now since g € V* = i(g) = ¢ € i(V*) and therefore g~ €
V*Ni(V*) = V. So we have shown that V' is open containing e, nonempty and that
every element in V' has its inverse in V' as well.

Let V, ={g-v ‘ v € V}. We can clearly see that g € V, since g =g-e € V.

Choose some b € V, such that b is a boundary point of Vj. Since G is Hausdorff
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and b is a boundary point of V, then we may form a sequence {b,} — b such
that b # b, and b, ¢ V, of all n. Since b € V,, there exists a v € V such that
b=g-v = ¢ '-b=wv. By the continuity of the group operation we have that
{g7'-b,} — g '-b=wv €V and since V is open, there exists some i such that
g t-b; e V. Thus b; € V, which contradicts our supposition. Therefore V; does not
contain any of its boundary points which implies that V; is open. We have shown
that if V" is any open set containing e € G then V} is also open in G.

It can be easily verified that U* = {g;- g2 ... gi | g €U} = U g;U"1. Since
gi€U
U' = U and U is open then a simple inductive argument gives that U* is open for

any k. Therefore U U* is open in G since each U* is.

k=1
00

Now let U be an open set containing e and let Z = U U* and choose some
element in p € % . From what has been shown previousl;:vlve see that since U is
open and contains e then U, is an open set containing p and since p € % then
U, N % # 0 which implies that there is a py € U, N %. Since py € % then
Po =091 92 ... gy € U" for some n and ¢g; € U for all ¢+ = 1...n. Since
g1-g2- ... gn € Uy then g1 - g2+ ... g, = p-u for some v € U which implies that
P g g g =u€U = p=gi-ga..gn- (0 g1oga . gn) €U CU
and therefore p € % which implies that % = % . Therefore we have shown that

v = U U* is closed. Now since U U* is both open and closed in the connected
k=1 k=1

sethhenG:UUk. O
k=1

Theorem 5.14] gives us that any open set U of a Lie group G containing the
identity element can generate a global Lie group because any element in G is simply
a finite product of elements in U. This in turn allows us, in conjunction with

Theorem 5.11], to generate a global Lie group from a local one simply by taking all
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possible words from some open set containing the identity element.

When working with Lie groups, local or global, in general we are not mainly
concerned with the group in and of itself as a self-contained entity but more im-
portantly on how the Lie group acts on another manifold. This is the main idea
of the infinitesimal analysis of a Lie group. We need a few definitions to consider
these examples. Ultimately it is these group actions that will allow us to analyze

the symmetries of sets of differential equations.

Definition 5.15. Let M be a smooth manifold. A local group of transformations

acting on M is given by a (local) Lie group G with identity e, an open set %, with
{e}xMCc¥% CcGxM

which is the domain of definition of the group action, and a smoothmap ¥ : % — M

with the following properties:
(i) If (h,z) € 7% and (g,¥(h,z)) € % and (g- h,z) € %, then

U(g,U(h,x)) =V(g-h,x).

(ii) For all x € M,

Ule,z) = .
(iii) If (g,7) € % then (¢7*,¥(g,2)) € % and

(g, W(g,2)) = .

Generally we will notate W(g,x) as g - . It will be clear from context that
we are considering a group action and not the group operation of the Lie group.

From Definition 5.15] it can be shown that each individual group transformation is
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a diffeomorphism, where defined, from the M component of % into M. That is to
say that for any fixed g € G, ¢,(z) = ¥U(g, ) is a diffeomorphism of M* C M into
M where M* ={z € M | (g,x) € %}. Also, if = G x M then we call G a global
group of transformations.

We can form local Lie groups for each x € M by looking at the local Lie group
G.={9€G|(g9,2) e %}.
It can be verified that G, is in fact a local Lie group.

Definition 5.16. We say a local group of transformations G acting on M is called

connected if:
(i) G is a connected Lie group and M is a connected manifold,
(ii) the domain of definition Z C G x M is a connected open set, and
(iii) for each z € M, the local group G, is connected.

From this point on, we will only consider connected groups of transformations.

Definition 5.17. A set ¢ C M is an orbit of a local transformation group G

provided that
(i) ifz € 0, g € G and g -  is defined, then g -z € 0.
(ii) if 0 C 0 and 0 satisfies part (i) then either & = & or € = 0.

It is true that the orbits of a Lie group of transformations are submanifolds
of M, but they may have differing dimensions and may not necessarily be regular.
Also, if there is only one orbit then the group action is said to be transitive and that
single orbit would then be M, meaning that we could flow from any one element on

M to any other element.
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Definition 5.18. Let G be a local Lie group of transformations acting on a manifold
M and let S C M. The set S is said to be G-invariant if given any g € G and z € S

such that ¢ - = is defined then g-x € S.

It is clear that the orbit of any element x € M under the action of a group G is
a G-invariant set and any union of orbits will also be a G-invariant set. It can also
be verified that any G-invariant set is the union of a collection of orbits.

From the definition of a flow, Definition [4.22, we can see that the flow, U(e, ),
generated by a vector field, v, on M is the same as a local group action of the Lie
group R on the manifold M. The vector field v is called the infinitesimal generator
of the action. The orbits of the group action are the maximal integral curves of v.

If U(e,z) is any one-parameter Lie group of transformations acting on an m-
dimensional manifold M, then the infinitesimal generator of the action is obtained

by

" /d

=1

xlﬂ'(a,x)) %, (1)

e=0
where U (e, z) = (U'(g,2),..., U™ (e, x)) is the image of x € M under the action of
¢ € (. Since it will be clear that we are referring to the infinitesimal generator at
a point x € M, we will usually denote the infinitesimal generator by v as opposed
to v|,.

The process of finding the one-parameter group of transformations from the

infinitesimal generator v is called exponentiating. If we make the definition that
exp(ev)z = VU(e, x)

for e € G then exp(ev)z is the flow of x under the Lie symmetry group. The

exponentiation is well defined since Wy (g,2) = Uy, (£, ) for any ¢ # 0. Using this
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notation we have the properties that
exp[(d + e)v]x = exp(0v) exp(ev)x
whenever defined,
exp(0v)z = z, (2)
and

d
- [exp(ev)a] = Vesp(evis ®

for all x € M. We can see the parallels between the exponentiation of the infini-
tesimal generator and the properties of the exponential function, hence the name.
One common notation we will adopt for the flow of a particular element x will be
T, that is, U(e, x) = exp(ev)r = 7.

Equations (2) and (3) lead us to the following technique for exponentiating
an infinitesimal generator v. Let M be an m-dimensional manifold with a one-
parameter Lie group G acting on M. Let the infinitesimal generator of ¢ € G be

m
vV = Z (... ,:I;m)i In order to exponentiate v, we must solve the system of
i=1

ort’

differential equations

dg - 51(‘/};17 7§m>’
dz? _ -
E = 62(.’]31, e ,xm),
dz™ _ -
d_g — fm(.??l, 7l,m)
subject to the initial conditions 7'|.—g = 2',...,7™|.—o = 2™ which we will often

notate simply as 7‘|g = #*. The solution for #* will be the flow from z’ under the

group action and we will call this the exponentiation of x.
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Example 5.19. Let’s consider a few examples of vector fields and associated flows

found through exponentiation.

(a)

: : : d :
Let M = R with coordinate given by x. Let v = —. In order to exponentiate

Ox
this we must satisfy the differential equation
d .
(=1
7 (@)

subject to the initial condition Z|y = x. This has solution T = = + ¢ giving us

the exponentiation of

%:exp(eg)x:.xjte
ox

which is globally defined. If we were to define v as v = xa— then we get that
x

- ceodo ~ S
T must satisfy d—($) = 7 subject to Z|o = x which yields
e

T = ex 51’2 T =€z
- ox -

0 0
Let M = R? with coordinates given by (z,). Let v = ™ + To If we
T Y
- 0 0
let (z,y) = exp {5 (—ya— + xa—)} (z,y) then in order to exponentiate v we
T Y
must solve the system of differential equations
d -
d—g(fﬂ') =Y
d -
£@) =T

subject to the initial conditions Z|g = z and y|o = y. The solution to this

system is

T =uxcose —ysine

y=1ycose+ xrsine

which gives that U (g, (x,y)) = (xcose — ysine,ycose + wsine).
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0 0
(c) Let M = R? with coordinates given by (z,y). Let v = :r28— + Yoo Again
x y

let = and y be the transformed x and y coordinates respectively. Now we must

satisfy the system

@7
d -~
d—g(?})—x-y

subject to the initial conditions Z|y = = and Z|o = y. This yields a solution of

-z
YT —E&x
7= )
1—ex
. . x y
which gives that ¥ (e, (z,y)) = (1 — 1 _Ex)'

In trying to solve the systems of differential equations generated by exponenti-
ating a given infinitesimal generator, often we will employ a computer mathematics
software package such as Maple. In the above examples, they generated simple
enough systems of differential equations to be solved by hand but in the calculation
of many Lie symmetries we will have systems of more than fifty or so equations

necessitating the usage of a computer generated solution.

Example 5.20. Here are a few examples of group transformations with their asso-

ciated infinitesimal generators.

(a) Let G = SO(2) and M = S?. As shown in Example[4.15] we see that M is a

manifold where (z,y,2) € M if 2> + y* + 2* = 1. Choose some

cosf) —sind
0 = € SO(2).

sinf  cosf
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Define the group action by
U(h, (x,y,2)) = (rcosh —ysinb,ycosf + xsinb, z).

Notate the action of an element § € G on an element = € M by (z, 7y, z) or by

- (x,y,z). Consider that

(zcosf —ysind)? + (ycosd + xsinh)? + 2°
= 22 cos® 0 — 2zy cos O sin 6 + 3 sin? 0

+ y? cos® 0 + 2zy cos O sin 0 + 2% sin? 6

+ 22

= 2%(cos® 0 + sin? 0) + y*(cos® 0 + sin” 0) + z*
=a” +y° + 2

=1

which therefore shows that 0 - (z,y,2) € SO(2). We can verify that the
other axioms of Definition [5.15/ hold for this group action definition as well.
In this case, SO(2) is a global group action on M. If we fix some height
a € [—1,1] and form the set S, = {(z,y,) | 2> + 3> + o’ =1} € M, we can
check that S, is an orbit of the group action and in fact the collection of sets
S ={S; ‘ B € [—1,1]} forms the collection of all orbits of this group action.
Since S, is an orbit, it is simply the flow of an element (z,y, «) € M under the
group G or in other words, S, is an integral curve of the group action. Since
- has more than one element then we can see that the group action is not
transitive. Six of the orbits are shown in Figure/6l We can see that each orbit
S, is a G-invariant set and any union of S,’s also forms a G-invariant set. For

example, the union of the six orbits shown in Figure 6 forms a G-invariant
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set. We can calculate the infinitesimal generator by taking the derivatives of

each of the coordinate functions as given by (1) on page 32| yielding

d . 0 d
v = (@ e(zo(c)cosﬁ—ysmﬁ)) %—F <@

0
cosf + xsind ) —
9(:?{) ) Ay

+ ( d (2)> 0
do|,_, ) 0z
= (—xsin0 — ycosO)g + (—ysin0 + a:cosO)2
ox dy
0 0
—y%+xa—y.

Figure 6: Plot of S* with the orbits of the group action

0 0
As shown in Example 5.19(b), if we were to exponentiate v = —ya— + xa—,
x Y
we get that T = zcosf — ysinf and y = ycosf + xsinf and z = z arising
dz

from 0 0,z]o = z. This gives us the group action that we started with

0-(x,y,z) = (xcosf —ysinb,ycosb + xsinb, z).

(b) Let G =R and M = R?. Given g € G, define the action of g on an element
(x,y) by g- (z,y) = (x + g,y — g). We can verify that this defines a group

action of G on M. The orbit of any element (¢, o) € R? is the line with slope
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-1 passing through the point (xg,yo) where five orbits are shown in Figure [7.
Also each of these orbits is an integral curve or flow of the group action on
the element (z9,y0) € M. Each of these orbits forms a G-invariant set and
so does any union thereof. For example, the union of the five orbits shown
in Figure [7/forms a G-invariant set. Again, we can calculate the infinitesimal

generator of this group action.

d (x+9) 2—l— 4
9,0 g ox dg

NN
NN

Figure 7: Plot of R? with the orbits of the group action

9-0) 3

5.3 Lie Algebras

The concept of G-invariance is an essential idea for finding the symmetries of differ-
ential equations. Once we are able to consider the set of all solutions to a system of
differential equations as a manifold in a particular Euclidean space, we will calculate
the group action that leaves this manifold invariant and thus form a solution set
from any given solution. Before beginning our infinitesimal analysis, let’s establish

a few definitions necessary to form a vector space of infinitesimal generators for a
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particular group, being the Lie algebra relative to the Lie group being studied.
Let ' : M — N be a smooth map between manifolds. The map F' induces

a map from TM to TN, the tangent bundles of M and N, respectively. This

map is called the differential of F', denoted dF'. We can think of dF' as a function

dF : TM|, — TN|pq given by

n ‘ )

dF(v|.) = ZV(F”(I))a—yj

where F(x) = (y',...,y") in local coordinates. We can also define dF by
dF(v]e) f(y) = v(fo F)(x), y=F(x)
for all v|, € TM]|, and all smooth f: N — R.

Definition 5.21. Let v and w be vector fields on a manifold M. Then their Lie

bracket [v, w] is the unique vector field satisfying

v, wi(f) = v(w(f)) = w(v(f))

for all smooth f: M — R. If

then

vow] = v - W) o

Definition 5.22. Let GG be a Lie group. For any group element g € G, the right

multiplication map

R,:G—G

defined by



is a diffeomorphism, with inverse given by

A vector field v on G is called right-invariant if
dRy(v|n) = V|r,n) = Vlng

for all g, h € G. The set of all right-invariant vector fields forms a vector space over

R.

Definition 5.23. A Lie algebra is a vector space g together with a bilinear operation
[]:gxg—g,

called the Lie bracket for g, satisfying the axioms,

(i) Bilinearity
[ev + V', w] = c[v,w]| + [V, w]
and

[v,ew + dw| = c[v, w] + d[v, W]
(ii) Skew-Symmetry
[v,w] = —[w, v],
(iii) Jacobi Identity

[11, [VaWH + [W, [u7 VH + [Vv [W7 11“ =0,

for all u,v,v',w,w’ € gand ¢, € R.

With this vocabulary, when we calculate the infinitesimal generators of the Lie
symmetries of a system of differential equations, we can look at the Lie algebra
spanned by those generators. Any vector field in the span will also be the infinites-

imal generator of a Lie symmetry.
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5.4 Infinitesimal Analysis

We want to consider the effect a flow exp(ev) has on a function defined on the
manifold M of the Lie group action. In a broad sense, we want to know how a
function will change under a flow, that is, what is the function of the flow of a point
x € M instead of simply what is the function of x € M. In order to do this, we
need to define the Lie derivative of a function defined on M.

0

Let f: M — R and let v have coordinates functions given by v = E §z(x)a—
x’b
i=1

We define the Lie derivative as follows.
Definition 5.24. The Lie derivative of a function f under an infinitesimal generator

v, denoted v(f), is a function from M into R given by

V(1)) = Y @) (@),

=1

, 0
where the £'(z) are the local coordinate functions of v and a—f is the standard
./Lr’L

partial derivative of f with respect to .

From the chain rule, we can see that

m

= lexplev)e) = 32 €lexplev)e) L (exp(ev)e) = vi(f)lesp(ev)a

=1

which gives us that
d

2| Hexplevia) = v(f) @)

e=0

This justifies the notation for the basis vectors of the tangent space. In essence, we
can think of the Lie derivative as simply a directional derivative. To illustrate this,
let’s consider an integral curve I' relative to some infinitesimal generator v. If we
apply a function f: M — R to every point z € I and ask how f changes as we flow
along I' infinitesimally, the answer would be the derivative of f in the direction of

I'. This directional derivative is the Lie derivative.
41



In order to calculate the symmetry group of a system of differential equations, we
need to interpret the system geometrically as a manifold embedded canonically in
a nice Euclidean space. To do this, begin with a system . of differential equations

involving p independent variables z = (z', ..., ") and ¢ dependent variables u(z) =

(u'(x),...,ul(z)) = (u' (2", ..., 2P),...,u(z', ..., 2P)). A solution to . will have
the form u = f(z). Now let X = R” with coordinates (2',..., "), represent the
space of independent variables and let U = R? with coordinates u = (u',...,u%),
represent the space of dependent variables. Let M C X x U be some open subset
of the cartesian product of X and U.

In order to understand how we transform functions under a local Lie group
of transformations, we must understand how a group transforms the graph of a

function. Let g be an element of a Lie group G of transformations of the space

X x U and let u = f(x). We will identify the function u = f(x) with its graph
Iy ={(z, f(z)) |z €} C X xU,

where 2 C X is the domain of definition of f. Note that I'; is a p-dimensional
submanifold of X x U. If I'y is a subset of the domain of definition of the group
transformation g, then g will transform f(z) by transforming the graph I'y. This

gives us that

g-Tr={@.0) =g (v,u) | (z,u) €Ty}

Note that the set g - I's is not necessarily the graph of another function u = f(z)
for all g. Since G acts smoothly on I'y and the identity fixes I'y we may shrink the
domain of definition of the group transformation in such a way as to ensure that
g - T’y is the graph of a function. That is g-I'y = 'z and we call the function fthe

transform of f by g.
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In order to explicitly find f, we will need to eliminate the variable x in the
expression of f and solve in terms of x. We will deal strictly with projectable

transformations, meaning that the transformation can be given by

where =, and ®, are both smooth functions. Here we get that = = =,(z) implying
that x = Egl(f) = Z,-1(x). We get the inverse transformation simply from the in-
verse element ¢! of g because of the properties given in Definition'5.22. This allows
us to solve f as a function of z. We can sece that f(7) = Dy(z,u) = ©g(E,-1(2),u).
Often we will adopt the notation of f(z) instead of the technically correct f (7).

This is done for simplicity in notation and it will be clear from context what is

meant.
Example 5.25. Consider the one-parameter group of transformations where
ge = (x,t,u) — (x4 2¢t,t, 675"”752%), e € R.

This example arises as a symmetry of the heat equation. If u = f(z,t) is a solution

then its transform by ¢ is given by
U= e—ax—£2tu — €_Ez_52tf(l', t)

which must be solved in terms of T and ¢. Solving for T and ¢ simply involves taking

—e¢ as the variable of the transform. This yields the transformed function
U= 6—5(5—25?)—52}?]0 (5 _ 28?,%) _ €—s§+52ff (5 _ 25%:%‘)
which can be simply written as e_”+€2tf(a: — 2¢t,t).

This leads us to the most important definition of this paper.
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Definition 5.26. Let . be a system of differential equations. A symmetry group
of the system .% is a local group of transformations G acting on an open subset
M C X x U of the space of independent and dependent variables for the system
with the property that whenever u = f(x) is a solution of ., and whenever g - f is

defined for g € G, then u = g - f(z) is also a solution of the system.

In order to actually calculate the symmetries for a system of differential equa-
tions, we must extend or prolong the space of independent and dependent variables
to a space called the jet-space, consisting of the independent variables, the depen-
dent variables and all possible partial derivatives of each dependent variable with
respect to each independent variable up to the highest order given in the system
.

Let X and U be the Euclidean spaces of p independent and ¢ dependent variables
respectively as defined above recalling that X =2 R? and U = R?. We need a way of
representing all possible partial derivatives of u up to a certain order, say k. Make
the following definitions by considering their coordinates, where u;j is the standard

partial derivative of the coordinate function u’ with respect to z;.

— [, — (1 q .1 q . . q

Up = {u'” = (g, oooud gy, ol sug oo uf )}
— 1,2 — (1 g .,1 a . cayl q

Uy = {u' = (ugps- s uld ity oy ud s AU ,uxpxp)} n
— LK) — (,1 q . a1 q

Up = {u"™ = (ug, 4 ul 5. U s ,ugcp___xp)}

Essentially the coordinates of U; are all possible ¢-th order partial derivatives of

u. With these in consideration we define U® to be
U(k):Uxleng...xUk,

the Cartesian product of the U; as defined by (4). Note that U *) is a Euclidean
44



space of dimension

q = gp'".

For example, if the independent variable were (x,y) and the dependent variable

were (u,v) then we would have:

1) _ .
uV = (g, uy; 0y, 0y)
2 .
u( ) = (uzxa Ugy, Uyy; Vgas Uy, vyy)
3) __ .
u( ) = (Uaxvan Ugzy, Uryys Uyyys Vzzay Vrzy) Vzyy, Uyyy)

Since each of the partial derivatives is continuous then we have that ug, = uy,,
Ugy = Uya, - - - and we need only consider one of these possibilities in the prolongation.

With the sets U; as defined by (4), we can make the following definition.

Definition 5.27. The n-th order jet space of the underlying space X x U is the
space X x U™ whose coordinates represent the space of independent variables,
dependent variables and all possible partial derivatives of the dependent variables

of orders up to n.
It M C X x U then we can define the n-jet space of M by
M™ =M x Uy x Uy x ... x U,.

Now that we've defined the prolongation of a particular space into its corre-
sponding n-th order jet space, we need to define the prolongation of a function
u = f(z) where f : X — U. The function f will induce a function, ™ = pr™ f(z),
called the n-th prolongation of f, from X to the space U™ defined by all the partial
derivatives of f at the point x.

For example, if we have two independent variables (x,y) and two dependent

variables (u,v) as defined in the previous example, then pr'® f(z, y) would be defined
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(uaU;u:cyuyaU:mvy;uwxaumyauyyavxwvmyyvyy) -
afl afl an afZ'anl 82f1 a2f1 a2f2 82f2 82f2
Or’ Oy’ Ox Oy’ 0x2 Oxdy 0Oy2’ 022 Oxdy’ Oy? )

<fl f2,
We can let a system . of | n-th order differential equations in p independent

and ¢ dependent variables be given as a system of equations
Ay(z,u™) =0, v=1,...,1

The function A(z, u™) = (A (2, u™), ..., Ay(x, u™)) will be assumed to be smooth
in its arguments which will allow us to consider A as a smooth map from the jet

space X x U™ to some [-dimensional Euclidean space. That i,
A: X xU™ —RL

The differential equations tell where A vanishes on X x U™ and therefore determine

a subvariety

In = {(z,u™) } A(z,u™) =0} c X x U™ (5)

of the total jet space.

The main point of prolongation is simply this: if we make the identification of
the system of differential equations with its corresponding subvariety then this will
allow us to interpret the differential equations as a manifold, giving us the geometric
interpretation necessary to find the symmetries of the system. Prolongation gives
us the necessary space where we can calculate the Lie symmetries of the subvariety
thus giving us the Lie symmetries of a system of differential equations.

A solution u = f(x) to the system A = 0 is one such that

Ay(x, pr™f(z)) =0, v=1,...,1



whenever x lies in the domain of f. This means that the graph I—‘;n) of the prolonga-
tion pr™ f () must lie entirely within the subvariety .#» determined by the system
where

I = {(z,pr™ f(2))} € S = {Az,u™) = 0}

Now that we are able to prolong functions, we must define an equivalent way of
prolonging group actions so that the prolongation of a group action will act on the
prolongation of a function so as to agree with any lower dimensional prolongation.

Choose some point (a:o,ué")) € M™ and choose any smooth function v = f(x)

defined in some neighborhood of xy whose graph lies in M and satisfies uén) =
pr™ f (x0). Let g be an element of a local group G acting on M near the identity.

This implies that g - f is defined near (xq, ug) with (zo, wg) = g - (29, up) and ug =

f(20).

Definition 5.28. Define the n-th prolongation of the action of g on f by
prg - (w0, ug”) = (o, @™

where

w™ = pr™ (g - f)().

The following theorem will establish the connection between the group action
on the subvariety and the symmetries of the corresponding system of differential

equations.

Theorem 5.29. Let M be an open subset of X x U and suppose that A(z,u™) = 0
1s an n-th order system of differential equations defined over M, with corresponding
subvariety .x C M™ . Suppose G is a local group of transformations acting on M

whose prolongation leaves S invariant, meaning that whenever (x, u(")) € S, we
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have that pr™g - (z,u™) € A for all g € G such that this is defined. Then G is a

symmetry group of the system of differential equations as defined in Definition|5.26.

Proof. Suppose u = f(z) is a local solution to A(z,u™) = 0. Therefore

0 = {(x, pr™ f(2))}

of the prolongation pr'™ f lies entirely within .#s. If ¢ € G is such that ¢ - f is well
defined then the graph of its prolongation is simply the transform of the graph of

pr™ f because

Since .5 is invariant under pr™g then the graph of pr™ (g - f) is contained in .#a

which implies that ¢ - f is a solution to the system A = 0. [

Now we want to define a way of prolonging the infinitesimal generator of a group
action so that the prolongation of the group action agrees with that of the associated

infinitesimal generator.

Definition 5.30. Let M C X x U be open and suppose v is a vector field on M,
with corresponding one-parameter group action exp(ev). The n-th prolongation of
v, denoted pr™v, will be a vector field on the n-jet space M™ and is defined to
be the infinitesimal generator of the corresponding prolonged one-parameter group

pr'™[exp(ev)]. The formula for pr™v is given by

n d n n
pr( )V‘(x,u(”)) = d_€ pr( )[exp(e’—:v)](x,u( ))
e=0
for any (z,u™) € M™,

In order to simplify our notation of the prolongation of a function we will define

a total derivative.
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Definition 5.31. Let P(z,u™) be a smooth function defined on an open subset
M™ c X x U™ . The total derivative of P with respect to z' is the unique smooth
function D;P(z, u("“)) defined on MV and depending on derivatives of u up to

order n + 1, with the property that if w = f(x) is any smooth function then

0
oxt

DiP(x,pr™ ) f(x)) = 7~ (P (a,pr™” f(2))) .

This means that D;P is obtained from P by differentiating P with respect to '

while treating all the u® and their derivatives as functions of z.

We can see that for the total derivative of ¢ we get that

89 99

gbj(x,u(l)) D;o(x,u) = pye —{—uj%.

This definition of total derivative extends naturally to functions depending on the
variables x = (2',...,27), u = (u',...,u?) and the derivatives u} of u as defined

below.

Theorem 5.32. Given P(x, u ) the i-th total derivative of P has the general form

bl axz ZZ “aa’

a=1 J

where, for J = (j1,. .., jk),

o k+1,, «
0o Quy 0" u
LT Py 0xt 0z Oz . .. Qxix

The sum is over all J’s of order #.J, where 0 < #J <n, and n s the highest order

deriwative appearing in P.

Essentially a total derivative arises as a direct application of the chain rule. Let’s
consider the following example of a total derivative. Let P be a function of (x,y)

and (u, v; Uy, Uy, vy, vy). Then we have the following total derivatives:

oP OP 0P 0P 0P 0P = 0P
o ou T ou T o T au, T e, T Gy,
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and

9P 9P oP oP oP oP oP

D,P=——+ o Uyt o Uy Uy Uy o
v oy  Ou YT gy ou, Hay Ou, oy 0vy Voy v, Yoy

So if we had a function P = 2% + yzuxuy + uv then we would have the following

total derivatives:

DIP:23:+v-ux+u-vx—l—y2uy-um+y2ux-uyx—i—()-vmjLO-vyx

= 2x + vu, +uv, + y2uyum + yzuxuyw
and

DyP:2yumuy+v-uy+u-vy+y2uy-umy+y2uw-uyy+0-va+0-vyy

= 2yugty + Uy + uvy + y2uyuwy + y2uzuyy.

Higher order total derivatives can be taken and are simply defined recursively us-
ing Definition[5.31 meaning that D,,P = D, (D,P) and because of the smoothness
of the functions we have that D,,P = D,,P.

The following theorem will give us the general prolongation formula, a formula

for prolonging general vector fields. A complete proof can be found in [12].

Theorem 5.33. Let

°L 0 d 0
vV = ;f <x’u)8xi + ;gba(x,u)%

be a vector field defined on an open subset M C X x U. The n-th prolongation of
v is the vector field
: 0
priy = v + Z Z o2 (z, U(n)>8_uf“,
a=1 J
defined on the corresponding jet space M™ C X xU™ | the second summation being

over all (unordered) multi-indices J = (j1,...,Jk), with 1 < jp < p, 1 <k <n
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where p is the order of x = (x*,...,2") and q is the order of u = (u',...,u?). The

coefficient functions ¢? of pr™v are given by the formula:

¢u(x,ut™) = D, (aﬁa > f%‘) +) &g,
1 =1

i=

ou” oug

where uy = — and u5, = — .
¢ oxt LT Py

This prolongation formula will allow us to symbolically represent the n-th pro-
longation of a general infinitesimal generator.

Now we need a way of discussing the rank of a system of differential equations.

Definition 5.34. Let
Ay(z,u™) =0, v=1,...,1,

be a system of differential equations. The system is said to be of maximal rank if

the I x (p+ ¢p™) Jacobian matrix defined by

OA, OA,
Ja(e, ) = (W aua)
J

of A with respect to all the variables (z,u™) is of rank [ whenever A(z,u™) = 0,

where p are ¢ are the numbers of independent and dependent variables, respectively,

p+n

and p™ =
n

The next theorem will give us the infinitesimal criterion for an infinitesimal

generator, allowing us to calculate the Lie symmetries of a system of differential

equations.

Theorem 5.35. Suppose



is a system of differential equations of maximal rank defined over M C X x U. If

G s a local group of transformations acting on M, and
prvIA,(z,u™)] =0, v=1,...,1 whenever A(z,u™)=0,

for every infinitesimal generator v of G, then G is a symmetry group of the system

of differential equations.

Theorem 5.36. Let A = 0 be a system of differential equations of maximal rank
defined over M C X x U. The set of all infinitesimal symmetries of this system
forms a Lie algebra of vector fields on M as defined in Section |5.3. Moreover, if
this Lie algebra is finite-dimensional, the (connected component of the) symmetry

group of the system is a local Lie group of transformations acting on M.

Now we have all the tools necessary to calculate the Lie symmetries of the
harmonic functions of interest to us. Also notice that if we can satisfy Theorem 5.35
by the set of infinitesimal generators that span the associated Lie algebra given
by Theorem [5.36, then any infinitesimal generator will hold in the infinitesimal
criterion because it is simply some combination (scalar multiplication, addition and
Lie bracket) of the spanning set of infinitesimal generators, which each individually

hold in the criterion.

6 Overview of Main Results

The Lie symmetries for functions satisfying Laplace’s equation have been known for
some time. We are interested in a subfamily of this. In particular, we will consider
the symmetries of planar harmonic functions expressed in the form f = h + g and

some of their subclasses. We often make the convention that if f = f' +if? is
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analytic then f'(2) = f'(z,y) and f*(z) = f*(x,y) are harmonic conjugates. Since
f!and f? are real valued harmonic, we will consider f! and f? as maps from R? to R
or as maps from C to R interchangeably without explanation when the substitution
is made.

The results in the following sections are the application of all the background
information given up to this point. We have applied these techniques to systems of
differential equations that represent certain properties such as harmonic, harmonic
area-preserving or harmonic and convex in some direction. All calculations are
given in the appendices. The broad picture now is that we want to analyze the
transformed function fwhich arises as the transform of f under the Lie symmetries.
Our transformed function f~ is guaranteed to have the properties described by the
system of differential equations A = 0 because it is in the flow of one function that
satisfies A = 0. The broad picture becomes more and more clear as we look at the
results.

In the following sections, we consider the symmetries of harmonic functions,
area-preserving harmonic functions and harmonic functions with certain convexity.
Along with the general symmetries we consider a few important subcases which

have applications to some previously published results.
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7 Harmonic Univalent Functions

Let f = h + g where h and g are analytic, notating Re(h) = h', Im(h) = h?

Re(g) = ¢' and Im(g) = ¢* with z = 2 + iy. Let A be defined as

1 2

hi — h?

A hy + I,
9e — 9y

1 2

9, + 9,

We see that A = 0 represents the Cauchy-Riemann equations for h and g giving that
h and g are analytic. Now let v be the infinitesimal generator of the Lie symmetries
of A defined on the space X x U where X has coordinates {(z,y)} and U has

coordinates {(h', h?, g*,¢*)}; that is X x U is the 0-th order jet space, the space

2

of independent and dependent variables. Let a',a?, ..., a® be general functions of

z,y,h', h? ¢' and ¢*. In generic form, v is given by

V*alg—l—azﬁ—ka?’ 0 +a4 0 +a 8 —i—ai
Oz oy Oht Oh? 8 0g?

From the calculations of v as given explicitly in Appendix we can see that
a' 4+ ia?, a® + ia* and @® + ia® are each analytic in z, h and g where we define
analytic in h to mean that aﬁll = ah2 and ahg = Z“ for i = 1, 3,5 and analytic in
¢ meaning the same only in terms of g = ¢' +ig?. Therefore we are defining analytic
in z,h and ¢ to mean that o' and '™ for i = 1,3, 5 satisfy the Cauchy-Riemann
equations in the complex variables = + iy,h' + ih* and ¢g' +ig®. A simple example

of this is the function
(a' +ia®)(z, h) = 2> + h* = 2® — y> + (h")? — (B*)* + i (2izy + 2ih'h?)

yielding

a'(z,h) = a* —y* + (h')* — (h*)?
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and

a*(z,h) = 2xy + 2h' A2

It is easily verified that

ol = a?
a; = —ai
ol = a2,

aly = —a2,

thus showing that a' 4 ia? is analytic in z and h. In this context, we are thinking of
h and ¢ as though they are independent of z making the above informal definition
of “analytic in” appropriate.

6 are each as a pair independent of the other

Since a',a® and @®,a* and @°, a
pairs then we can represent a spanning set of generators for the Lie algebra of the

Lie symmetries by the generators

vVi=a ﬁ+a22
T o dy
0 0
Ve s
0 0
Y=g T g

where a' + ia?, a® + ia® and a® + ia® have the properties as described above.

7.1 Reparametrization of the Domain

Let a' + ia® be an arbitrary analytic function of only z = x + iy. Consider

0 0
Vi = CLl(x?y)% + a2(x7y>a_y
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as an infinitesimal generator of a subalgebra of the Lie algebra of the associated
symmetries. This is not the most general case calculated by the infinitesimal cri-
terion but it is the first case that we want to consider. If we let T and ¥y be the
transformed independent variables under the action of ¢ € R then to solve for x

and y we need to solve the ordinary system of differential equations

dx ~
=@y
Y@y

subject to the initial conditions Z|.—o = x and y|.—o = y. This may or may not be
easily solved. Whatever the solution may be, we can see that the transform z — 2z
where z = = + iy is simply a reparametrization of the domain of the transformed
function. So if f(z) = h(z) + g(z) is a harmonic function then under the Lie
symmetries we get that (f o 2)(z) also satisfies the system A = 0, meaning that
f oz also is a harmonic function of z. Let’s consider a few examples showing that
the transformed function is harmonic. We denote the transformed functions by
f=h+3.

Example 7.1. For each of the following examples, we will calculate the transformed

function ]?under the infinitesimal generator v;.

(a) Let a'(z) = x and a?(2) = y implying that (a' +ia?)(z) = = + iy = z which

is analytic. So we are considering the infinitesimal generator xa— +y— and

x dy
in order to exponentiate this we must solve
dr
E =X
dy
e Y

with z = 2 and ¥y = y when ¢ = 0. The above system has solution ¥ = xe®

and y = ye® and hence z = e°(z + iy) = €°z which is a scaling of the domain.
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Therefore if f(z) is a harmonic function then f(z) = f (e°z) is also harmonic.
When ¢ = 0 we can see that f: f which is the initial element in the flow of
the group action on the function f. As ¢ flows in some interval around 0 € R,

the group action guarantees that fis harmonic.

Let’s consider another similar example. Let a'(z) = —y and a*(z) = =,
implying that (a' + ia®)(z) = (—y +iz) = i(z + iy) = iz, which is analytic.

The corresponding infinitesimal generator is — + r—. Exponentiating

ya_:z: dy
this infinitesimal generator gives us that T = xcose —ysine and y = ycose +
xsine. We can easily see that * = z and y = y when ¢ = 0 and that

appropriately differentiating we get the infinitesimal generator given above.

Therefore the transform of z is

xcose —ysine +i(ycose + wsine)
= z(cose + isine) + iy(cose + isine)

eia(x +iy)

ezEZ,

which gives a rotation of the domain. This gives us that if f(z) is a harmonic

function then f(z) = f(e*z) is also a harmonic function.

Since the set of infinitesimal generators forms a Lie algebra over R we can
combine these generators through addition, scalar multiplication and the Lie
bracket. This allows us to compose these two transformations. In the first
example we get that z — €'z and in the second z — €2z, Since these flows

are independent of each other then the epsilons do not relate and we will

notate this by assigning subscripts. Therefore, through composing these we
57



get that z — €2z ¢! (62822) = €172 or simply z +— rez where r > 0
and r and e are independent of each other. Therefore if f(z) is a harmonic

function then f(z) = f (re**z) is also harmonic.

Of course in Example [7.1] we have only considered very basic functions a' +
a?, but regardless of what analytic function we let this be, it will simply be a
reparametrization of the domain of the function that we want to transform in the

“direction” of a' + ia? in the jet-space.

7.2 Flow in h and ¢

Let’ id + 0 d + 0 t infinitesimal

et’s consider vy = a® a'— and v§ = a®— + a®~=, two infinitesima
? ot T oh? ’ dg' " 02

generators of the Lie algebra of associated symmetries. Since a® and a* are inde-

pendent of a® and a® we can consider v, and vs completely independent of each

other. Let’s first consider the exponentiation of v,. Let a® + ia® be an arbitrary

analytic function b(z). The exponentiation of v, would yield that i' = ea® + A

and h? = ea? + h? which would imply that
h = h' +ih?
=ca' + h' +i(ea® + h?)
=cb+h.

Similarly if we let a® 4+ ia® be an arbitrary analytic function ¢(z) then exponen-
tiating vz gives us that ¢ = ec + g. We may compose these just as we did in
Example 7.1 (¢). In order to simplify the composition, we need not consider an &;
and €5 but just simply € in the composition even though they are independent of
each other. Therefore if f = h + g is a harmonic function then

f(z) =eb(z) + h(z) +ec(z) + g(2) = h(2) + g(2) + ed(z) = f(z) + ed(z)
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where d(z) is any arbitrary harmonic function. This shows us that the group action

is transitive. Given any two harmonic functions fi(z) = hi(2) + ¢1(2) and fo(2) =
ho(z) +M, we can flow from one to the other. Consider, for example, d = fs — f1
which is clearly harmonic. We can flow from f; to f by letting € flow from 0 to 1.
With f1(z) = fi(2)+e (f2(2) — fi(z)), we can sce that if ¢ = 0 then fi(2) = fi(z) as
it should be and if e = 1 we get that ﬁ(z) = fo(z) thus giving us the desired flow.
This result is trivial since the above flow can easily be proven to be harmonic for
any ¢ independent of the fact that it is a flow in a Lie symmetry which guarantees

its harmonicity but it is meant to be a simple result of looking at the Lie symmetries

of harmonic functions.

7.3 Flow with a Normalization

0 0 0 0
Let’s consider the vector field v = 91% +92W +hla—g1 +h2a—g2. This arises from
the general infinitesimal generator by letting a' +ia® = 0, (a*+ia*)(g) = ¢' +ig®> = g
and (a” +ia®)(h) = h' 4+ ih?® = h each of which are clearly analytic in ¢ and h and
therefore satisfy the requirements of the coordinate functions as given in Section [7.

Therefore the exponentiation will yield a harmonic function. The exponentiation

of v yields

h(z) = h(z) coshe + g(z) sinhe

g(z) = g(z) coshe + h(z)sinhe

giving us that

= h(z)coshe + g(z)sinhe + g(2) coshe + h(z) sinhe

= coshe (h(z) + g(z) tanhe + g(2) + h(z) tanh 5>
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is harmonic. Since the scalar multiple of any harmonic function is harmonic then

f(z) = h(z) + g(z) tanhe + g(z) + h(z) tanhe is harmonic. Let’s define /f;(z) =
h(z) + g(z)tanhe and §(z) = g(z) + h(z) tanhe thus giving us that f = h + g is
harmonic. With this definition, let’s examine what properties J?has given certain
properties of f.

Suppose that f = h+ g € S9 then we have that f(0) = 0, f.(0) = 1 and
fz(0) = 0. We claim that f € Sy. First, let’s show that f is univalent if f
is univalent. Suppose that there exist two distinct points 2,20 € I such that

~

f(zl) = f(z2). If we equate real and imaginary parts we get that

h'(z1)(1 +tanhe) + ¢g*(21)(1 + tanhe) = h'(z)(1 + tanhe) + ¢g*(22)(1 + tanhe)
and

h*(2)(1 — tanhe) — g*(21)(1 — tanhe) = h?*(2,)(1 — tanhe) — g*(22)(1 — tanhe)

imply that

h'(z1) + g' (1) = h(22) + g' (22)
and

W (1) = g°(21) = h*(22) — g (22)
since |tanhe| < 1 for all ¢ € R. Now we have that Re(f(z1)) = Re(f(z2))
and Im (f(z1)) = Im (f(22)) which contradicts our supposition that f is univalent.
Therefore if f is univalent then fis univalent as well.

Now, since f(0) = 0,f,(0) = 1 and fz(0) = 0 then it can be verified that
F(0) =0, £.(0) = 1 but fz(0) = tanhe # 0 when € # 0. Therefore if f € S9 then
]? € Sy and furthermore, when € # 0 then f € Sp \ S9. We can see that if we
begin with f € Sy \ S9 then fz(0) = b # 0 and we would need to renormalize f
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to give f € Sy. We have that f,(0) = h'(0) + ¢'(0) tanhe = 1 + btanhe giving the
factor that must be divided by in order to yield fE SH.

We further claim that if f is locally univalent and ¢’(0) = 0 then f will be
locally univalent as well. To see this, suppose that f and is locally univalent and
that ¢'(0) = 0. Then Theorem 3.4 gives us that |¢'(2)| < |V (2)].

Consider that

g'(z) + h'(z) tanhe
h'(z) + ¢'(z) tanhe
W(z) (tanhé + iig)
n'(z) (1 + 2 tanh 5)

Q)
—~
I
~—

' (2)

'(2)
tanhe + i,(z)

(=)
1+ Z/(Z) tanh e

! tanh
because h'(z) # 0. Now let w(z) = }C]L’Ez;’ G(z) = 1j—nw?z;_t:r§i)e and F(z) =
tanh !
S_nz—;;}ij. Note that |w(z)| = i’iz; < 1 by supposition and that |F(z)] < 1

for all |z| < 1 and F is analytic in D by a classical result from complex analysis
and the fact that |tanhe| < 1 for all € € R. Since h and g are analytic, A’ and
¢’ are analytic. Also since h’ is nonzero on D, w is analytic on ID. Consider that
[14+w(z) tanhe| > 1—|w(2)|| tanhe| > 0 because |w(z)|, | tanhe| < 1 which therefore
implies that G(z) is analytic in D as well. So we have that G, F' and w are analytic
in D and that G(z) = F(w(2)).

Since ¢'(0) = 0 then w(0) = 0 and since |w(z)| < 1, by Schwarz Lemma we have
that |w(z)| < |z| for all |z| < 1 since w(z) # z. Therefore by Definition we
have that G is subordinate to F. By Theorem 2.17/ we have that G(D,) C F(D,)

for all 7 < 1 and since |F(z)| < 1 for all |z| < 1 then F(D) C D implying that
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G(D) C F(D) C D; that is, |G(2)| < 1 for all |z| < 1. Therefore

g (z) + h(z)tanhe

h'(z) + ¢'(z) tanhe =1GG) <1

giving us that ['(z)| <

ﬁ’(z)) for all z € D meaning that f is locally univalent.
Therefore we have shown that if f is locally univalent and ¢'(0) = 0 then fis
also locally univalent.

~

With f(z) = h(z) + g(2) tanhe + g(z) + h(z) tanhe, let’s consider the limit-

~

ing case. If ¢ — oo we have that tanhe — 1 which would imply that f(z) =
h(z) + g(2) 4+ g(z) + h(z) = 2(h*(2) + ¢*(2)) = 2Re(f(z)) which is a real valued
harmonic function. If we let ¢ — —oco we have that tanhe — —1 giving us that
F(z) = 2i(h*(2) — ¢*(2)) = 2i Im(f(2)) which is a purely imaginary valued harmonic
function.

Let’s consider some properties of convexity. Suppose f € Sg is convex in the
direction of the real axis. Then by Theorem 3.12 we have that h — ¢ is convex in

the direction of the real axis. It can be easily verified that for any real value a we

have that a(h — g) is also convex in the direction of the real axis. Therefore
(1 —tanhe)(h — g) = (h+ gtanhe) — (g + htanhe) =h —§

is convex in the direction of the real axis implying that h+ gtanhe+ g + htanhe =
h+ 7= ]?is as well by Theorem [3.12. Therefore we have proven the following two

results.

Theorem 7.2. Let f = h+7 and f = h + § where h(z) = h(z) + g(z) tanhe and

9(2) = g(2) + h(z) tanhe. Then if f € S then f € Sy for any e € R.

Theorem 7.3. Let f and f be defined as in Theorem|7.2. Then if f € CD(0) and

is univalent then f € CD(0) and is univalent.
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To see the effects of this Lie symmetry on the plot of the function f(z) = z—f—g,

let’s view several steps in the flow of ans € ranges from —% to % where h(z) = z

and g(z) = %z?’. These are given in Figure 8 as the plots of four concentric circles

NN

Figure 8: Images of D under the map fz h+ gtanhe 4+ g + htanhe

o~

in D under f.

for several values of € where f(z) = h(z) + g(2) = z + g

If we consider the effects of this Lie symmetry on the plot of wahere h(z) =z

2

and ¢g(z) = 52°, we can see that we preserve the convexity in the direction of the

N[

real axis as we had proven earlier. This is shown for ¢ = —%, 0, % in Figure9. Again

the plots of four concentric circles in ID are shown.

>5

I
D

(a) e = —3 b)e=0 (c)

Q)
I
N

Figure 9: Images of D under the map ]?: h+ gtanhe 4+ g + htanhe

fore = —1,0,% where f(z) = h(z) + g(2) = 2+ 122,
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7.4 Flow with Applications to Minimal Surfaces

Without giving any indepth background on the theory of minimal surfaces, we will
give a flow that when “lifted” to a minimal surface at every stage in the flow will give
all the classical associated families of surfaces to that particular surface. Begin with

the infinitesimal generator v = —¢?*— + ¢' We can see that this generator

dg' 7 0>
arises from a' +ia® = 0, a® +ia* = 0 and (a® +ia®)(g) = —¢* +ig' = ig which is

analytic in g. The generator has an exponentiation of h = h and

g =(g"'cose — g°sine) +i(g* cose + g' cose)
= g'(cose +isine) +ig*(cose + isine)
i€

:eg

and therefore f(z) = h(z)+e*g(z). Let’s look at the projection of Scherk’s doubly
periodic surface and the flow from this under the Lie symmetry to the classically
associated surface which is Scherk’s singly periodic. The projection of the doubly

periodic surface comes from the harmonic function f = h 4+ g where

1 (1+2\ i [(1+iz
h(z) = -1 =4
(=) 4“(1—z) 4“(1-&)
1 (14+2\ i, (1+iz
S 4 .
9(2) 4n<1—z) 4”(1—m>

Let’s consider the flow of f: h+e¥g as € ranges from 0 to 7 as shown in Figure 10

At each step in the flow, the image may be lifted to a minimal surface.

The Lie symmetries that yield the associated surfaces were originally calculated
in Robert Berry’s Master’s Thesis. Previosly, Necklets Bila [1] had considered the
Lie symmetries of the minimal surface equation but the associated surfaces did not
arise as a Lie symmetry in this case. In Berry’s thesis, when he analyzed the Lie

symmetries of complex valued harmonic functions expressed as f = u + iv, where
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‘xy/”

(hye=m

Figure 10: Images of D under the map fA: h-+eieg fore ranging from 0

tor where f = h+g = +In (H2) i n ()4 Ly (12) — iy (),

1—1z 1—2z 1—iz

u and v are real valued harmonic, he was able to show that the associated surfaces
arise as part of the symmetries of harmonic functions with a few restrictions on the
transformed functions applied after their calculation such as normalization. In our
analysis using harmonic functions of the form f = h + g, the associated surfaces
arise as a direct result of the symmetries. In order for f = h+7 to lift to a minimal
surface, it must be true that \/h’¢g’ must be analytic in I meaning that '¢’ must be
a perfect square. If this is true, then we can see from the Lie symmetry f: h+ecg

that we will get flifting to a minimal surface if f does.
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8 Harmonic Area-Preserving Functions

Let’s continue with f = h 4+ g being harmonic with constant Jacobian on ID; that
is, J; = k for some k£ € R on D. For example, if J; = 1 on I then f is said to

be an area-preserving harmonic function. Again consider the generic infinitesimal

generator
V*a18+a2a+a38+a4a+ a—i—a 0
Oz dy oh! Oh? dg! 0g?
where a', ..., a% are general functions of z,y, h', h%, ¢* and ¢°. In Appendix B we

calculate what the a’’s must be in order for v to be an infinitesimal generator of

the Lie symmetries of

B w2
hy + B

A= 9 — 9, =0
9, + 9.

(R + g2)(hy — g,) — (hy + g,) (hi — g3) — &
We can see that A = 0 gives us that h and g are analytic and Jy = k.

As shown in Appendix B, we get a finite dimensional Lie algebra spanned by

\% —g A% _—Q—FI‘Q
T o "= Yo dy
0 L0 D
V2 5y Ve =M on T e
V3 = i Vg = _92__'_g1_
oh! dg! d0g?
vi= 2 L Ly A MY C I B
1T one 0 Ty T ot T a2 T gt T Bg2
9 L0 40,0 0
Vs = og0 VUE I a T g e T g
B ) ) ) B
- _ 7 hl_ h2
Vo= 5 =St et gt 5,
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The exponentiations of each of the v; are given in Appendix B and can be
composed in any way yielding an area-preserving harmonic function. If f = h +
g is area-preserving harmonic then composing the exponentiated functions from

Vi, Vg, ..., V7 gives that

f)=f("z2+a)+ 3
is area-preserving harmonic where o, € C and ¢ € R. This is a rotation and

translation of the domain followed by a translation of the image. Composing the

exponentiations from vg, vy and vyy gives that

f(z) = reth <f) + refe2g (;)

r

is also area-preserving harmonic where » > 0 and 1,e9 € R. If we let £ = —e5 we

get that
fir=ren () e ()= ()

r

This is a scaling of the domain followed by a rotation and unscaling of the image.

The exponentiation of vy yields

f(2) = f(2)coshe +if(z)sinhe, e € R

and that of vy, yields

f(2) = f(2)coshe + f(2)sinhe, € €R.

Since the system of differential equations for the area-preserving harmonic func-
tions gives a submanifold in the 1st order jet space of the system for harmonic
functions, the Lie algebra formed by the generators for the area-preserving func-
tions is a finite dimensional subalgebra of the infinite dimensional Lie algebra for
the harmonic functions. This should be clear from a geometric and algebraic point

of view, given its submanifold nature and the infinitesimal criterion.
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9 Harmonic Functions with Fixed Convexity

Now we will consider our last case of symmetries. In Appendix|C, we calculate the
symmetries for functions f = h + ¢ where h — g is a fixed function and h and g are
analytic. We want to know the symmetries of f where h—g € C'D(0). Geometrically
we can justify considering only the simpler case of convex in the direction of the
real axis as opposed to convex in some other direction by considering all others as
a rotation of this case.

By Theorem [3.12 we see that for f = h + g locally univalent then f € C'D(0)
and univalent if and only if h —g € C'D(0) and univalent. Let h(z) —g(z) = F(2) =

F'Y(z,y) +iF*(z,y) € CD(0). We will consider symmetries of A = 0 where

W — g? — F?
This gives that A = 0 represents h and ¢ being analytic and h — ¢ fixed as F. If
we can show that the transformed function fis locally univalent then we will have
that fwill be convex in the direction of the real axis since F' will be assumed to be
in C'D(0).

We will begin again with the general infinitesimal generator

V:a1£+a2g+a3 0 +a4 J

ox oy oh! Oh? dgt 0g?

where a',...,a% are general functions of z,y, k', h%, ¢ and ¢*>. As given by the

calculations in Appendix [C, we have that a! = o> = 0, ¢® = d°, a* = a°® and
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a® + ia* is analytic in z, h and g as defined informally in Section 7. Therefore the

infinitesimal generator becomes

9
on?

v:a—+a4

38h1 +a38ig1+a4aig27

where v generates the Lie algebra relative to the symmetries. Since a® and a*
are not independent of each other, we cannot break up this generator into smaller
elements of the algebra as we did for the simpler case of the symmetries of harmonic
functions as shown in Section 7. We will do so when we consider some subalgebra,
but in the broadest case, v is the only basis element of the infinite dimensional Lie
algebra.

It is worth noting here that the Lie symmetries calculated in this section have
broader applications than simply harmonic functions convex in the direction of the
real axis because they preserve the harmonicity of f and fix h — g as any function
and not simply one that is analytic, univalent and convex in some direction. Current
research is being done using these symmetries in minimal surface theory to fix the

second coordinate in the Weierstrass-Enneper representation of a minimal surface.

This method gives new families of associated surfaces.

9.1 A Finite Dimensional Subalgebra
One of the simplest cases of v is given when
(a® +ia")(z, h,g) = c1 +ico + (c3 +ica)z + (c5 +ice)h + (er +ics)g,

where ¢, . .., cg are each arbitrary real numbers. We can verify that a®+ia* satisfies
the infinitesimal criterion and therefore v as defined previously is a generator in the

associated Lie algebra. As shown in Appendix/C.1, this gives us the eight generators

o0 0
YT ont T ag!
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0 0
Vg_—+_

oh?  0g?

V3 =

Iﬁ—f—ymﬁ—xa—gl—f‘ya—g?
0 0 0 0

ViT Yo T T Vo T g
0 0 0 0
1 9 2 1 9
h8h1+h8h +h(91+h8
:_h2i+hli_h2i+hi

ont oz " agt ' ag?
o  ,0 .0 .0

1
V=9 T g2 T 55 T 5

I R a+ 9
T oni T o gag gag

Notice that none of these yield a flow in the domain space therefore no Lie symmetry

will involve a reparametrization of the domain. We will simply have flows in the

function space.

The calculations of the exponentiations of v; through vg are given in Appen-

dix |C.1l If we consider the exponentiations of vi,vs, v3 and v, and compose them

we get

h(z) =h(z) +az+

9(z) = g(z) + az + 3,

where a and 3 are arbitrary complex numbers sufficiently close to 0. Exponentiating

and composing vs and vg give us

h(z) = reh(z)

9(2) = g(2) +reh(z) — h(2),

where r > 0 and is sufficiently close to 1. Similarly exponentiating and composing
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v; and vg gives

h(z) = h(z) + reg(z) — 9(2)

g(z) = reg(2)

again with r > 0 being sufficiently close to 1.

Let’s consider normalizing these exponentiated functions. If we begin with f =
h+7g € Sy and h — g € CD(0) univalent, can we classify ]? = h+ 7 in terms
of schlicht functions convex in the direction of the real axis? If f € Sy then f
is univalent and therefore is locally univalent and we have satisfied the conditions
of Theorem [3.12 for the function f giving us that f € CD(0) if h — g € C'D(0)
is univalent. Unfortunately we are not able to encode the local univalence and
normalization of f into our system A = 0, which means that we must impose these

conditions onto the transformed function.

9.1.1 Flows Induced by vy,v,,vs and v4 on f

Let’s consider the transformations given by v, vy, vy and v4. By the Lie symme-

tries, we are guaranteed that

f)=h(z)+az+0+g9(z)+az+p

is harmonic and that h — g = h — g where clearly

hz)=h(z)+az+

9(2) = 9(2) + az + 5.

In order to have the transformed function be in Sy, we must appropriately
normalize it. Since f € Sy, f is univalent with f(0) = 0 and f,(0) = 1. We can

see that f(O) = 2Ref and fz(O) = 1+ «. If we require that 8 = 0 then we will get
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that f(0) = 0. In order to impose the normalizations of Sy on f let’s require that

a € R and define a new function fby defining

~ o R(2)  h(2)+az
M) =1 a™ 1ra
v g(z)  g(z) taz
g<z)_1+a_ l+a

In order to have a conventional notation with our transformed functions, let a = €.

Requiring that € € R gives us a few properties, one of which is that € = g, yielding

that
Fo) = He) + 500 = e (o) + ez + g F 22 = L2
2) = h(z 2) = z z z z) = :
J 1+e¢ g 1+e
Now we can see that ]?(0) = 1(——1?)5 = 0 and ﬁ(O) = {Z_f_oz = 1, giving us that
]?E Sy if fis univalent. We can see that if f € S9 then f:(0) = 0, implying that
j/;(()) = %ﬁ # 0 when € # 0, and therefore if £ is univalent then f € S\ S9 when

e # 0 and ]?E S9 when e = 0. Since € = 0 corresponds to the trivial transformation
of f then we get that ]?E Sy \ S§ under any nontrivial transformation of f.

The univalence of ]?follows directly from fbeing univalent since fis simply a
nonzero multiple of ]7, but in general we will not be able to show that J?is univalent
if f is univalent but we will be able to show that f is univalent if f is locally
univalent. This all leads to the following result.

Theorem 9.1. Let f = h+g € SgNCD(0) and let = h+7 where /ﬁ(z) =

h(z) + ez v g(2) tez
1+e and §(2) = 1+e

then f € Sy N C'D(0).

with ¢ € (—1,00). Then if fA is locally univalent

Proof. From what is shown above, if f € Sy then ]?(O) = 0 and ]‘;(0) = 1. Since

f € SunCD(0) then f is univalent and by Theorem[3.12 we have that h—g € C'D(0)

9 ¢ OD(0) and is univalent. This

and is univalent. Since € € (—1,00) then n
€
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then implies that h — § € CD(0) and is univalent since

h(z) —g(z) _ h(z)+ez—(g9(z) +e2)
1+e¢ 1+4+¢
h(z) +ez  g(z) +e2
1+e¢ 1+e¢

=N(z) — §(2).

Since h — g is univalent and convex in the direction of the real axis and fis locally
univalent by assumption, by Theorem we get that fis univalent and convex in

the direction of the real axis. Therefore we have shown that fe SgNCD(0). O

Note that we require € € (—1,00) and not simply R \ {—1} because we want
to flow over a connected subset of R containing 0.

Let’s consider an example of the flow of a function that has its convexity pre-
served by the flow of . In Example (9.2 we will consider the projection of Enneper’s

minimal surface.

9(z)
W (z)

w is analytic and |w(2)| = |2*| < 1 for all z € D and therefore, by Definition[3.2, we

Example 9.2. Let h(z) = z and g(2) = 12® and let w(z) = = 2%, We see that

3
have that f has no singular points in . Since f is nonzero on D, by Theorem 3.6
we have that f is univalent in ID. By checking the appropriate normalizations, we
see that f € S9. It can be shown that f is also convex in the direction of the
real axis. For a visual check of this, we can verify the convexity by inspection of
Figure [11(c). Therefore f € S5 N CD(0). Now we need to find what restrictions

~

must be made on € to guarantee that f(z) = 1%& (Z +ez432°+ 82) is locally
univalent.

Suppose that £ € [0,00) and that z = x 4 iy € D. Since z € D then |2|> < 1,
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2* —y? < 1 and since 0 < ¢ then 2¢(z? — y*) < 2¢ which yields that

22 +¢|* = (2% + y?) + 2e(2® — y?) + &7
= |2]? + 2e(2® — ¢?) + &2
<142 +¢£2

=1+

This can be simply applied to show that

Jg=)| —‘"Yﬁf () +e| | 4e
() N h’ﬁ):ﬁ W (2)+e| | 1+4e¢

This inequality yields that ]/”\is locally univalent by Theorem [3.4/ and therefore we
have that f € Si N CD(0) by Theorem 9.1]if [0, 00).

Let’s analyze the function fas e ranges over values in (—1,00). Consider that
as € gets large we have that ]/“\(z) ~ 2x which gives us that the image of D under
fﬂattens out and approaches the real axis as ¢ — 0o. A few of the images of D
under f as € ranges from —% to % are shown in Figure[11.

Notice that as € decreases from a positive to a negative value, we can see that
the image is not univalent as we proved above thus showing necessary our original
assumption that € be nonnegative. Also notice that the convexity in the direction of
the real axis is preserved as we allow € > 0 to flow, this being a result of Theorem 9.1
since fis locally univalent if ¢ > 0. Even for ¢ < 0, it appears that fE CD(0) as

we let ¢ flow through negative values although this is not justified by the theorem

presented in this section because fwould not be univalent.
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Figure 11: Images of D under the map f = h + § where /fz(z) =

h(z) + ez N g(z) + ez : 1,5
~1re and g(z) = BT for e ranging from —3 to 7 where

4
f(2) =h(z) +g(z) = z+g.
9.1.2 Flows Induced by v; and v on f

Consider the exponentiations and compositions of v; and vg as given by

h(z) = reh(z)
9(2) = g(2) + re“h(z) — h(2)

where r > 0 and is sufficiently close to 1. Define fby

f(z) = h(2) +9(2) = re”h(z) + g(z) + reh(z) — h(2)

and let’s perform a similar analysis as we have previously done for v, vy, vy and

vy. First, we will consider f = h+g € Sy and h — g univalent with h — g € C'D(0).

75



Again, in order for f to have the possibility of being in Sy, let’s normalize

f accordingly. We can see that fv(O) = 0 and ]72(0) — re”®. Define h and g by

~

multiplying h and g, respectively, by se”* where s = ! and define ]/”\by f(z) =

1(z) + §(z). Therefore

implying that

F(2) = h(2) + h(z) — se—=h(z) + seeg(2).

Unlike the case for vy, ..., vy, for v5 and vg we have that J/"’\is not simply a complex

constant multiple of fv but with the definition of f as given above we see that

f(()) =0 and ]/C\Z(O) = 1. Also, we see that
h—G=se " (h—g),

yielding that h— g is univalent if and only if h — ¢ is, but this does give rise to a
question of convexity. If h — ¢ € C'D(0) then h— g will only be in CD(0) if se™* is
real. Therefore we must require that € be an integer multiple of 7. This additional

requirement gives us that

f(z) = h(z) + h(z) = sh(z) + sg(2)

if € = 2km where s € R and s is close to 1 or

F(z) = h(z) + h(z) + sh(z) — sg(z)

if ¢ = (2k 4+ 1)m where s is close to -1 and in both cases k € Z.
For simplicity, let’s consider the first case with ¢ = 0 and again to maintain

uniformity in our notation, make the substitution that s = e® where ¢ is close to 0.
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Now we have that

f(2) = h(z) + h(z) = eh(z) + eg(2)
is harmonic and we have shown that f(O) =0, fAZ(O) = 1 and that i — § is univalent
and in C'D(0).
Now we want to find what restriction on ¢ will guarantee that f be locally

univalent. Theorem [3.4 gives us that in order to get the local univalence of ]/“\ we

-~
must find € so that %’Ezi < 1 holds true. This in turn implies that
z
9z .
— -1)<1

If we think about this geometrically, the above inequality implies that the maximum
distance between any point in the set {z | |z| < €} and the point ¢* — 1 is less than
1. This can only occur when ¢ is 0 which gives that f: f, the trivial transformation.

This can be seen in Figure [12/ where the light gray region is the set of all points
g'(2)
h'(z)

all points whose distance from e — 1 is less than 1. For this inequality to hold,

where e° must lie for a given z € D and the dark gray region is the set of

the light gray region must equal the dark gray one because this is the only case

-9'(2)

where the distance between the point e ()
z

R

Therefore we are unable to prove anything about the local univalence of f in

and e® —1 is less than 1 implying that

< 1.

general. But if we show that ]?is locally univalent in a specific case, then we have

Theorem 9.3

~ ~ _

Theorem 9.3. Let f = h+g € Sy NCD(0) and let f(z) = h(z) + g(z) where
h(z) = h(z) and §(2) = h(z) — e h(z) + €°g(z) with £ € R. If f is locally univalent

then f € Sy N CD(0).
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(a) For e® > 1 (b) For e =1 (c) Fore® < 1

Figure 12: Geometric interpretation of |e° fbjgz; —(ef—=1) <1

The proof of Theorem 9.3 is nearly identical to the proof of Theorem where
we can see that if h — g € C'D(0) and univalent then h—7G= e“(h—g) € CD(0)
and is univalent.

Note that if we begin with f € S9 then we get that f-(0) = 0, but f(0) =
1 —e® # 0 for ¢ # 0 and therefore when we transform f nontrivially we get that

Fesu\s9.

9.1.3 Flows Induced by v; and vg on f

Consider the exponentiation and composition that arises from v; and vg. If we let

fz h+ 7 be the transform of f = h 4+ g then we have that

h(z) = h(z) + re®g(z) — g(2)
g(z) =reg(2)

implying that

f(2) = h(z) +reg(2) — g(2) +re=g(2).
Notice that if we begin with f € S then we have that f(0) = 0, f.(0) = 1 and

£-(0) = 0, which implies that f(0) = 0, f.(0) = 1 and f=(0) = 0, giving us that
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if J?is univalent then f € S§ without any further normalization. If we begin with
f € Sy and let ¢'(0) = by then we get that f(0) = 0 and f.(0) = 1 + reby — by
which would need further normalization in order to possibly be in Sg.

Let’s consider f € S9 with h—g € CD(0) and analyze f(z) = h(z) +re*g(z) —

g(2) + reig(z). If we expand g as g = g' 4 ig® we get the simplification of fas

f(z) = h(z) +reg(z) — g(2) +recg(z)
= () = 9(e) + 209 () (5 ) = 2 (5 )
= h(z) — g(2) + 2r (¢"(z) cose — g*(z) sine)

showing that J?is h — g plus a continuous real-valued function.
As before, we want to know what conditions must be placed on r and € so that

]?is locally univalent when f is. The local univalence of fis equivalent to requiring

%/
that ~,EZ)) > 1 on D which in turn implies that
J(z
n ,
/<Z) — (1 —rew) > |r|.
9'(2)

Geometrically we may consider this as requiring that the minimum distance from
outside the unit disk to somewhere on the circle centered at 1 of radius |r| be at

least |r|. This can be seen in Figure where the light gray region is the set of
W (z)
g(z)

all possible values of

and the solid circle is the set of all possible values for
1 —ree.

We can see that this inequality is satisfied for —1 < r < 1 and ¢ = 7k with
k € Z. We may thus assume that ¢ = 0. Since r = 0 would imply that h+g=h—g
yielding that ¢ = 0, we may additionally assume that 0 < |r| < 1. We can now

state the following two results.

Theorem 9.4. Let f = h+g € SGNCD(0) and let f = h+g where h(z) = h(z) +

reg(z) — g(2) and §(z) = re®g(2). If f is locally univalent then f € S9N CD(0)
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(a) For r > 0 (b) For r <0

h'(z i
g’Ez) — (1 —=re=)| > |r|

Figure 13: Geometric interpretation of )

for any e,r € R If e = 0 and =1 < r < 1 then ]? 1s locally univalent and

fes9ncD().

Proof. We showed previously that if f € S9 then f(0) = 0, f.(0) = 1 and fz(0) = 0.
Now since f € C'D(0) and is univalent then h — g € C'D(0) and is univalent by
Theorem 3.12 which gives us that i — § is as well. Therefore f € C'D(0) and is
univalent implying that fe S9 because of the normalizations shown implying that
]7 € 5§ N CD(0). The second statement follows directly from the first and by the

argument given in association with Figure [13. O]

We give both parts of this theorem because there may be functions f where the
/

(2)
9 (2)

be greater than some § > 1 on D, which would allow for € to flow away from 0 and

geometric interpretation as shown in Figure [13 is too broad; that is, may

not be required to remain fixed.

80



9.2 An Infinite Dimensional Subalgebra

Let’s begin again with f =h+ 9 € Sy and h — g € C'D(0) univalent and consider
a specific infinitesimal generator. In Appendix |C.2 we show the calculations for
the infinite dimensional subalgebra relative to the Lie symmetries of the harmonic
functions where h — g is a fixed function and where we let (a* +ia*)(z, g) = ¢'(2) +
i¢?(2) + g +ig®> = ¢(z) + g with ¢ being an analytic function of only z. Recall that
the general infinitesimal generator is

0 0 0
v=d— +a*'—+— +d*

)
Oht Oh? dgt g2’

where a®+ia? is analytic in 2, h and g. In this section we will consider the generator

V= (012 1) Lt (R4 ) 2t () + ) et () + )

Ohl Oh? dg g2

The exponentiation of v as shown in Appendix gives us that
h(z) = h(z) — g(2) + €°g(2) + ¢(2) (" — 1)
9(z) = e°g(2) + o(2) (" — 1)
and making the substitutions a = € and ¢ = (e — 1) ¢ yields
h(z) = h(z) — g(2) + ag(z) + ¢(z)
9(2) = ag(z) + ¢(2)

where o« > 0. This in turn gives us that the transformed function fis given by

f(z) = h(z) = g(2) + ag(z) + ¢(2) + ag(2) + ¢(2).

We can see that ¢ is analytic if and only if ¢ is analytic. We will be concerned with
the nontrivial transformations of f which are those where o # 1; that is, ¢ # 0 if

¢ # 0. We can simplify fvto



which shows that fis h — g plus a continuous real-valued function as we did above
in the finite dimensional case.

The technique of Lie symmetries was essential in leading us to the function

f(z) = h(z) = g(2) + ag(z) + ¢(2) + ag(2) + ¢(2)

but we can see that f is harmonic regardless of what we let o be and we need
not force ¢ to be 0 when o = 1. By relaxing these conditions we can see that we
preserve h — g = h— g and therefore we will continue the results from this point
with ¢ being analytic and a € C.

We can form a similar result as those given above by using Theorem in the

same way as before. This gives us:

Theorem 9.5. Let h—g € C'D(0) with h—g univalent. Then if f(z) = h(z)—g(z)+

ag(z) + ¢(2) + ag(z) + ¢(2) is locally univalent then f € CD(0) and is univalent.

Proof. Since h—g = h— g and fis locally univalent then by Theorem [3.12/ we have

that f is globally univalent and f € C'D(0). O

For fto be locally univalent we must have that

i)
g (2) <1
h'(z)
J N N
on D. If we let 2 (2) = (2) and force (2) € D for all z € D then we will have
W(z) D(z) D(z)
g9'(z) o = .
that %/( ) < 1 implying that f is locally univalent.
z
-~ N N / /
We can see that since 9 — 2 then 2 = v tag allowing us to solve
D D h—-—g+¢+ag
N / /
for o in terms of N and D. Since — = Y +ag then Nh' — N¢g' + Ny’ +

D hl—g/+90/+0£g/
Nag' = Dy¢'+ Dag' implying that ¢'(D—N) = N(h' —¢') —ag'(D — N). Therefore

82



DN ag’ and integrating this in closed form gives us that

N(z)
— () —d'(2)) ———= | gz — ,
o) = [ |00 - 50 55 x| 2 - ast)
o N : : o .
Therefore if 7 maps D into D then we will have that f will be locally univalent
and therefore univalent and convex in the direction of the real axis by Theorem 9.5.

Once we have the function ¢ we can simplify h and g to

i) =0 -9+ [ |06 -0 5 k| ©

i) = / [(h’(z) — () %] gz

With the above analysis we can restate Theorem 9.5 in the following way.

Theorem 9.6. Let h — g € CD(0) with h — g univalent and let h and § be defined

N ~ ~ -
by (6) and (7)), respectively. If ‘% <1 forall z € D then f = h+g is univalent
z

and is in C'D(0).

The proof of Theorem 9.6/ follows directly from what is shown previously and
from Theorem |9.5.
Let’s consider a few examples of functions N and D that satisfy the above

conditions.

Example 9.7. Consider the projection of Enneper’s surface as shown in Fig-
ure 11(c) and given by h(z) = z and g(z) = $2° and suppose that N(z) = (z + a)?

N
and D(z) = (1 + az)?, where —1 < a < 1. This gives us that ) is the square of a

N(z)
D(2)

fractional linear transformation that maps ID onto D and therefore < 1 for
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all z € D. Now we have that

Rz) =232+ / {(1 0 _(;;?)_2 0‘2)] )

1 1
:z—§z3—|—1_a2/(z2+2az+a2)dz
1, 32+ a2+a’z
=z——z
3 1 —a?

1 . a5
“\1-a2 z+az —i-?z

70 = [ |02 |

1
:1 2/(22+2az+a2)d2
—
%z3+a22+a22

1—a2

1 2 2 13
:(1—a2) (OzZ-i-CYZ —|—§z>.

Let’s normalize f. If we let h = (1 —a®)h and § = (1 — o?)g then we get that

and

f= (1—a?)f; that is

. 2
h(z) = z + az? + %23

~ 1
§(z) = o’z + az® + =2°

3

giving that

f(z) = (z +az® + %223) + (oﬂz + az? + %z3)
We see that this gives that f(O) = 0 and f.(0) = 1. Theorem [9.6] gives that
f € C'D(0) is univalent and since f is a real valued non-zero multiple of f then
f € CD(0) and is univalent. Therefore f € Sy N CD(0) for all =1 < o < 1. In
Figure 14, several images of ID under fas a ranges from —0.777 to 0.777 are shown

and we see that the convexity and univalence of fare preserved as we flow between

the functions.
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(a) a = —=0.777 (b) a = —0.605 (c) « = —0.432 (d) @ = —0.259 (e) a = —0.086

\
o)

\ .
{7 || s T s :
/ - %

i

W

%\\37

e
<P

(f) =008 (g) @=0259 (h)a=0432 (i) a=0605 (j)a=0.777

Figure 14: Images of D under the map f = h+ g where /f;(z) =
2
~ 1 .
24 a2’ + %23 and §(z) = o*z + az® + gz?’ for « ranging from —0.777

to 0.777.

Let’s consider the limiting cases of fas a approaches —1 and 1. It will be helpful

to consider the real and imaginary parts of fseparately. We see that

Re {f(z)} = Re {/ﬁ(z) + §(z)}

1 2
= Re {(1 +a?)z + 2a2” + Ea 23}

and

We can see that
lim Re {f(z)} =Re{2z+22% + 223
a—1— 3
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and
~ 2
: _ 9.2, %3
aEr_nﬁ Re{f(z)} = Re{Zz 22" + % }

For the imaginary part of fwe get

lim Im {f(z)} = lim Re {(1 —a?) <z - %23) } =0

and similarly for o approaching —1 from the right. In the limiting case we see that

fbecomes purely real.

In essence, Example 9.7 shows taking a harmonic univalent polynomial in Sy
and generating a new class of harmonic univalent polynomials in Sy. With the
exception of Suffridge’s paper [15], the field of harmonic univalent polynomials has
very few known results. This approach with Lie symmetries may prove useful in

solving some results in this area.

Example 9.8. Consider the projection of Scherk’s doubly periodic minimal surface

which is given by

If we let N(z) = 2% and D(z) = 1 then we have that ‘—Z <lonDif|a| <1
z

with a # —1, 1.
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Solving for i(z) and §(z) gives us that

~ 1 1+ 2 1 a?z?
h(z)zéln(l—z) /{(1—22> <1—a222)} dz
:lln(l—i—,z) / o’ dz
2 1—=z (1 —a?22)(1 — 22)
() (e
2 1—=2 2(1 —a?) 142z 1—2 1l4+az 1l—az
1 (1—{—2) a? < (1—{—2) 1 (1+a2))
=—In + In ——In
2 1—2 2(1 —a?) 1—2 e 1—az
_ 1 1(1—1—2)_ o' 1<1+0z2>
2(1 —a?) 1—=z 2(1 —a?) 1—az
and

1 n 1 _ 1 _ 1 I
1+2z 1—2 14az 1-—az
o? 1+ 2 1 14 az
=—— (In ——In

2(1 —a?) 1—=2 a 1 —az

o? 142 o 1+ az

= In — In

2(1 —a?) 1—2z 2(1 — a?) 1 —az

thus giving that f(z) = h(z) + g(z) is univalent and is convex in the direction of

the real axis by Theorem
If we let o = i then h(z) = h(z) and §(z) = g(z) giving that f(z) is the
projection of Scherk’s doubly periodic surface. If we let a = € and allow @ to flow

from 7 to 0 then fwill become the projection of the helicoid in the limiting case.

This was proven in [6]. Figure 15 shows images of fvas ¢ flows from 7 to 0.

Example 9.9. This next example is a family of slit mappings that were studied
previously by Dorff and Suffridge [5]. It is interesting that the manner in which we

devised the family of slit mappings in this example is different from how Dorff and
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1

~_

2@912
\;7

N

(e) O~ 3% f)o=1Z (g) 0~ L (h) 6~ 0
Figure 15: Images of D wunder the map f = h+ g where
~ 1 142 o 1+ az ~
() = sa=ay n(l—z) 2(1 — a?) n(l—az) and g(2)
2 1 1 .
S S— tE) L @ In raz for a = € with 0 rang-
2(1 — a?) 1—2z 2(1 — a?) 1—az

ing from % to 0.

Suffridge approached the problem. To understand the significance of this family of
mappings, we first must give some background.

For f € S9, the inner mapping radius, po(f), of the domain f(D) is the real
number F'(0), where F(z) is the analytic function that maps D onto f(D) and
satisfies the conditions F'(0) = 0, F’(0) > 0. By the Riemann Mapping Theorem,
there always exists a unique such F. If f € Sy, the inner mapping radius is denoted
by p(f). The lower bound for p(f) is 0. It was conjectured by Sheil-Small (]3], [13])
that the lower bound for po(f) is 2. The upper bound for p(f) cannot be larger
than 27, because of the Koebe I-theorem and Hall’s result [11] showing that f(DD)
omits some point on any circle of radius R, where R > r = 7. Similarly, po(f) is

873

bounded above by —5 < 4.837. Sheil-Small also conjectured that p(f) < 5 ([3],
[13]).
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In [5] Dorff and Suffridge presented a collection of univalent, harmonic 1-slit
mappings, f = h + g with ¢'(z) = w(2)h'(z), whose slit is on the negative real
axis. By changing w(z), they were able to slide the slit away from the origin. For
f €S9, the tip of the slit can be brought as close as —% and as far as —%. The
inner mapping radius for this last function is 2. When they enlarged the class so
that f € Sy, the slit point moved from 0 to —1, and thus the inner mapping radius
was brought arbitrarily close to 4. Hence, these functions disproved the conjectures
of Sheil-Small and provided the largest known values for the inner mapping radius.
In this example, we get these same results but by a different approach than the one
used by Dorff and Suffridge.

We will show the derivation of this class of slit mappings using Theorem

which was not the method used in [5]. Let h and g be defined by

z— 312 1,8
h(z) = —2—-5—
(1-2)3
and
1.2 1.3

Here we have that

z

h(z) — = ——
(2) =909 = 7=
yielding that h — g is the slit mapping with slit contained in the negative real axis

and therefore h—g € C'D(0). Suppose that h(z1)—g(z1) = h(z2) —g(z2) for z; # 29,
with 21,20 € D. This implies that § _2121>2 = i _2222)2 = 21— 22129 + zlzg =

29 — 22129 + ZQZ% and hence z; — 20 = 2129(21 — 22). Since 21 # zy, we may divide

by z1 — 22 to get that z129 = 1 but this implies that |z;] > 1 or |z3| > 1 which
contradicts the fact that z1, 2o € D and thus our supposition was false. Therefore

h — ¢ is univalent and convex in the direction of the real axis.
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N(z) _ z2(z 4+ «)
D(z) 1+ az

since — is the product of a fractional linear transformation with norm no greater

<lforallzeDand -1 <a<1

Let and we can see that

than 1 and the identity map on ID. From this definition and (6) and (7) we get h

and ¢ defined by

and

If we let f = h+ g then since h— g =h—g € CD(0) is univalent, we get that
]7 € C'D(0) and is univalent by Theorem 9.6l These two properties can be seen
partially in Figures |16/ and
Figure 16/ shows several images of four concentric circles in D under the map f
We see that as a approaches -1 we get a half-plane map and as o flows from -1 to
1

1 we see that the slit moves in towards —g. Figure [17 gives a closer view of the

movement of the slit.
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where h(z) =

for a ranging

Figure 16: Images of D under the map
4+ (3-1)22+(G-§) 52

L and g(z) =
from —1 to 1.
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+
(1

z)?




Figure 17: Images of D under the map fv: ﬁ—l—? as in Figure! 16 for a

ranging from —1 to 1 with a viewing region of [—0.5,0] x [—0.25,0.25].
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A Calculation for Harmonic Functions

Let h = h' + ih? and ¢ = ¢' + ig® be analytic functions of z = = + iy. The

Cauchy-Riemann equations give us that h and g are analytic if and only if

1 2 _
h, —h, =
hy+h3=0

1 2 _
gx - gy - 0

1, .2
gy +ga: - 0

Therefore, if let
1 2
h, — h,
A hy + h:
9e — 9y
9, + 9,

then A = 0 represents h and g being analytic.
Now consider the generic infinitesimal generator v for the Lie symmetries of

A = 0. The generator v has the form

v:a1£+a2g+a3 0 +a4 4

or oy oh! Oh? dgt 0g?

where a', . .., a% are arbitrary functions of z, y, k', h?, ¢' and ¢*. Theorem[5.35 gives

us that v is the infinitesimal generator of the Lie symmetries if
prYviA,(z,uM)] =0, v=1,...,4 whenever A(z,uM)=0.

Therefore, we want to find what each of the a’ must be so that the infinitesimal
criterion holds true.

First we must prolong v to pr'v. Using the prolongation formula as given in
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Theorem 5.33 we get that

b 10,9 40 R
pr’'v =a %—ka 8_+ 8h1 +a 8h2+a 8_gl+a 8_92
BT CDQa(Zy " qﬁ% * Cb4ai2
+@5i+@6i+@7i+@8 0
g} dg, dg? dg;
where

O = a2 +ahhl +adh? 4 adigl + alag? — hlal — alihl® — hlakah? — hlal gt
hla lggz h;ai — hiailhi — hiaith h1 21gz h1 2291,

®* = a)+aphy + apahl + adg, + algr — hya, — hyapihy — hyaphl — hlalig,
hla lggy h;az — ailhiz - h;aizhz - h;aﬁlgy hl 22gy

O = ab b afihl+alh? b abgl adg? - b2k~ Kalihl - alah2’ — halg!
hZa 1291, hzai — hZa,%lhi, — hZa,%th h2 21gx h2 Zng

O = a, + apyhy + @bl + agg, + apg; — hia, — hiauh, — hlahl — hlag g,
h2a 1ggy h?/a?; — hza,?llh; — aighz — h2a2lgy h2 229y

O = )+ ajiht +afphi + aligh + alag? — ghak — ghapihl — glaj.h? — aligl’
920295 — G505 — Gynhy — gyap2h5 — 9,009, — 9,052

O = ad +ajuhl + aphl + adig, + alags — geay — grapihy — grapshl — glaligy
grayagy — 9,5 — gyaihy = gyaiahy — anig,” — g,azg)

" = al+ajihy +afehi+aSigh+abgl — glar — giaphl — graphl — giakg,
alg?’ — g2a2 — g2adhl — g2al.h? — glaligl — glalag?

D% = ay + aphy, + apahl 4 ali g, + agag; — gaay, — goaphy — grapehl — ghag g,

2.1 2 2 1 2 2 2 1 2 22
93029, — gyay gyahlh gyahzh — 9,010, — Qg2 -
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Now we need to find priv[A;] for i = 1,2,3,4. By applying Definition [5.24 we

get that
priVvA]

pr(l)V[Ag]

pr(l)v[A4]

2

gl 9315 - hll}CLngi +

1.1 2 311322 32231, 3 _ 312 1
—hya,29; — hyaphy + hyaph, +a; —hya, —hya p

g

2

hlajsh2+hlalig,+hiags+hialigh + hial

2 4 2.1 11
g g ng ay + hxahl hy

1.2 22 311 1 _ 31231 331, 332 3 1 3 2
hyapzhy — hyag g, — hyaph, + aph, + aphy + a9, + a9, —

1.1 1 1212 4 31 432 4 1 4 2,312 1,322, 2 7122
hxam—ahlhx —ahlhy—ahghy—aglgy—agzgy+hxay—|—hyay+ah2hy

2

1.2 1 2.1 1 1 2 4 2 2 112 4 11 4 1.2
—hy a9, —hyag g, —h, a2 g,+a, g, —ap b, +aph,+a;—hya,—

haapihy — hoapahl — hpaligy — hialags — hyapah? — hiapih), —
hiaézgi - hzail hl — hzaiz h2 — hiazlg; - hZazzgi + az + aj, h; +
CL;;;Q h; + 0319; + a}gi - h}vazl/ + CL%Q hi + CL;Q; - hiai — a;112 hiz - h;ai
—gyai hy + Glagzg; — 9,0295 + gaajihy — grajeh? + glajahl —
Gatihy — guaiahi — gratigy — g,azage + al + gaa g, + goap hy, +

6

2.2 12 2.2 1 6 11 6 1.2 6 1 6 2 2. 1
Gyanzhy + 9,019, — ay — apihy, — apahy — ag g, — ageg, + g;a, +

giaz +a§2952 +apihy+aphl a0 gy + a5 — gy, — aélg;Q —g,a;
—gaanhy — Gaalagy — gaabigy — gaapihy — goap by — gaajahl —
Gy — Gaiahly = Gaag19, — gyainhy — 9,059, — gyaphy —
Gy s — 930320 + a5l + G gy + afg] — 20y — ajegy — ghal+

5,.6,.5 31 532, 5 1, 5 2 1.1 1.2 2 12 6 71
ayta,+aphy+aphy+ag,+a,29,— 9,0, —g,a,— a5 g, +aphy.

The infinitesimal criterion gives that prv[A;] should be 0 for each i = 1,2,3,4

when A = 0. Making the substitutions of A = 0 into each of the above expressions

and setting them equal to 0 gives us a system of polynomials in =, y, h', h?, g',

g%, hl, B2 gl ¢3, h;, hi, g; and gi. Collecting in these variables and equating
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coefficients gives us the following system of partial differential equations.

ai—l—agl—i—a;%—agz: agz—l—agl—a;—ai:O
—agl—ai—i-agz—l—ai:() ad, +aj, =0
a21 —agzzO a?l—a;%g:()
a}ﬂ —(122 =0 —a32+a;1 =0
a;2+a§1:() az-l—ai:O
—a‘;—l—ai:() a22+a;+a%1+(l§:0
ail—ai‘i‘a;—aizzo a§1+a§220
—a) — ay, +ag +a; =0 al —ay =0

4 3 2, 1 _ 3 1_ .2, 4 _
—Qp2 + ap —a, +a, =0 Apz — Ay — A =0

1 2 5, .6
apz +ap =0 a,+a, =0
This system can be simplified to
i it i il i il
a, = CLy Qpr = Cth CLg1 = agg
i it i il i it
a, = —a, Ap2= —0p, Age = =G

for i = 1,3,5 and gives us that a' + ia?, a® + ia® and a® + ia® are each analytic in
the complex variables z, h and ¢ as defined in Section [7. These calculations were
mainly done using the software system Maple 9.5 with the Vessiot add-in package.

Since each of a' + ia®, a® 4+ ia* and a® + ia® are independent of each other then
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we can consider v as the sum of

T o dy
0
4
vo =gt
0 0
5 6
V3 =a $+ (9_92

With this we get that the infinite dimensional Lie algebra associated with the Lie
symmetries of the harmonic functions is spanned by the set of infinitesimal gener-

ators, {vy, v, vs}.

B Calculation for Area-Preserving Harmonic Func-

tions

Instead of simply an area-preserving harmonic function, let’s consider the broader
case of harmonic with constant Jacobian. For a function f = h 4+ g we have that
h and g are analytic and Jy = k for some constant k. These properties can be
represented by the system

B 2
hy + I
A= 9o — 9, =0.
9, + 9.

(hy + g3)(hi — g2) — (hy + g,) (k2 — g3) — k

If we let Ay = 0 be the system as given in Appendix |Al then we can see that
SAn C Fa,. That is that the subvariety of A is contained in the subvariety of
Apg where the subvariety of A, .7, is defined by on page This means that

the manifold represented by the set of all points in the first jet space X x U x U;
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where A = 0 as given by .#A is a submanifold of .#A,. Therefore if we find
the Lie symmetries that have flows contained in A then we will have found a
set of Lie symmetries that have flows contained in .#A,, as well. Simply put, the
infinitesimal generators of the Lie symmetries of A = 0 will form a Lie subalgebra
of the generators for Ay.

Now let’s calculate the infinitesimal generators for A = 0. If we begin again

with the generic generator

0 0 0 0 0 0
1 _ 1 2 3 4 5 6
priv=alo daig td gl gntd s s,
0 0 0 0
Pl — PP+ PP— + D
T on T o TV anz T e

SRR R P

dg a9, 99z g,

where ®'.i = 1,...,8 are defined in Appendix

To satisfy the infinitesimal criterion we must calculate each of priVv[A;] for
i=1,2,3,4,5. Fori=1,...,4, we have pr'Vv[A,] as given in Appendix [Aland us-
ing the definition of Lie derivative as given in Definition we get that priYv]A;]

is given by

4 21 5 112 4 171 5 11 2 3 1,2 2 2 271 5 1112 4 171
Ag2GyGy — aglgyhm + aglgyhx - ahlhxgy - athxgy - hyayhx + Ap1 hmhy - aglg:vhy -

a, h}cg; + aj, hfhi + aizgihz + hiaigi + hiaélgih; + aithg; + h;aihi + a?‘jgi -

2 12271 1 122 1 2 1.1 372 572 5 12 2 2.1 711 1.1 272 41
apzhy by taphy” g, —gra,9, —a by —a hy +ap2hy gz +hiaphy g, —hya,g.h —a,g, —

32, 572 4p1 52 32 2 122 12 232 1 41 12 2 31 1_ 651
a,g, +ayhy —a,h, +a, g, +a,9; —ang,” gy + hyaphig, +a,h, —hyayhy,g, —ayh, —

agg; — aigi + agh; + agg; + aihi + h;azlg;hi — h;azlg;gi + h;azggshi + hiaélg;g; +

98



hlapgihy+hiangag, —hoat g9, —hiaphlgy—hiali g hy —hiaZagihl +gramh,go +

Gaan2h2gs — gratagahl + grals Goge + Gaaia gagn — GatoaGads — Galar Gude + Gaami hyhZ —

1.2 1.2 1.2 32 2 1.2 292 2 1 1.1 2 1 271 2.1 2 1 2.1 131
gyahl hyg:t - gyah2 hy-gx +gya92gyhx —9:0p1 hxgy — G, 0p2 hxhy TGz Ap2 ha:gy _ga:agl ga:hy +

gatpihy g+ gaarhihy+goarhi gy 4 graiigyhy —hpap hihl +hyaigrgs — hoaghygi+

11322 311 1p2 1.1 3172 31232 2 322 21 31 1 22 131 2 7172
hyap2hiy gy —hoag g by, — gpaphyhy —hyagahy gn —hyage g, g, +hoa g2 g9, —hyag by by +

hyaihygithyarahihi —hyaZ. ghgs+hyag hyhi—gyal g3 +a2 g, 95+ 9,05 hs —hya, hl —

5 212 2 12;9 37112 371 2 3 112 3 1.2 1.1.2 1 11252
a92.gyh:p + ag19y hx + @ hxhy —ap h:vgy + aglgxhy — 0,199,y + hxaxgy — ap hm hy +

1 2 9 3 132 3 1.2 3 272 1.2 2
y9z — aglgth + g19y9z — ag?gyhz - hyaygw -

1112 2 3 1112 3 2 3
aphy, g, — aph,hy + apih,g; + apzh

2 112 2 4 1271 4 32 1 4 271 4 21 2 171 1 722;1 5 71172
aphy gy — apzhyhy, — apahig, — agpgihy, — apgyg, + hiazhy, + agahy hy, — apohy by +

4 3231 4 31 1 4 271 221 23221 53292 5 1;2 5 12
apzhyhy + apihy, g, + agpg,h, — hya,g, — aphy"g, — apahigy + ang.hy, — ang,g, +

2 2
apgihl — geaghy + grangs — alig, hi + agigy gy + aphygs 4 agahihy + apahlg, +

6 11 1 6 171 6 271 6 2 1 2 171 1 22;1 1 221 6 711
aphyg, + agngyhy + apgihy + apg39, — grahy —apgy hy, — a9, g, — apihyg, —

agzhihi—agghzgi—aglg;hi—agzgsh}v—agzgf,gi—l—ggaihi—|—g§a§gi+a32952hi+a329529;

Again, while their sizes may be intimidating, each of the pr'Yv[A;] is simply a
polynomial in the variables x, y, h', h%, g¢', ¢°, hi, h2, g., g2, h;, h;, g; and gf,.
Now to satisfy the infinitesimal criterion, we must again make the substitutions of
A = 0 into each of the pr(l)V[Ai], group the polynomials by their terms and equate

each of them with 0. Doing this will yield the following system of partial differential

equations.
—ai+a21—a22+a21+ai2—a§:0 CL£271+CL;2:O
—Cl22 - (121 + Cl;lﬁ - Cbgz - &21 + Clzl + agl + agz =0 —Clgljl + a§2 =0
ail—az—aizjtaizo aps +ag =0
_ai_az+a21+a21_a32+a22:o ai—l—a;’:O
—a;—ai—l—aiz%—ailzo az: =0
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4 6 3 4 6 3 5 5 2 1
A+ ag + ap — agp — Gp + Ay +ap +ap =0 ap — ape =0

ai+agl+a;+a2220 aéz—af]l:()

—al —a) —a,+ay +a) =0 ag, —ajs =0
a;1+a,111 —|—a§2 =0 a32+a31 =0
ai—l—ai—i—ai—agzo agl—agzzo

—a) + ay — al +a, —a) =0 ap =0
—az+a§2+ai—a2120 a2+a15/:0
—agz+ai~|—a21—a§:0 —a2+a2:0
ai1+a,3lz+a;+aizo _ai2+a/}11120
—agz—kai—agl%—a;:o ai—ai%—a,lllzo
ai2+ai—ail—a520 ays +aj =0

4 5 6 3 _
—a, +a, +a, +a, =

Solving the above system of partial differential equations gives us that

a'(z,h,g) = clox — cry + &1
a*(z,h,g) = croy + ¢ + ¢y
a’(z,h, g) = c129" + c119” + croh' — csh® + ¢3
‘14(27 h,g) = 01292 + c1oh® — 01191 + csht + ¢4
a5(z, h, 9) = 01091 + Cuhl - 6992 — 611h2 + cs

06(27 h,g) = cog® + cirh' + ciah® + c109® + cs

where each ¢; is an arbitrary real number.

Substituting each of the @’ into v and then factoring with respect to the ¢; will
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give us

I pe (L) a+i+ J
ay) P \ant ) TN\ anz) T\ agt ) T O\ g2

<
Il
O
VR
S
B
N——
+
(@)
[\
VR

+C7(—y£+x2>+08<—h2a+hl )—l—cg( a)

ox dy Oht Oh? (9g
o 9 L0 50 B 0

*Cm(%ﬂa—ﬁh%*hwﬂaﬁgm)

0 0 0 0
Ten (92% o g T g )

0 0 0 0
—— +ht— + R?
“12( St gt ag>
Successively setting all ¢; to 0 except for one of them gives us the following

infinitesimal generators

T o " Vo dy
0 0
_ _ 32 1
Vz—a—y Vg——h%‘i‘h%
Vo = i Vg = — 2i _|_ li
3 — 8h1 9 g agl g 892
0 0 0 0 0 0 0
- — e hl_ h2_ 2~
Vi Bz Vio = T G T T gt g 9 g
0 0 0 5 0 . 0
A R
0 0 0 . 0 0
V6= 542 Vie=9 gt O gt g it s
where v; corresponds to setting all but ¢; to 0. Since the set {vy,...,vi2} spans

a Lie algebra over R corresponding to the Lie symmetries of A = 0, then we need
0
not consider v, as v; = ¢;— since we can multiply by ¢;' for ¢; # 0 giving us

ox

0
vy = e This is true in general thus justifying the 12 infinitesimal generators that

we have stated.
Let’s consider the exponentiations of each of these. First consider vy, ..., vy and

their respective exponentiations. For each of these, the boundary valued differential
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equation to solve for each of the exponentiations is essentially the same. Consider

0
that vi = —. This leads to the equation

Ox
I
i _
de
with Z|p = x. We can see that this has solution ¥ = = + €. Each of gj,ﬁl, e

remains unchanged yielding that Z = z 4+ &, h(z) = h(z) and §(z) = g(z). The
exponentiations for vy, ..., vg are derived in the same way.
For v;,vg and vy we must solve basically the same system of differential equa-

tions as we have for v; which is the system

E_
= o "

subject to Z|p = x and y|o = y. This has solution T = zcose — ysine and y =

ycose + xsine. This gives us that

= (xcose — ysine) + i(ycose + xsine)
= z(cose 4+ isine) + iy(cose +isine)
= e*(z +iy)

= ez,

For vy we get h(z) = €h(z) and for vs we get §(z) = e“g(z).
For vy, we must solve
iz _ dy . dh' ~, dR® ~, dit .,  d?
i - =Y, ¥ = 17 _:hzv _:gla _252
de de de de de de
subject to Z|p = x,...,°lo = g°. The system has solution ¥ = €°x,...,§*> = ¢

thus giving us that Z = ez, h(z) = e°h(z) and §(z) = e°g(=2).
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At this point notice that our notation is slightly misleading in that each of the
exponentiated functions h and g technically should have independent variable z
instead of z, that is that /(z) should really be h(Z). The adoption of the notation
as given in this paper is for simplicity and it will always be clear from context what
is meant. We must therefore solve for z in terms of 2 in order to find the transformed
functions h and g. Doing so gives us the inverse transform of z and since € acting
on z is a Lie group action then the inverse action is simply the action of the inverse
of € on z, that is z = ¢ °Z. We can see this from Definition [5.22. Therefore h(z) is
given by h(z) = ¢°h (e7°z) and g(z) by g(z) = €g (¢ °2).

For the exponentiation of vi; we must solve

_ _Ez) Cilz :El
€

dnt _,  dh: _  dg!
e 7 @ Y e

subject to the same boundary conditions as above. This system has solution

h' = h'coshe + ¢*sinh e
h? = h%coshe — g'sinhe
G' = ¢g' coshe — h?sinhe
> = g®coshe + h'sinhe

which gives us that

h = (h' coshe + g*sinhe) + i(h? coshe — ¢' sinh¢)
= hcoshe —igsinhe
g = (g' coshe — h?sinh¢) + i(g* coshe + h' sinh¢)

= gcoshe + ihsinhe.
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Since the exponentiation of vqy is very similar to that of vi;, we will not show

its calculation. The exponentiations of each of the v; are given by

Vi

Vo !

V3 .

A2/

V5 -

Vg -

V7o

Vg .

Vo !

Vio -

Vi1 .

Vig ©

h(z) = h(z) coshe —ig(z) sinhe,

h(z) = h(z) coshe + ig(z) sinhe,

g(z) = g(2) coshe +ih(z)sinhe

g(z) = g(z) coshe + ih(z) sinh e

where we can see that h(z) = h(z) and §(z) = g(z) for each of the above exponen-

tiations when ¢ = 0, thus verifying the trivial action of € on h and g.

These exponentiations can be composed in any way to give another transform.

This is the composition of the action of € on 2z, h and g and not simply the com-

position of the transformed functions. Since each ¢ is independent of the others,

we will notate the differences by subscripts. For an example of composing consider

h(z) +— €*'h(z) and h(z) + h(z) + &5, which compose to give that

h(z) — € h(z) — (e h(2)) 4+ €2 = € h(2) + &2
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or composition in the other direction gives
h(z) = h(2) + ey — € (h(2) + &3) = € h(2) + 2™

where either composition is valid and are not necessarily equal.

C Calculation for Harmonic Functions with Pre-

scribed Convexity

The title for this appendix and for Section 9/is a little misleading in that it relies on
Theorem [3.12/to give us convexity by fixing h — g when fis locally univalent, which
cannot be encoded in the system A = 0. We will calculate the Lie symmetries for h
and ¢ analytic with h — g being a fixed function and we will let h — g be an analytic
univalent function convex in the direction of the real axis and apply Theorem [3.12
to fto get its convexity in the direction of the real axis. If f is locally univalent
then Theorem[3.12 gives us that fis convex in the direction of the real axis.

Let’s begin with our system of differential equations,

W2 —g? — F?
where F'(z) +iF?(z) is analytic and fixed. We can see that A = 0 represents h

and g being analytic and h — g being a fixed function. Let the general infinitesimal
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generator be

p 0 2 0 5 0

4 8
a
ox dy oh!

Conz T 9t T Bg2

_|_

as given in Appendix|A and Appendix Bland note that the first prolongation is the

same as well. Therefore

prily = al2 + aQﬁ + a?’i + a4i + a5i + a6i

ox Ay oh! oh? dg! 0g?

o ,0 .0 0

0 0

0 0
PP 4+ P — T 4 P
T e T e T a2 T g

+ ¢!

where ®',i = 1,...,8 are defined in Appendix Al

Now to satisfy the infinitesimal criterion we must find the Lie derivatives of
the prolongation of v for each of A;. For Ay, ..., A4, these are the same as in
Appendix [A so we need only calculate pri!v[A;] and prlVv[Ag]. Definition [5.24

gives us that
pr'YviAs] = a® —a® — a'F! — a’F,
prviAg] = a* — a® — o' F? — a’F}.
Making the substitution of A = 0 into each of the prolongations, setting them to

0 and comparing the coefficients of these polynomials gives us the following system

of differential equations.

3 4 2 1
ax—ay—() ah1+ah2_0
a?=0 ad—a®=0
2 1 2 1
ag2+a91— ag1+ag2—0
4 3 4 3 1 2
agp +az =0 ap2 — A+ a; —a, =0
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4 1, 2 2 1
ah1+a,312+ay+axzo —ap2 +ap =0

4 3 _ 3, 4 _
ape +ay =0 a,+a, =0
3 1 4 2 4 3 1 2
—Qp2 + ay —ap +ay =0 —Qp2 + ap +a; —a,; =0
6 5 5 2 6 1_
a, —a, =0 ap +a; +ap +a, =0
6 5 6 5
_ah2+ah1:O ah1 +6Lh2:0
2 5 1 6 _ 5 6 _
Ay, —ap +a, +ap =0 a, +a, =0
1 2 5 6 _ 5 1 6 2 _
Ay — Qy +ap —agp =0 —ap +a, —an+a; =0
a'=0 at—a®=0
Solving this system yields a',a® = 0, ¢® = @, a* = a° and that o® + ia" is

analytic in each of z, h and g. Therefore we have that

o T o T g T a2

is the infinitesimal generator for the Lie symmetries. Since the coefficients of —

ox

9]
and EW are 0 then we can see that a reparametrization of the domain in any way
)
is not given by the Lie symmetries. We should note that since a® and a* are not
independent of each other then we cannot split the infinitesimal generator into

smaller elements. Therefore v alone spans the Lie algebra corresponding to the Lie

symmetries of harmonic functions with A — g being fixed.

C.1 A Finite Dimensional Lie Subalgebra

We want to consider a subalgebra of the algebra spanned by the generator as given

in Appendix|C. If we let

a*(z,h,g) = c1 + 37 — cay + csh' — cgh® + crg' — czg?
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and

a*(z, h, g) = c2 + c3y + cax + csh* + cgh' + c79” + csg'

where each ¢; is an arbitrary real number then it can be verified that
(a® 4+ ia") (2, h, g) = (c1 +icy) + (cg +icy)z + (c5 +ice)h + (cr +icg)g

is analytic in z, h and ¢. If we substitute ¢® and a* into v and factor in each ¢; we

get that

+ 0 Ly 9 1290 4,9
A Yonz " Tagt TVag2
) ) ) ) )

Yont " onz T Yogt T Toge

28 1a 2 16
T\ o T o T 9 T 92 )

By successively setting the ¢; to 0 we get the following eight infinitesimal generators:

99
VI_%JFE)_gl
a0
Vg—% 8_92
0 0 0 0
ngx%+yw+ma—gl+ya—92
0 0 0
V4=—y%+xw—ya—gl+ma—gz

0 19) 0 0
_ 1= 2 - 1_~ 2_ 7
Vi =Wt st h ag1+h 35
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0 0 0 0

2 1 2 1
Vo = —hiS S h b
9 B o, 0
=Yg T g T e T g
) o L0 9

St g ot g0
where v; corresponds to setting all but ¢; to 0. These eight generators span a finite
dimensional Lie subalgebra of the infinite dimensional one calculated in Appendix|C.
Let’s consider the exponentiations of each of the v;. The exponentiation for v,
comes from solving the system
dt_ o dg_
de ’ de
subject to the aforementioned boundary conditions. This system has solution Bl =
h' + ¢ and §' = ¢' + ¢ which yields the exponentiation of h(z) = h(z) + ¢ and

3(2) = g(z) +¢. The exponentiation of v is similar and yields h(z) = h(z) +ic and
9(2) = g(z) +ie.

To exponentiate vy we solve

dnt AR dgt . di
de " = 7 de d= 7

which has solution ' = h' + ez, h2 = h®> + ey, §* = ¢' +ex and §* = ¢ + ey. This
solution gives us the exponentiation of h(z) = h(z) 4 £z and §(z) = g(z) + 2. The
exponentiation of v is similar and yields h(z) = h(z) + iez and §(z) = g(z) + iez.

The exponentiation of vs and v; are also similar. The exponentiation of vy

arises from the system

dht  ~ dh?  ~ gt~ di?  ~
_:hl _:h2 _:hl _:h2
de ’ de ’ de ’ de

which has solution k! = eh?, B2 = eh?, gt = gt +e*ht —h' and §* = ¢* +e*h* — R
This gives us that 2(z) = ¢“h(z) and §(z) = g(z) + e°h(z) — h(z). For v; we have

that h(z) = h(z) + ¢°g(z) — g(z) and §(z) = ¢°g(2).
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In order to exponentiate vg we find that the solution of

dn' 7 dh? _ dg' _ dg* _ 71

de 0 de 7 de de
is h' = h'cose — h? sine, h? = h®cose + h' sine, §* = g + h'cose — h*sine — h'
and §° = ¢> + h%cose + h'sine — h®. This gives us that E(z) = ¢“h(z) and
g(2) = g(2) + € h(z) — h(z). This is similar to the exponentiation of vg which gives
that h(z) = h(z) + € g(z) — g(2) and §(z) = € g(z).

The exponentiations of each of the v; are given by

vi: h(z) =h(z)+e, g(z)=g(z)+e¢

vy : h(z) = h(z) +ie, 3(2) = g(z) +ie

vy h(z) = h(z)+ ez, 3(2) = g(2) + ez

Vi h(z) = h(2) +icz, 3(2) = g(2) + iez

vs i h(z) = eh(z), 9(2) = g(2) + eh(z) — h(2)
vo: h(z) =€ h(2), 9(2) = g(2) + €“h(z) — h(z)

vri h(z) =h(z) +eg(2) —g(2),  9(2) = eg(2)

vt h(z) =h(z) +e%g(z) —g(2),  G(z) = e"g(2)

where we can see that h(z) = h(z) and §(z) = g(z) for each of the above exponen-

tiations when € = 0 verifying the trivial action of € on A and g.

C.2 An Infinite Dimensional Lie Subalgebra

We will begin with an arbitrary analytic function ¢(z2) = ¢'(2) + i¢?(2) of strictly
the variable z. If we let a®(z,g9) = ¢'(2) + ¢' and a*(z,g9) = ¢*(2) + ¢g* we have

satisfied the necessary conditions for a® + ia* as given in Appendix[C] that is that

110



(a® +ia*)(z,g) = ¢(2) + g is analytic in z and in g. Therefore

V= (6:) ) + () + ) + (012 + 9 + (P + )

will be an infinitesimal generator of Lie symmetries for harmonic functions with h—g
fixed and will span an infinite dimensional subalgebra of the algebra presented in

Appendix [C.

To exponentiate this we must solve the system

d/}vll ~1 d/}vLQ 2 ~2 dgl 1 ~1 d? 2 ~2
E—qﬁ(%“)jtg, E—Cb(a*'g, E—ﬁb(a*‘g, %—Cb(z)ﬂLg

0 9,
where ¢(2) is not a function of € because we have no flow in the 92 % 20 coordi-
z Y

nates. Therefore we could consider

as part of the system as well but this gives us the trivial solution of z = z and

therefore the entire system has solution

RP=n'+efgt — gt + ¢ (2) (€ — 1)
W2 =R+ e g® — g* + ¢*(2) (¢ — 1)
gi=eg +¢'(2) (" 1)

of

and
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